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Topological mass mechanism from dimensional reduction
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We show that the Abelian topological mass mechanism in four dimensions, described by the Cremmer-
Sherk action, can be obtained from dimensional reduction in five dimensions. Starting from a gauge invariant
action in five dimensions, where the dual equivalence between a massless vector field and a massless second-
rank antisymmetric field is established, the dimensional reduction is performed keeping only one massive
mode.@S0556-2821~98!03324-4#

PACS number~s!: 11.10.Lm, 11.25.Mj
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Several alternatives of the Higgs mechanism, based on
coupling of vector fields with antisymmetric fields throug
topological terms, have been developed in the last years
particular, the Abelian Cremmer-Sherk theory@1# has been
studied extensively@2# as an appropriate model for this pro
posal. Its non-Abelian extension is a Freedman-Towns
theory @3# that can be derived using the self-interacti
mechanism@4#. Also, other attempts to search a non-Abeli
generalization have been formulated@5#; however, serious
problems with renormalizability in all these non-Abelia
generalizations has been pointed out in Ref.@6#. An interest-
ing aspect is the fact that the Cremmer-Sherk theory is
lated by duality @7,4# with the Kalb-Ramond theory@8#,
where the latter can be obtained by dimensional reductio
the second-rank antisymmetric theory in five dimensio
keeping only one massive mode@9,10#. It is worth recalling
that the Kalb-Ramond theory provides mass in a nonto
logical way and can be understood as the resulting the
after condensation of magnetic monopoles in four dim
sions QED@11#. In this Brief Report, we show that it is
possible to obtain the Cremmer-Sherk theory in four dim
sions by dimensional reduction, despite Barcelos-Ne
claim that the Cremmer-Sherk theory cannot come from
mensional reduction of any gauge theory in five dimensi
@10#.

Let us describe briefly the dual equivalence between
Cremmer-Sherk and Kalb-Ramond theories in four dim
sions. The Cremmer-Sherk action, which provides mas
spin-1 fields without spoil gauge invariance, is written dow
as

I CrSc5E d4xF2
1

4
FmnF

mn2
1

12
HmnpH

mnp

2
1

4
memnpqBmnFpqG , ~1!

where Fmn[]mAn2]nAm and Hmnp[]mBnp1]nBpm
1]pBmn are the field strengths associated with theAm and
Bmn fields. This action is invariant under gauge transform
tions: dAm5]ml anddBmn5]mzn2]nzm . We observe that
this action has global symmetries, for instance,Am→Am
2em , with em the global parameter. A useful way to obta
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the dual theory relies on gauging this local symmetry@12# by
introducing an antisymmetric fieldamn , such that the field
strength Fmn is modified by Fmn[]mAn2]nAm1 1

2 (amn
2anm) and adding a BF term, which assures the nonpro
gation ofamn . Then, we have the following action:

I M5E d4xH 2
1

4 F]mAn2]nAm1
1

2
~amn2anm!G2

2
1

12
HmnpH

mnp2
1

4
memnpqBmn

3F]pAq2]qAp1
1

2
~apq2aqp!G

1
1

2
amemnpq]napqJ ~2!

and we now have new gauge symmetries, given bydAm
52em(x) , dam5]ma, and damn5]men2]nem , which al-
low us to fix the gaugeAm50. After fixing this gauge, the
action becomes

I M5E d4xF2
1

4
amna

mn2
1

12
HmnpH

mnp

2
1

4
memnpqBmnapq1

1

2
emnpqamn]paqG . ~3!

Integrating out the field amn$52 1
2 emnpq@mBpq2(]paq

2]qap)#%, the Kalb-Ramond action is obtained:

I KR5E d4xF2
1

12
HmnpH

mnp2
1

4
@~]man2]nam!

2mBmn#@~]man2]nam!2mBmn#G . ~4!

This action is invariant under gauge transformations giv
by dBmn5]mzn2]nzm anddam5]ma2mzm , which allow
us to gauge away theam field, leading to the massiveBmn
antisymmetric action, describing three massive degree
freedom similar to Abelian massive vector theories in fo
dimensions. Having seen that in four dimensions
Cremmer-Sherk and Kalb-Ramond theories are equiva
by duality and that the Kalb-Ramond action can be obtain
©1998 The American Physical Society02-1
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from dimensional reduction of a two-form in five dimen
sions, it must be possible to obtain the Cremmer-Sherk
tion from dimensional reduction of some gauge theory in fi
dimensions. Since the dual of a two-form in five dimensio
is a one-form, we will consider the following master actio
in five dimensions~the indicesM ,N run over 0,1, . . . ,4!:

I 5E d5xF1

4
VMNVMN2

1

2
VMN@]MAN2]NAM#G , ~5!

which is just the first order formulation of the Maxwell a
tion and whereVMN andAM are considered as independe
variables. Indeed, the Maxwell action is recovered a
eliminating VMN through its equation of motion (VMN
5@]MAN2]NAM#). On the other hand, the equations of m
tion after independent variations inAM are

]MVMN50, ~6!

whose solution in five dimensions can be written~locally! as

VMN5
1

2
eMNPQR]PBQR

[
1

6
eMNPQRHPQR. ~7!

Substituting this expression forVMN in Eq. ~5!, we obtain the
action for the second-rank antisymmetric fieldI B
52 1

12 HMNPHMNP. In general, forD.2 dimensions, the
solution of Eq.~6! is

VMN5
1

~D23!!
eMNPQ1¯QD23]PBQ1¯QD23

~8!

and going back into Eq.~5!, the usual duality between one
and zero-forms in three dimensions, one- and one-form
four dimensions, and so on, is achieved.

Now, we are going to perform the dimensional reductio
Let us deal with complex fields in five dimensions, then
consider the following action:

I 5E d5xF1

4
VMNVMN* 2

1

4
VMN*

3@]MAN2]NAM#2
1

4
VMN@]MAN* 2]NAM* #G . ~9!

Using the method of dimensional reduction developed
Ref. @13# for generating mass, we write, in the limitR→0 (R
being the radius of the small circle in the coordinatex4

where we are compactifying!,
s.
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Vmn~x,x4!5Fmn~x!e
imx4

, Am~x,x4!5Am~x!e
imx4

,

Vm4~x,x4!5 iVm~x!e
imx4

, A4~x,x4!5 if~x!e
imx4

. ~10!

As a consequence, we obtain the following reduced actio
four dimensions:

I red4D5E d4xF1

4
FmnFmn2

1

2
Fmn@]mAn2]nAm#

1
1

2
VmVm2Vm@]mf2mAm#G . ~11!

From this reduced action, we can eliminate theFmn and f
fields through its equations of motion:

Fmn5]mAn2]nAm , ]mVm50 ~12!

and we have the following~local! solution for Vm in four
dimensions:

Vm52
1

2
emnpq]nBpq52

1

6
emnpqHnpq . ~13!

Putting this back into the reduced action, the Cremmer-Sh
action is obtained.

Furthermore, the field equation after varying theAm field
is

]nFnm52mVm, ~14!

which combined with Eq.~13!, lead us to following solution
for Fmn:

Fmn5
1

2
emnpq@2mBpq1~]paq2]qap!#. ~15!

Then, we can eliminate thef andAm fields and substituting
Eqs.~13! and~15! into the reduced action, the Kalb-Ramon
action is obtained. Moreover, from the reduced action we
integrate out theVm field (Vm5]mf2mAm), in order to
reach the Stu¨ckelberg formulation for massive spin-on
fields: I Stuck5*d4x$2 1

4 FmnFmn2 1
2 m2@Am2 (1/m) ]mf#2%.

Summarizing, we have shown that the Cremmer-Sh
action, which provides mass for vector fields compatib
with gauge symmetry, as well as the Kalb-Ramond a
Stückelberg actions, can be obtained from dimensional
duction of a gauge theory, which reflects the dual equi
lence between the Maxwell field and the second-rank a
symmetric field in five dimensions.
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