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Best approximation to a reversible process in black-hole physics and the area spectrum
of spherical black holes

Shahar Hod
The Racah Institute for Physics, The Hebrew University, Jerusalem 91904, Israel
(Received 3 September 1998; published 18 December)1998

The assimilation of @uantum(finite size) particle by a Reissner-Nordstroblack hole inevitably involves
an increase in the black-hole surface area. It is shown that this increase wanifézedif one considers the
capture of thdightest chargedarticle in nature. The unavoidable area increase is attributed to two physical
reasons: théleisenberg quantum uncertainty princied aSchwinger-type charge emissiGracuum polar-
ization. The fundamental lower bound on the area increaseiiswhich is smallerthan the value given by
Bekenstein for neutral particles. Thus this process is a better approximation to a reversible process in black-
hole physics. Theiniversalityof the minimal area increase is further evidence in favor ah#ormly spaced
area spectrum for spherical quantum black holes. Moreover, this universal value is in excellent agreement with
the area spacing predicted by Mukhanov and Bekenstein and independently HsB586-282199)03002-7

PACS numbds): 04.70.Dy

[. INTRODUCTION ton wavelengt This claim certainly is not correct when the
particle haglocally measuredenergy greater than its mass.
Can the assimilation of a test particle by a black hole bdn this paper we give a different and rigorous argument
madereversiblein the sense that all changes in the black-which leads to a lower bound on the increase in black-hole
hole parameters can be undone by another suitable processtface areh Thus,b can be no smaller thaty/ .. From here
This seemingly naive question goes deep into the basic lawane finds a lower bound on the increase in black-hole surface
of black-hole physics. Alassicaltheorem of Hawking’§l]  area due to the assimilation of(aeutra) test particle
says that black-hole surface area cannot decrease. Hence, any
physical process \{vhich ir!creases the horizon area is obvi- (Aa)min=2%. )
ously (classically irreversible. The answer to the above
uestion was given by Christodoul¢d] (later generalized
gy Christodoul%u andyRuffini for thg c]:a(se of %harged point't is easy to (;heck that the reversible process of Christpdou—
particles[3]) almost three decades ago. The assimilation of 40U @nd Ruffini and the lower bound E() of Bekenstein
(point) particle is reversible if it is injected at theorizon @€ valid only fornorrextremal black holes. Thus, for non-
from aturning pointof its motion. In such a case the black- extremal black holes there _|m|versal(|.¢., independent of
hole surface area is lefinchangedand the changes in the the black-hole parametgminimum area increase as soon as

other black-hole parameternass, charge, and angular- ©N€ allows quantum nuances to the problem. This fact is

momentun can be undone by another suitalffeversiblg ~ US€d as one of the major arguments in favor afni#ormly
process. spaced area spectrum for quantum black h{figs

However, as was pointed out by Bekenstein in his seminal 1€ universal lower bound E2) derived by Bekenstein
work [4] the limit of a point particle is not a legal one in S valid only for neutral particles[4]. In this paper we ana-

guantumtheory. As a concession to quantum theory Beken-lyze the assir_nilation of a__quantufﬁnite siz§ chargedpar-
stein ascribes to the particle fmite proper radiusb while  ticle by & Reissner-Nordstmo black hole and show that the

continuing to assume, in the spirit of Ehrenfest's theoremf””dame”tal lower-bound on the increase in the black-hole

that the particle’s center of mass follows a classical trajecSuUrface area ismallerthan the value given by Bekenstein
tory. Bekenstei{4] has shown that the assimilation of the O neutral particles.
finite size neutral particle inevitably causes an increase in the
horizon area. This increase is minir_nized if the_particl_e IS || ASSIMILATION OF A CHARGED PARTICLE BY A
captured. when its center of mass is at a turning point a REISSNER-NORDSTROM BLACK HOLE
proper distancdéd away from the horizof4]:
The major goal of this paper is to calculate ttisevi-
(Aa)min=2 ub, (1) table minimalincrease in black-hole surface area caused by
the assimilation of a particle of rest mags chargee and
where the “rationalized area is related to the black-hole proper radius. We are interested in the area increase ascrib-
surface areah by a=A/47 and u is the rest mass of the able to theparticle itself, as contrasted with any increase
particle. For a point particldd=0 and one finds £«),, incidental to thgrocessof bringing the particle to the black-
=0. This is Christodoulou’s result for a reversible processhole horizon4]. For example, gravitational radiation emitted
However, a quantum particle is subjected to quantum uncemby the particle[6] or by any device which might have low-
tainty. According to Bekenstein's analysis, a relativisticered it into the hold7] will also cause an increase in the
guantum particle cannot be localized to better than its Comparea. In addition, electromagnetic radiation emitted during

0556-2821/98/5@)/0240144)/$15.00 59 024014-1 ©1998 The American Physical Society



SHAHAR HOD PHYSICAL REVIEW D 59 024014

the process of bringing the charged particle to the horf8dn In other wordsr=r_ + §(b) is a point a proper distande
will also result in an increase in the black-hole surface areaoutside the horizon. Integrating E() one finds
In this paper, as in the seminal work of Bekenstiely we
ignore these incidental effects and concentrate on the inevi-
table increase in the black-hole surface area caused by the
captured particle all by itself.

The external gravitational field of a spherically symmetric Since we consider the cake<r, we may replace this ex-
object of massM and chargeQ is given by the Reissner- pression by
Nordstran metric

[1+0(b/ry)]. (8

) b
8(b)=(r,—r_)sint? 2.

2

b
) S(b)=(r =1 )y ©
dsZ:—<1—27M+?—2)dt2 ars

The conserved enerdgy of a particle having a physical

2M  Q? radial momentunP atr=r, + ¢ (whereé<r,) is given by

-1
[ T, 2 2 2
+(1 r + rz) dre+redQe. 3 Eq. (5)

ry ra

X EVH1+O[El (r —1 )]}

The black hole’'sevent and inngrhorizons are located at E

r.=M=(M2-Q?»?% (4)

The equatioq of motion of a charged particle on the eQ
Reissner-Nordstra background is a quadratic equation for — X EHL+O[E/(r . —1 )] (10)
the conserved enerdy of the particle[9] rs

r*E2—2eQrE+e?Q%r2— A(u2r2+ pi)_(A p,)2=0, This (_axpressiomfor P=0)is actually the effective_potential
(5) (gravitational plus electromagnetic plus centrifygdbr
given values ofu, €, andp,. It is clear that it can benini-

whereA is given by mizedby takingp,=0 (which also minimize the increase in
the black-hole surface area. This is also the case for neutral
A=r2—2Mr+Q?=(r—r_)(r—r,). (6) particles[4]). However,P? cannot be said to vanish because

of Heisenberg quantum uncertainty principle. E@>0 the
The quantitiep,, andp, are the conserved angular momen- effective potential has maximumlocated at
tum of the particle and its covariant radial momentum, re-

spectively. It is useful to express this last quantity in terms of L (re—r ) (p?+ P?)ri 11
the physical componen{in an orthonormal tetrgd P &= 4e°Q? (11)
=A"Yrp' [10].

In order to find the change in black-hole surface area The assimilation of the particle results in a charbd
caused by an assimilation of a point particle one should firsE E in the black-hole mass and a chand®=e in the
solve Eq.(5) for E and then evaluate it at the horizan black-hole charge. Using the first-law of black-hole thermo-
=r . of the black hole. As was pointed out in Ref&] and  dynamics
[3], this increase is minimize@ctuallyvanisheyif the par-
ticle is captured from a turning point. How would then- dM=0da+®dQ, (12
zero proper radiu® of the particle(which is aninevitable

H=1 — = i
feature of the quantum thegrghange this scenario? First, where®@=2z(r,—r-)/a and®=Qr. /e, one finds

we note that in the spirit of the Ehrenfest’s theorem we con- 2, p2\1/2

) S A+ P, 4eQ

tinue to assume that the particle’s center of mass follows ada (s, u,€,b) = ————5— 8(b) >~ ——— 8(b),
classical path. Second, as was pointed out by Bekenstein, (ry—r-) ry—r-

regardless of the manner in which the particle arrives at the (13

horizon, it must acquire its parameter& @nd p,) while which is theminimal area increase for given values of the

every part of it is still outside the horizon, i.e., while itis not ) -\ ‘1 01a barameters. andO (s stands for these two pa-
yet part of the black holg4]. Thus, the motion of the parti- rameters anpd the parr{iséle pa?ar%ete;s e. b.andP. P

Sle S %ergebr oEf rgfls_ls_hag the n;omf:nt of Calptur?h ShOUIdIt be In order to be captured by the black hole the particle has
escribed by Eq(5). Third, in order to generalize the results to be over the potential barrier. There are two distinct cases

given in Refs[2] and[3] to the case of dinite size particle that should be treated separately: for particles satisfying the
one should evaluate atr =r ., + 5(b), whered(b) is deter- relation §(b)<¢&* the areg incre)élse isrl)inimizedif bliyisg
mined by[4] minimized. However, the limibP—0 is not a legal one in
o+ 8(b) the quantum theory. According to Bekenstein's analy4is

f (9,)Ydr=b. (7)  the particle cannot be localized to better than its Compton
ry wavelengthz/u. (We will discuss the validity of this as-
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sumption below. In this paper we shall use a more rigorousSchwinger-type charge emissiéracuum polarization[11].
argument to provide a lower bound on the prodoE). On  We must remember that the black-hole ndigchargeitself
the other hand, particles satisfying the inequalityp) > &* through a Schwinger-type emission. The critical electric field
cannot be captured from a turning point of their motion. InE for pair-production of particles with rest mags and
order to overcome the potential barrier and be captured bghargee is given by[11-13
the black hole they must havat least an energye(&*).
Let us consider the first cas#b)<&*. Substituting Eq. = _ Tu? 20
(9) into Eq. (13) one finds =T e (20
. 2 21/ eQl This order of magnitude can easily be understood on physi-
detmin(S,,8,0) =2(p 4 P7) b= re - (14 cal grounds; Schwinger discharge is exponentially sup-
pressed unless the work done by the electric field on the
According to Bekenstein's original analysjd] one may virtual pair of (chargedl particles in separating them by a
minimize this expression by minimizing the valuemfand = Compton wavelength is of the same order of magnit(ate
settingP?=0 at the turning point However, the claim used more of the particle’s mass. Thus, assuming the existence of
in [4] that a particle cannot be localized to within less thanelementary particles with mags and chargee, a spherical
its Compton wavelength certainly is not correct when theblack-hole of charge and radiusr, (whose electric field
particle haglocally measuredenergy greater than its mass. near the horizon i§+:Q/ri) may be considered as qua-

The locally measured energdly a static observeiof a par-  sistatic only if it satisfies the relatioE . <Z,, or equiva-
ticle near the horizon of a black hole can be arbitrarily large jently

In addition, at the turning point the physical radial momen-

tum P2 cannot be said to vanish, but must be replaced by its w,uzri

uncertainty ¢P)2 [10]. In other words, according to Heisen- le|< W (21)
berg quantum uncertainty principle the particle’s center of

mass cannot be placed at the horizon with accuracy bett%ubstituting this into Eq(19) one finds(for 25 P?)
than the radial position uncertainty/ (25P).

Using the restrictions(b) < £* one finds 3
damin(s,u)=—, (22
(M2+ P2)1/2r2 T
le|< —ar— (15) . |
|Q[b which is now the fundamental lower bound on the increase
. i . in black-hole surface area. We note that this lower bound is
Thus, the minimal area increase is given by universalin the sense that it imdependenof the black-hole
damin(s, ) =[ w2+ (6P)2]Y%, (16) parametersM and Q.
which, according to Heisenberg quantum uncertainty prin- I1l. SUMMARY AND DISCUSSION

i i >pu).
ciple, yields(for 6P> 1) We have studied the assimilation othargedparticle by

damin(s, u)=Hl2. (17)  a Reissner-Nordstro black hole. The capture of a particle
necessarilyresults in an increase in the black-hole surface
Next, we consider the assimilation of particles which sat-area. The minimal area increase equals o We note that
isfy the relations(b)>¢*. These particles cannot be cap- this value issmallerthan the value given by Bekenstein for
tured from a turning point of their motion. In order to be neutral particles. Thus, this process is a better approximation
captured by the black hole they must have a minimal energyo areversibleprocess in the context of black-hole physics.
of As was pointed out by Bekenstefd] (for neutral par-
ticles) the underlying physics which excludes a completely
i?+ (uP+P?)(r —r_) reversible process is thEleisenberg quantum uncertainty
ry 4eQ '

principle. However, forchargedparticles it must be supple-
mented by another physical mechanism—Schwinger-
Using the first-law of black-hole thermodynamics Eg?2) discharge of the black holewithout this mechanism one
one finds that the increase in the black-hole surface area tould have reached threversiblelimit. It is interesting that
given by the lower bound found here is of the same order of magni-
tude as the one given by Bekenstein, even though they
(w?+PHr3 emerge fromdifferentphysical mechanisms.
 eQ (19 The universalityof the fundamental lower boun@le., its
independence on the black-hole parametrand Q) is a
What physics prevents us from using particles whichfurther evidence in favor of aniformly spaced area spec-
make expressiorf19) as small as we wish? Or, in other trum for spherical quantum black holésee Ref[5]). More-
words, what physics prevents us from recoveringover, the universal valuAA,;,=4#% is in excellent agree-
Christodoulou’s reversible procegsA=0? The answer is ment (to within a factor ofIn2) with the area spacing

Emin=E(&*)=

(18)

damin(s,u,8)=
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predicted by Mukhanov and Bekensté¢i#,5] and[to within  the role ofSchwinger pair productioin providing an impor-
a factor (of orderunity) of In3] with the area spacing pre- tant limitation on the minimal increase in black-hole surface
dicted by Hod[15]. area.
It should be recognized that the precise value of the uni-
versal lower bound Eq(22) can be challenged. This lower ACKNOWLEDGMENTS
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