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We discuss the appearance at the QCD phase transition, and the subsequent decay, of axion walls bounded
by strings inN=1 axion models. We argue on intuitive grounds that the main decay mechanism is into barely
relativistic axions. We present numerical simulations of the decay process. In these simulations, the decay
happens immediately, in a time scale of order the light travel time, and the average energy of the radiated
axions is{wy)=7m, for v,/m,=500. (w,) is found to increase approximately linearly with dg(m.).
Extrapolation of this behavior yieldgv,)~60m, in axion models of interest. We find that the contribution to
the cosmological energy density of axions from wall decay is of the same order of magnitude as that from
vacuum realignment, with however large uncertainties. The velocity dispersion of axions from wall decay is
found to be larger, by a factor 1@r so, than that of axions from vacuum realignment and string decay. We
discuss the implications of this for the formation and evolution of axion miniclusters and for the direct
detection of axion dark matter on Earth. Finally we discuss the cosmology of axion modelswithin which
the domain wall problem is solved by introducing a smafio(1) breaking interaction. We find that in this
case the walls decay into gravitational wae$0556-282(198)06324-3

PACS numbegps): 98.80.Cq, 14.80.Mz

I. INTRODUCTION =1, when the axion mass effectively turns [@i. The cor-
responding temperaturg;=1 GeV.

The axion[1,2] was postulated approximately twenty  The implications of the existence of an axion for the his-
years ago to explain why the strong interactions conserve thgry of the early universe may be briefly described as fol-
discrete symmetrie® and CP in spite of the fact that the |ows. At a temperature of order,, a phase transition occurs
standard model of particle interactions as a whole violatesn which theUpo(1) symmetry becomes spontaneously bro-
those symmetries. It is the quasi-Nambu-Goldstone bosoRen. This is called the PQ phase transition. At that time axion
associated with the spontaneous breaking bfsg(1) sym-  strings appear as topological defects. One must distinguish
metry which Peccei and Quini®Q) postulated. At zero tem-  two cases(1) inflation occurs with reheat temperature higher

perature the axion mass is given by than the PQ transition temperatueguivalently, for the pur-
poses of this paper, inflation does not occur at afl (2)
1012 GeV inflation occurs with reheat temperature less than the PQ
m,=6Xx10% eVxN - ) (1.)  transition temperature.
a

In case(2) the axion field gets homogenized by inflation
and the axion strings are “blown away.” When the axion
wherev, is the magnitude of the vacuum expectation valuemass turns on at;, the axion field starts to oscillate. The
that breakdJpo(1) andN is a strictly positive integer that amplitude of this oscillation is determined by how far from
describes the color anomaly bf,o(1). Axion models have zero the axion field is when the axion mass turns on. The
N degenerate vacug3,2]. Searches for the axion in high axion field oscillations do not dissipate into other forms of
energy and nuclear physics experiments have only produceghergy and hence contribute to the cosmological energy den-
negative results. By combining the constraints from thesesity today [6]. Such a contribution is called of “vacuum
experiments with those from astrophysj@s4], one obtains realignment.” Note that the vacuum realignment contribu-
the following boundm,<10 2 eV. tion may be accidentally suppressed in cé®ebecause the

The axion owes its mass to non-perturbative QCD effectsaxion field, which has been homogenized by inflation, may
In the very early universe, at temperatures high compared tbappen to lie close to zero.
the QCD scale, these effects are supprefSgdnd the axion In case(1) the axion strings radiate axiofig,8] from the
mass is negligible. The axion mass turns on when the tentime of the PQ transition tilt; when the axion mass turns
perature approaches the QCD scale and increases till @n. At t; each string becomes the boundaryMfdomain
reaches the value given in Ed..1) which is valid below the walls. If N=1, the network of walls bounded by strings is
QCD scale. There is a critical timtg, defined bym,(t;)t;  unstable[9,10] and decays away. All of the present paper
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except Sec. VI is concerned with this process, how manyonstant must be of order 1fv,/m,) X 10(yAv,/m,) or
axions are produced in the decay, what is the velocity distarger if the simulations are done in 2 dimensidese Sec.
persion of these axions and what are the implications. IV). Present day computers allow lattice sizes of order
If N>1 there is a domain wall problef8] because axion  4000x 4000, i.e.\Av,/m,~100. In axion models of inter-
domain walls end up dominating the energy density, resultgst \/Xva/maN 10'? GeV/10°° eV=10?®. The computer
ing in a universe very different from the one observed todaysimulations inform us about the situation of interest only
There is a way to avoid the domain wall problem by intro-jnsofar it may be assumed that the motion and decay of walls
ducing an interaction which slightly lowers one of the  pounded by strings do not vary dramatically from the case
vacua with respect to the others. In that case, the lowesyherev,/m, is large to the case whete,/m, is huge. To
vacuum takes over after some time and the domain wallgddress this issue, we study the dependen¢e 9f'm, upon
disappear. There is little room in parameter space for that tg,e JAva/m, and find that it increases approximately as the
happen but it is a logical possibility. Section VI discussesiggarithm of that quantity over the range accessible to the
this in detail. simulations. This behavior is understood in terms of the pro-
In case(1) there are three contributions to the axion cos-gegg by which the walls bounded by string decay. If it per-
mological energy density. One contributidid,8,11,12 is  gists all the way up ta/v,/m,=10%, then(w,)/m, is of
from axions that were radiated by axion strings betardet  ,.4er 60 in models of interest.
us call it the string decay contribution. A second contribution  There has been disagreement in the literature about the
is from axions that were produced in the decay of wallSgjze of the string contribution. Many authdi11] believe it
bounded by strings aftds [12-14; call it the contribution s apout a factor 100 larger than the vacuum realignment
from wall decay. A third contribution is from vacuum re- contripution. We ourselvei®,12] have argued that the string
alignment[6]. To convince oneself that there is a vacuum ang yacuum realignment contributions are of the same order
realignment contribution distinct from the other two, €on- of magnitude. The two different estimates are presented in
sider a region of the universe which happens to be free okg. |1 B, With regard to the wall contribution, we argue

srings and _domain walls. In such a region the axion_ field iyt jt is again of the same order of magnitude as that from
generally different from zero, even though no strings ONacuum realignment, with however large uncertainties. Sec-

tion Ill presents a unified treatment of all contributions. The

ther from string decay nor wall decay. Since the axion ﬁeldresulting axion cosmological energy density is obtained in
oscillations caused by vacuum realignment, string decay anﬁe_c' i D'_ Th? reqwrenjgnt that it does_ r_10t ov_erclose the
wall decay are mutually incoherent, the three contributions td!Mverse, impliesm,=10" eV. By combining this bound
the energy density should simply be added to each othéli\llt'h the one from stel'lar evolu.t|op menthned eritrher, the
[12]. axion mass is constrained to lie in the window: 10eV
That axions walls bounded by strings decay predomi=Ma=10"° eV.
nantly into barely relativistic axions was suggested in Ref. We find that the velocity dispersion of the axions from
[12], where the size of the wall contribution to the axion wall decay is much larger, by a factor of%6r so, than the
energy density was estimated to be of the same order ofelocity dispersion of the axions from string decay and
magnitude as that from string decay and from vacuum revacuum realignment. This has interesting implications for
alignment. This is consistent with what we find here. Lyththe formation and evolution of axion mini-clustgds,17 as
[13] also discussed the wall decay contribution and emphadiscussed in Sec. V. We find that the axions from wall decay
sized the uncertainties affecting it. Nagasawa and Kawasaljind only very loosely to axion mini-clusters and that they
[14] performed computer simulations of the decay of wallsget readily stripped off when the mini-cluster falls into a
bounded by string and obtainge,)/m,=3 for the average galactic halo. This ensures the existence of an unclustered
energy of the radiated axions. Our simulations, presented iBomponent of galactic axion dark matter. The existence of
Sec. IV, are similar to those of Nagasawa and Kawasaki bu§ych a component is important for searches of axion dark

they are done on larger lattices and for a wider variety ofpatter on Eartfj18] because it guarantees that the signal is
initial conditions. We obtaif w,)/m,=7 for v,/m,=500.  5n at all times.

Nagasawa and Kawasaki to the fact that we give angulagispersion of the axions from wall decay is that it may con-
momentum to the collapsing walls, whereas they did not. cejyably be measured. If a signal is found in the cavity de-
It should be emphasized that the lattice sizes which argactor of dark matter axionEl8], the energy spectrum of
amenable to present day computers are at any rate SMafjese axions can be measured with great resolution. It has

compared to what one would ideally wish. Indeed the axionyeen pointed out that there are peaks in the specfagh
string core has size of order\v, where) is a coupling  pecause late infall of cold dark matter onto our galaxy pro-
constant(see Sec. )lwhereas the axion domain wall thick- duces distinct flows, each one with a characteristic local ve-
ness is of ordem, . The lattice constant must be smaller |ocity vector. These peaks are broadened by the primordial
than 1A/\v, for the lattice to resolve the string core. On the velocity dispersion. The minimum time required to measure
other hand the lattice size must be Iargertt’na;n1 to contain  the primordial velocity dispersion of axions from vacuum
at least one wall. Hence the lattice size in units of the latticeealignment and string decay is too long 10 year$ to be

walls are present. After time;, the axion field oscillates
implying a contribution to the energy density which is nei-
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practical, but the minimum time required to measure that of L 1o )
axions from wall decay is much less. This is discussed in MzZWL PdP§|V¢>| =mviin(\\v,l) (2.3
Sec. Il E.

This paper is organized as follows. In Sec. Il, we presenfyparel is a long-distance cutoff. Equatid@.3) neglects the
a toy model which captures all the physics we are interestegd o her unit length, of orde2, associated with the core
in. We discuss the evolution of axion strings in the earlyOf the string. For a network of strings with random direc-

umvetrs? {ahnd thce:Sornr;latlont of W.?.”S bg\‘;nd?d by strlntgs att th(Eons, as would be present in the early universe, the infra-red
onset of the Q phase transition. We give an estmaté of, i ¢t | s of order the distance between strings.
the density of walls at that time. In Sec. Ill, we discuss the

decay of walls bounded by string and the axion population When »#0, the model has domain walls. df,>m, we

(2.9

— . alilvga) iofi
that results therefrom. We also discuss the axions from. o seth(x)' val * when restrlctmg ourselyes to low
. . ! energy configurations. The corresponding effective Lagrang-
vacuum realignment and from string decay and estimate thle n is

total cosmological energy density from these mechanisms. In

Sec. IV, we present our numerical simulations of the motion 1 a

and decay of walls bounded by strings. In Sec. V, we discuss £a=§(9#a(9“a+ m(fluézl cos( —) —-1].

the effect of axions from wall decay upon the formation and Va

evolution of axion miniclusters. In Sec. VI, we discuss axionjts equation of motion has the well-known sine-Gordon soli-
models in whichN>1 and in which the axion domain wall {51 solution

problem is solved by slightly lowering one of tid vacua

with respect to the others. In Sec. VII, we summarize our a(y)
conclusions.

=2mn+4tan ! expmyy) (2.5

Va

wherey is the coordinate perpendicular to the wall ands
any integer. Equatioi2.5 describes a domain wall which
The bulk of this paper is concerned with the cosmologicalinterpolates between neighboring vacua in the low energy
properties oN=1 axion modelsN=1 means that the axion effective theory(2.4). In the original theory2.1), the domain
model has a unique vacuum. The following toy model incor-wall interpolates between the unique vacuum back to that
porates the qualitative features of interest to us: same vacuum going around the bottom of the Mexican hat
potentialV(p'¢) = (N /4) (¢ dp—v2)? once.
1 A The thickness of the wall is of orden;l. The wall en-
L= §0M¢T(9”¢— Z(¢T¢—v§)2+ nvady ergy per unit surface is'=8m,v? in the toy model. In real-
ity the structure of axion domain walls is more complicated
than in the toy model, mainly because not only the axion
field but also the neutral pion field is spatially varying inside
the wall [20]. When this is taken into account, thHeero
temperaturewall energy/surface is found to be

Il. THE NETWORK OF WALLS BOUNDED BY STRINGS

1 1
= 5%‘1’15’%’14’ E%‘f’za”(f’z

A
N2 2 200
4(¢1+¢’2 V)t PUady (2.1) a=4.2fwm7fa:9maf§ (2.6)

with f,=v,/N. ForN=1, f, andv, are the same. However,
written in terms off,, Eq. (2.6) is valid for N+ 1 also.
Whenm,# 0, each string becomes the boundary of a do-
n{nain wall. Indeed the presence of the string foreg)
=(1lv,)a(X) to vary by 2r whenx goes around the string
once and a domain wall is the minimum energy path that
oes this. Figure 1 shows a cross section of a wall bounded
y a string. Two different length scales are involved: the wall
thicknessm; * and the string core sizé=(\Av,) . Walls
bounded by string are of course topologically unstable.
In the early universe, the axion is essentially massless
from the PQ phase transition at temperature of oudgeto
. " the QCD phase transition at temperature of order 1 GeV.
d(X)=vaf(p)e (2.2) During that epoch, axion strings are present as topological
defects. At first the strings are stuck in the plasma and are
where @,p, ) are cylindrical coordinates arfdp) is a func-  stretched by the Hubble expansion. However with time the
tion which goes from zero gt=0 to one atp=c over a plasma becomes more dilute and below temperd@ire
distance scale of ordef=(\\v,)~*. f(p) may be deter- )
mined by solving the non-linear field equations derived from - v Va
Eq. (2.1). The energy per unit length of the global string is Te~2x10 Ge\/( 10%2 Gev) 27

where ¢= ¢, +i¢, is a complex scalar field. When=0,
this model has aJ(1) global symmetry under whickb(x)
—e'“¢(x). Itis analogous to th&)pg(1) symmetry of Pec-
cei and Quinn. It is spontaneously broken by the vacuu
expectation value(¢)=v,e'*. The associated Nambu-
Goldstone boson is the axion. The last term in E21)
represents the non-perturbative QCD effects that give th
axion its massn,. We havem,=\/7 for v,>m,.

When =0, the model has global string solutions. A
straight global string along thieaxis is the static configura-
tion:
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#2 #3

o * 5
FIG. 1. Cross section of a piece of wall bounded by a string. The
wall thickness ism; *. The string core size i§=1/\Av,. #1
the strings move freely and decay efficiently into axions. (@ a=0

Because this decay mechanism is very efficient, there is ap
proximately one string per horizon from temperatdig to
temperaturel ;=1 GeV when the axion acquires mass. The
decay of axion strings into axions has been discussed exter
sively in the literature and is reviewed in Sec. Il B.

At temperaturel ; each string becomes the boundary of a
domain wall. Walls not bounded by string are also present.
We want to obtain statistical properties of this network of
walls and strings under the assumption that the axion field is
randomly oriented from one horizon to the next just before
the axion mass turns on at tintg. In particular: What are
the average densities of walls and of strings? Are there walls
of infinite extent which are not cut up by any string? What is
the energy fraction in walls not cut up by string?

To address such questions, a cross section of a finite bu
statistically significant volume of the universe near titge
was simulated in the following manngt0]. A 2-dim. hex-
agonal grid was constructed. Each hexagon represents
causally disconnected region. The cirgigp)=v,e'*:—
<a=alv,<+} is divided into three equal parts as shown
in Fig. 2(a). «=0 is at the middle of part la= 7 is at the
boundary between parts 2 and 3. Each hexagon is then ran- FIG. 2. (8 The circle of axion field expectation values is di-
domly assigned a number 1, 2 or 3. A hexagon to which Novided into three equal parts with ti@@P conserving valuer=0 in
1 is assigned is thought of as a horizon volume in which théhe middle of part 1(b) Each cell of a hexagonal grid is randomly
average value of is in part 1 of the circle, and so on. Thus assigned 1, 2 or 3. This results in a set of domain w(#iisk lines),
there is a domain wall at each boundary between two hexaiPgoing strings(open circles, and downgoing strings(filled
gons one of which has been assigned No. 2 and the other NB/cleS. as described in the text.

3. Likewise there is an downward-going string at each vertex

surrounded by hexagons to which No. 1, No. 2 and No. Fphere or a donut, are very rare. Indeed, the figure shows
have been assigned in clockwise order, and an upward_goirfy]ly one closed circle and a circle need not be a section of a
string at each vertex surrounded by hexagons to which No. SPhere; it could be a section of a tube. The average density of
No. 2 and No. 3 have been assigned in counter-clockwis#/alls at timet, predicted by the random process described
order. Figure %) shows some examples. Figure 3 shows ahere is approximately 2/3 per horizon volume. This is con-

larger realization with the underlying grid removed. sistent with Fig. 3.
Figure 3 shows that there are no infinite domain walls
which are not cut up by any string. The reason for this is Ill. THE COLD AXION POPULATIONS

simple. An extended domain wall has some probability to be

cut up by string in each successive horizon it traverses. The In this section, we discuss the various contributions to the
probability that no string is encountered after traveling a dis-<cosmological energy density in the form obld axions. In
tancel along the wall decreases exponentially wittFigure  addition to cold axions, there is a thermal axion population
3 also shows that finite domain walls which are not cut up bywhose properties are derived by the usual application of sta-
string, and which therefore close onto themselves like distical mechanics to the early, high temperature universe
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l \ ¢ ¢ l \ happens to be free of axion strings. Although such a region is
l L I it ?v J rare in practice it may exist in principle. In it, the contribu-
U ‘0‘/\}\‘ e (\L\_\(“’ tion to the cosmological axion energy density from string
(-;', W rooa and domain wall decay vanishes but that from vacuum re-

-~ (/vl f}v (J i N~ alignment does not. In more typical regions where strings are

I'-\, t’} Y v~ - present, the contributions from string and domain wall decay
£ L. C i PJ v should simply be added to that from vacuum realignment.
e 3 { In the radiation dominated era under consideration, the
\OH S 9/ vl — space-time metric is given by
D *—0
:3—\ w\,—-\ %JC;* L Jp- v —ds?=—dt?+R?(t)d%- dX (3.2
\/\/‘ o 3’0 ( 7 wheret is the age of the univers&, are co-moving coordi-
ot r ‘:}j (1 nates andR(t)~ 't is the scale factor. The axion fiel(x)
&‘\—- - AV A L) I satisfies
2 \ Gy | % .
2 N “ 17 6 (D ,D*+m2(t))a(x)= 02+3Ea - iV2+ m(t) | a(x)
I -~ ® a Y%t t 2V x a
X I C; R R
o ~ LU qr-' 7 . =0 3.2
horizon
/ size where m,(t) =m,(T(t)) is the time-dependent axion mass.

FIG. 3. Same as in Fig.(8) except that the area covered is W€ Will see that the axion mass is unimportant as long as
larger, the underlying grid has been removed and the walls havBa(t) <1/t, a condition which is satisfied throughout except
been smoothed. at the very end wheh approaches;. The solution of Eq.

(3.2 is a linear superposition of eigenmodes with definite

[15]. The contribution of thermal axions to the cosmological co-moving wave vectok:
energy density is subdominantrif,<10 2 eV. We concern
ourselves only with cold axions here. 2 :J' Bl +) ik X
We distinguish the following sources of cold axions: (kb dkak.tye 33
(1) vacuum realignment R
(a) “zero momentum’” mode where thea(k,t) satisfy
(b) higher momentum modes
(2) axion string decay
(3) axion domain wall decay.
The basis for distinguishing the contribution from vacuum

realignment from the other two is that it is present for anygquations(3.1) and (3.3 show that the wavelength(t)
quasi-Nambu-Goldstone field regardless of the topological- (2 ;/k)R(t) of each mode is stretched by the Hubble ex-
structures associated with that field. Contributiéhs) and  pansion. There are two qualitatively different regimes in the
(1b) are distinguished by whether the misalignment of thegyolution of each mode depending on whether its wave-
axion field from theCP conserving direction is in modes of |ength is outsidé A (t)>t] or inside[\(t)<t] the horizon.
wavelength largefla) or shorter(1b) than the horizon size For \(t)>t, only the first two terms in Eq(3.4) are im-

t; at the moment the axion mass turns on. Contribut®)is  portant and the most general solution is

from the decay of axion strings before the QCD phase tran-
sition. Contribution(3) is from the decay of axion domain
walls bounded by strings after the QCD phase transition. In
the past literature on the axion cosmological energy densit
contributions (1a) and (2) have been discussed in detalil
whereas contributionélb) and (3) have received much less N
attention. This section presents a systematic analysis of aﬁ
contributions.

2

2 3 k 2
oy + 2—t(9t+ §2+ma(t)

a(k,t)=0. (3.9

a(k,t)=ap(K)+a_ (Kt~ 12 (3.5

Yhus, for wavelengths larger than the horizon, each mode
goes to a constant; the axion field is so-called “frozen by
usality.”

For \(t)<t, the first three terms in Eq3.4) are impor-
tant. Leta(k,t)=R~34(t)y(k,t). Then

A. Vacuum realignment (7 + (1) (k1) =0 (3.9
Let us track the axion field from the PQ phase transition,
whenUpq(1) gets spontaneously broken and the axion apWhere
pears as a Nambu-Goldstone boson, to the QCD phase tran-
sition when the axion acquires mass. For clarity of presenta-
tion we consider in this subsection a large region which

k2 k2

wz(t)zmg(t)—k Rz—(t)+ WZRZ—(U

(3.7)
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Since o< w?, this regime is characterized by the adiabaticwhenT is near 1 GeV. The relation betwe&randt follows
invariant /3(K,t) o(t), whereyy(k,t) is the oscillation am- ~as usual from

plitude of #(k,t). Hence the most general solution is 1\2 87G 87G w2
2=(—) =——p=—F5— = NT* (3.1
. A t 2t 3 3 30
a(k,t)= =—— 005< dt’w(t’)). (3.8
R() where N is the effective number of thermal degrees of free-

dom. \'is changing near 1 GeV temperature from a value
Hear 60, valid above the quark-hadron phase transition, to a
value of order 30 below that transition. Usiig=60, one

The energy density and the number density behave respe
tively as p, i~A2w?/R2(t)~1/R4(t) and n, i~ (1/w)pak

~1/R3(t), indicating that the number of axions in each
mode is conserved. This is as expected because the expan-

sion of the universe is adiabatic fa(t)t<1. 1/t \2/102 GeV
Let us define dn,/dw)(w,t) to be the number density, in Ma(t)=0.7x 10— (—J (—> (3.17)
i . . sec\ se fa
physical and frequency space, of axions with wavelength
=27l w, for o>t"1. The axion number density in physical which implies
space is thus U
fa
dn t,=2%x10""7 se{—) . (3.18
(0= | do T2, 39 107 Gev
t—1 dw
The corresponding temperature is
whereas the axion energy density is
10" GeV\'6
T,=1 Ge — ] - (3.19
a

dn,
pa(t)=frldwd—w(w,t)w. (3.10
We will make the usual assumpti¢6] that the changes in
Under the Hubble expansion axion energies redshift accordthe axion mass are adiabatig.e. [1/m,(t)](dm,/dt)
ing to o' = w(R/R"), and volume elements expand accord-<my(t)] aftert; and that the axion to entropy ratio is con-
ing to AV’ =AV(R’/R)3, whereas the number of axions is stant fromt, till the present. Various ways in which this
conserved mode by mode. Hence assumption may be violated are discussed in the papers of
Ref.[21]. We also assume that the axions do not convert to
R, some other light axion-like particles as discussed in Ref.
The above discussion neglects the non-linear terms asso-
Moreover, the size ofin,/dw for w~1/ is determined in  ciated with the self-couplings of the axion. In general, such
order of magnitude by the fact that the axion field typically non-linear terms may cause the higher momentum modes to

dn, R"\2 dn,
E“‘””‘(ﬁ) Jo

varies byf, from one horizon to the next. Thus become populated due to spinodal instabilities and paramet-
q 5 ric resonance. However, in the case of the axion field, such
n n, (1 1 1 . iqi
08 (o HAw 0N, (—,t) (_) ~Z(Va)? effects are negligibl¢6,23]. .
do T do \t t 2 We are now ready to discuss the vacuum realignment
) contributions to the cosmological axion energy density.
1f
~3 t—g (3.12 1. Zero momentum mode
This contribution is due to the fact that, at timg, the
From Egs.(3.11) and(3.12, andR~/t, we have axion field averaged over distances less thahas in each
) horizon volume a random value betweenrf, and + =f,,
%(w )~ fa (3.13 whereas theCP conserving, and minimum energy density,
do "’ 2t%w?" ' value isa=0. The average energy density in this “zero mo-

mentum mode” at time is of order
Equation(3.13 holds until the moment the axion acquires

mass during the QCD phase transition. The critical time is vac 1 2

2
whenm,(t) is of ordert 1. Let us define;: pa (t1)~ Ema(tl)fa' (320
m,(t)t;=1. (3.149  The corresponding average axion number density is
m,(T) was obtained6] from a calculation of the effects of vac0 1 a0 i
QCD instantons at high temperat(is;: N (t)= AL (t)~ 2, (3.29

102 GeV) ( Geﬁ4 (3.15 Sincem,(t) is assumed to change adiabatically afterthe

=4x10° 9S8 :
My(T)=4x10 ev( fa T number of axions is conserved after that time. Hence
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1f2/R,\3 dp dp
vacOgy~ — 21 st _ _ _Pstr—a
na ()~ 3 6 ( R) (3.22 at 2Hpsu— — (3.2
The axions in this population are non-relativistic and contrib- dnstf d
a str Pstr—a
ute m, each to the energy. TR —3Hn;" "+ o0 dt (3.27

2. Higher momentum modes wherew(t) is defined by

This contribution is due to the fact that the axion field has

wiggles about its average value inside each horizon volume. 1 1 do dpsir—.a (328
The axion number density and spectrum associated with o(t)  dpsy_a o dtde '
these wiggles is given in Eq3.13. Integrating overw dt

>t~1, we find
3 In Egs. (3.26—(3.28), (dpst,_.,/dt)(t) is the rate at which
energy density gets converted from strings into axions at
(3.23 : : )
time t, whereasdpg,_,,/dtdw is the spectrum of axions
o ] _ thus emitted. The term-2Hpg,= +Hps,— 3Hpg, in EQ.
fo.r thg contribution from vacuum realignment ass'ouated(g_z@ takes account of the fact that the Hubble expansion
with h|gh¢r momentum modes. The bulk of these axions aroth stretches+ Hps,,) and dilutes  3H pg,,) long strings.
non-relativistic after time; and hence each axion contrib- 14 gptain nS'(t) from Egs. (3.25—(3.26, we must know

0 1
utesm to the energy. Note that;**(t) andnz*(t) have  \yhatw(t) characterizes the spectrup,,_.,/dtdw of ax-

R\® 1f2(R,
R/ 24 \R

n;ac,l(t) — n;ac,l(tl)

the same order of magnitude. ions radiated by cosmic axion strings at timne
_ The axions that are radiated at tinteare emitted by
B. String decay strings which are bent over a distance scale of ordard are

The contribution from axions which were produced in the"@laxing to lower energy configurations. The main source is
decay of axion strings has been discussed extensively in tHdosed loops of sizé. Two views have been put forth con-
literature. We describe it here for the purpose of completeceming the motion and the radiation spectrum of such loops.
ness and clarity. There is still disagreement about the size §Phe view[7,11] is that such a loop oscillates many times,
this contribution. We will go rapidly over those points which With period of ordert, before it has released its excess en-

are not controversial, but indicate explicitly those which are €rgy and that the spectrum of radiated axions is concentrated
Axion Strings have energy per unit |ength near 2r/t. Let us call this scenarié. A second V|EV\[8,12]

is that the loop releases its excess energy very quickly and
va | TUg 5 that the spectrum of radiated axiomlpg,_,,/dtdo~1/w
= fL,ld kK=~ =mva In(val) (324 with a high energy cutoff of order, and a low energy cutoff
of order 2/t. Let us call this scenariB. In scenaricA one
whereL is an infra-red cutoff. This is the same formula ashasw(t)~2x/t and hence, fot<t,,
Eq. (2.3 but with the integral written in wave vector space. )
In the early universe, when the strings have random direc- Str.A Va
tions relative to one anothek, is of order the distance be- na (D)~ Tln(vat)’ (3.29
tween neighboring strings. The strings move relativistically
and decay efficiently into axions. As a result there is approxiwhereas inB one hasw(t)~(27/t) In(v,t) and hence
mately onelong string per horizon at all times after the tem-
perature has dropped beloW, but before the QCD phase
transition. By definition, a long string traverses the horizon.
By intersecting each other with reconnection, the long strings
produce closed string loops of size smaller than the horizol€omparing Eqs(3.13, (3.29 and(3.30, one sees that iA

2

(3.30

2
v
ny" et~

which decay efficiently into axions. the contribution from string decay to the cosmological axion
One long axion string per horizon implies the energy den-energy density dominates by a factordgtf~100 over the
sity contribution from vacuum realignment, wherea®ithe two

contributions are of the same order of magnitude.
a We have carried out computer simulatiofk2] of the
Psult)~ t_2|n(tva)' 329 motion and decay of axion strings with the purpose of decid-
ing between the two possibilities. In scenahAo the wave
We are interested in theumberdensity of axions produced vector spectrundE/dk of the energy stored in the axion
in the decay of axion strings because, as we will soon sedield changes from constakt/ characteristic of the string
these axions become non-relativistic soon after ttmand [see Eq(3.24)], to a spectrum peaked ndat 27/t after the
hence contribute eaa, to the energy. The equations gov- string loop has decayed into axions. In scen®jodE/dk
erning the number density"(t) of axions produced in the does not qualitatively change. To distinguish between the
decay of strings are two possibilities, we defined the quantity

2
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B dE 1 Eo-(t) 8ma(t)tl
N, = dkm o (3.31 E, mIn(fy/m,)

i

(3.35

and computed it as a function of time while integrating theis of order one. Using Eg¢3.17) and (3.18, we (crudely
equations of motion which follow from Lagrangiaf2.1) estimate
with =0. In scenarioA, N, increasesas the spectrum

softens, whereas iB, N,, remains approximately constant. t,~10-6 se({ fa )1/3 (3.39
We found in our simulations thal,, decreasesy about 2 10" GeV :
20% during the decay of closed string loops. In the simula-

tions, Inp,L) is in the range 4 to 6. If scenarid were cor- 10'? GeV\®

rect, N, should have increased by the factoroli()—1=3 T,=600 Me\/( f—a) : (3.37

to 5 (depending upon the loop sizg during the decay of

loops. So our simulations support scendioNote thatN,,  After t, the dynamics of the walls bounded by string is
is the quantity that directly measures the string contributiorjominated by the energy in the walls whereas befgri¢ is

to the axion cosmological energy density. An important cadominated by the energy in the strings. A string attached to a

veat is that the simulations are done for values obJnl  wall is pulled by the wall’s tension. For a straight string and
much smaller than those, of order 60, which characterizgiat wall, the acceleration is
axion strings in the early universe.

We will assume henceforth that axion production by cos- a(t) 8my(t) my(t) 1 my(t)
mic string decay is consistent with possibilB; Hence ag(t)= “ = In(fy/m, 23 = t, ma(ty)
3.3
ns“t~v—51 &3 (3.32 o
a (D) t; \R/ ' Therefore, aftet,, each string typically accelerates to rela-

_ . _ tivistic speeds, in the direction of the wall to which it is
It is of the same order of magnitude as the contributionsattached, in less than a Hubble time. We argue below that the

[Egs.(3.22 and(3.23] from vacuum realignment. string will then unzip the wall, and that the energy stored in
the wall gets released in the form of barely relativistic ax-
C. Domain wall decay ions. However, before doing so, let us describe the compet-

During the QCD phase transition, when the axion acng decay mechanisms which have been discussed.

quires mass, the axion strings become the boundaries of ax- One frneclrlleénlsmdlsdetr)msstu_)n offgr%wtatlonal_waﬁ]:@s@]
ion domain walls. Figure 3 shows a cross section of a piecgIece ot wall bounded Dy string of S12¢ assuming for the

of the universe at that time. In 3 dimensions, the doma"{noment that' 't. IS Iong lived and tha? Its motion Is .not
walls bounded by string may be like pancakes or they ma\?\/amped by friction against the surrounding plasma, oscillates

. — 71 . - .
be long surfaces with holes. Which type of configuration ith frequencyw~| ~* and hence emits gravitational waves.

dominates matters little to the arguments given below. |t'I'PLe|zapowerP may be estimated using the quadrupole for-

does matter that the universe is relatively free of domaid"

walls which are not bounded by strings, i.e. domain walls d(al?)

which close onto themselves like spheres, donuts and so on. P~— ~G(a12w8~Ga?I?. (3.39
We concluded in Sec. Il that such domain walls are in fact dt

very rare.

égdeed, emission of gravitational waves by walls bounded by
string of sizet, is dominated by the wall contribution, rather
than the string contribution, after tintg. Equation(3.39
implies the lifetime

Near 1 GeV temperature, the time-dependent axion ma;
is given approximately by Eq3.17). The wall energy per
unit surface is

o(t)=8f2m,(t). (3.33

TgraVN(GU')il::gx 10° Se({ , (3.40

ma
Since the chiral symmetry breaking phase transition has pre- 10 ° eV
sumably not taken place yet, we do not use the zero-
temperature result Eq2.6). As illustrated in Fig. 1, the independently of size. Note that a piece of wall bounded by
string at the boundary of a wall is embedded into the wall.string may self-intersect with reconnection producing two
Hence its infra-red cutoff., in the sense of Eq$2.3) and  walls bounded by string which may again intersect with re-
(3.24), is of order ma—l and its energy per unit length is connection, and so on. This fragmentation does not affect the
therefore lifetime (3.40 although it shifts the spectrum of gravitational
waves to higher frequencies.
,u,zq-rf§1 In(fa/my). (3.39 Another energy dissipation mechanism is drag caused by
the reflection of particles in the primordial plasma. The re-
The surface energ,, of a typical(size ~t,) piece of wall  flection coefficients between various particles and axion do-
bounded by string iar(t)ti whereas the energy in the bound- main walls are discussed in R¢20]. It was found there that

ary isg,~uty. There is a critical timé, when the ratio axions which are not highly relativistic have reflection coef-
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ficient of order one and that the dominant friction experi- In Sec. IV we describe our computer simulations of the
enced by the oscillating walls is on the fluid of cold axionsmotion and decay of walls bounded by string. In the simula-
that were produced by vacuum realignment and string decayions the walls decay immediately, i.e. in a time of order
Consider a bent wall of curvature radius of ordger The their size divided by the speed of light. The average energy
tension in the wall provides a driving force per unit surfaceof the radiated axions i§w,)~7m, in the simulations.

of order o/t; whereas reflection of cold axions produces aHowever, as was already mentioned in the Introduction, the
damping force per unit surface of ordemgB?n, wheregis  simulations are done for In{/m,)=In(100)=4.6, whereas
the velocity of the wall. Adding the contributions from in axion models of interest Ing/m,)=60. One reason this
vacuum realignmerjEgs.(3.21) and(3.23] and from string may affect the results is the following. When massless the
decay[Eq. (3.32] we haven,(t)~(2f2/t})(t;/t)*2 This  axion field is equivalent, by a duality transformation, to an
neglects the contributiond"(t) of axions produced in the anti-symmetric two index gauge field,, [24]. The axion
decay of the walls themselves but we will see below thastring is a source for this field. If the string accelerates with
ng""(t) is of the same order of magnitude a4*°(t) and acceleratiorg it emits radiation of frequency of ordexs.
n3'(t). Comparing the driving force with the damping force, SiNCe as=m,/23 in axion models of interesisee Eq.
one concludes thag is of order one immediately aftéf and (3.38], the_ emission of axion radiation is inhibited by the
hence that the rate of energy dissipation by frictionPis fact thatag is considerably less tham,, the lowest possible

~ —d(o12)/dt~m,n,(t)12 which implies frequency for axion radiation. In the simulationag
=0.6mj,.
dinl 1 /t,\23? At any rate, for the reasons given earlier, it is most plau-
T (Tl) (3.4) sible that the walls bounded by string decay into barely rela-
1

tivistic axions long beforery,,. Lett; be the time when the

L o _ decay effectively takes place and lgt=(w,)/my(ts) be the
Thus energy dissipation by friction is important just after theaverage Lorentz factor then of the axions produced. In Sec.

domain walls appear but this mechanism soon turns off a§ \ye estimated the density of walls at tirgto be of order

the universe becomes dilute. . 0.7 per horizon volume. Hence we estimate that between
If emission of gravitational radiation and friction on the andt, the average energy density in walls is

cold axion fluid were the only important dissipation mecha-
nisms, the conclusion would be that a typical wall, whether

or not bounded by string, loses a large fraction of its energy fi R;\3
by friction immediately aftet; and then lives till a time of pd-W-(t)N(O'mg)ma(t)E R
order 74,5, When it decays into gravitons.

However we find it far more likely that the walls bounded We used Eq.2.6) and assumed that the energy in walls

by string decay into axions, long beforg, ,, . If emission of . . :
gravitational waves were the dominant dissipation mecha§Imply scales amn,(t). After timets, the number density of

nism, a piece of wall bounded by string of sizeassuming axions produced in the decay of walls bounded by strings is
for the moment that it does not reduce its size by self-OIc order

intersections with reconnection, would oscillate on the order

Of Tgray/1~ 101t /1)(M,/107° eV)** times before decay- dwn Paw(ta) [R3\® 63 (R;\®

ing away. This seems an implausibly large number consider- Ng " ()~ o \R] TyL\R) (3.43
ing that nothing forbids the wall from decaying into axions a [
instead. It is especially implausible when one considers that
at each oscillation a wall bounded by string may self-Note that the dependence ondrops out of our estimate of
intersect with reconnection producing two smaller wallsna". If we use the valuey="7 observed in our computer
bounded by string. If the two pieces produced by an intersimulations, we have

section with reconnection are typically of roughly equal size

it takes only log(m,t;)~10 iterations of this process for the 2 3
size of the pieces to go down fromto the thicknesx;ni;l of ng"""(t)~ -2 (_1)
the walls. Pieces of sizm;1 surely decay into axions be- iR
cause their dynamics is dominated by the energy of the

strings and strings are known to decay into axions efficientlyln that case the contributions from vacuum realignnj&iut.
Even if the two pieces produced by a self-intersection with(3.22 and Eq.(3.23 ] and domain wall decay are of the same
reconnection are typically of very different size, it takes atorder of magnitude. However, we will find in Sec. IV that
most t;m, iterations for the pieces to go down in size to rises approximately linearly with IRQv,/m,) over the
m, . Hence for emission of gravitational waves to be therange of In¢/\v,/m,) investigated in our numerical simula-
dominant decay mechanism, the probability of self- tions. If this behavior is extrapolated all the way to
intersection with reconnection per oscillation cannot beln(\/\v,/m,)=60, which is the value in axion models of
larger thant?m,/y,~10"7(10"° eV/m,)?3 p may rea- interest, theny=60. In that case the contribution from wall
sonably be thought to be of order one. It seems implausibldecay is subdominant relative to that from vacuum realign-
that p could be as small as 10. ment.

(3.42

(3.49
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D. The cold axion cosmological energy density my(ts) Rg
Adding the three contributions, and assuming scenario B PO~y m, R
for the string contribution, we estimate the present cosmo- s 6
logical energy density in cold axions to be ~10"13 Ma(ts) & 107 eV &
2 . Y m, R; m, R”
R
pa(t0)~3f (R—;) m, . (3.45 (3.50

The factorg=y[ m,(t3)/m,](R3/R;) parametrizes our igno-
rance of the wall decay process. We expgdb be of order
ne but with very large uncertainties. Fortunately there is a

Following [6], we may determine the ratio of scale factors
R; /Ry by assuming the conservation of entropy from titpe

till the present. The number of effective thermal degrees o . .
freedom at time, is approximatelyV,~61.75. We do not ower bound org wh|ch_follows from the fact that the time
! ! ts when the walls effectively decay must be aftgwhen the

include axions in this number because they are decoupled b L L
then. Lett, be a time(say T,=4 MeV) after the pions and ir;ﬁ]rgg ﬁ;ﬁgyég(\g%l,lg) s\;cvaertfsir:g exceed the energy density in

muons annihilated but before neutrinos decoupled. The nunmi
ber of effective thermal degrees of freedom at timeis

—5 213
N,=10.75 with electrons, photons and three species of neu- _ YMa(t3) &> YMa(ts) Ry v (10 eV) _
trinos contributing. Conservation of entropy implies my, R my Ry 1300 my
MT3R3= N, T3R:. The neutrinos decouple befoeee™ an- (3.5

nihilation. Therefore, as is well known, the present tempera-__ . . .

related toT, by %T3R2=2T87R8. Putting everything to- 60, the axiops o_f the ;econd populatigoop. I!) have much
gether we have larger velocity dispersion than the pop. | axions.

Note that there are axions which were produced by
(R1)3 {TY 0)3 vacuum realignment or string decay but were hit by relativ-
=0.06

Ro

T (3.46 istically moving walls at some time betweenandt;. These
1

axions are relativistic just after getting hit and therefore are

- part of pop. Il rather than pop. I.
Combining Eqs(3.18, (3.49 and (3.4, The fact that there are two populations of cold axions,
gr f 716 with widely differing velocity dispersion, has interesting im-
pa(ty)~10" 297’? Wz%/) (3.47  plications for the formation and evolution of axion miniclus-

¢ € ters. This is discussed in Sec. V.

Here we speculate that the primordial velocity dispersion
of pop. Il axions may some day be measured in a cavity-type
f 716/ 0.7\ 2 axion dark matter detectdt8]. If a signal is found in such a
2—a) <—) (3.48 detector, the energy spectrum of dark matter axions will be
10 Gev h measured with great resolution. It has been pointed out that
there are peaks in the spectrii®] because late infall pro-
duces distinct flows, each with a characteristic local velocity
vector. These peaks are broadened by the primordial velocity

Dividing by the critical densitwc=3H§/8wG, we find

Q,~

whereh is defined as usual b{y=h 100 km/s Mpc.

E. Pop. I and Pop. Il axions dispersion, given in Eq$3.49 and(3.50 for pop. | and pop.
On the basis of the discussion in Secs. Ill A-D we distin-I @xions respectively. These equations give the velocity dis-
guish two kinds of cold axions: persion in intergalactic space. When the axions fall onto the

(1) Axions which were produced by vacuum realignmentgalaxy their density increases by a factor of ordef a8d
or string decay and which were not hit by moving domainhence, by Liouville's theorem, their Ve|OC|ty dlsperS|0n In-
walls. They have typical momentufip,(t;))~ 1k, at ime  creases by a factor of order I®ote that this increase is not
t, because they are associated with axion field configurationi§otropic in velocity space. Typically the velocity dispersion
which are inhomogeneous on the horizon scale at that timdS reduced in the direction longitudinal to the flow in the rest

Their velocity dispersion is of order frame of the galaxy whereas it is increased in the two trans-
verse direction$.The energy dispersion measured on Earth
1 (R, ,[107° eV|**R, is AE=m,BA B where3=10"2 is the flow velocity in the
Bi(t)~ mt; | R =3x10 “m, | R’ rest frame of the Earth. Hence we findE ~3

(3.49 X107 '%(10°° eVim,)*®m, for pop. | axions andAE;
~10 %5q(10°° eV/m,)¥®m, for pop. Il. The minimum
Let us call these axions population I. time required to measutkE is (AE) 1. This assumes ideal
(I Axions which were produced in the decay of domainmeasurements and also that all sources of jitter in the
walls. They have typical momentugp,, (t3))~ ymu(t3) at  signal not due to primordial velocity dispersion can be un-
time t3 when the walls effectively decay. Their velocity dis- derstood. There is little hope of measuring the primordial
persion is of order velocity dispersion of pop. | axions sinceAE,)?!
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FIG. 4. Speed of the string core as a function of time for the casg=1400, YA/m,=10, andv=0.

~10 years(10° eV/m,) 5. However QE,)"! constant is the unit of length. In the continuum limit, the

~dayq (1075 eV/m,)%® and hence it is conceivable that dynamics depends upon a single critical parameter, namely

the primordial velocity dispersion of pop. Il axions will be m,6= my/\.

measured. Large two-dimensional grids~4000<4000) were ini-
tialized with a straight or curved domain wall, at rest or with
angular momentum. The initial domain wall was obtained by

IV. COMPUTER SIMULATIONS overrelaxation, stalrting with the sine-Gordon ansaiz
. . +ig,=expdi tan * exp(mny)) inside a strip of length the
We have carried out an extensive program of 2D NUMEeTistanceD between the string and anti-string, and the true

cal simulations of domain walls bounded by strings. The - - . . i
Lagrangian(2.1) in finite difference form is vacuum (p,;=1,/6,=0) outside. The string and anti-string

cores were approximated byp,+i¢p,=—tanh(.583/

o)exp(id), wherer and @ are polar coordinates about the
1. ) core center, and held fixed during relaxation. Stable domain

L=Z [§(¢1(ﬁ,t))2+(¢2(ﬁ,t))2] walls were obtained for 1f,8)=3. A first-order in time

n and second-order in space algorithm was used for the dy-

namical evolution, with time stept=0.2. The boundary
(¢py(A+ ],t) — pq(A,1))? conditions were periodic throughout and the total energy was
conserved to better than 1%. If the angular momentum was

nonzero, the initiakp was obtained as the difference of two
relaxed wall configurations a small time step apart, divided
1 R R by that time step.

- 27\[(¢1(n,t))2+ (¢2(,1)?—1]? The evolution of the domain wall was studied for various
values of A/m,, the initial wall lengthD and the initial
velocity v of the strings in the direction transverse to the

(4.1 wall, the string and anti-string going in opposite directions.
The strings attached to the wall are rapidly accelerated by the
wall tension, the potential and gradient energies of the wall

whereni labels the sites. In these unitg,= 1, the wall thick-  being converted into kinetic energy of the strings. Figure 4

ness is Ih,=1/\/7 and the core size i§=1/\\. The lattice  shows the longitudinal velocity of the core as a function of

2
1
_;1 5

+(@o(A+],0)— ¢o(1,1)7]

+ n(P1(A,t)—1)
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FIG. 5. Position of the string or anti-string core as a function of time far,& 1000, A =0.0002,D =2896, andv =0. The string and
anti-string cores have opposite They go through each other and oscillate with decreasing amplitude.

time for the casem;1=400, \/X/ma=10 andv=0. An im- string potential, wall potential and total energies as a func-
portant feature is the Lorentz contraction of the core. Fotion of time for the casem; ‘=500, \A\/m,=28.3, D
reduced core sizes/ y;<5, wherey; is the Lorentz factor =2096, andv=0.25. The field is displayed in Fig. 7 at
associated with the speed of the string core, there is “scrapsarious time steps for the casm;1= 100, A=0.01, D
ing” of the core on the lattice accompanied by emission of=524 andv =0.6. No oscillation is observed. All energy is
spurious high frequency radiation. This artificial friction converted into axion radiation during a single collapse. Os-
eventually balances the wall tension and leads to a terminalillations occur only when the angular momentum is too
velocity. In our simulations we always ensured being in thesmall for the string and anti-string cores to miss each other.
continuum limit. We performed spectrum analysis of the energy stored in
For a domain wall without rotationv(=0), the string the ¢ field as a function of time using standard Fourier tech-
cores meet head-on and go through each other. Several asiques. The two-dimensional Fourier transform is defined by
cillations of decreasing magnitude generally occur before an-

nihilation. Fory,=1 the string and anti-string coalesce and R ! D . [ PxNyx  PyNy -
annihilate one another. Foy,=2, the strings go through P)= Ll S exp 2im L, + Ly f(A)
each other and regenerate a new wall of reduced length. The Y (4.2)

relative oscillation amplitude decreases with decreasing col-
lision velocity. Figure 5 shows the core position as a functionfor p;=1,... L; wherej=x,y. The dispersion law is
of time for the casam; '=1000, VA/m,=14.3, D =2896.
Figure Ga) shows the gradient, kinetic, string potential, wall _ \/2( 5 2Py 2mpy
i i ' : - = —cos —cos

potential and total energies as a function of time. By “string P Ly Ly
(wall) potential” energy, we mean the energy associated
with the third (fourth) term in Eq.(4.1). The total energy is Figure 8 shows the power spectrui/d log w of the ¢
accurately conserved in spite of the violent goings-on wherield at various times during the decay of a rotating domain
the string and anti-string meet. wall for the casem, '=500, A=0.0032,D=2096, andv

We also investigated the more generic case of a domairr0.25. Initially, the spectrum is dominated by small wave
wall with angular momentum. The strings are similarly ac-vectors,k~m,. Such a spectrum is characteristic of the do-
celerated by the wall but string and anti-string cores rotatenain wall. As the wall accelerates the string, the spectrum
around each other. Figurgl$ shows the gradient, kinetic, hardens until it becomes roughlykiwith a long wavelength

+mi. (4.3
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FIG. 6. Gradientsolid), kinetic (dotted, wall potential(long dash, string potentialshort dashand total(dot dash energy as a function
of time for the case bh,= 1000, A =0.0002,D =2896, andv =0 (a), and for the case f1,=500, A =0.0032,D =2096 andv =0.25 (b).

cutoff of order the wall thickness i, and a short wave- the time of the fourth framérig. 8d. The spectrum remains
length cutoff of order the reduced core sideys. Such a approximately I during the annihilation process and there-
spectrum is characteristic of the moving string. In the case oéfter.

the figure, the string and anti-string cores annihilate at about As discussed in Sec. Ill Cy={w,)/m,, the average en-
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4. This is consistent with the valudw,)/m,

found by Nagasawa and Kawas@k#l]. The low angu-

=500, A=0.0016,D=2096 and various values of

<(i)a>' Figure 10 shows the time evolution ob)/m,
a

v. For smallv and/or smali\

)

3

lar momentum regime
terized by low energy of the radiated axions. We believe this

on and the strings have one or more oscillations. In that case,

tum is low and the core size is big,

(wa)/my
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v
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2096 and various values af By definition

-1
a

FIG. 7. Decay of a wall at successive time intervAls=1.2/m, for the casem

0.25,D
of the field ¢. After the domain wall has decayed into axions, because it seem unlikely that the angular momentum of a

whereE; is the gradient and kinetic energy stored in m@de regime to be less relevant to wall decay in the early universe

guantity which determines the wall decay contribution to thefor m
axion cosmological energy densityee Eq(3.43)]. Figure 9

ergy of the radiated axions in units of the axion mass

shows the time evolution ofw)/m, for m
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FIG. 8. Energy spectrum at successive time intenls 1/m,, with I\,= 18 log(w/m)/10g(wmax/My) +2 and wma=+8+ maz, for the
casem; '=500, A =0.0032,D =2096 andv = 0.25.

wall at the QCD epoch could be small enough for the stringsa correct description of the decay process forv,/m,

to oscillate then, especially when one considers that the ac~ 107, then{w,)/m,~60 in axion models of interest.

tual wall configurations are 3 dimensional rather than 2D. Present technology is inadequate for 3D simulations with
In the more generic case when no oscillations occursufficient resolution for the purposes we are interested in,

(wq)/my=7. Moreover, we find thatw,)/m, depends upon such as obtaining reliable estimates of the fagtddowever,

the critical parametex/f/ma, increasing approximately as lower resolution 3D and 2D simulations of string-wall net-

the logarithm of that quantity; see Fig. 9. This is consistentworks were carried out in Ref26]. They showed qualita-

with the time evolution of the energy spectrum, described irtively similar behavior in 2 and 3 dimensions.

Fig. 8. For a domain wall w)~m, whereas for a moving

string (w)~m, In(\Av,ys/m,). Since we find the decay to

proceed in two stepgl) the wall energy is converted into

string kinetic energy, an@?) the strings annihilate without We saw in Sec. Il that the axion fluid is inhomogeneous

qualitative change in the spectrum, the average energy afith 5p,/p,= (1) at the time of the QCD phase transition.

radiated axions i$w,)~m, In(yAv,/m,). Assuming thisis As will be discussed below, the streaming length of the pop.

V. AXION MINICLUSTERS

023505-15
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FIG. 9. (w) as a function of time for th,=500, D=2096, v=0.25 and\ =0.0004(solid), 0.0008(long dash, 0.0016(short dash
0.0032(dot) and 0.0064dot dash. After the wall has decayedw) is the average energy of radiated axions.

| axions(those from vacuum realignment and string deday . 107° ev\6
too short for all these inhomogeneities to get erased by free  Imc~t = Vtiteq=0.7¢10" cm ————
streaming before the timtg, of equality between matter and 2 (5.2)

radiation.t.q is when density perturbations start to grow by
gravitational instability. At timéteq, the dpa/pa=0(1) in-
homogeneities in the axion fluid promptly form gravitation-
ally bound objects, called axion miniclustef$6,17. Of
course, axion miniclusters occur only if there is no inflation I 1 teq
or if inflation occurs with reheat temperature above the phase LIS In(
transition wherelJpo(1) is spontaneously broken. Ime  tima 1ty
Axion miniclusters were discussed in the seminal papers
of Hogan and Ree§l16], and of Kolb and Tkachey17]. Hence, in the axion mass range of interest, pop. | axions do
However, in these pioneering studies the role of domaiot homogenize. At.q, many pop. | axions condense into
walls, and hence of axions from domain wall decay, wagminiclusters since they havép/p=O(1) upon arrival. The
neglected. Also the estimates of the minicluster mass haviypical size of axion miniclusters i, and their typical
varied considerably from one another. Hence we think it ap/mass is
propriate to give our own analysis of this interesting phe-

of axion inhomogeneities at timig,. Using Eq.(3.49 we
find for pop. |

175 2/3
~1.6X10 (—) . (5.3
ma

nomenon. 1 A7 (1)
As described in Sec. lll, there are two populations of cold M 4 Pa(teq) (7)
axions, pop. | and pop. Il, with velocity dispersions given by
Egs.(3.49 and(3.50 respectively. Both populations are in- . (107° ev|oR
homogeneous withbp,/p,=O(1) at the time of the QCD ~0.7X10""*Mo Tm, | (5.4
phase transition. The free streaming length from timéo
leqls We assumed that half the cold axions are pop. | and that half

of those form miniclusters, hence the factor 1/4. We used Eq.

R(teq)f dt'B( )~:8(tl)‘/ tileq |n(tﬂ‘)_ (5.2 (3.48 to estimatep,(te)-
R(t) t Using Eq.(3.50, we find for pop. I

For the sake of definiteness, we assume hencelogh 1 | ¢
and Ho=60 km/s Mpc, in which casdeq=2€V. The free ﬂ~q |n(ﬂ|) ~40q. (5.5
streaming length should be compared with the size Ime t

023505-16
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m, t
FIG. 10. Same as in Fig. 9 except=0.0016, and) =0.15 (solid), 0.25(long dash, 0.4 (short dashand 0.6(doft).
Using Eq.(3.51) and the range/~7 to 60, suggested by our If T, <T,, then the envelope is correspondingly less mas-

numerical simulations, we conclude that pop. Il axions dosive and less dense. When a minicluster falls onto a galaxy,
homogenize and hence that the axion energy density hastaal forces of the galaxy are apt to destroy it. We find below

smooth component dt. that the outer envelopes almost surely get pulled off whereas
At time t, pop. Il axions get gravitationally bound to the the inner cores barely survive.
nearest minicluster if it is less than distancd When a minicluster passes by an object of mislssvith

~GMp,/B;(1)? away. Since most are at a distandét) impact parameteb and velocityv, the internal energy per
~Imd Teq/T(t)], the bulk of pop. Il axions become gravita- unit massAE given to the minicluster by the tidal gravita-
tionally bound to miniclusters when the temperature hagional forces from that object is of ordét6]

dropped to

T
T, ~4X% 10—3$, (5.6) AE~

G2M22

WZ’"C (5.10

assumingQ,~1. Thus we arrive at a qualitative picture of

miniclusters before galaxy formation as having an inner corevhereas the binding energy per unit mass of the minicluster

of pop. | axions and a fluffy outer envelope of pop. Il axions.E~GmeIﬁm. If the minicluster travels a length= gt

The inner core has sidg,. and density through a region where objects of madshave densityn,
the relative increase in internal energy is

g Or
Pmc~ 10 1BC_IT13' (5.7)
AE Gpit?
If T,,>T, (i.e. q=6), the outer envelope has roughly the E pme (5.1
same mass as the core but size
Ime~20°Xx 10" cm (5.8 wherepy=Mn. Equation(5.11) follows from the fact that
_ AE is dominated by the closest encounter and the latter has
and density impact parametelo,,: wb2,,nl=0(1). Note thatAE/E is

independent oM. The effect upon a minicluster of falling
once with velocity =102 through the inner halo r(
<10 kpc) of our galaxy whergy,~10 24 gr/cnt is

) - e OF
Prc~a %10 ZSW. (5.9

023505-17
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AE  py s _ boundaries and islands of matter in the middles. When aver-

E~ —~10 for the inner core aged on scales larger than the bubble size, the universe ex-
pands aR~1? [27]. At least in the case of axion walls, the

(5.12 islands are far too small for one island to be identified with
our visible universe.

Since we expect] to be of order one, it seems very likely ~ The axion domain wall problem can be solven) by

that the envelope gets pulled off after one or more crossingEaV'ng |nflat_|c_)n with reheating temperature less than t_he PQ
of the inner parts of the galaxy. This result is reassuring folPhase transition temperature, @ by havingN=1 as dis-
direct searches of dark matter axions on Earth since it imeussed in the other sections of this paper®y having a
plies that a smooth component of dark matter axions wittsmall explicit breaking of th&(N) symmetry[3]. The third
density of ordefpy,,, permeates us whether or not there isSolution is discussed in this section. The symmetry breaking
inflation after the Peccei-Quinn phase transition. If theregMust lift completely the degeneracy of the vacuum and be
were no pop. Il axions one might fear that nearly all axionslarge enough that the unique true vacuum takes over before

~109® for the outer envelope.

are in axion miniclusters. the walls dominate the energy density. On the other hand, it
This result can also be obtained by considering the tidalust be small enough that the PQ mechanism still works.
radius of a mini-cluster at our location in the galaxy: The implications of biased discrete symmetry breaking have
been discussed in a general manner in [R2g].
M e | 3 5 1075 ev\5® We may, for our purposes, take the effective action den-
Rtidal~(3M—l D~8x10" cm(— sity for the axion field to be
ga a
(5.13
1 m§u§

Na

whereD=8.5 kpc is our distance from the galactic center La=5d,ad"a+ o= COS(,)_a) _1}- (6.2
andMga,zlole@ is the mass of the galaxy interior to us.
Riigal is larger than the inner core sitg. but smaller than  The axion fielda(x) is cyclic with period 27v,. Thus Eq.
the outer envelopg,. (6.2 impliesN degenerate vacua. The axion decay constant

A minicluster inner core which has spent most of its life js f_=y_,/N. The domain wall is a transition in space from a
in the central part of our galaxy only barely survived sinceyacyum, saya=0, to a neighbor vacuum, say=_2mv,/N.
AE/E~10 2 in that case. If most minicluster inner cores The energy per unit surface is=8m,f2. The actual axion
have survived more or less intact, the direct encounter of gomain wall is only crudely described by B.2) because it
minicluster with Earth would still be quite rare, happeningjnyolves not only a rotation of the axion field but also of the

only every 18 years or so. The encounter would last for 4 ark-antiquark condensates. However ) is adequate
about 3 days during which the local axion density wouldfor the order of magnitude estimates we are interested in

increase by a factor of order 40 here.
Between the PQ and QCD phase transitions, axion strings
VI. THE THIRD SOLUTION TO THE AXION DOMAIN are present and evolve as in tNe=1 case. At time; each
WALL PROBLEM string becomes the boundary Nfwalls. For a brief period

the walls lose energy by friction against the primordial
lasma but this dissipation process is soon turned off as the
lasma becomes dilute.
Causality implies that there is at least one domain wall per
horizon on average since each horizon volume picks a
vacuum independently from its neighbor. If there is of order

. CA a . one wall per horizon, the energy density in walls ot?/t3
Here Qpq is the Peccei-Quinn chargQ. (a=1,...,8) are =g/t. In that case, the energy in walls per co-moving vol-

the color charges and Tr represents a sum over all the left- 3 : G .
handed Weyl spinors in the model. It is easy to construct’me (E pRE~ 1) increases W'th time. This suggests 'ghat
here is not more than approximately one wall per horizon

models for an arbitrary value &. ecause energy in walls has low entropy and hence increases
There areN distinct degenerate equally spaced vacua agnly reluctantlijly Py

the bottom of the Mexican hat potentig]. The vacua are With one wall per horizon, the fraction of the energy den-
related by an exact spontaneously brokg€il) symmetry. A I X
. . o sity in walls is
domain wall is a transition in space from any one vacuum to
a distinct neighboring vacuum. A string is the boundaryNof 397Gt . 10°5 eV 43¢
| ———— o (6.3
1

In this section we consider axion models in which the
numberN of degenerate vacua at the bottom of the Mexica
hat potential is larger than onBl. is an integer given by

Tr(QpoQ2QY) =N&™. (6.1)

walls. If N>1 and there is no inflation after the Peccei- _ _

; ” . . Qqw.(t) 2x10
Quinn phase transition, axion models suffer from a domain 3
wall problem because the energy density in walls ends up
exceeding the energy density in matter and radiation. A doH this fraction reaches one, the universe becomes domain
main wall dominated universe is very much unlike our own.wall dominated and disaster strikes as described above. To
The walls are gravitationally repulsiJ@5]. The universe is get rid of the walls, we add to the model a tidgyN) break-
divided into rapidly expanding bubbles with walls at the ing term which lifts the vacuum degeneracy completely, e.g.,

a

023505-18
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SV=—¢&(pe P+H.c) (6.4)
whereg is the PQ field with the “Mexican hat” potential, at
the bottom of whiche(x) =v,e'2®/va, On the RHS of Eq.

(6.2 an extra term appears:

PHYSICAL REVIEW D 59 023505

112
Qg'w'(t):rﬂd.w_(ﬂ(;) (6.9

should be less than about 1/2 whiente,. This implies the
bound

My

312
(©9 o

a
OLy=2v,& cos(v— - 5) .

a

rle“‘(

m se 1/2
1o5aev)(TC) 510_4(
(6.10
Now the unique true vacuum is the one for which

|6—alv,| is smallest. Its energy density is lowered by anWhere we used Ed6.7) to obtain the second inequality.
amount of ordev, relative to the other quasi-vacua. As a  However emission of gravitational waves is likely to be
result, the walls at the boundary of a region in the truevery effective becausg, ,, , given by Eq.(3.40), is not very
vacuum are subjected to an outward pressure of ofdgr mugh_larg_er_thar’_r. Thus decay of the walls |nto_graV|tat|0na_I
Since the walls are typically a distanteapart, the volume radla_tlon is in this case both necessary and likely. The third
energyév,t3 associated with the lifting of the vacuum de- Solution therefore predicts a peak in the present spectrum of
generacy grows more rapidly than the enewgt? in the  gravitational waves at the frequency

walls. At a time 7~ o/év,, the pressure favoring the true 1/R
vacuum starts to dominate the wall dynamics and the true wo~ = (_T
vacuum takes over, i.e. the walls disappear. We require this 7 \Ro

to happen before the walls dominate the energy density. Us- L o .
ing Eqs.(3.18 and (6.3, we obtain The energy density in these gravitational waves is of order

se 1/2
~2><10‘1°H27 . (6.11

0% eV 7

sec

T~ gislo2 se<< Ma

2 (6.12
Va 107° eV

1
Pg.w.(to)Nlozpy(to)<

. (6.6 M,
wherep,(to) is the energy density in the cosmic microwave

On the other hand is bounded from above by the require- background.

ment thatéV does not upset the PQ mechaniséi. shifts
the minimum of the effective potential for the axion field,

inducing af~ é&/m3f,. The requirement tha<10~*° im-
plies
rzsec( . . . .
mogenized by inflation. We have argued that the main decay
mechanism of these objects is radiation of barely relativistic
Equations(6.6) and (6.7) indicate that there is very little axions and that the decay takes place during or soon after the
room in parameter space for this third solution to the axionQCD phase transition.
domain wall problem, at least ih,~10"° eV. But the third We presented the results of our computer simulations of
solution is not completely ruled out. the motion and decay of walls bounded by strings. In the
Soon after timer, a cross section of a small fraction of the simulations, the walls decay immediately, i.e. in a time scale
universe looks like Fig. 3 except that every string—anti-stringof order the light travel time. The computer simulations also
pair is connected b\ walls instead of just one wall. This provide an estimate of the average energy of the axions emit-
likely changes the mechanism by which the walls boundeded in the decay of the wallg:w,)=7m, when V\v,/m,
by strings dissipate their energy since each string is being-20.
pulled in different directions by th&l walls to which it is Because of restrictions on the available lattice sizes, the
attached. simulations are for values of,/m, of order 100, whereas in
The fraction r of wall energy that goes into non- axion models of interest,/m, is of order 185 To address
relativistic or barely relativistic axions is at any rate severelythis shortcoming, we have investigated the dependence of
restricted sincer is much earlier than the timég,~3 (wa)/m, upon JAv,/m, and found that it increases approxi-
x 10" sec of equality between matter and radiation and, usmately as the logarithm of this quantity. This is because the
ing Egs.(6.3) and(6.7), decay process occurs in two stefk; wall energy converts
into moving string energy because the wall accelerates the
10°° eV| 7 a2 string, and the energy spectrum hardens accordirig)ythe
m—a e 0 strings annihilate into axions without qualitative change in
the energy spectrum. If this behavior persists all the way to
VAU, /m,~10%, then(w,)/m,~ 60 for axion models of in-
The fraction of the cosmological energy density in axionsterest.
from domain wall decay To parametrize our ignorance of the decay process we

VII. CONCLUSIONS

We have discussed the fate of the walls bounded by
strings which appear during the QCD phase transition in ax-
ion models withN=1 assuming the axion field is not ho-

10°° eV

My

Qd.wl(r)~10_2<
(6.9
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introduced two parameters: the tinhg when the decay ef- wall decay may be large enough to be measured in a cavity
fectively takes place and the average Lorentz facjor detector of dark matter axions. This would provide a direct
=(w,)/m, of the radiated axions at tintg. We found that experimental handle on some of the issues raised by axion
in first approximation the cosmological energy density ofcosmology, e.g. the question whether inflation occurred be-
axions from wall decay does not depend upgnvhereas it low or above the PQ phase transition.
is inversely proportional toy. For y~7 the contribution Finally we discussed the cosmology of axion models with
from wall decay is of the same order of magnitude as thal>1 in which the axion domain wall problem is solved by
from vacuum realignment. All three contributions—vacuumpostulating a smallUpo(1) breaking interaction which
realignment, string decay and wall decay—were discussed iglightly lowers one of th& vacua with respect to the others.
one unified treatment. There is very little room in parameter space for this to work
We discussed the velocity dispersion of axions from wallpyt it is a logical possibility. We find that in this case the

decay(pop. ) and found that it is much larger, by a factor walls must decay into gravitational radiation of frequency of
10% or so, than that of axions from vacuum realignment andyrder 10 1° Hz.

from string decaypop. ). This has interesting consequences

for the formation and evolution of axion miniclusters. We

showed that the QCD horizon scale dens_ity perturbation_s in ACKNOWLEDGMENTS
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