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The open inflation scenario based on the theory of bubble formation in the models of a single scalar field
suffers from a fatal defect. In all the versions of this scenario known so far, the Coleman—De Luccia instantons
describing the creation of an open universe do not exist. We propose a simple one-field model where the CDL
instanton does exist and the open inflation scenario can be redl&@e56-282(98)07024-9

PACS numbes): 98.80.Cq

[. INTRODUCTION occurs due to the tunneling with respect to one of the fields
which has a steep barrier in its potential. Meanwhile the role
Until very recently, we did not have any consistent cos-of the inflaton inside the bubble is played by another field,
mological models describing a homogeneous open universeolling along a flat direction “orthogonal” to the direction of
Even though the Friedmann open universe model did exist, juantum tunneling. Inflationary models of this type have
did not appear to make any sense to assume that all parts ofany interesting features. In these models the universe con-
an infinite universe can be created simultaneously and hawasts of infinitely many expanding bubbles immersed in an
the same value of energy density everywhere. exponentially expanding false vacuum state. The interior of
This problem was solved only after the invention of infla- each of these bubbles looks like an infinitely large open uni-
tionary cosmology(This is somewhat paradoxical, becauseverse, but the values dd in these universes may take any
most inflationary models predict that the universe must bealue from 1 to O.
flat.) The main idea was to use the well-known fact that the Many versions of these two-field models have been con-
bubbles created in the process of quantum tunneling tend tsidered in the recent literature; for a review, see, ¢fj.,
have a spherically symmetric shape and homogeneous int&trictly speaking, however, the two-field models describe
rior if the tunneling probability is strongly suppressed.guasiopen universes rather than open ones. The reason why
Bubble formation in the false vacuum is described bythe interior of the bubble in the one-field model can be as-
Coleman—-De Luccia(CDL) instantons[1]. Any bubble sociated with an open universe is based on the possibility to
formed by this mechanism looks from the inside like an in-use this field as a clock, which is most suitable for a descrip-
finite open universgl,2]. If this universe continues inflating tion of the processes inside the bubble from the point of view
inside the bubble, then we obtain an open inflationary uniof an internal observer. If one has two fields, they are not
verse. Then by a certain fine-tuning of parameters one caalways perfectly synchronized, which may lead to deviations
get any value of) in the range &cQ <1 [3]. of the internal geometry from the geometry of an open uni-
Even though the basic idea of this scenario was prettyerse[4] and may even create exponentially large quasiopen
simple, it was very difficult to find a realistic open inflation regions with differen{) within each bubblé¢7]. This makes
model. The general scenario proposed3hwas based on a complete quantum mechanical investigation of these mod-
the investigation of chaotic inflation and tunneling in theels rather involved.
theories of one scalar field. There are many papers con-  Recently an attempt has been made to describe the quan-
taining a detailed investigation of density perturbations, theaum creation of an open universe in the one-field models of
anisotropy of the microwave background radiation, andchaotic inflation with the simplest potentials of the type of
gravitational wave production in this scenario. However, no¢" without any need for Coleman—De Luccia bubble forma-
models where this scenario could be successfully realizetion [8]. Unfortunately, all existing versions of this scenario
have been proposed so far. As was showr{4f) in the lead either to a structureless universe witk- 102 [8,9] or
simplest models with polynomial potentials of the type ofto the universe where inflation is impossiple0]. The only
(m?12) % — (813) p3+ (\14) p* the tunneling occurs not by exception is the model proposed by Barvinsky, which is
bubble formation, but by jumping onto the top of the poten-based on an investigation of the one-loop effective action in
tial barrier described by the Hawking-Moss instan{&. a theory of a scalar field with an extremely large nonminimal
This process leads to the formation of inhomogeneous docoupling to gravity[11]. However, this model, just as the
mains of a new phase, and the whole scenario fails. As weriginal model of Ref[8], is based on the assumption that
will show in this paper, the main reason for this failure isthe quantum creation of the universe is described by the
rather generic. Typically, CDL instantons exist only| ¥’ Hartle-Hawking wave functio12]. Meanwhile, according
>H? during the tunneling. Meanwhile, inflation, which, ac- to [9,13—15, the Hartle-Hawking wave function describes
cording to[3], begins immediately after the tunneling, typi- the ground state of the univer§éie those cases when such a
cally requiregV"|<H2. These two conditions are nearly in- state existsrather than the probability of the quantum cre-
compatible. ation of the universe. Instead of describing the creation of the
This problem can be avoided if one considers models ofiniverse and its subsequent relaxation to the minimum of the
two scalar fieldd4]. In this scenario the bubble formation effective potential, which is the essence of inflationary
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theory, it assumes that a typical universe from the very bethe radius of the bubble can run from 0 4o Typically the
ginning is in the ground state corresponding to the minimunbubbles have a size greater than the Compton wavelength of
of V(¢). This is the main reason why the Hartle-Hawking the scalar fieldr =m~1~ (V") Y2 [19].
wave function fails to predict a long stage of inflation and In de Sitter space- cannot be greater tham/H, and in
reasonably large) in most inflationary models. Another fact the main part of the evolution of the fiedtl must end at
problem with this scenario is related to the singular nature of-~ 7/2H. Indeed, once the scale factor reaches its maximum
the Hawking-Turok instantof®,16]. at 7~ m/2H, the coefficienta’/a in Eq. (2) becomes nega-
Thus, in our opinion, until now we did not have any tive, which corresponds to antifriction. Therefore if the field
simple and satisfactory one-field open universe model preg still changes rapidly atr>w/2H, it experiences ever
dicting 0.2<Q <1, neither of the type df3], nor of the type  growing acceleration neat;, and typically the solution be-
of [8]. Two-field modeld 4] of the desirable type do exist, comes singulaf8]. Thus one may expect that Coleman—De
but they are often rather complicated to analyze, and so theluccia instantons are possible only#f2H> (V") "2 i.e.,
should be studied case by case. if H2<V”. It is important that this condition must be satis-
The purpose of this paper is to go back to basics andied at smallr, which corresponds to the final point to which
reexamine the possibility of the one-field open inflation duethe tunneling should bring us, and where inflation should
to CDL tunneling. First of all, we will explain why it was so begin in accordance with the scenario of R&f]. But this
difficult to realize this scenario. Then we will give an ex- condition is opposite to the standard inflationary condition
ample of a model where this can be accomplished. We d@i2>V". This suggests that the basic mechanisri3dfsim-
not know whether our model is realistic, but it is so simple ply cannot work: Tunneling with bubble production can only
that for the time being it can serve as a toy model for operpring us to a very curved part of the effective potential,

inflation. where inflation is impossible.
To be more accurate, the conditibif>V" can be vio-
II. PROBLEMS WITH ONE-FIELD OPEN INFLATION lated during sufficiently short intervals of the rolling of the

_ ] ) field ¢. But then during these intervals the usual inflationary
‘Suppose we have an effective potentigky) with alocal  fiyctuations of the scalar fieles are not produced. Thus,

minimum at ¢, and a global minimum a$=0, whereV  eyen if inflation begins after the CDL tunneling, one should
=0. In anO(4)-invariant Euclidean spacetime with the met- expect suppression of those density perturbations which are
rne produced inside the bubble soon after the tunneling. This
_ 5 ) effect has not been anticipated in previous studies of one-

ds’=dr?+a’(7)(dy?+sirfydQ;), (D) field open inflation.
, ) To illustrate our general arguments, we will consider the
the scalar field¢ and the three-sphere radiasobey the  mnost natural possibility, which is chaotic inflation in the

equations of motion model with the effective potentig#]

" a, ’ n 877 12
¢ +3;¢ =V,, a'= ?a(¢ +V), 2 _m2 , 8 . N,
V(d)= 5 ¢ =3¢+ 7 4% 3

where primes denote derivatives with respecttélere and
in what follows we will use units whertl,=G~1/%=1. _ o , o

An instanton which describes the creation of an open uniTIn.order to obtain an open inflationary universe in this modgl
verse was first found by Coleman and De Lucgid It is it is necessary to gdjust the parameters so that @he t_unnelmg
given by a slightly distorted de Sitter four-sphere of radiuscréates bubbles withh~3M . In such a case the interior of
H (o), with a~H ~IsinHr. Typically, the fieldg is very ~ the bubble after its formation inflates by abed? times, and
close to the false vacuum, throughout the four-sphere ex- (! at the present time may become equal to, say, 0.3. The
cept in a small regiofiwhose center we may choose to lie at local minimum of the effective potential in this model ap-
7=0), in which it lies on the “true vacuum” side of the Pears aip=4/2\+y, wherey=y5°/4N"—m?/\. The local
maximum ofV. The scale factoa(7) vanishes at the points Minimum of the effective potential appears fér-2yxm,
7=0 and7=r;~/H. In order to get a singularity-free so- and it becomes unacceptably deepeper than the minimum
lution, one must have' =0 anda’'=+1 at7=0 andr at¢=0) for §>(3\\/\/2)m. Thus in the whole region of
=r,. This configuration interpolates between some initialinterest one can use a simple estimate2Am and repre-
point ¢;~ = ¢, and the final pointp; [17]. After a proper senty in the form gm/2y2\, with B<1. The local maxi-
analytic continuation to the Lorentzian regime, it describesmum of the potential appears gi= 6/2\— . Tunneling
an expanding bubble which contains an open univgt$e should occur to some point with<8¢<< §/2\ — y, which im-

Solutions of this type can exist only if the bubble can fit plies thats/\ > 6.
into de Sitter sphere of radiusl “1(¢). To understand The best way to study tunneling in this theory is to intro-
whether this can happen, remember that at smalhe has duce the fieldy in such a way thag=0 at the local mini-
a~ 7, and Eq.(2) coincides with the equation describing the mum of V(¢): x=—¢+ d/2n+y. Then one can show
creation of a bubble in Minkowski space, withbeing re- that if the local minimum is not very deegB&1l), the ef-
placed by the bubble radius¢”+ (3/r)¢'=V , [18]. Here  fective potential3) can be represented as
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m? 52 S . A\

V0= ggz HV2Bm - 2%+ x4
The Hubble constant in the local minimum is given HY |4
~ 78°m?/18\%2>27rm?, which is much greater than the ef- L0
fective mass squared of the fielgy for B<1, V”
=2./2pm?. Therefore CDL instantons do not exist in this 520712
regime.

A simple way to understand this problem is to note that

for any potentiaM ()~ ¢" one hasH?>V" for ¢>1. This
relation remains true for a generic polynomial potential un- ¢

less different termg" cancel each other and(¢) becomes FIG. 1. Effective potential in our toy model. All values are
very small near its local minimum. Thus, a possible way togiven in units whereM ,= 1.

overcome this problem would be to consider the case

~(3YN\/\2)m (B~1). Then the two minima of the effec- Ill. TOY MODEL OF OPEN INFLATION

tive potential become nearly degenerate in energy density, Let us consider a model with the effective potential of the
andH? becomes much smaller tha{ in the false vacuum. following type:

However, this does not mean that CDL instantons exist even '
in this degenerate case. Indeed, the curvature of the effective m? 2 / o?
potential in this case will remain much smaller thHdf near V(p)= > \1+ T =02
the loca | maximum oW(¢) through which the tunneling pr(d-v)
should occur. Thus, it does not seem possible to realize

®)

A flati 0 in theori tat ha ere a, B, andv are some constants; we will assume that

opeAn n a;\on scen_artlodm te(;rr:_es 0 EI ype suchas |B<u. The first term in this equation is the potential of the
'S WE have pointed out, this problem IS very genera 'simplest chaotic inflation modein®¢?/2. The second term

During several years which passed after the proposal of th?epresents a peak of width with a maximum neak=uv

one-field open inflation scenarif8] nobody proposed a e rejative height of this peak with respect to the potential
single model where this scenario could be realized. In orde|rn2¢2/2 is determined by the ratia?/ 82.

to develop a successful one—fielq open universe §cenario one As an example, we will consider the theory with=1.5
should solve several problems simultaneously. It is necessary 10-°, which is necessary to have a proper amplitude of
to invent a potential which has a rather peculiar shape. It igiensity perturbations during inflation in our model. We will
not enough to make the potential very curved at its locatake v =3.5, which, as we will see, will provide about 70
minimum. The potential must be very curved also at thee-folds of inflation after the tunneling. By changing this pa-
barrier and, more importantly, at the point to which the tun-rameter by a few percent one can get any valu@ dfom 0
neling occurs. This seemed to imply that the effective potento 1. For definiteness, we will tak@®=2a?, 8=0.1. This is
tial should look like a cliff with a sharp local minimum at the certainly not a unique choice; other values of these param-
top, from which the scalar field tunnels and falls down to aeters can also lead to a successful open inflation scenario.
plateau. It is very difficult to invent such potentials. More- The shape of the effective potential in this model is shown in
over, in such models inflation may not begin immediatelyFig. 1.
after the tunneling. One would expect that inflation would ~As we see, this potential coincides with?¢?/2 every-
begin much later, after a period of rapid rolling of the scalarwhere except a small vicinity of the poigi=3.5, but one
field, and perhaps even after a subsequent period of its osci¢annot roll from¢> 3.5 to ¢ <3.5 without tunneling through
lations. This would be quite different from the scenario an-a sharp barrier. We have solved H@) for this model nu-
ticipated in[3]. merically and found that the Coleman—De Luccia instanton
We made several attempts to improve the situation in thén this model does exist. It is shown in Fig. 2.
model(4) by adding exponentially growing terms of the type ~ The upper panel of Fig. 2 shows the CDL instanti(r).
of expCg¢? or expCe¢ with C=0(1), which often appear in  Tunneling occurs fromp;~ 3.6 to ¢;~3.4. The lower panel
supergravity and string theory. We also tried to use scalaof Fig. 2 shows the rati&/”/H?. Almost everywhere along
fields nonminimally coupled to gravity. All these attempts sothe trajectory¢(7) one hagV”|>H?2. That is exactly what
far did not lead to a successful one-field open universe sceve have expected on the basis of our general arguments con-
nario. That is why it is very encouraging that one can over-cerning CDL instantons. The conditigh’”’|>H? would be
come all problems discussed above in the context of a modeatisfied even better if we would take a smaller value of the
with a very simple potential which we are going to describe parametefx.
This potential satisfies all required properties, and neverthe- Now we must check what happens after the tunneling. In
less inflation in this model begins almost immediately afterorder to do so, one should make an analytical continuation to
the tunneling, without any intermediate period of oscillationsLorentzian space and study the time evolution of the scalar
of the field ¢. field ¢(t) and of the scale factaa(t).
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FIG. 2. Co'ema”—Pe Lucpia instanton in our model. The first FIG. 3. Inflation after the tunneling. The upper panel shows how
panel shows the functiosh(7); the second one demonstrates that, e field ¢ rolls down after the tunneling. The lower panel shows
as we expected, most of the time during the tunneling one ha§ne growth of the logarithm of the scale factor. Hek,

" s 2
V"[>H®. — BaV(S)T3.

Equations of motion forp(t) anda(t) in an open uni-  pecayse the scale factor of an open inflationary universe
verse are grows asH ~'sinhHt rather than as! ~lexpHt. Therefore at

this stage the speed of the scalar figldjrows more slowly
6) that in flat space. Second, in our model the range of values of
the field p< ¢¢ whereV”>H? is very narrow; so the field
does not acquire speed which would be large enough to de-
One should solve these equations with boundary conditionstroy inflation during the short time when it rolls frogp
¢(0)=0, a(0)=0, anda(0)=1. ~3.4. This means that all problems outlined in the previous
Solutions of these equations for our model are shown irsection can be successfully solved in our model.
Fig. 3. As we see, the scalar field slowly rolls down and then Note, however, that the absence of a prolonged noninfla-
oscillates near the minimum of the effective potentialgat tionary stage after the tunneling is not a generic property of
=0. During the stage of the slow rolling, the scale factorall one-field inflationary models, but a specific feature of our
expands approximatelg’® times. This is in a good agree- model. In different models, or in our model with a different
ment with the expression exp¢a?)~e’® for the degree of set of parameterée.g., with a much greater value ef 8),
inflation in the theory with the effective potentiai?¢2/2,  one may have/”(¢;)>H? and a long noninflationary stage
with inflation beginning atg;~ 3.4 [14]. We have verified after the tunneling. During this stage, the usual inflationary
numerically that the universe would inflag®° times if we  density perturbations will not be produced.
would takev = 3.2. The duration of inflation slightly changes =~ Moreover, even in the version of our model considered
also when we change other parameters of our model, becaugBove,V"($) remains greater thai? during the first three
it affects the process of tunneling. This means that by a slighg-folds of inflation. This means that the usual inflationary
change of and other parameters one can get any valu@ of perturbations are not produced inside the bubble during this
in the interval 0<Q <1. time. Also, the value of ¢| during the first few e-folds of
Thus, in this model we do not have any problems associinflation is approximately twice as large as its value in the
ated with rapid rolling of the scalar field immediately after beginning of the asymptotic inflationary regime where the
tunneling to the region witlv”>H?2. There are two reasons field ¢ decreases linearly; see Fig. 3. Since usually density
why this problem does not appear here. First of all, withinpertyrbations are inversely proportional fte|, this effect
the initial period of time~H~* after the bubble formation, may lead to an additional suppression of density perturba-
the friction coefficient &/a in Eq. (6) is especially large, tions on the scale of the horizon, which may affect corre-

. él._ o 8w o
$+3¢=-Vy, a=-—za(¢*-V).

023503-4



TOY MODEL FOR OPEN INFLATION PHYSICAL REVIEW D59 023503

000007 The mechanism of suppression of large scale density per-
0.00006 turbations described above is a generic feature of one-field
open inflation models based on tunneling and bubble forma-
tion. However, one should check whether this suppression
000004 can be compensated for by other sources of perturbations.
— Indeed, in addition to the standard scalar field perturbations
poomom produced inside the bubble one should also consider long-
0.90002 wavelength perturbations produced outside the bulihle
percurvature modes When the bubble wall grows, these
perturbations penetrate the bubble. Naively, one would not
= m = = = = N expect any supercurvature fluctuations in our model because
of the condition|V”|>H?2. However, these perturbations do

FIG. 4. Density perturbationsp/p produced inside the bubble qyist gt |east for our choice of the parameters. Indeed, one
N e-folds after open universe creation.Nf=O(1) corresponds to can check that ”|<H2 at the local minimum of the effec-

. . ! s
density perturbations on the horizon scalel(?® cm, then the tive potential, even though the conditi¢V”|>H2 is satis-

maximum of th? spectrum appears on a scale Wh'?h Is about .foufried during the tunneling and soon after it. These two state-
orders of magnitude smaller. However, these density perturbations

should be supplemented by bubble wall perturbations and supercumentS ared Con.st;Stem Wltr}. each other Ibecfause r:hef C|:DL
vature fluctuations, which may alter the final result f@w/p at Instanton descri ”es tuznne |ng. not exactly ro”.‘ the false
smallN. vacuum, whergV”|<H?, but slightly away from it, where

one hagV”|>H? [17].

. ) ) Fluctuations of the fields outside the bubble are propor-
spondingly the magnitude of the microwave background angiona to the large Hubble constant prior to the tunneling, and
isotropy in open inflation. therefore they have a slightly greater amplitude than those

An investigation of density perturbations in this scenariojnside the bubble. In addition to scalar perturbations, one
is rather Complicated because it involves several diﬁerenh]ay also consider tensor perturbations associated with per-
contributions. We will not perform a complete investigation tyrbations of the bubble wall. Preliminary estimates of the
of this question here but rather make an estimate of the stamplitude of these perturbations based on the methods of
dard contribution of quantum fluctuations produced insiderefs.[22,23,§ indicate that the magnitude of these pertur-
the bubble. To evaluate it, we plotted the functiép/p  bations in our model can be consistent with observational
=6/9 H?($)/27| ¢|], which would correspond to density data.
perturbations in a flat cold-dark-matter-dominated universe The contribution of supercurvature modes and tensor per-
in the normalization of Ref[14]. In an open inflationary turbations may compensate the suppression of the usual den-
universe this should be somewhat corrected during the versity perturbations in the long-wavelength limit, i.e., dt
first stages of inflation, atl=0(1) [21,6]. However, as we ~1. However, unless the amplitude of supercurvature and
already pointed out, during the first three e-folds inflationarytensor perturbations is extremely large, one may expect that
fluctuations of the fieldp are not produced inside the bubble. the total expression for density perturbations will still have a
Meanwhile, one may expect that the standard flat-space exnraximum at largeN even if all contributions to density per-
pression gives correct resultst>3, when the scale factor turbations are taken into account. This possibility deserves
H~!sinhHt approaches the flat-space regirhie lexpHt.  further investigation because the existence of a maximum in
Figure 4 shows the magnitude of perturbations produced dhe spectrum of density perturbations at an intermediate scale
the moment corresponding t e-folds of inflation after the could serve as a distinctive signature of the one-field open
open universe formation. As we segp/p has a deep mini- inflation models described above.
mum atN=<4, which appears because of the large curvature
of V(¢) and large speed of the fieltl soon after the tunnel-
ing. Then the magnitude of density perturbations approaches
its maximum atN~ 10, and after that its behavior becomes Recent developments in observational cosmology suggest
the same as in flat-space chaotic inflation in the theoryhat one may not need to invent complicated versions of
(m?/2)¢2. If one changes parameters and takes, for exinflationary theory describing the universe with<1. How-
ample,v=3.85, and increasea® 10 times, then the total ever, since we still do not know for sure the true valueof
duration of inflation does not change, and the spectrum ofincluding the vacuum energy contributiéh, ), it would be
perturbations looks very similar to the one shown in Fig. 4,better to be on the safe side and to have some inflationary
but its maximum appears at somewhat greater valuds(af  models where) can be smaller than 1. Also, independently
N~15), which corresponds to a smaller length scaleof any practical purposes, the possibility that an infinite open
Roughly speaking, if one interprets perturbations producedniverse can be created by tunneling within a finite region of
immediately after the creation of the open univefaeN space is one of the most beautiful effects of general relativ-
=0(1)] as perturbations on the horizon scate10?® cm, ity. It would be a pity if it were impossible or extremely
then the maximum aN~ 10 would correspond to the scale complicated to realize it.
~10%* cm, and the maximum &~ 15 would correspond to The toy model proposed in this paper provides a simple
the scale~10?? cm, which is similar to the galaxy scale. realization of the one-field open universe scenario. It re-

0.00005

0.00001

IV. DISCUSSION
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solves all problems outlined in Sec. Il and demonstrates thétation do exist, and that despite our earlier expectations, the
such models can be viable. In a certain sense, it provides theffective potentials in such models may look very simple;
last missing link in the existence proof for open inflation. It see Fig. 1. It is certainly much easier to construct inflationary
still remains to be seen whether our model can pass all cosnodels withQ)=1, which remains one of the main predic-
mological tests. In particular, one should perform a detailedjons of most inflationary models. But in the absence of any
study of density perturbations and CMB anisotropy producechoninflationary theory which would explain the homogeneity
in this model. To make one-field open inflation models com-g¢ 5 open universe, it is good to know that the general idea

pletely realistic, one would need to find a physical mechay¢ jnfiation is robust enough to incorporate models with any
nism for the appearance of a sharp peak in the effectiv ossible value of).

potential. One of the mechanisms which may lead to a pea
in V(¢) is the emergence of a strong coupling regime in the
Yang-Mills sector of the theory whe# approaches. Then

the energy density acquires an additional contribution from

condensates of the tyg€&?, F4") and(y ), which vanishes It is a pleasure to thank R. Bousso, M. Bucher, G. Dvali,
away from the strong coupling region. Perhaps it will beJ. Garca-Bellido, J. Garriga, N. Kaloper, L. Kofman, and M.
easier to identify a possible origin of the pealkM(¢) inthe  Sasaki for useful discussions. | am also grateful to “Poble
context of hybrid inflation[24]. But we do not want to Espanyol,” Barcelona, for warm hospitality during the time
speculate about it now. The main goal of this paper was verywhen the main part of this work was completed. This work
limited. We wanted to show that viable models of open in-was supported in part by NSF grant PHY-9870115.
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