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Relation between quark masses and weak mixings
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Simple transformation formulas between fermion matrices and observables, and numerical values of quark
matrices, are obtained on a particular weak basis with one quark matrix diagonal and the other with vanishing
elements 1-1, 1-3 and 3-1, and with only the element 2-2 complex. When we chooseMu diagonal, thenMd

shows intriguing numerical properties which suggest a four parameter description of it, which impliesVus

.Amd /ms, Vcb.(3/A5)(ms /mb) andVub.(1/A5)(Amdms/mb). A few comments on mass-mixing relations
are added.@S0556-2821~98!05923-2#

PACS number~s!: 12.15.Ff, 12.15.Hh
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In the standard model Lagrangian@1#, written in a general
weak basis, quark mass matrix elements are not explic
related to physical observables, that is, quark masses
weak mixings. The problem of finding such a relation, wit
out extra symmetries, has been addressed in@2–5#. In par-
ticular, in @2# it was shown that it is always possible to find
weak basis where the quark mass matrices have the ne
neighbor interaction form and depend on twelve real para
eters. Two of these twelve parameters are arbitrary@3# and
related to the phase convention of the weak mixing ma
@4#. Then, in@5#, it was shown that it is always possible to s
one quark matrix in the diagonal form and the other in
form with zero entries in positions 1-1, 2-2 and 3-1, and w
only the element 1-2 complex. In such a way mass matr
contain ten real parameters, exactly the same numbe
physical observables: six quark masses and three mi
angles and one phase. This corresponds to the choice
minimal parameter basis@6#. As one mass matrix is chose
to be diagonal, it is relatively easy to obtain exact transf
mation formulas between mass matrices and observa
Other minimal parameter bases are considered in@7,8#. Here
we describe a further minimal parameter basis, which sh
interesting properties and on which transformation formu
are simple.

In fact it is also always possible@9# to choose a weak
basis for which
0556-2821/98/59~1!/017302~3!/$15.00 59 0173
ly
nd

est
-

x
t

s
of
g

f a

-
es.

s
s

Md5diag~md ,ms ,mb! ~1!

and

Mu5S 0 M12 0

M21 M22 M23

0 M32 M33

D ~2!

@or Mu is diagonal andMd has the form~2!#.
On this basis the relation between mass matrices and

servables is given by

MuMu
15K1diag~mu

2 ,mc
2 ,mt

2!K[Xu ~3!

whereK is the Cabibbo-Kobayashi-Maskawa~CKM! matrix
@10#. In the case ofMu diagonal we have, instead,

MdMd
15K diag~md

2 ,ms
2 ,mb

2!K1[Xd. ~4!

By writing Mi j 5mi j e
ir i j we can reconstruct the usua

representations ofK @11# by means of three nonvanishin
phasesr 12, r 22 and r 23. The productMuMu

1 is then given
by
S m12
2 m12m22e

i ~r 122r 22! m12m32e
ir 12

m12m22e
2 i ~r 122r 22! m21

2 1m22
2 1m23

2 m22m32e
ir 221m23m33e

ir 23

m12m32e
2 ir 12 m22m32e

2 ir 221m23m33e
2 ir 23 m32

2 1m33
2

D . ~5!
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and the transformation formulas between masses and
ings in X and mass matrix elements inM are written in a
very simple form

m125AX11
u ~6!

m225uX12
u u/m12 ~7!

m325uX13
u u/m12 ~8!

m335AX33
u 2m32

2 ~9!

r 125phase~X13
u ! ~10!

r 225r 122phase~X12
u ! ~11!

M235~X23
u 2m22m32e

ir 22!/m33

m235uM23u ~12!

r 235phase~M23! ~13!

m215AX22
u 2m22

2 2m23
2 . ~14!

In the case ofMu diagonal the same formulas hold withXu

→Xd. With a phase transformation of quark fields,

Mu,d→diag~e2 ir 12,e2 ir 23,1!Mu,d

3diag~eir 23,1,1!, ~15!

only a phaser 228 5r 222r 23 remains in the element 2-2, an
we obtain, using numerical values of quark masses am
5MZ as in @7# ~mu50.00233, mc50.677, mt5181, md
50.00469,ms50.0934,mb53.00 GeV! and mixings as in
@11# ~with d51.35!,

Mu5S 0 1.591 0

0.011 7.118e1.334i 0.269

0 180.1 17.02
D GeV, ~16!

and if instead we chooseMu to be diagonal,

Md5S 0 0.024 0

0.021 0.105e21.205i 0.106

0 1.333 2.685
D GeV. ~17!

We can see that in Eq.~16!, due to the large value of the to
quark mass, the biggest matrix element is not 3-3, as
Eq. ~17!, but the element 3-2. This feature is differe
01730
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from the basis in@5# where the biggest element is the el
ment 3-3 either ifMu or Md is diagonal. Moreover, the
numerical values in Eq.~17! suggest to takeMu diagonal
and

Md5S 0 a 0

a beiw b

0 c 2c
D , ~18!

wherea, b and c are of order 1022, 1021 and 1 GeV, re-
spectively. From Eq.~18! we obtain the approximate expre
sion

Md.S 0 Amdms 0

Amdms mse
iw ms

0 mb /A5 2mb /A5
D . ~19!

In the heavy quark limitmb@ms ,md we have the effective
matrix for the two lightest down quarks

Md.S 0 Amdms

Amdms ms
D ~20!

which gives the famous relation@12,13#

Vus.Amd

ms
. ~21!

In the chiral limit md!ms ,mb we have instead, for the two
heaviest down quarks,

Md.S ms ms

mb /A5 2mb /A5
D ~22!

and when we diagonalize the Hermitian matrix

MdMd
1.S ms

2 3msmb /A5

3msmb /A5 mb
2 D ~23!

we obtain the relation

Vcb.
3

A5

ms

mb
, ~24!

which gives Vcb50.042 to be compared with th
experimental value 0.04160.005 @11#. Finally, taking the
full matrix
MdMd
1.S mdms msAmdmse

2 iw mbAmdms/5

msAmdmse
iw ms~md12ms! msmb~eiw12!/A5

mbAmdms/5 msmb~e2 iw12!/A5 mb
2

D ~25!
2-2
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we have the relation

Vub.
1

A5

Amdms

mb
, ~26!

which givesVub50.003 to be compared with the experime
tal range 0.002–0.005@11#. From Eqs.~21!, ~24! and~26! we
yield also

Vub

Vcb
.

1

3
Vus . ~27!

Setting x5Amd /ms and y5Ams /mb, we haveVus.x,
Vcb.(3/A5)y2 and Vub.(1/A5)xy2 which means that, on
this basis, weak mixings, apart from numerical coefficie
not so different from 1, are generated by square roots
quark mass ratiosx and y. Of coursex;y;l leads to the
Wolfenstein parametrization@14# of the CKM matrix. On the
basis withMd diagonal andMu given by Eq.~2! such simple
features are lost. Nevertheless weak mixings appear rel
to up quark ratios~for exampleVcb.11 mc /mt!. Then, from
ic
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the paper @15#, where the relationsVus.Amd /ms, Vcb

.ms /mb , but Vub.Amu /mt were inferred, and our work
we argue that choosing different weak bases we can acc
ingly obtain different relations between mixings and mass
each of them in agreement with experimental data. Hen
each weak basis may be useful to describe some feature
fermion masses and mixings. As a last remark on the b
considered here, we observe that, as written in footnote
@2#, in left-right symmetric models@16# bothMu andMd can
always take the form in Eq.~2!.

In conclusion, we have obtained very simple formulas
relating fermion matrices to observables, and numerical v
ues of quark matrices on a basis with one quark mass ma
diagonal and the other with three zeros in positions 1-1,
and 3-1. Such numerical values suggest a simple form
Md which does imply relations~21!, ~24!, ~26!, and ~27!.
Moreover, on this basis weak mixings have a simple expr
sion.
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