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Relation between quark masses and weak mixings
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Simple transformation formulas between fermion matrices and observables, and numerical values of quark
matrices, are obtained on a particular weak basis with one quark matrix diagonal and the other with vanishing
elements 1-1, 1-3 and 3-1, and with only the element 2-2 complex. When we chipd@gonal, therM
shows intriguing numerical properties which suggest a four parameter description of it, which iMplies
= Jmg/mg, Vep=(3/\/5)(ms/my) andV,,=(1//5)(Vmgmgm,). A few comments on mass-mixing relations
are added[S0556-282(98)05923-3

PACS numbes): 12.15.Ff, 12.15.Hh

In the standard model Lagrangigh], written in a general M 4= diag my,mg,my) (1)
weak basis, quark mass matrix elements are not explicitly
related to physical observables, that is, quark masses arnghd
weak mixings. The problem of finding such a relation, with-
out extra symmetries, has been addressel@ib]. In par-
ticular, in[2] it was shown that it is always possible to find a 0 My O
weak basis where the quark mass matrices have the nearest M,=| Ma1 My My 2
neighbor interaction form and depend on twelve real param- 0 M M
eters. Two of these twelve parameters are arbitfatyand 82 s
related to the phase convention of the weak mixing matri -
[4]. Then, in[5], it was shown that it is always possible to set or My is dlagqnal andv d has the form(2)]. .

S . . On this basis the relation between mass matrices and ob-

one quark matrix in the diagonal form and the other in A arvables is given by
form with zero entries in positions 1-1, 2-2 and 3-1, and with
only the element 1-2 complex. In such a way mass matrices
contain ten real parameters, exactly the same number of M M| =K*diagm?Z,m2,m})K=X" 3
physical observables: six quark masses and three mixing
angles and one phase. This corresponds to the choice ofyghereK is the Cabibbo-Kobayashi-Maskaw@KM) matrix

minimal parameter basif6]. As one mass matrix is chosen [10]. In the case oM, diagonal we have, instead,
to be diagonal, it is relatively easy to obtain exact transfor-

mation formulas between mass matrices and observables. N ) 2 2 2 ud

Other minimal parameter bases are considerdd 8. Here MgM g =K diagmg,mg, mg) K™ =X" (4)
we describe a further minimal parameter basis, which shows _

interesting properties and on which transformation formulagy writing M;;=m;;e"ii we can reconstruct the usual

are simple. representations oK [11] by means of three nonvanishing
In fact it is also always possiblE9] to choose a weak phases,, ry, andr,z. The productM M is then given
basis for which by
mi, mymye' (1127122 My Mg’ 12
—i — 2 2 2 i j
mymye (M2 122 M3+ Moyt M3 MpoMge'" 22+ MysMage'' 23 | (5)
mymge ™ '"12 MM, 1" 22+ MygMaae 123 M3+ M3,
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and the transformation formulas between masses and mifrom the basis inf5] where the biggest element is the ele-

ings in X and mass matrix elements M are written in a
very simple form

(6)
(@)
®
9

myo= VXi;
Myo= | Xil/my,
Map=|X13/My;,

— u
M3z= X33~ M3,

r1,=phaséXiy) (10
r22="r1,— phaseXi,) (13)

M 25= (X5~ MaaMgze'"22)/ma;
Mp3=|M o4 (12
r23= phaséM ;) (13
Myy= /XY, — M2,— M2, (14

In the case oM, diagonal the same formulas hold wixY
—X9. With a phase transformation of quark fields,

M, —diage M1z, 23 )M, 4

x diage''231,1), (15)

only a phase j,=r—r,3 remains in the element 2-2, and
we obtain, using numerical values of quark masses at
=My as in[7] (m,=0.00233, m;=0.677, m;=181, mg
=0.00469,m;=0.0934, m,=3.00 GeV and mixings as in
[11] (with §=1.35),

0 1.591 0
M,=| 0.011 7.118%* 0.269| Gev, (16)
0 180.1 17.0
and if instead we choosd , to be diagonal,
0 0.024 0
Mgy=| 0.021 0.10% 12 0.106| GeV. (17)
0 1.333 2.68

We can see that in Eq16), due to the large value of the top

ment 3-3 either ifM, or My is diagonal. Moreover, the
numerical values in Eq(17) suggest to takeM, diagonal
and

0 a 0
My=| a be® b (18)
0 c 2c

wherea, b andc are of order 102, 10 ! and 1 GeV, re-
spectively. From Eq(18) we obtain the approximate expres-
sion

0 vmgmg 0
Mg=| Vmgms; mee'¢ m (19)

0 mb/\/g Zmb/\/g

In the heavy quark limim,>mg,my we have the effective
matrix for the two lightest down quarks

0 Jmgmg
Md:(m m, ) 2
which gives the famous relatidi 2,13
Vie= ) 21
ms

In the chiral limit my<<mg,m, we have instead, for the two
heaviest down quarks,

mS mS

M g= 22
d mb/ \/g 2mb/\/§ ( )

and when we diagonalize the Hermitian matrix
. m2 3mym,/\/5 ’s

MgM g =
9 3mem, /4B mZ @3
we obtain the relation
Vopm — s (24)
cb™ \/g My ’

which gives V. ,=0.042 to be compared with the

guark mass, the biggest matrix element is not 3-3, as imxperimental value 0.0410.005 [11]. Finally, taking the
Eq. (17), but the element 3-2. This feature is different full matrix

Mym msymgmee™'¢ My Mgmy/5
MM =| mgymgmee'® ms(Mgy+2m) mgmy(€'#+2)/\/5 (25
myYymgmy5  mgmy(e”'¢+2)/\/5 mZ
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we have the relation

1 Vmym
Vb= —= o, (26)

V5 ms
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the paper[15], where the relationsV,¢=+my/ms, V.
=ms/m,, butV,,=ym,/m, were inferred, and our work,
we argue that choosing different weak bases we can accord-
ingly obtain different relations between mixings and masses,
each of them in agreement with experimental data. Hence,

which givesV,=0.003 to be compared with the experimen- each weak basis may be useful to describe some features of

tal range 0.002—-0.004.1]. From Eqgs(21), (24) and(26) we
yield also

Vi 1
Vcb - §Vus-
Setting x=ymy/mg and y=+mg/my, we haveV, =X,
V.p=(3/\/5)y? and V,,=(1/\/5)xy? which means that, on

(27)

this basis, weak mixings, apart from numerical coefficient
not so different from 1, are generated by square roots of

guark mass ratiog andy. Of coursex~y~A\ leads to the
Wolfenstein parametrizatigri4] of the CKM matrix. On the
basis withM 4 diagonal andM , given by Eq.(2) such simple

S

fermion masses and mixings. As a last remark on the basis
considered here, we observe that, as written in footnote 6 of
[2], in left-right symmetric modelg16] bothM, andM 4 can
always take the form in Eq2).

In conclusion, we have obtained very simple formulas for
relating fermion matrices to observables, and numerical val-
ues of quark matrices on a basis with one quark mass matrix
diagonal and the other with three zeros in positions 1-1, 1-3
nd 3-1. Such numerical values suggest a simple form for
Mg which does imply relationg21), (24), (26), and (27).
Moreover, on this basis weak mixings have a simple expres-
sion.

features are lost. Nevertheless weak mixings appear related We thank F. Buccella for useful comments and L. Rosa

to up quark ratiogfor exampleV ;=11 m./m;). Then, from

and O. Pisanti for suggestions and many discussions.
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