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Electromagnetic form factor corrections to collisional energy loss of pions and protons,
and spin correction for muons

J. D. Jackson
Lawrence Berkeley National Laboratory, Berkeley, California 94720

~Received 3 August 1998; published 17 November 1998!

At very high energies, the collisional energy loss of hadrons passing through matter is reduced relative to
that of a point particle because of their extended electromagnetic structures. For fermions, spin and magnetic
moment effects work in the opposite direction. Analytic and numerical results are given for pions, muons, and
protons. The reductions are small, but increase with energy. At 1 TeV, for example, the reduction is 2.7–3.4 %
for pions and 1.4–1.9 % for protons, depending on the material. The influence of form factors on the so-called
z3 effect at high energies is also addressed.@S0556-2821~98!06623-5#

PACS number~s!: 13.40.Gp, 34.50.Bw
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I. INTRODUCTION

Collisional energy loss divides naturally into two cont
butions: one from ‘‘soft’’ collisions involving energy trans
fers from zero to an intermediate energyT0 and another for
‘‘hard’’ collisions with energy transfers fromT0 to the maxi-
mumTmax. For the soft collisions, atomic binding effects a
important; for the hard collisions, the electrons in the stru
atom or molecule can be regarded as free. The conventi
~Bethe-Bloch! expressions are almost totally insensitive
the exact choice ofT0 because the dominant contribution
the ‘‘Bethe logarithm’’ from one is ln(T0 /«eff) and the other,
ln(Tmax/T0).

The standard results~see, e.g., Ref.@1#! treat the incident
heavy particle as a spinless point charge in its interac
with the atomic electrons. At high energies the maximu
momentum transfer in a collision with a free electron at r
can be large enough that the extended size of the hadr
charge distribution begins to come into play. Table I giv
some representative values of both@Qmax#

2 and Tmax for
pions and protons. The mean square charge radius of
pion is ^r 2&p'11 (GeV)22 @2#, while that of the proton is
^r 2&p'17 (GeV)22 @3#. From the expansion of a form fac
tor, F(Q2)'12^r 2&Q2/61¯ , we see that at high energie
the extended charge distribution will have a softening eff
on the hardest collisions: the energy loss is reduced rela
to that of point particles, although spin effects can work
the opposite direction.

In this paper I present for the record the results for
corrections~reductions! in collisional energy loss of pions
with a simple propagator form factor@2# and of protons
whose electron scattering is described by the Rosenbluth
mula@4# with the standard dipole form factor@3#. These form

TABLE I. Representative values of@Qmax#
2 andTmax for pions

and protons versus energy.

E ~GeV! Pions Protons
@Qmax#

2 ~GeV!2 Tmax ~GeV! @Qmax#
2 ~GeV!2 Tmax ~GeV!

100 0.086 84 0.011 10
500 0.492 482 0.188 184

1000 1.003 981 0.549 537
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factors describe the elastic electron scattering data~or
equivalent! adequately well beyond the range ofQ2 consid-
ered here. A preliminary version of the results was archiv
with the Particle Data Group~PDG! @5#. I also include the
correction to the muon’s energy loss from its spin and
very small high-energyz3 effect @6# with form factors, but
only in the approximation of their expansion to first order
Q2.

II. FORMULAS

For a heavy particle of chargeze and massM passing
through a medium of atomic numberZ, the standard expres
sion for energy loss in MeV cm2/g is

dE

dx
5C

z2

b2 L~b,Z!, C50.307
Z

A
, ~1!

whereL(b,Z) is the ‘‘Bethe logarithm,’’ given as the squar
bracketed expression in Eq.~22.1! of the Particle Data Group
@1#. Note that my constantC is related to Rossi’s@7# constant
CR by C54mec

2CR , and to the PDG’sK by C5KZ/A.
The effect of a form factor is felt only in the hard coll

sions. Here the struck electrons can be considered as
particles. Furthermore, the form factor effects only occur
extremely high energies. We therefore putb→1 and plab
5Elab throughout. The difference in energy loss with a
without a form factorF(Q2) in the Born approximation cal-
culation is then

D
dE

dx
5

C

2
z2E

T0

Tmax dT

T S 12
T

Tmax
D @ uF~Q2!u221#, ~2!

whereT5Q2/2me is the energy transfer,T0 is the interme-
diate energy transfer, assumed very small compared toTmax,
and

Tmax5
2meplab

2

s
'

2meElab
2

s
,

s5me
21M212meElab. ~3!
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The maximum momentum transfer squared isQmax
2

52meTmax. Equation~2! is valid for a spinless incident par
ticle with charge form factorF(Q2). Note that, because
uF(Q2)u<1, the right-hand side of Eq.~2! is negative.

For protons, the spin and magnetic moment complic
the expression beyond that given by Eq.~2!. In terms of the
so-called charge and magnetic form factorsGE and GM in
the Rosenbluth formula, the change in collisional energy l
for protons can be written conveniently as the sum of t
terms:

FD dE

dxG
P

5FD dE

dxG
1

1FD dE

dxG
2

, ~4!

where

FD
dE

dx
G

1

5
C

2
z2E

T0

Tmax dT

T
S 12

T

Tmax
D @ uGE~Q2!u221#,

~5!

FD
dE

dx
G

2

5
meC

4M2 z2E
T0

Tmax
dTH S 12

T

Tmax
D

3
@ uGMu22uGEu2#

~11meT/2M2!
1

M2T

meElab
2 uGMu2J . ~6!

The first contribution has the same form as Eq.~2!; it corre-
sponds to a spinless ‘‘proton’’ and is negative. The seco
contribution results from the proton’s spin and magnetic m
ment and its associated form factor. SinceuGMu.uGEu, the
second contribution is positive, a consequence of the m
netic moment scattering increasing relative to the cha
scattering at large angles.

The form factors for the pion and the proton are taken
be

Fp~Q2!5
mp

2

mp
2 1Q2

, ~7!

GE~Q2!5
GM~Q2!

j

5Fp~Q2!5S mp
2

mp
21Q2D 2

, ~8!

where j52.79285 is the proton’s magnetic moment
nuclear magnetons. The mass parameter for the pions is
sen to bemp50.736 GeV@2# and that for the proton,mp
50.8426 GeV or (mp)250.71 GeV2 @3#.

Since the integrands in Eqs.~2!, ~5!, and~6! are not sin-
gular asT21 at smallT, the intermediate energy transferT0
can be set to zero with negligible error. The results for
change in energy loss are then

FD dE

dxG
p

52
C

2
z2ln~11xmax

p !, ~9!
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wherexmax
p 52meTmax/mp

2. For protons the dipole form facto
yields

FD dE

dxG
1

52
C

2
z2F ln~11xmax

p !1
5

6
2

~514xmax
p !

6~11xmax
p !2G ,

~10!

wherexmax
p 52meTmax/mp

2, and

FD dE

dxG
2

5
C

2
z2l@~j221!I a~xmax

p !1nj2I b~xmax
p !#,

~11!

wherel5mp
2/4M2, n5M2mp

2/2me
2Elab

2 , and

I a~x!5
l2

~12l!4

~11lx!

x
lnS 11lx

11x
D 1

l2

~12l!3

2
lx

2~12l!2~11x!
1

x~312x!

6~12l!~11x!2 , ~12!

I b~x!5
x2~31x!

6~11x!3 . ~13!

For muons, a small correction to the standard Bethe
mula results from the Dirac current of the muon. A simp
Feynman diagram computation, appeal to the result given
Rossi@8#, or specialization of Eq.~11! to j51 andmp→`
gives the correction

FD dE

dxG
muon

5
C

2 S Tmax

Elab
D 2

5
C

8 S 11
mm

2

2meElab
D 22

→
C

8
.

~14!

FIG. 1. Reduction in collisional energy loss for pions and p
tons from the hadronic electromagnetic form factors and spin c
rection to muon energy loss versus incident particle energy in G
Units of energy loss areC50.307Z/A MeV cm2/g. The dashed
curve represents Eq.~10!, the reduction for a spinless ‘‘proton.’
The solid proton curve is the sum of Eqs.~10! and ~11!.
1-2
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III. RESULTS

Figure 1 displays the reduction in energy loss for pio
and protons and the spin correction for muons in units oC
as functions of the energy of the incident particle. Since
main ‘‘Bethe logarithm’’ in Eq.~1! is in the range of 13–22
for Elab5100– 1000 GeV, the reduction is less than 1%
pions of energies less than 200 GeV and protons of less
700 GeV. At 2 TeV, the reduction is 4–5 % for pions a
3–4 % for protons. The difference between the dashed cu
and the solid curve for protons shows the magnitude of
positive magnetic moment contribution,@DdE/dx#2 .

At extremely high energies, of course, radiative los
from bremsstrahlung and pair production dominate. Ext
sive computations have been made of energy loss by bre
strahlung and pair production for muons@9#. The dominant
scaling with incident particle massM is as (mm /M )2 for
bremsstrahlung and asmm /M for pair production, each time
an insensitive logarithm. With such scaling, I find that
iron, for example, the combined radiative energy loss
pions ~protons! equals the collisional loss at roughly 50
GeV ~4.5 TeV!. Even for protons, as the energy increas
radiative processes obviously dominate the energy losse
fore the form factor corrections to the collisional losses
come appreciable.

IV. z3 CORRECTION WITH FORM FACTOR

The so-calledz3 correction to energy loss is given at hig
energies by an expression similar to Eq.~2!, but with the
difference between the second-order McKinley-Feshba
Dalitz cross section@10,11# and the lowest order result fo
the elastic scattering of an electron by a point Coulomb fie
The second-order cross section is the relativistic Ruther
expression times

X512b2sin2u/21pzab sin u/2~12sin u/2!.

The first two terms are the well-known lowest order res
for a spin-12 incident electron. The remainder gives thez3

correction to the energy loss for a point charge incident o
free electron@6#:

FdE

dxG
z3

0

5
paz3C

2b E
0

Tmax dT

T F S T

Tmax
D 1/2

2
T

Tmax
G5

paz3C

2b
.

~15!
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With pa/2'1.1531022, this correction is tiny for particles
with uzu51. What happens if the incident particle has e
tended electromagnetic distributions? It seems clear t
since the second-order diagram hastwo softened externa
vertices, thez3 contribution to the scattering cross sectio
will be reduced more than thez2 contribution. The new in-
tegrand for Eq.~15! will surely be smaller than for a poin
particle.

Since thez3 effect is very small already, we content ou
selves with an expansion of the form factors to first order
Q2 in an extension of Dalitz’s calculation. This approxim
tion make tractable an otherwise fairly horrendous compu
tion. The calculation follows closely that of Dalitz~in some
ways simpler!; we present only the result. The extension
Eq. ~2! to include thez3 terms, but with the form factor
expanded only to first order inQ2, is

FD dE

dxG
z21z3

52
z2CmeTmax̂ r 2&

3 E
0

1

dxH ~12x!1paz

3F ~12x!1
1

2
x~Ax2x!G J , ~16!

wherex5T/Tmax. Thez2 part of Eq.~16! is just what Eq.~2!
gives if uF(Q2)u2 is expanded to first order inQ2. The full
high-energyz3 correction, to first order in̂r 2& @the sum of
Eq. ~15! and thez3 part of Eq.~16!# is

FdE

dxG
z3

1

5
paz3C

2 F12
16

45
^r 2&meTmaxG

5
paz3C

2 F12
8

45
^r 2&Qmax

2 G . ~17!

For pions~spinless ‘‘protons’’! at 100 GeV, the form factor
reduction is 17%~3%!. At 500 GeV ~beyond the range o
validity!, the reduction is 96%~57%!. The only reliable mes-
sage at very high energies is that thez3 contribution to the
energy loss is well below the point-charge result~15!.
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