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Improved staggered quark actions with reduced flavor symmetry violations for lattice QCD
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We introduce a new class of actions for staggered quarks in lattice QCD which significantly reduce flavor
symmetry violations in the pion mass spectrum. An action introduced by the MILC Collaboration for the same
purpose is seen to be a special case. We discuss how such actions arise from a systematic attempt to reduce
flavor symmetry violations in the weak coupling limit. It is shown that for quenched lattice QCDgét 6/
=5.7, representative actions of this class give a considerable reduction in flavor symmetry violation over the
standard staggered action, and a significant reduction over what is achieved by the MILC action.
[S0556-282(198)00221-5

PACS numbd(s): 12.38.Gc

[. INTRODUCTION fermion dispersion relations near the corners of the Brillouin
zone (where the components of the fermion momentum are
Lattice QCD simulations have always been limited by theclose to 0 orm in lattice unit3 more continuum-like, and the
requirement that the lattice be large compared with the corinteractions of these fermions with low momentum gauge
relation lengthgin particular with the pion Compton wave- fields also more continuum-like. However, the reason for the
length of the theory, while the lattice spacing be small flavor symmetry violations in the staggered fermion method
enough for physical observables to exhibit the scaling propis that the gauge fields can transfer momenta large enough to
erties dictated by asymptotic freedom. In addition the sym+take the quark from the neighborhood of one corner of the
metries of the lattice theory should approximate the con-Brillouin zone to the vicinity of another, which changes that
tinuum Lorentz and flavor symmetries. With the standardquark’s flavor. Such large momentum transfers are not sup-
action this requires a lattice with a large number of sites. Fopressed by these simple improved actions, and so flavor sym-
this reason there has been considerable effort to find immetry violations are not significantly suppressed.
proved actions which obtain the desired results with appre- Recently, the MILC Collaboration introduced a new stag-
ciably larger lattice spacings. gered fermion action in which the gauge link is replaced by
Two methods have emerged for producing such improvedhe linear combination of a single gauge link and the sum
actions.(For a recent summary of such methods and a morever the six 3-link “staples” joining the same sit¢46].
complete set of references sgig.) In the first method, the Such a replacement tends to smooth the interaction between
action is improved in powers of the lattice spaciagby the gauge and fermion fields, thus reducing the coupling of
adding higher dimensional operatdr]. The coefficients the high-momentum components of the gauge fields to the
can be calculated perturbative[8] or non-perturbatively quarks. Not surprisingly this action significantly decreases
[4]. The second method uses renormalization group analyséke flavor symmetry violation in the pion spectrum.
to determine the fixed point, “perfect” actidb] (this paper We have examined how to systematically suppress such
references to the earlier literatiir&or the pure gauge sector flavor symmetry violations. At tree level, this leads to an
of lattice QCD, actions of the [scher-Weisz forni6] and  action which reduces the flavor symmetry breaking by an
truncated perfect actiod§] work very well. For the fermion  extra power ofa?. We then assume that a good choice of
part of the action, Sheikholeslami and Wohlert have identi-action beyond tree level will have the same form, but with
fied the operators which contribute at low ordersifv]. For  different coefficients. The MILC action is then seen to be a
Wilson fermions both methods based on expansiormsand  special case of this more general class of actions.
on perfect actions have had considerable success with lattice We have compared the spectrum of light hadrons, with
spacings as large as0.5 fm[8,9]. particular emphasis on the pions, obtained with the standard
For staggered fermions, the improvement of the action irstaggered quark action, the MILC action, and a subset of our
powers ofa was discussed by Naik0]. More recently Luo new actions. For a preliminary search of the parameter space
has enumerated all operators which contribute at low orderfor these actions we calculated the spectrum of light hadrons
in a [11]. Perfect action methods have also been applied ton a set of quenched gauge configuration@at6/g®=5.7
staggered fermion§12,13. While simple actions of both on an §x32 lattice. A summary of these results was pre-
these classes show improvements over the standard actigsgnted at Lattice’9717]. We have since calculated the spec-
they do not significantly reduce the flavor symmetry viola-trum of light hadrons for the standard action, a near optimal
tions in the pion spectrurfil4,15. These flavor symmetry MILC action and a promising choice from our new actions
violations are a major part of the reason one is forced to usen quenched gauge configurations wih=6/g°=5.7 on a
small lattice spacings when using staggered fermions. 163X 32 lattice. From these calculations we conclude that,
The reason why these simple improvements to the stagor an appropriate choice of parameters, our new class of
gered quark action fail to make significant improvements taactions represents a significant improvement over the MILC
the flavor symmetry, is that they concentrate on making thection, and confirm that both actions represent a considerable
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improvement over the standard staggered action. where U ,=expiA,,. Our ansatz for a tree-level improved

In Sec. Il we describe how to systematically reduce flavoraction is obtained by replacing, by U, in Eq. (2), multi-
symmetry breaking at tree level for lattice QCD at weakplying out the prefactors, and replacing the products of dis-
coupling, and introduce our new class of improved actionglacement operators by appropriately symmetrized covariant
based on this analysis. In Sec. lll we present our measurelisplacement operators. This leads to the replacertgnt
ments of the hadron spectrum on quenched configurations- U, where
Section IV gives our summary and conclusions.

1 1
II. IMPROVING THE STAGGERED QUARK ACTION Ufl—e[ 2+Ey 50+ 7Dyt Do)

In the staggered fermion transcription of quarks to the

: . . . . 1 1
lattice, the quark field on site n of the latticg(n), is a 3 +E ~D,,+5(D,,,+D_,,,)
component object—a color triplet. It lacks Dirac or flavor w L4 8
indices. The 4 flavors and 4 Dirac components are associated 1 1
with the 16 polegper colo) of the free lattice Dirac propa- +> [—D v+ 2=(D o T D uvon)

g v 16" mvP mvp

gator. For massless quarks, these occur when each compo- vph
nent of the momentunp,=0 or 7. Since interactions, in
general, change the momenta of the quarks, they induce mixvherev, p and\ are summed ovet-1, 2, 3, =4 with
ings between the degrees of freedom associated with diffetu|, |2, |p|, |\| all different. TheD’s are the covariant dis-

]UM (6)

ent flavors and hence break flavor symmetry. placement operators. For examjie is defined by
At tree level, one can suppress flavor mixing to higher
order ina, if one suppresses the coupling of fermions to DVUM(n):UV(n)UM(nJFV)UT(nJrM)_ )

gluons whose momentum components are all either & or

but not all 0. To see how this might be done, let us for th he operational definition of thB’s is as follows. The link

moment ignore the requirements of gauge invariance. Thels displaced one unit in each of the subscript directions. The

:zlecz)lgg:(;kbsluon coupling term in the Lagrangian could beends of the undisplaced link are joined to the ends of the

displaced link by products of links over the shortest paths
_— _ joining the two. We then symmetrize over all such paths.
ig'(n n)A (n)y(n+ H.c., 1 :
v mu (AL YT ) @ We now must check that this replacement suppresses the
which again gives mixing between quark flavors. We nowduark-gluon mteraghon when at least one component of the
P gluon momentum is close ta and the rest are near to O.
replaceA,, in this term by ) ) O )
Since we are interested primarily in what happens to leading
1 order ina we can writeU ,~1+iA , andU,~1+iA,. We
A,(n)— 2—56(2~|— D;+D_1)(2+Dy+D_5) then evaluaté\ , when each component of the momentkm
of A, is 0 or m. When k;=k,=k3=k,=0 we find A,
X(2+D3+D_3)(2+Dy+D_pA,(N) (2 =A, . At the other corners of the Brillouin zone we find that
A, is longitudinal, and hence decouples, which is the desired
where result.
To go beyond tree level we assume that we can use a
D.,A.(n)=A,(nEv). (3 replacement of the same form as the tree replacement, i.e.

In momentum space this is equivalent to the substitution
U,=C{Xo+2yo+ 2 [xaD,+Y1(D,,+D- )]

1
A, (k)— 1—6(1+coskl)(1+cosk2)(1+cosk3)

+ 2 [%D,p+Ya(D iyt D )]
X (1+coskg)A,(K). (4) vp

The right hand side of this equatier A (k) ask—0 and +> [X3Dyon +Y3(D o+ D) 1Y, (8)
differs from A, (k) by a factor of only &+ O(a?) for |K| oA

=((a). It vanishes when any componentlokéqualsm and

is suppressed by a factor 6§a?) when any component ¢f  with C=1/(Xg+2yp+ 6X4+ 12y + 12x,+ 24y, + 8X4

is within O(a) of 7. Hence this modification of the action +16ys) Here we could modify the definitions of the dis-
would suppress the tree level flavor symmetry violations byplacement operato® which include the indext u to use

O(a?), which is what we want for our improved action. different weights, depending on the positions of the links in
We now return to the gauge invariant theory. The quarkthe = u directions. Indeed standard tadpole improveni8ht
gluon coupling term in the Lagrangian is now would require such changes. We have chosen not to exercise
this option in our choices of improved actions, since even
¢T(n)nﬂ(n)UM(n)zp(nJr,u)—H.c. (5)  without, this class of action has 6 free parameters. We note
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TABLE |. Hadron masses for various choices of the staggered quark actiBs=5t7 on an §x32
lattice. Standard is the standard staggered action, MILC5, MILC1 and MILCu are the MILC actiomwith
=0.5, 1 and« respectively and naive, imp2 and impu are our improved action witld.5, 1 andx

respectively.

ACTION mq m, m., m, my
Standard 0.012 0.3168) 0.65937) 0.891(20) 1.21722)
Standard 0.020 0.4009) 0.70921) 0.91612) 1.291(15)
Standard 0.040 0.5498 0.85818) 1.00611) 1.54831)
MILC5 0.012 0.322732) 0.46217) 0.79312)

MILC5 0.020 0.408832) 0.53311 0.8098) 1.18152)
MILC5 0.040 0.555016) 0.6748) 0.8938) 1.37816)
MILC1 0.012 0.326733) 0.45315) 0.78711)

MILC1 0.020 0.410(29) 0.53011) 0.80718) 1.17749)
MILC1 0.040 0.562916) 0.6646) 0.8938) 1.37115
MILCu 0.012 0.337132) 0.47113) 0.78110)

MILCu 0.020 0.424628) 0.54410) 0.8077) 1.19843)
MILCu 0.040 0.585215) 0.6885) 0.9047) 1.38420)
naive 0.012 0.35632) 0.4539) 0.7889) 1.17Q15)
naive 0.020 0.447B0) 0.5256) 0.8097) 1.21411)
imp2 0.012 0.386@3) 0.45Q7) 0.7868) 1.177113
imp2 0.020 0.48522) 0.5385) 0.8156) 1.26416)
imp2 0.040 0.670@98) 0.7123) 0.9215) 1.46940)
impu 0.006 0.366(23) 0.4488) 0.77Qq10) 1.16314)
impu 0.012 0.50122) 0.5544) 0.8136) 1.32823)

that the MILC action belongs to this class, being the speciation, the MILC action and our improved action. The 5,
case wherexp=1, x;=w, and x,=X3=Yyo=Y1=Y>=Y3 p and nucleon masses are given in Table I. For the MILC

=0. action we measured the spectrum 0.5, ®=1.0 and
o= at quark massny=0.012, 0.02 and 0.04. From Table
IIl. THE HADRON SPECTRUM WITH IMPROVED I, we note that the flavor symmetry breaking measured as
GAUGE ACTIONS (m2 —m?2)/m’ appears smallest for the=1.0 measure-

One of the most visible effects of flavor symmetry viola- ments, but the}t the difference betweef‘ thav3ralues IS
mall. From this we conclude that=1.0 is a close to opti-

tion for staggered quarks is seen in the pion mass spectrurﬁ. | choice forB=5.7. F . d acti ith
Only one of the pions is a true Goldstone boson whose mad@al choice for3=5.7. For our improved action, even wit

vanishes as the quark mass is taken to zero. The mass difftHr restricted parametrization, there are 6 independent pa-

ences between the non-Goldstone pions is typically somdameters. To limit our choices, we cleoa 1 parametirjub—

H H — N —
what less than that between them and the Goldstone pior(f.la.ss parametrized by, for which x,=x" and y,=x
For our measurements, we have chosen the other local This choice was influenced by tadpole |mprovemgnt. The
pion, as our representative non-Goldstone pion. For inverskESults we present here are for the tree level coefficients (

lattice spacings-1 GeV, i.e. for lattice spacings-0.2 fm,  — 1/2) with quark masses,;=0.012 and 0.02, fox=1 with
this Symmetry breaking is quite |arge. In the Chirahq( quark masses 0012, 0.02 and 0.04 andxferc with quark

—.0) limit m2 /m?~0.5 rather than 0, a 50% effect. Since in masses 0.006 and 0.012. Here symmetry breaking appears to
2P ’ be smallest foix=1. We note also that symmetry breaking

the real world,mfrzlm§~0.03, this is a major impediment to o our best improved action is appreciably smaller than for
working at such lattice spacings. the best MILC action. Since themasses are very close, this
For our measurements we have chosen to work wittdoes not appear to be simply due to differences in the per-
guenched gauge field configurations@t 5.7 where the in-  ceived lattice spacing.
verse lattice spacing is-1 GeV. To search the parameter  Since, even aB=>5.7, 8 is a rather small spatial lattice,
space we performed spectrum calculations on 203 indepenve have confirmed and quantified our results using a set of
dent quenched configurations generated using the standat&8 quenched configurations on & ¥&2 lattice, also a8
(Wilson) gauge action on an®x 32 lattice. Hadron spectra =5.7. The larger lattice also permitted us to go to smaller
were calculated using a single wall source on (hed, odd, qguark masses. For this larger lattice we have calculated the
odo sites of the first time slice of each configuration, gaugeight hadron spectrum with the standard staggered quark ac-
fixed to Coulomb gauge. The propagators for local hadronsion, the MILC action withw=1 and our improved action
were measured using point sinks. with x=1. For these measurements we used a single source
Our measurements used the standard staggered quark &g time-slice 1 of each configuration. This source was a con-
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TABLE Il. Hadron masses for various choices of the staggered quark actiBr=5&t7 on a 18x32
lattice. The notation is as for Table I.

ACTION mg m,. Mg, m, My
Standard 0.006 0.228H 0.67323) 0.881(10 1.34614)
Standard 0.012 0.314H 0.72314) 0.9097) 1.39210)
Standard 0.020 0.4009 0.81321) 0.9415) 1.4429)
Standard 0.040 0.5508 0.90911) 1.0265) 1.5517)
MILC1 0.006 0.223%) 0.41512) 0.79523 1.15334)
MILC1 0.012 0.312%6) 0.4586) 0.81913) 1.19416)
MILC1 0.020 0.399%) 0.521(4) 0.85098) 1.25512)
MILC1 0.040 0.55715) 0.6543) 0.9095) 1.3948)
imp2 0.006 0.268(b) 0.3776) 0.76315) 1.11118)
imp2 0.012 0.374(®) 0.4544) 0.8088) 1.18411)
imp2 0.020 0.478%) 0.5383) 0.8416) 1.25412)
imp2 0.040 0.669Q) 0.7132) 0.9383) 1.41Q9)
stant for all (odd odd odd sites of an & 8Xx8 cube and mi:amq+ bmg’2+ cmﬁ. 9)

zero elsewhere, making it identical to the source we used on

the smaller Iattlcg, since this seemed to produce flat effectivey; the second pionr, we have used a 2-parameter fit
mass plots. Again we worked in Coulomb gauge and used
point sinks. The masses we obtained from fits to these propa-
gators are presented in Table II.

We note that the Goldstone masses show very little ) _ o _
finite size effect in going from an3x 32 to a 16x 32 lat- Our pion masses and these fits are plotted in Fig. 1. Since our
tice. Thew, masses for the MILC and improved actions alsoGoldstone plon masses have been forced to zero inmhe
show relatively little finite size effect while that for the stan- =0 limit, m7_is a good measure of flavor symmetry viola-
dard action shows considerabl_y more. However, we note thaton. From our fits we obtaimnfrzzo.367(44) for the stan-
fche errors for the standard action are large, gnd all the errorsg, 4 actionm?_=0.114(8) for the MILC action andn?
in these tables are purely statistical—no estimate of the sys- 2 ) i 2
tematic error associated with choice or appropriateness of fits 0-:073(5) for our improved action. These would be valid
is included—so that is not clear how significant this is. Simi-Measures of improvement if we consider that the true lattice
lar comments can be made about any apparent finite sizeP2cing is thatl obtalngd from some pure gluonic observable
effects in thep and nucleon masses. We assume that for £Uch s the string tension, or thenass from some unknown

2 _
mz,= at+bm. (10

163X 32 lattice, where the spatial box size fm at thisg, ~ correct” fermion action.
the finite size effects will be relatively small. We refer the
reader to recent, more extensive quenched spectrum calcula- X ———= Ty O ——— 7
tions atB="5.7 for serious finite size studies and masses with SARAELEE LA A B I
which our standard action masses can be compared, and also ol Standard ... X ]
for chiral extrapolation studig€.8,19. TP MILCL - - =

Just comparing rﬁiz—mi)/mﬁ indicates that both the [ imp?2 %
MILC and our improved actions give a considerable reduc- 0.6 : -

tion in flavor symmetry violation over the standard action. In
addition our improved action gives improvement over that of ~ « _
the MILC action. To make this more quantitative, we have g
chirally extrapolated our masses to zero quark mass. We do
this first because, since the relationship between the lattice
guark mass and the physicafl§) mass is different for each
action, and there is the ambiguity as to which observable
should be used to determine which lattice quark masses cor-
respond to one anothem,=0 is the same for each lattice IS v ed I I I I
action. Secondly, the physical and d quark masses are 0.00 00! 0.02 003 004 005
small enough that the chiral limit is a good approximation to m
the real world.

Since we have 4 quark masses for each action, we can use FIG. 1. Pion masses squared as functions of the quark mass on
a 3-parameter fit for our chiral extrapolation. For the Gold-a 16x 32 lattice at3=>5.7. The lines are the fits described in the
stone pion we have chosen to fit to text.

0.4

AL LIS IR B

q
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£=5.7 =0.183(12) for the MILC action anmiz/m§=0.127(9) for

L I L L B our improved action.

As discussed by the MILC Collaboration, one of the ef-
fects of improving the quark action is to reduce the lattice
spacing as determined by thenass.(This is evident in our
results quoted aboveBefore we conclude how successful
our program has been, we therefore need to know how much
flavor symmetry violation would have been improved merely
by making such decreases in lattice spacing, without chang-
ing our quark action. To do this one would need to know
how large the standard action flavor symmetry violations

1.0

0.9

¢ ——— standard

0.7 _ X ——— MILC1 would be at a lattice spacings where fhenass for the stan-
- dard action would have the values the MllpGnass and our
0.6 0 ——— imp2 improved p mass have respectively @=5.7. In addition,
C we would need to know the size of the MILC action flavor
oplove b b b e symmetry violations at the lattice spacing where the Mih.C
0.00 001 002 003 004 005 mass has the value our improvednass has gB8=>5.7. We

do not have this information. However, we know that the
leading flavor symmetry violations should 6¥a?) and the
FIG. 2. p masses as functions of, for a 16x 32 lattice, with  ratios of relevant’s are given by the inverse ratios of the
linear fits. correspondingp masses. This would give an estimate of
mf,zl m>=0.418(50) for the standard action at a lattice spac
If, however, we follow the MILC Collaboration, and con- ing set by the MILCp mass, andnf, /m2:O.387(46) at a
sider that each fermion action determines its own lattic 2. "
spacing, we need to extrapolate whatever hadron mass is
be used to determine this spacingrg=0 for each action
separately. For the and nucleon, we have used a simple
linear extrapolation inm,. (Even though such fits were not provedp mass. o , ,
great, we were unable to find any 3 parameter fits which did W& now check this(a®) dependence against published
significantly bette). These fits for our 3 actions are shown in "esults[16] at highers values, performing the required linear
Figs. 2 and 3. This givesm,=0.859(9) and my extrapolations as bgst we can. B&=5.85 _the chirally ex-
=1.330(14) for the standard actiom),=0.788(14) and tra;polaztedp mass is 0.567@2) from which we predict
my=1.116(20) for the MILC action anth,=0.758(10) and mWZ/mp=O.217(26) compared with the value calculated
my=1.090(17) for our improved action in the chiral limit. from extrapolated 7w, and p masses namelymizlm,f

Hence if we use thep mass to set the scale, we get —g2676). At §=5.95 the chirally extrapolated mass is

2 2 . 2
mZ /m;=0.497(59) for the standard actiom /m; 0 462940) from which we predicmizl m5=0.144(17) com-
pared with the direct extrapolatiom’ /m>=0.170(13).

625-7 Thus we conclude that our predictions from the assumed
L O(a?) dependence will be if anything lower than the actual
values.

mq

Qattice spacing set by our improved mass. Similarly we
Ktimate the flavor symmetry violation for the MILC action
to bem? /m?=0.169(11) at a lattice spacing set by our im-

1.4
IV. DISCUSSION AND CONCLUSIONS

We have introduced a new class of single-link actions for
staggered fermions which reduce the flavor symmetry viola-
tions fromO(a?) to O(a*) at the tree level, whera is the
lattice spacing, by suppressing the coupling of high momen-
tum gluons to quarks which is responsible for flavor mixing.
On quenched configurations At=5.7 wherea '~1 GeV,
the flavor symmetry violations for local pions are reduced by
~65-75%, over those of the standard action and by
T ~25-30% over those in the MILC action. For our improved

001 0.02 003 004 005 action this means that the flavor symmetry violations3at

m =5.7 are approximately the size of those for the standard
action at3=6.0, i.e. at approximately half the lattice spac-

FIG. 3. Nucleon masses as functionswf for a 16x 32 lattice, ~ ing. Since all these actions are single link, inverting the
with linear fits. Dirac operator is no more expensive than with the standard

1.2

My

¢ ——— standard

10 X ——— MILC1

O ——— imp?2

om
[=]
S|

Q
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action. In fact, it is considerably less expensive with the im-produces only limited improvement in this arfgd]. It is to
proved actions, since they require many less conjugate grdbe hoped that our improved action might fare better.
dient iterations to reach the same level of convergence. For A more serious study is needed to determine the optimal
example, am,=0.006, our improved action required 1000— parameters in our action. Our action is still far from ideal for
1050 conjugate gradient iterations compared with 1700-reating lightu andd quarks. A tadpole improved perturba-
1750 for the MILC action and 2600-2700 for the standardtive calculation of the coefficients might be helpful, although
action. perturbative calculations for staggered fermions have proved
Of course, although flavor symmetry violations are one ofdisappointing in the past. One might hope that it might be
the most important barriers to using staggered quarks at lapossible to reduce the flavor symmetry violations¢a®)
tice spacings 0&£0.1 fm, they are not the only barriers. Our as suggested by the tree level calculations, within the restric-
improvements need to be combined with improvements tdions of a single link fermion action. The analysis of Luo
the free fermion dispersion relations and to the gauge actiori11] should be helpful in reducing the operators in our action
In the case of the MILC action, work of this nature hasto an independent set.
recently been done by Orginos and Toussgi, who have Although it is obvious that we need to reduce the coupling
also included dynamical quarks. of high momentum gluons to staggered quarks, to reduce
The Originos-Toussaint paper does, however, point ouflavor symmetry violations, it is also important to reduce
that although their actions improve the— 7,, mass split- such coupling for Wilson quarks. In the case of Wilson
ting, the point-split pions do not show as much improvementgquarks this is to decrease chiral symmetry violations. This
Although we have not measured the spectrum of these pointas been addressed most recently by DeGfahdho intro-
split pions, we expect the improvement to be more uniformduced smeared link fields into Wilson fermions calculations.
across the pion multiplet with our action than with the MILC Such smearing could also be useful in reducing effects of
action. The reason is that at tree level, our action uniformlysmall instantons on Wilson fermions which have the poten-
suppresses all flavor mixings. On the other hand the MILQial for creating problems if they are to be used as the basis
action, at tree level, can be adjusted to maximally supprestr domain-wall fermiong22)].
some flavor mixings, but it will at best only partially sup-
press the others. However, only explicit measurement will
tell if our expectations are correct.
Another aspect of flavor symmetry violation for staggered This work was supported by U.S. Department of Energy
quarks is the extent to which they fail to obey the Atiyah- contract W-31-109-ENG-38. The computing was performed
Singer index theorem. We have shown that the MILC actioron the CRAY J-90’s at NERSC.
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