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QCD corrections to spin correlations in top quark production at lepton colliders
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Spin correlations, using a generic spin basis, are investigated to leading order in QCD for top quark
production at lepton colliders. Even though these radiative corrections induce an anomédoosgnetic
moment for the top quarks and allow for single real gluon emission, their effects on the top quark spin
orientation are very small. The final results are that the top quank$op antiquarksare produced in an
essentially unique spin configuration in polarized lepton collisions even after includin@thg) QCD
corrections[S0556-282(198)06823-4

PACS numbds): 14.65.Ha, 12.38.Bx, 13.88e

[. INTRODUCTION decomposition of the top quark spin fef e colliders! We
have calculated the cross section in a “generic” spin basis
The discovery of the top quark, with a mass near 175 GeWwhich includes the helicity basis as a special case. The ra-
[1,2], provides us with a unique opportunity to better under-diative corrections, in general, add two effects to the tree
stand electroweak symmetry breaking and to search for hint§Vel analysis: the first is that a new vertex struct{zieoma-
of physics beyond the standard model. It has been known f pus y/Z magnetic momentis induced by the I_oop correc-
some time that top quarks decay electroweakly before ha lons 1o the tree level vertex and the second is thitaag

ation(3.41 and that th anifi I eal gluon emission from the final quarks can flip the spin
ronization[3,4] and that there are significant angular corre- ;4 change the momentum of the parent quarks. Therefore,

lations between the decay products of the top quark and thegmpared to the radiative corrections to physical quantities
spin of the top quark5]. Therefore if the production mecha- which are spin independent, it is possible that spin-dependent
nism of the top quarks correlates the spins of the top quarlguantities maybe particularly sensitive to the effects of QCD
and top antiquark, there will be sizable angular correlationsadiative corrections.
between all the particles, both incoming and outgoing, in The article is organized as follows. In Sec. I, we examine
these events. the QCD corrections to the polarized top qudaktiquark
There are many papers on the angular correlations for toproduction in the soft gluon approximation. The aim of this
quark eventg6,7] produced both aé™ e~ colliders[8] and  section is(1) to estimate the numerical effects from the new
hadron collider$9,10]. In most of these works, the top quark Vvertex structure on the spin correlation found in the tree level
spin is decomposed in the helicity basis. Recently, Mahlornalysis and?2) to show that we can use the off-diagonal
and Parkd 10] have proposed a more optimal decompositionP@sis as a optimal basis also at the QCD one-loop level. In
of the top quark spin which results in a large asymmetry a€¢- I, we present our analytic calculations of the full one-
hadron colliders. Parke and Shadibl] extended this study |0OP corrections to the polarized top quark production in a
to e" e~ annihilation process at the leading order in the per_gengr|c spin be}S|s. We give the n_umerlcal result; both in the
turbation theory and found that the “off-diagonal” basis is helicity, beamline, and the off-diagonal bas.es in Sec. IV.
the most efficient decomposition of the top quéaktiquark Here we compare the full one loop results with those of the

spin. In this spin basis the top quarks are produced in a;t]ree level and soft gluon approximations. Finally, Sec. V

tall : . i i Si thi It %:ontains the conclusions. The phase space integrals which
essentially unigue spin configuration. SInce this resuit 1S 040 heeded in Sec. IV are summarized in Appendix A. The
great interest, it is of crucial importance to estimate the ra

L . . ) X unpolarized total cross section for top quark pair production,
diative corrections to this process which are dominated lesing our results, is given in Appendix B as a cross check.

QCD effects.
The QCD corrections to top quark production can be cal- II. SPIN CORRELATIONS IN THE SOET
culated perturbatively at energies sufficiently above the pro- GLUON APPROXIMATION

duction threshold of the top quark pairs. The analytical study ] . . )
of QCD radiative corrections to heavy quark production was N this section we derive the first order QCD corrected
pioneered in Ref[12] (see, e.g., Refi13] for a recent ar- SPIn dependent, differential cross section for top quark pair
ticle). Polarized heavy quark production, in the helicity basis,
has also been investigated by many authars15.

In this article, we present an analytic differential cross The physics of top quark production at muon colliders ahd™
section for polarized top quark production at the QCD one-olliders is identical provided the energy is not tuned to the Higgs
loop level. We focus on the issue of what is the optimalboson resonance.
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FIG. 2. The tree and the QCD one-loop contributions to the

FIG. 1. The generic spin basis for the top quédp antiquark € € —tt process.

in its rest frames(s;) is the top quarktop antiquark spin axis.
whereQ,=2 is the electric charge of the top quark in units
production in the soft gluon approximatid8GA). It is in-  of the electron charge, 6,y is the Weinberg angle, anah

structive to first consider the soft gluon approximation be-andtM (t_#) are the mass and the momentum of the top quark

cause in this approximation only the QCD vertex correctiongtop antiquark (v4.=7"(1= ys)/2]). The top quark cou-
modify the spin correlations of the top quarks. The full one-plings to thez boson are given by

loop analysis will be given in the next section. We use the

same generic spin basis as in Réfl]. In this paper we do

not consider transverse polarization of the top qufasksce L 3—4sirtoy R 2Sirf6y 3
we are interested in how QCD corrections modify the tree Q= 6 cosfy, Q= 3 cosfy’ ®
level spin correlations and which spin basis is the most ef-

fective for spin correlation studies. Therefore we use a ge- o ) L

neric spin basis with the spin of the top quark and anti-topfo‘fter multiplying the wave function rgnormallzatlon factor
quark in the production plane. We define the spins of the topV€ employ the on-shell renormalization scheméhe
and top antiquarks by the paramefeas given in Fig. 1. The renormalized” form factors read

top quark spin is decomposed along the directpin the

rest frame of the top quark which makes an arglgith the 1+82 148 A2 1+8
top antiguark momentum in the clockwise direction. Simi- A=al | —"In —2|/lIn——4+38In

. . . . s 1— 2 B 1—
larly, the top antiquark spin states are defined in the top B B m B

antiquark rest frame along the directignhaving the same 2 B
angle¢ from the direction of the top quark momentum. We T 1+5 [E|n21+'8 +|nzl+'8 _|nz:L B

use the following notation in this paper: the state, (t; t) B [2 1-p 2B 2B
refers to a top quark with spin in thes (—<) direction in 1-8) 2
the top quark rest frame and a top antiquark with spin +2Liy| —— | + —772} 1 (4)
+s7(—<) in the top antiquark rest frame. 1+p) 3
The one-loop QCD correction to the cross section is given
by the interference between the tree and one-loop vertex dia- 1-p2 148

grams in Fig. 2. At the one-loop level, th)e—t—t_andZ B:as—lnl_' (5
—t—t vertex functions can be written in terms of three form B B
factorsA,B,C as follows:

- 1-B8%2 1+
t,—t, C=ay(2+p8%) f |H%—2(1—B2)}, (6)

_ 13 1 -

F;—th (1+A)y,+B om | )

where B is the speed of the produced top qudttp anti-
z € L L_ AR quark and the strong coupling constant isx
= — =+ =+ — S
£ sin by QU+ A HQr= QBN =[C,(R)/4m]as=[C,(R)/(4m)?]g®> with C,(R)=3 for

SU(3) of color. We have introduced an infinitesimal mass
+{Q1R(1+A)_(Q1L_QtR)B}(7R)# for the gluon to avoid infrared singularities. In the above
Q'+QR t -1, Q-QF t +1, expressions, we have shpwn_only the_ reql part of 'ghe form
4=t Xt m mt Xtee w ys| (2) factors becausgl) the Z width is negligible in the region of
2 2m 2 2m center-of-masgc.m) energy /s far above the production
threshold for top quarks an@) we are not considering the
transverse polarization for the top quarks. The contribution
2t is known[7] that the transverse top quark polarization becomedrom C can be neglected since it is proportional to the elec-
nonzero when the higher order QCD corrections are included antfon mass.
that this transverse polarization is very important and related to the The differential cross section at the one loop level is given
phenomena o€P violation. by
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do ot T do iy dog 10
dcoss L&) dcosd “'Rdcosé’ (10
= d—U(eL‘egﬂtlt_l) where the subscript 0 denotes the tree level cross section.
d cosd The soft gluon contributiod ; is defined by
3ma’ . _
=| 55 8| (ALrCOSE— By gSINg) oo, d3K t, t, 2
‘]IRE_4WC2(R)QSJ — = ,
: (2m)32Kko\ -k Ttk
X [ (A_RCOSE— B gsiNE)(1+2A+ 2B)
—2(y2ALRcos§—§LRsin &)B], (7)  wherewn is the cut-off of the soft gluon energy. This in-
tegral can be easily performed and we obtain
49 oo t.t, or t t;)
— (e € or
dcosp Rt o Lty (1487 1+8 40, 2 1+8
Jr=2a54 In —2]In +—In
3ma? _ B 1B N2 B 1-p
- ZS ,8 (ALRSII’]§+ BLRCOS§i DLR)
1+ (2B, 1 ,1+B
X[(A_rSINE+ B rCOSEE D ) (1+2A+2B) g |2Ye g e gl

—2(y2A gSiné+ B rcosé+ D, r)B]. 8
(7" Aursing+ Bureost=Dir)B] ® By adding the one loop contributiori),(8) and the soft

Here, the anglé@ is the scattering angle of the top quark with 9luon ones(10), one can see that the infrared singularities,

QED fine structure constant, and=1/y1— gZ The quanti- 'ePlacing 2 by
tiesA r,B.r,B.r,D r @andD R are defined by

(1B 1+ bl
ALr=[(fL +fLR) VI BZsino]/2, 2AtIR=2ag | —5 '“1_3_2)"" 2
BLr=L[fLL(cOSO+ B)+f r(COSO—B)1/2=Br(—f), (9) _ +2+3’32|r-1+'3+ 1+p°
B B 1-p B
Dir=[fLL(1+Bcosh)+f r(1—Bcosh)]/2=Dr(—B), y |r-1_’3/3|r- 28 o 28 )
with 1+8771+8 18
C(1-B) 1
1 s +A4Liy| ——|+ =7
fl=— 'Q/ , 2(1 3
13= — Qe+ QeQy} Si Oy 5— M2 +B

. . — + .
whereM, is theZ mass(as mentioned before, we neglect the IN EAs-(7),(8). The cross sections faz e can be obtained

Z width) and I,Je (L,R). The electron couplings to the DY interchangind.,R as well asT, | in the above formulas.
boson are Since we are interested in maximizing the spin correla-

tions of the top quark pairs we must vary the spin argte
sirf Oy find the appropriate spin basis. At tree level, it is known that
= there exists the “off-diagonal” basis which makes the con-
tributions from the like-spin configuration vanighl]. At
orderO(as), we find that definition of the off-diagonal basis
for e eg scattering is not modified by QCD corrections,
with the spin angle¢, satisfying the tree level relationship

L 2sirfoy—1

€ 2cosfy

R_
€ cosfy’

The cross sectiond), (8) contain an infrared singularity
(in the form factorA) that will be canceled by the contribu-
tions from the real gluon emission. In the soft gluon approxi-
mation, it is very easy to calculate the real gluon contribu-

tion. As is well known, the amplitude for the soft gluon . ALR_ (fuL+flr) \/1—stin6 11
emissions can be written in the factorized form proportional ang= Bir fL.(cosf+B)+f r(cosd—pB)"

to the tree amplitude. This means that the soft gluon emis-
sion does not change the spin configurations or momentunil
of the produced heavy quark pairs from the tree level values.
Therefore the QCD radiative corrections enter mainly
through the modifications of the vertex pafty, (2). The do
cross section for the soft gluon emissions can be written as dcosé

he first order QCD corrected cross sections in this basis are
(e[ ex—t;t; and tt,)=0, (12)
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FIG. 3. The cross sections in the off-diagonal basis, (Eg), at FIG. 4. Thewmay dependence of the cross sections in the off-

J5=400 GeV, wn,=10 GeV for thee et —tt process;tTTl diagonal basis af/s=400 GeV. The DUYUD) component for the
(UD), t,t; (DU), andt, t, +t t, (UU+DD). The suffix “tree” and €€ (eze") process is multiplied by 100.

“SGA” mean the differential cross-section at the tree level and at

the one-loop level in the soft gluon approximation. It should be1% down—uptlt_T. Forepe, scattering the up-upt{t_T) and
noted that DU(UD) component for thee e”(eze”) process is  the down-downtt, components are nonzero because we
multiplied by 100. have used the off-diagonal basis fgrey scattering. How-

d ever the down-up t, component is still more than 99% of
g

_(eie;_,w_l or tit_T) the total cross section.
dcos¢ Although there exists a magnetic moment modification to
37a? the y/Z—t—t vertex from QCD corrections, this does not
I( s ﬁ)(\/ALRJF Bir*DLr) change the behavior of the spin dependent cross sections in
the off-diagonal basis. The QCD corrections, however, make
the differential cross sections larger by30% compared to
X (\/AER+ BERI D r)(1+S) the tree level ones at thigs. Thus the off-diagonal basis
continues to display very strong spin correlations for the top
202 — quark pairs even after taking the QCD corrections into ac-
oY AlrTBirBiR D .|s (13) count, at least in the soft gluon approximation.
\/AER+ BER LRI In the previous paragraph the cutoff energy for the soft
gluon has been chosen ag,,,=10 GeV. The results, of
where course, depend on the value ®f,,,. The . dependence
of the cross section is examined in Fig. 4. The cross section
S=2A+Jrt+2B, §,=B. behaves quite uniformly as the valuewf,,, is changed thus
the above conclusions remain qualitatively the same for any
A similar result holds foreg e, scattering. reasonable value ab,ay-
In Fig. 3 we show the differential cross sections in the
off-diagonal basis, Eq1), for ys=400 GeV. The follow-  §iyGLE SPIN CORRELATIONS IN e*e~ PROCESS
ing values for the parameters of the standard model were
used: The soft gluon approximation used in the last section has
two shortcomings. First, soft gluon emission cannot change
M=M,=175 GeV, M;=91.187 GeV, the spin of the heavy quarks and second the heavy quark

pairs are always back to back. Neither of these approxima-
1 ) ) tions is valid for hard gluon emission. Hence it is possible
a=15g  @s(Mz)=0.118, siffy=0.2315. that the full O(a) QCD corrections might completely

change the conclusions of the previous section. Therefore, in

We use\/s as the renormalization scale and the pole mass fo}h.IS section, we investigate the full(as) QCD corrections.
the top quark. Foe, e’ scattering the up-upt t_) and the Smpe, in the presence of a hard gluon, the top quar_k'and top
P quark. Fog, €g 9 P-upt{t; antiquark are not generally produced back-to-back, it is more
down-downt t; components are identically zero. The total sensible to consider the single heavy quark spin correlations,
cross section is more than 99% up-dotyh; and less than namely, the inclusive cross section for the production of the
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* The expressions for the squares of the amplitudes given

amplitude for the top quark with spin “up” as

IM(e ez —titg)|?
FIG. 5. The real gluon emission contributions to top quark pair 1 1
production. =N.Cx(R) 5Ty

— +—= T+ T3
(t-k) (t-k)(t-k) = (t-k)?
top quark(or top antiquark in a particular spin configura- (15)
tion. We have organized this section as follows. After defin-

ing the kinematics and our conventions, we give the p°|arAfter some calculation. we find

ized cross section for the top quark using a generic spin basis '

closely related to the spin basis of the previous section. The — — —
numerical analysis will be relegated to the next section. T1=4lay [°[(t-K)(q-k)—mg- (t+K)](t-q)

+4]a gl?[(t-k)(q-k)—m?q- (t+k)](t1- Q)

A. Amplitudes and kinematics o .
—{ay afgl(t-k)+m?] Tr(w, t1t,qq) +c.c},

The principle result of this section will be the inclusive
cross section for polarized top quark producticet,e” o o . o
—t; or t;+X, whereX=t or tg. (The cross section for To=|ay|’[4(t- t)(t-q)(to-q) +(to- ) Tr(w, gktt)
the top antiquark inclusive production can be easily obtained
from the results in this sectionSince the vertex corrections
are the same as in the previous section all that is required is
the full real gluon emission contributions. The real gluon

+(t-q) Tr(w_t,gkt)]+|a gl2

X[4(t-1)(t-q)(ty-q)+(t1-q)

emission diagrams to leading orderadg are given in Fig. 5. XTr(w_aktTH—(?a) Tr(w, t,q kT)]JraLLafR
This figure also defines the momenta of particles. We will

use the spinor helicity method for massive fermigh6] to X[(t-1) Tr(wstit,q9) — (K- q) Tr(w tyt,qk)
calculate the squares of these amplitudes for a polarized top . o
quark. The top quark momentuinis decomposed into a sum +1Tr(w, tot,gktg)+ 2 Tr(w, tt,qqkt)]

of two massless momenta, t, such that in the rest frame _ _ _

of the top quark the spatial momentumtefdefines the spin +afarl(t-t) Tr(w_tot;q9) —(k-q)

axis for the top quark: _
P A XTr(w_tot;qK)+ 3 Tr(w_t t,qktq)
t:t1+t2, mS:tl_tz, N
+3 Tr(w_tyt,qgkt)]+c.c.,

wheres; is the spin four vector of the top quark. o o
The amplitude for Fig. 5 is given by Ts=2|a |4 —m?(k-q)—2[m?+(t-k)](t,-q)

+2[(t+k)-q](t- K} (t-a)+2|ar*{ - mP(k-q)
an = 2[m*+ (t-)](ty- @)+ 2[(t+K)-q](ts- K} (t- )

1A pyp JLR
2kl 2 M2 R m -
- T[aLLaLR{ZTr(ﬂ)ﬂltzqm

M (e[ ef —t,t,9)

=0(q) y{u (@) UL(1)
—K- LRI
X(—t- +m)%+m%( +K+m)

+Tr(w, kt,qq) + Tr(w . t;kqq)} +c.c],

X

arL AR
2" +775)

T2 5(1)el(k), (14)

below have been summed over the spins of the unobserved
particles(the top antiquark and glugras well as the colors
of the final state particles. Let us write the square of the

where w.=(1%*vy5)/2 and all momentunp under the Tr
operator are understood to pe By interchanging the; and

t, vectors in the above expressions, we can get the amplitude

where a, 8 are the spin indices for quarks ardis the po-
larization vector of the gluonT? is the color matrix. The

. . real.
coupling constantg, | are defined as follows:

square for the top quark with spin “down.” Since we neglect
the Z width in this paper, all the coupling constards are

To define the spin basis for the top quark we naturally

) extend the spin definition of the previous section to the
a, _ €9 present case. The top quark spin is decomposed along the

- =< fu-

2 S directions in the rest frame of the top quark which makes an
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with a=4m?/s. Figure 7 defines the orientation of the top

guark and top antiqguark momenta and by energy-momentum

€ conservation the momentum of the gluon is also determined.
One can easily obtain the spin four vector of the top quark in
the c.m. frame by boosting the spin vector characterizeé by
in the top quark rest frame in the direction of top quark
momentum byB(y) (the speed of the top quark in the c.m.
frame. The explicit form fort,(t,=t—t,) is given by

FIG. 6. The spin basis for the top quark in the process™ o m
—ttg. ti= 5 {»(y)[1-B(y)costl},

angle ¢ with the sum of the top antiquark and the gluon
momenta in the clockwise direction, see Fig. 6. m
To calculate the cross section from Ed5), we take the t1=—={y(y)[ B(y) — cos&]sin 6 cose + sin& cosé cose},
c.m. frame in which the e~ beam line coincides with the 2
axis: (16)

—£S(1 0, 0, 1) _—\/—5(1 0, 0,—-1)
=2 B0 D amth B ' t§=g{y(y)[,s(y)—cosg]sin05in<p+sin§cosesincp},

We specify the variables, y, andz which are related to c.m.
energies of the gluon, top quark and top antiquark by

_ _ m . .
. 2k-(gq+q) . 2t-(q+q) ti= 7 {v(Y)[B(y) — cosé]cosf—sing sin b},
=TT o YR T
1 2?(q+a) where
T s
The momenta of the final state particles, in terms of these Vay(y)=1-y, “ay(y)B(y)=a(y).
variables, are
Js If we eliminate the gluon momentutusing the energy

N s N
k=Z[1=x (1=x)k], t==[1-y alyt], momentum conservation and use the angular varigpleg
in Fig. 7 to specify the orientation of the top antiquéiflone
s . eliminates the top antiquark momentum, one can proceed in
=—[1-za(2)t], the similar way by introducing other angular variablebe
2 square of the amplitude E¢L5) can be written as

where a caret means the unit space vector and

a(y)=V(1-y)’-a, a(2=V(1-2°-a IM(e_ eg—t;tg)|?

S

8 N.Ca(R)[af, M1 +algM,+a  a gM3],

17

whereM; are the functions of, z, angles defined above and
the spin orientatiorg.

30ur Fig. 7 contains an extra degree of freedefm,compared to
Fig. 3 of the first paper in Ref15]. These works of Tungt al.
FIG. 7. The momentungunit vector$ configuration of the top  correspond to setting oup= /2. Because of this difference we
quark and top antiquark in the c.m. frame. The momentum ofhave been unable to reproduce their results. Our variabterre-
e (e*) is in the +z(—2) direction. sponds to the variable,, in the first paper of Ref.12].
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M,= 3[(1—y)2+ a%(y)cofo+(1—2z)%+a%(z)cofd]—a i+ i) [1—-y?+a®(y)cosd]
yz yz y?

1 1 — 2—-2y—a
—+ —) [1—22+a2(z)cos’-0]+2(—y
yz 72 yz

2—2z—a a

_a [ —
yz z2

) a(z)cosé

a
- )7) a(y)cosf—2
1 — — — 1 _
+—[1-z—a(z)coshl{y[1—a(z)cosh]—z[1—a(y)cosh]}(St-t)— —[1—z—a(z)cosd]
yZ yZ

{y[1—a(z)cosd]+z[1+a(y)cos6]}(st-q)

11
__|.__
y z

x{y—z+(y+2)[z—a(z)cosol}[ &t-(q+q)]+ y%

—y%{[l—wa(y)cosah(1—y—z)[l—z—a(z)cos?]}(atE),

M,=M,(COSf— —COSf, COSf— —COSh, St— — dt),

2 1

1
— 4+ —
y z

a
+ —
yz

4 4 4 +2)2 +7)2
My—2al 2 2 (y+2)° (y+2)

vz y z vz —+- [ya(z)cosf—za(y)cosd][ ot-(q+q)]

1 1
cos ﬁk] —2a?
y z

1 1)2 —
)_/+E [ot-(q—q)]

- yiz[a(y)coseJr(1—y—z)a(z)cos?][é‘t-(a+ g)]+a

2 _ 2 _ _
+ y—z[z(y+ 2)—2(1-y—-2)][ét-(q—q)]+ y—z[(l—y)a(z)cos¢9+(3+z)a(y)cos¢9](é‘t~ t).

In the above equationg, is the angle between ttzaxis and The cross section is given by
the gluon momentum

1 _
_ -+ _ -+ 2
(y+2z)cos6=—a(y)cosf—a(z)cosh, do(e er—ttg)=5-[M(e er—1;tg)|"(PS;, (18)

and ét is defined as where (PS) is the three particle phase space:

d3t ddt d3k
(27r)32t° (277)32t0 (277)32K°

4
—g(tl_tz)- (P 5=

Using Eq.(16) we find that the products aft with momenta 459014 T —
4. g, andt are X(2m)*6(t+t+k—qg—q).

We introduce a small mass for the gluon to regularize the
St-q={(1-y)cosh—a(y)}cos¢+ Jasinfsiné, infrared singularities. It is easy to rewrite the above phase
space integral as

st-q={—(1—y)cosf—a(y)}cosé— \asinfsing,

S Y+ z.(y)
— f (P93= 5[ dyf ydzf dQ d cosyde
St-t={—(1-2)a(y)+(1-y)a(z)cosy}cos¢ (4m)°>Jy- z-(y)

y+z+yz+a—1-2a,

a(y)a(z)

++/aa(z)siné sin y cose¢. X 8| cosy—

3

The unpolarized top quark production process is given by

dropping the spin dependent paftsrms proportional tet) whered() =d coséde is the solid angle for the top quark and
in Eq. (17). As a check we have reproduced the results ofa,=\?/s. The integration regions over and z are deter-
Ref.[12] by puttinga, | =a g=— (2€°9/s)Qq. mined by the conditioncosy|<1,

014023-7



JIRO KODAIRA, TAKASHI NASUNO, AND STEPHEN PARKE

yi=1-\a, y_=\aa +a,,
a
2= graY| Ty 2t

+a,*a(y)V(y—a,?—aa,

The integration over the anglg is not difficult if one uses
the relation

cosH=cosé cosy +Sin @ siny cose¢.

The integrals we need are the following:

fcosgdqb:chosecosX,
_ [ 1 _
f coghdp=2m|cosh+ 5(1-3 co§0)sm2)(},

1
+_
cosé >

f cos6,dp=27

a’(z)
X (1—3 cog6) yi2?

sirfy

f cos;cosqs d¢=msinfsiny,

f co€6 cosé dp= 27 sin @ cosd siny cosy.

Due to thed function in the phase space integral, the angle
is a function ofy andz

y+z+yz+a—1

COX="a(y)a(z)

dyz(1-z—-y)—a(y+2)?
a%(y)a¥(z)

sify=

where we have pua, to be zero since the—0 limit does
not produce any singularities in ttisquareglamplitude. The

PHYSICAL REVIEW [»9 014023

B. Cross section in the generic spin basis

We write the inclusive cross section for the top quark in
the following form:

do

- 3mwa’? .
Toosg LRt X)=—4— k%n (Dimn+ @<Crimn)

X cos'6 sinl 6 cod"¢ sin'¢, (19

whereD,n, are the contributions from the tree and the one-
loop diagrams andC,,,,, are from the real emission dia-
grams. Let us first write down thBmn,

Doooo= Bl TZL + f2r+2af fLrl(1+asV))

—Bl2(fL + TR B(fL —fLr)?lasV)
D oo™ B3(FEL+FER) (14 asV)) + B3l —fLr)2asVy)
D10o5=2B(fEL — fEa) (1+ asV),
Dooi= B2(Ff L~ fER) (14 asV)),
Dao10= BX(ff L~ FER)(1+ asV)),

Dioi= BL(fLL+ fLr)?+ B2 (fLL—fLr)2](1+agV))

—2B[(fL+fLR)2— B2 — TR aV,

Do101= ﬁa(fLL""fLR)Z[a(l"' aV)—(1+a)aV,],

Ja

2
Dij0= B_\/g(fEL_fER)[a(l_l_ aV)—(1-a)aV,],

with

remaining integrals to get the cross section are over the vari-

ablesy andz. According to the type of integrand, we group
the phase space integrditer the integrations over the an-

gular variablesinto four distinct classe$J;}, {N;}, {Li},

B=pB0)=\1-a, aV,=2A+2B, aV,=B.

and{K;} [15]. The individual integrals of these classes areA, B are defined in Eq¥4),(5).

summarized in Appendix A.

For theCymn, we find
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Coooo= 2(fEL + 2RI Jr— (4—a)Jz+ (2+a)dp+ad + § Ryl +4af fLp[ Jr—4d3— I~ 1+ & Ryl
Caoo= 2(f7L + FER(1-a)Jik— (4—a)Js+(2—a)d,—ad;— 3 R ]+4afy figlJa+di— 3Ry,
Cro00=2(f2, — f2R)[(1—a)J%+aN;g— 2(4—3a)Ng— (4—5a)Ng— 2N;+ 2Ng+ 6N3+ 2N,],
Coo10= 3 Caooot (7L — FZR)[ —4Ng—aN;—aNz—aN,+(4—a)Ny+ 5 Rs],

C2010= Cooro— 2(fZ — fZR)Rs,

Cio= (F2 +f2R)[2(2—a)Jl,+2ad,—2(8—5a)J;—2a(1—a)Lg—2a(1—a)L,—2(4+3a)Lg
+2(4—3a)Ls+2al,+a(10-a)Ls+(8—6a—a’)L,—2(4—3a+a’)L,]
+2af | fLr[2Jk—8J3+4Lg+4Ls+alz+al,—2(2—a)L,],

Ja

Coor= & (ffL+ fER)[4Jjr— (8+a)Js—(8—2a)(1-a)L,— (12+a)Ls—2als+2al,

+(8+a)Lz+(4—5a)L,+4(2—a)L.]+ \/EfLLfLR[4J,1R—(16— a)J;—a(l—a)lL,
+(4+a)Lg+2als+al;—(4—3a)L,+2al,],

a

\/5 1
CllOl: 7C1000+ \/a(fEL_fER) _aNlO_ 9aN9+ 2N7_2N6_ 5(124‘ a)N3+ 2

N,—(12+a)N;—a(1+a)Kg

+a(l-a)Ks+9a(l-a)Kg—3a(5+a)Ks—(12+a)K,+(4—5a)K;—3(4+5a)K,+3(4+a)(1-a)Ky |,
where we have defined
J=(2—a)Js—als,
J|2R=2(2—a)N13—aN12—aNll,
R,=—4a(l1-a)L;—4(2—a)Lg—8(1—a)Ls+a’L,+a(2+3a)L;—a(2—a)L,+(8—8a+3a?)L,,
R,=—4Lg—4Ls—alz—al,+2(2—a)L,,

R;=aNp+3a(2+a)Ng+4aN;—2aN,+8(1+a)N;+2a’Kg—a?(1—a)K,—3a(l—a)(2+a)Kg
+6a(l+2a)Ks+2(4+3a)K,+(a®+6a—8)Kz+3a(8+a)K,—12a(1—a)K;.

Note that the integraldiy, J%, namely,Js, Jg, N1, Ny, IV. NUMERICAL RESULTS
and N43 contain the infrared singularity. This singularity is
exactly canceled out in the sum Ed9) by the contributions We are now in the position to give the cross section for

from Dy, We are now ready to discuss our numericalpolarized top quark production for amy e~ collider. Since
results. we did not specify the spin angéefor the top quark, we can
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TABLE I. The values of, ag, tree level, and next to leading Helicity Basis Beamline Basis Off-Diagonal Basis
order cross sections andfor e e™ scattering. o o rreny 500 (Tree)
_ 1.2 1 Rsea) ©®  T—— Dx10(SGA) T —— Dx100 (SGA)
Js 400 GeV 800 GeV 1500 Gev 8 -0 [TT M) T Uy I oo S
B 0.484 0.899 0.972 % oo | WW
. . . o .
ay(s) 0.0980 0.0910 0.0854 ié 04 ¢ T T ]
T1ora tree (pb) 0.8708 0.3531 0.1047 ® oot S P N
o Oas) (pb) 1.113 0.3734 0.1084 ' R o e
K 0.2783 0.05749 0.03534 12 [ Am g 1 D D (s
910 [— R (Ful) 1 of g'?me) T - Bx<1F(;j(I]I)(Tree)
;’ 0.8 | LESEZ)) T—— Ux10 (SGA) T~ Ux100(SGA)
predict the polarized cross section for any top quark spin.8 0.6 [-- C(ru 1=~ Uxto Ful 7 ool
The spin configurations we will display are the helicity, the S 04 |
beamline and the off-diagonal bases for center of mass eners 02 |
gies/s=400, 800, and 1500 GeV. Table | contains the val- 0.0

ues of the maximum center of mass speed, the runaing -1.0-0.5 0.0 05 -1.0-0.5 0.0 0.5 -1.0-0.5 0.0 0.5 1.0
the tree level cross section, the next to leading order crosc cos6 cos6 cosf
section, and the fractional(as) enhancement of the tree FIG. 8. The cross sections in the helicity, beamline, and off-

. ; T
level cr.oss sectionx) for top quark pair producFlon 18 e diagonal bases afs=400 GeV. Here we use a “beamline basis,”
scattering. Atys=400 GeV the QCD corrections enhance i, which the top quark axis is the positron direction in the top quark

the total cross section by 30% compared to the tree level rest frame, for botle, e* andege* scattering. For the SGA curves
results whereas at higher energies, 800 and 1500 GeV, thge have used =10 GeV.

enhancements are at the5% level. First we will show the

numerical values for the coefficient®(;,+ &sck|mn) in
Eq. (19). Since the dominant effect of t@(«s) corrections
is a multiplicative enhancement of the tree level result w
have chosen to write

order a few percent. Hence tki¥ «) corrections make only
small changes to the spin orientation of the top quark.
©  To illustrate the different spin bases we present the top
quark production cross section in the three different spin
- 0 bases discussed in R¢fL1]. One is the usual helicity basis
Diimnt @sCrimn=(1+ &) Dyjmnt Scimn- which corresponds to c@s=+1. The second is the beamline
0 o basis in which the top quark spin is aligned with the positron
The (1+ k) Dyim, terms are the multiplicative enhancementin the top quark rest framgg for the beamline basis is ob-
of the tree level result whereas t8mn, give the O(as)  tained from Eq(11) with f,z=0]. The third corresponds to
deviations to the spin correlations. The numerical value ofpe off-diagonal basis which has been defined in @d).
these coefficients are given in Table Il. The rat®$m,/  Note that as3— 1, all of these bases coincide. Therefore, at
(1+K)Dgm, are never larger than 10% and are typically of an extremely high-energy collider, there will be no signifi-
cant difference between these bases.
TABLE II. The values of (t «)Dgimn and Sqmn for e e* In Fig. 8 we give the results fo's=400 GeV for both

scattering. e e andere’ scattering using the helicity, beamline, and
off-diagonal spin bases. This figure shows the tree level,

Vs 400 Gev 800 Gev 1500 Gev SGA, and the full QCD results for all three spin bases. Since
(1+ k) D3o00 1.511 1.722 1.671 the results in the SGA almost coincide with the full QCD
(14 k) D900 0.2404 1.241 1.526 results the probal_)ility that hard gluon emission fIi_ps _the spin
(1+ k) D%, 0.7809 2126 2 406 of the top quark is very small. C_Iearly, the qualitative f_ea-
(1+x)D%0 0.3905 1.063 1.203 tures of the cross sections remain the same as those in the
(1+k)D%s0 0.3905 1.063 1.203 leading order analysis. That is the top quarks are produced
(1+K)DO 1.751 2963 3.197 with very high polarization in polarizegé*e™ scattering.

1010 : : :
(1+x)DJ101 1.452 1.100 0.6186
(1+x)D%0s 0.3416 0.4650 0.2807 TABLE lII. The fraction of thee_e* cross section in the sub-
SOOOO —0.002552 0.0005645 0.01172 dpminant spin a&/§: 400 GeV for the helicity,_bea_mline, and off-
_ _ iagonal bases. For the soft gluon approxima ®max
Sy000 0.007655  —0.001682 0.03516 d | b For the soft gl SGA
S1000 0.02154 001224  —002085  —(Vs2m)/5=10 GeV.
Soo10 0.01094 0.01586 0.008357 L . .
=400 GeV Helicit Beamline Off diagonal

Spot0 001059  —0.006158  —0.03614 Vs © Y 9
Sio10 0.004433 —0.02030 —0.06134 Tree 0.336 0.0119 0.00124
So101 —0.006564 —0.04413 —0.04952 SGA 0.332 0.0113 0.00129
Si101 0.007920 —0.01270 —0.02047 O(ay) 0.332 0.0115 0.00150
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Helicity Basis Beamline Basis  Off-Diagonal Basis TABLE IV. The fraction of thee e cross section in the

0.6 ooy Ve Uoren subdominant spin af/s=800 GeV for the helicity, beamline, and
_ 05— Ly € T— U(Ful T — U (Ful) 1 off-diagonal bases. For the soft gluon approximati@n,,,
804 [ A oy 1 ooty S =(\5—2m)/5=90 GeV.
% 03¢ — - ;
§ 0.2 Js=800 GeV Helicity Beamline Off diagonal
AN -~ T e Tree 0.168 0.0690 0.0265

00 — TTTTTe—fT T TTTTT e r B SGA 0.164 0.0679 0.0272

0.6 L.(Tree). 7=* L=J(Tree)€ : __:wa(,'rree) } O(as) 0.165 0.0708 0.0319

05 __ L (Full) eqe T—— U (Full) + Ux10 (Full)
8 04 [ A 1 D — .
s os| 1 1 ] Our numerical studies demonstrate that the QCD correc-
§ 02 L 1 ] tions have a small effect on the spin configuration of the
S o041l / produced top quarkor top antiquarkfor any spin basis. The
© 0.0 L=< __] off-diagonal and beamline bases are clearly more sensitive to

the radiative corrections than the helicity basis. However, in

-1.0-05 0.0 05 -1.0-05 0.0 05 -1.0-05 0.0 0.5 1.0 the off-diagonal basis, the top quat&nd/or top antiquapk
cos6 cosb cos6 are produced in an essentially unique spin configuration even

FIG. 9. The cross sections in the helicity, beamline, and off-after including the lowest order QCD corrections.

diagonal bases afs=800 GeV.
V. CONCLUSION

In Table llI* we give the fraction of the top quarks in the  We have studied thé(«.) QCD corrections to top quark

subdominant spin configuration fe{ e* scattering, production in a generic spin basis. The QCD corrections in-
L troduce two effects not included in the tree level approxima-
ole e —t X(t or tg)]/ ol tion. One is the modification of the coupling of the top quark

and top antiquark toy and Z bosons due to the virtual cor-
for the three bases. Similar results also holddge" scat-  rections. The another is the presence of the real gluon emis-
tering. sion process. First, we consider the QCD corrections in the
In Figs. 9 and 10 we have plotted the similar results forsoft gluon approximation to see the effects of the modified
800 and 1500 GeV colliders. The fraction of top quarks in, ;7 _ 7 vertex. Using this approximation, we find the tree
the sub-dominant spin component fefe” is given in  |evel off-diagonal basis continues to make the like spin com-
Tables IV and V. ponents vanish and that the effects of the included anoma-
lous magnetic moment are small.

Helicity Basis ~ Beamline Basis  Off-Diagonal Basis Next we analyzed the full QCD corrections at one loop

0.14 ——s level. When we consider the three particle final state, the top
_ 02 fr e e S BiTe T oa guark and top antiquarks are not ne'cessa'rily produced back
g 0.10 [ R(Tree) L~ D (Tree) b~ D (Tree) to back. So we have calculated the inclusive top quohk
= .08 [~— R(Fu I—— D (Fun I—— D(Fu) . . . .
2 006 antiquark production. In this paper we have given an exact
8 004 ] analytic form for the differential cross section with an arbi-
£ o002 1 ] ] trary orientation of the top quark spin.

00 —" ""——----] e B . Our numerical studies show that ti& o) QCD correc-
0.14 e et e tions enhance the tree level result and only slightly modifies
012 RS et 1 DI T ol 1 the spin orientation of the produced top quark. In the kine-

g 010 | L (Tree 1 U(Tree) 1 U(Tree) ] matical region where the emitted gluon has small energy, it
= 008 7~ (Full) 1—— U (Ful) 1—— U(Ful) ] . . . A
2 006 | is natural to expect that the real gluon emission effects intro-
§ 0.04 | duce only a multiplicative correction to the tree level result.
5 0.02 | Therefore only “hard” gluon emission could possibly
0.0 modify the top quark spin orientation. What we have found,
-1.0-05 o.oe 0.5 -1.0-05 0'06 0.5 -10-05 O'Oe 0.5 1.0 TABLE V. The fraction of thee_ e* cross section in the sub-
cos cos cos dominant spin at/s=1500 GeV for the helicity, beamline, and
FIG. 10. The cross sections in the helicity, beamline, and off-off-diagonal bases. For the soft gluon approximatiopa= (vs
diagonal bases afs=1500 GeV. —2m)/5=230 GeV.
Js=1500 GeV Helicity Beamline Off diagonal
Tree 0.132 0.0978 0.0466
SGA 0.130 0.0973 0.0472
“In the SGA the fractions in Tables IlI-V have a very small O(ay) 0.133 0.101 0.0552

dependence O 4.
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by explicit calculation, is that this effect is numerically very  As has been discussed in many articles, there are strong
small. The size of the QCD corrections to the total crosscorrelations between the orientation of the spin of the pro-
section and the enhancement of the tree level results can lkiced top quarktop antiquark and the angular distribution
read off from the values ofx in Table I. At \s of its decay products. Therefore, measuring the top quark
=400 GeV, the enhancement i830% whereas at higher spin orientation will give us important information on the top
energies, 800 and 1500 GeV, itis at th&% level. Near the quark sector of the standard model as well as possible phys-
threshold, the QCD corrections have a singular behavior ifcs beyond the standard model.

B, the speed of the produced quark, this factor enhances the

value of the correction at smaller energy. The size of these

corrections is reasonable for QCD, on the other hand, the ACKNOWLEDGMENTS
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APPENDIX A: PHASE SPACE INTEGRALS OVER y AND z

The phase space integrals necessary to derive the cross section are summarized in this Appendix. Although many of them
have already appeared in the literat{itd,15, we will list all of them below for the convenience of the reader. After the
integration over the angular variables, we are left with the following four types of integrals:

J-—Jd dzf(y,z), N;= ﬂf-( 2) -—J'ﬂf-( 2) -—fﬁf-( Z)
i~ y yv ’ [ \/mly, ’ [ (1_y)2_a |y, ’ [ {(1_y)2_a}3/2|yv .

The infrared divergences are regularized by the small gluon massl 8= JV1-a=+1-4m%s. For the typel; integrals,

a shorthand notation = \/(1— \/5)/(1+ \/5) is used. TheK; integrals have a spurious singularity at the upper bound of the

y integral,y, = 1—\/a. Since this singularity turns out to be canceled out in the cross section, we regularize each integral by
deforming the integration region gs —1— ya— e [14]. Li, is the Spence function.

ClassJ integrals:

J—Jd dz-spl 1+ 1- a5
1= Yy ZZE'B +§a —Ea —Za n m s
J—fddy—jddz—151 1112|1+[g
2= Yy ZE_ y Z;——Zﬂ —Ea +§ +§a nm,
J—Jddl—jddl— 11|1+'8
3= Yy Zy— Yy ZE__E+ —Ea n m ,
y z 2 1+
J4—fdydz;—fdydz)7—5,3—ln(m,
J—fddl—fddl— 2BI)\2 21 4] 4In2+2 213|1+'B
5= y zy—— y Zz___? n?+ na—4ing—4In2+2|+ ~a nm,
1 A2 1+ (1+B8) . [1-p _ 28 [ 2B
Jﬁ—fdydzy—z—(—In?—lna+4lnﬁ+2ln2)ln(m +2 LIZ(T)_LIZ(T + 3| Li, _1_ﬁ —Li, 18|

ClassN integrals:
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| e )

dydz z

V(1— y)z—a y

dydz vy 0g (1—3)
2 2 _928In _
V(1-y)*-az 1+p

Ina+|n(2 Ja)+

-2,

2

2—+a

1+8 1—;;) a) 2—\a
5 + 2—5 n T

2
o)

In

1 1+
—m-——J_+1+u2 +Li, 5

dydz y? 2 )
—m?:a(l—\@),
dy dz

J(1-y)’—a

dy dz 1 2++a
—[12—(2+a)’—

Jiyta 2—a

y——[ a’lna+2a?In(2—a)+4(2—Ja)?—4(2—a%?],

a’+2(8—a)aln

Ja
2—\a/

dydz y?
V(1-y)*-a Z
1

:(1+§a

1+p
2

1+8
2

2—@)

\/5 )

Li, 2Li, —Inl ==

=

1
+21n?
4In

1
LA

-

)+L|2 4

1-B
1+8

1
3—a+-—a?|In

16

+38In| — |+ 5 (18+a)——(20 a)Va+

dy dz 1 o (2—\/5)
—_— — = n —,
Ja-y)2—ay Ja

dydz 1
V(1-y)?-a?

1-8

Va

2—\a

1+
=L|2

+Li,

a
) —In(1+B)In(1-1),

1
+ —In%a+1In2
4

2

dydz 1 2 N
Y —Ing-+lha+2in(1 —Ja)—4In(2—+a)+2In2— 2}

[y ay a

dy dz 1
72

\? ﬁﬂ( +5
N= y)2—a "

—In?—lna+2ln(1—\/5)— 5 15

2
=— +2In2},
a
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dy dz i
W 1—y)2—ayz
:EIn L'Z In? |na+4|n2 Ja)—41In(28)—21In Lﬁ
+1 2( (1- B)Z) 2 [Va2- f)) 2a(1i-va)| 2| [Va2—a
Va(2—a) 2 (1-Va-p?) B % (1+p)°
[(1=8\?] [ (1-pB)? 1 [1+ , 2 2
—Li, % }+L (\/_(2 ﬂ\/_) {Uz( 2'8 L|2(—%)—(,8—>—,8)—%}.
ClassL integrals:
B dydz  1-a (1+p
Ll‘f(l—y>2—a‘24—a'” 18/
B dydz z 12 24 1+8 2B
L= aoyrmay | Y i @216 T ama
B dydz vy
“T ) oyrmaz
Lo 2280 12 In(2+va)—In(1+va)—21In2 _a{L' L'2+\/g) 1
=—In|——||=Ilna+In(2+va)—In(1+ va)— +— + —— 0| (w——
2n1 2na n( a)—In( a) n \/5 i5(w)+Li, 2—\/5w (w )
1+ w 1+ w ( 2\/a 1
+| Li, +Li,| (24 Va) — | +Liy| ——————— | (0= —w) |,
(2+a)(1+w)
dydz y? 1+
e y)z—azz‘ "1 ﬁ) 23}
B dydz 1 6 1+8
L= my——(l+§a—4— In| —— 1 B - B,
B dydz 3a/ 2 1+B B
L6_f(1—y)2—az__4—a\l_4 N1=p/*
[ dydz 1 1] [2++a
L7—fm;—ﬁ le(a))+L|2 mw —((1)—>—(1)) )
B dydz y 2 (1+p
L8_ m—z—am 1_3 .
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ClassK integrals:

‘f dydz _ 2(1-Ja) 2Va(l-ya) 4a  (1+a)2—\a?
la-yr-a? Jae-\Va? di+Va)  @-a? 2daa ]

K—f dydz  _ 2(1-Va? 2fa(l-a) & (+ya@2—ya? = 2/a
Tl aya? az-\a? | d1iim)  (4-a) 2\/aa "1+’

B dydz
o | Ty

21— f)’-‘l 2\a(1-a) a(a’-‘+20a—32)I (1++a)(2—a)? L 2\a 2a(1-a)

2-Va® | e1iva) | 24-a° = 2yaa "1 V8 (a2 a?

dydz
K4:f{(1_y)2_a}3/2yz
_21-\a)® 2Va(l-\a) af12-7a) (1+Va)2-Ja’ 1 2)a 2 [ (1-yay

| 1 __II -
(2-a)® " el+ya) | 24-a® | 2aa 2" a) @A)ty @ 11’

_J dydz y
> {a-y-apie

_21-Va) 2ya(l-ya) (4-3a) (I+VaR2-ya? 1 2Va  41-va) 28
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{(1-y)*-a}

2 | 2@(1—\/5)+ (4+a) | (1++a)(2—a)? 1I 2\a L4 2 | 1+,8)
= n n ——In ——In| —
a(2—\a) e(1+a) a4-a) 2aa a (1+.a) a(2—\a) aB \1-p/)°

1+,3)
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K:J dydz y 2[(1 Va)
Tl 1-y2-a 2 af e(1+Va)

2\a
n .
1++a

K=f dydz  y* 2(1- f>n<2f<1 f)) 4
"l {1-y2-a® 2 ala 1+Va) | @

APPENDIX B: TOTAL CROSS SECTION

Let us examine the unpolarized total cross section including the top quark pairs using our formulas. It is given by

or(e e st+t+X)= i or(e eg—t+t+X)+or(ege] —t+t+X)].
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Note that onlyk=0,2 andl,m,n=0 terms in Eq(19) contribute to the total cross section. Integrating over the afigiee get

2

R —_ _ s 2 o2 ~
UT(eLeRHtﬁLtﬂLX)——S Bl (fL +flr)(3—B%)| 1+ as

Vi-— vy 2By % )
| 3_32 1 B IR IB 3 18(3—182) 2

R 2, 8 2(3—2%) 2a
1+as V|+2V||+_J J3+ —J2+_J1 .

+2(fL L —fLr) B2 B R B 53 8°

The cross section for the procesge, is obtained by interchanging the coupling constartR in the above expression.
Parametrizing the total cross section as

ag(s)
T

1 _
Rt(S)E(U_J or{e et T+X)=RO(s) +
p

Co(RIRV()+ -,

whereapt=4wa2/3s, we get the following numerical results at the c.m. energies 400,500,1500 GeV:

Vs (GeV) R%(s) Co(RIR(s)
400 1.0083 8.9963
500 1.4190 6.0267
1500 1.7714 2.2911

These are consistent with the results in R&f].
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