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Eikonal profile functions and amplitudes for pp and p̄p scattering
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The eikonal profile functionJ(b) obtained from the model of the stochastic vacuum is parametrized in a
form suitable for comparison with experiment. The amplitude and the extended profile function~including

imaginary and real parts! are determined directly from the completepp and p̄p elastic scattering data at high
energies. A full and accurate representation of the data is presented, with a smooth energy dependence of all
parameters. The changes needed in the original profile function required for the description of scattering
beyond the forward direction are described.@S0556-2821~98!05523-4#

PACS number~s!: 13.85.Dz, 12.40.Nn, 13.85.Lg
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I. INTRODUCTION

The application of the model of the stochastic vacu

~MSV! @1–3# to pp and p̄p scattering gives a good descrip
tion of the experimental quantities related to the amplitude
the forward direction. For large values of the momentu
transferutu the experimental amplitude has a delicate str
ture, with a characteristic dip in the differential elastic cro
section that is not reproduced by MSV or other dynami
models without free parameters. It is well known that t
profile function of the eikonal formalism, related to the am
plitude through a two-dimensional Fourier transform, has
apparently structureless shape, and slight changes in the
file may cause dramatic changes in the amplitude. The m
reason is that the dominating imaginary part of the amplitu
passes through zero for a value ofutu which is not large,
while the real part, being comparatively small for lowutu,
fills partially the dip due to the zero of the imaginary pa
thus producing the remarkable structure of the differen
cross section. This is not really a shortcoming of MSV, sin
this model, in its present formulation using the first term
an expansion based on the eikonal formalism, has not
purpose of describing the differential cross section much
yond theutu50 limit.

Our study of the MSV profile function suggests analytic
forms which can be used, with appropriate changes of
rameters, to describe the data in the full range ofutu values.
In order to identify the necessary changes, we first desc
accurately the whole data of high-energypp @at the CERN
Intersecting Storage Rings~ISR! energiesAs520– 60 GeV#
andp̄p ~at As5540 and 1800 GeV! scattering in terms of an
amplitude built with a few terms controlled by a number
parameters. This part of our work is similar to the treatm
of the ISR data by Carvalho and Menon@4#, but our param-
eters are fewer and have a much more regular energy de
dence~which is essential to allow for predictions throug
interpolations and extrapolations!. The comparison of the
two different parametrizations exhibits some freedom of a
lytical forms allowed by the data.

The use of an impact picture representation for the s
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tering amplitude ofpp andp̄p scattering was made by Bour
rely, Soffer, and Wu@5#. With a t dependence inspired in th
proton electromagnetic form factor, using a total of six a
justable parameters, they are able to reproduce the gen
features of the ISR experiments. The form of the ene
dependence is based on general properties of quantum
theory, and has allowed good predictions for the CERN m
surements at 540 GeV. The difference of approach with
spect to our work is that we take different forms of para
etrization ~inspired by the model of the stochastic vacuu!
and that we do not parametrize the energy dependence
show that very accurate fitting at every energy can be
tained with very smooth energy dependence for the par
eters. Our description includes the data at very highutu ~up to
15 GeV2) valid for all ISR energies and we remark that th
sign of the term describing this tail is reponsible for diffe
ences betweenpp and p̄p data in this range. In the work o
Bourrely, Soffer, and Wu this largeutu tail would be de-
scribed by the Regge background term.

We attempt to obtain from the shapes of the eikonal fu
tions some understanding of the geometric characteristic
the systems in collision, and thus try to visualize from t
data the meaning of effective radii for hadrons in collisi
@6#.

Table I shows the available data on total cross sectio
slope parameter and ratio of the forward real to imagin

TABLE I. Experimental data.

As sT B Ref. Ref.
(GeV) (mb) (GeV2) @7# r̄ @7#

23.5 39.6560.22 11.8060.30 (a) 0.02060.050 (b,c)
30.7 40.1160.17 12.2060.30 (a) 0.04260.011 (b,c)

pp 44.7 41.7960.16 12.8060.20 (b) 0.06260.011 (b,c)
52.8 42.3860.15 12.8760.14 (a) 0.07860.010 (b,c)
62.5 43.5560.31 13.0260.27 (a) 0.09560.011 (b,c)

p̄p 541 62.2061.50 15.5260.07 ~d! 0.13560.015 ~d!

1800 72.2062.70 16.7260.44 ~e! 0.14060.069 ~e!
©1998 The American Physical Society08-1
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FLÁVIO PEREIRA AND ERASMO FERREIRA PHYSICAL REVIEW D59 014008
parts of the amplitude inpp scattering, which come from th
CERN Intersecting Storage Rings~ISR! measurements
@7a,b,c# at energies ranging fromAs523 GeV to As563
GeV, and in p̄p scattering at the energiesAs5541– 546
GeV from the CERN Super Proton Synchrotron@7d# and the
As51800 GeV information@7e# from Fermilab. In addition,
there are the data on differential cross sections in the ra
As523– 63 GeV@7a,8#, and forp̄p at As5546 GeV@9# and
As51800 GeV@10#. We also give particular attention to th
behavior of the amplitude for largeutu measured@11# at As
527 GeV. The data from the Collider Detector at Fermil
~CDF! @12# at 1800 GeV givingsT580 mb seem discrepan
when we consider the smoothness of the energy depend
of our parametrization, and also is not in agreement with
predictions of Bourrely, Soffer, and Wu@5#, and thus in the
present work we concentrate on the results of the Ferm
E-710 experiment given in Table I.

In the MSV calculation hadronic structures enter throu
transverse two-dimensional wave functions in the plane p
pendicular to the direction of the colliding hadrons, f
which is made the simple ansatz

cH~R!5A2/p
1

SH
exp~2R2/SH

2 !, ~1!

whereSH is a parameter for the hadron size. The dimensi
less scattering amplitudeTH1H2

in the eikonal formalism is

given in terms of the dimensionless profile functionĴH1H2

for hadron-hadron scattering by

TH1H2
5 is@^g2FF&a4#2a2

3E d2bW exp~ iqW •bW !ĴH1H2
~bW ,S1 ,S2!, ~2!

where the impact parameter vectorbW and the hadron size
S1 , S2 appear only in units of the correlation lengtha, andqW
is the momentum transfer projected on the transverse pl
in units of 1/a, so that the momentum transfer squared
t52uqW u2/a2. The quantitŷ g2FF& represents the gluon con
densate. For short, from now on we writeJ(b) or J(b/a) to
representĴH1H2

(bW ,S1 ,S2). The normalization ofTH1H2
is

such that total and differential cross sections are given b

sT5
1

s
Im TH1H2

,
dsel

dt
5

1

16ps2
uTH1H2

u2. ~3!

To write convenient expressions for the observables, we
fine the dimensionless moments of the profile function~as
before, withb in units of the correlation lengtha!

I k5E d2bW bkJ~b!, k50,1,2,. . . , ~4!

which depend only onS1 /a, S2 /a, and the Fourier-Besse
transform
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I ~ t !5E d2bW J0~baAutu!J~b!, ~5!

whereJ0(baAutu) is the zeroth-order Bessel function. The

TH1H2
5 is@^g2FF&a4#2a2I ~ t !. ~6!

SinceJ(b) is real,sT and the slope parameterB are written

sT5I 0@^g2FF&a4#2a2,

B5
d

dt S ln
dsel

dt D U
t50

5
1

2

I 2

I 0
a2[Ka2. ~7!

It is important to observe that these results convenien
factorize the dimensionless QCD strength^g2FF&a4 in the
expressions for the amplitude, and that the correlation len
a appears as the natural length scale for the observables
for the geometric aspects of the interaction. For forward sc
tering these aspects are concentrated on the quan
I 0(S1 /a,S2 /a) and I 2(S1 /a,S2 /a) that depend on the had
ronic structures and are mainly determined by the value
the profile functions in the range of impact parameter up
about 2.5 fm. The total cross sectionsT measures the
strength, while the slopeB has the strength cancelled out an
is only related to the hadron geometry. The explicit formu
for the slope is

B5
1

2

E d2bW b2J~b!

E d2bW J~b!

a25
1

2
^b2&a2, ~8!

where it is seen as related to the average value of the sq
of the impact parameter in the collision, withJ(b) as the
weight function. We recall that hereb is dimensionless and
that ^b2& depends on the hadronic sizes.

The paper is organized as follows. In Sec. II we presen
convenient parametrization of the MSV profile function
terms of which the observable quantities are calculated
Sec. III amplitudes and profile functions are directly obtain
from experimental data and comparison is made between
results and those of Carvalho and Menon@4#. In Sec. IV we
present general comments and conclusions.

II. MSV PROFILE FUNCTIONS

The analytical study@2# of the MSV profile functions for
large values ofb shows that their asymptotic behavior is
the form

J~b!5exp~2rb!FA1

b
1

A2

b2
1 . . . G , ~9!

whereA1 ,A2 , . . . arefunctions ofS1 /a andS2 /a, and the
quantity r53p/8 arises from the particular form of corrre
lation function that has been used. For small and interme
8-2
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EIKONAL PROFILE FUNCTIONS AND AMPLITUDES . . . PHYSICAL REVIEW D 59 014008
ate values ofb the form ofJ(b) resembles Gaussian shape
which combined with the results of MSV for largeb leads us
to suggest the form

J~b!5@J~0!2a3#e2b2/a11a3e2b2/a21a4Ãg~b!, ~10!

with

Ãg~b!5
e2rAg21b2

Ag21b2
~12erg2rAg21b2

!. ~11!

The last term fixes the correct behavior ofJ(b) for large b
given in Eq.~9!, with Ag21b2 written in the place ofb, so
that the expression can be extended tob50. The combina-
tion inside the parentheses is such thatÃg(0)50, and it is
shown below that the use of the two terms creates a zer
the imaginary part of the amplitude, which is required by t
data.

The parametersa1 ,a2 ,a3 ,a4 ,g depend onS1 andS2 . In
pp and p̄p scattering we haveS15S2[S, and the behavior
of the parameters as functions ofS/a is regular and simple
Good representations are

J~0!5
0.0024~S/a!4

4.51~S/a!3
, ~12!

a151010.285~S/a!3, ~13!

a25110.25~S/a!2, ~14!

a35
0.002745~S/a!3

41~S/a!2
, ~15!

a45
4

2187p2
@11e~rS/2a!2

#2~S/a!4, ~16!

and

g50.57~S/a!2. ~17!

The expression fora4 shows the fast increase of the thic
ness of the asymptotic tail asS/a grows. The contributions
of the terms in Eq.~10! are illustrated in Fig. 1, together wit
the profileJ(b) obtained by direct calculation@1#.

With the analytical expression~10! for J(b), the integra-
tions leading to the momentsI k are easily performed, leadin
to

I 052pS 1

2
@J~0!2a3#a11

1

2
a2a31

a4

2r
e2rgD , ~18!

and

I 252pS 1

2
@J~0!2a3#a1

21
1

2
a2

2a31
a4

4r3
e2rg@716gr# D .

~19!
01400
,
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As shown before@1,2#, these expressions, which are impo
tant for the evaluation of the observables, can be con
niently parametrized as functions ofS/a, leading to the
forms

I 050.006 532~S/a!2.791 ~20!

and

K5
1

2

I 2

I 0
52.03010.3293~S/a!2.126. ~21!

The evaluation of the amplitude through Eqs.~5! and ~6!
requires the integration formula

E
0

`

J0~bu!
e2rAg21u2

Ag21u2
udu5

e2gAr21b2

Ar21b2
, ~22!

and then we obtain

I ~ t !52p@ 1
2 @J~0!2a3#a1e2a2utua1/4

1 1
2 a3a2e2a2utua2/41a4Ag~ t !#, ~23!

where

Ag~ t !5E
0

`

Ãg~b!J0~baAutu!bdb

5
e2gAr21a2utu

Ar21a2utu
2egr

e2gA4r21a2utu

A4r21a2utu
. ~24!

The difference between the two terms in this expression
counts for a zero in the imaginary amplitude. With the phy
cal valuea50.32 fm, the dimensionless combinationa2utu
takes the reference valuea2utu51 for utu50.38 GeV2. For

FIG. 1. Profile functionJ(b) of the model of the stochastic
vacuum forS/a52.7. The squares represent the exact values@1#,
and the solid line represents the parametrizedJ(b) given by Eq.
~10! with partial contributions calledG1 , G2 , andA.
8-3
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largeutu ~for a2utu@1) the largest contributions to the amp
tude I (t) come from the last term, with

I ~ t !→2pa4

e2gAa2utu

Aa2utu

3F ~12egr!2
gr2

2Aa2utu
~124egr!1•••G , ~25!

and we observe that for largeutu the amplitude is negative
(gr is larger than 1!. For smallutu the behavior is

I ~ t !'2pH 1

2
@J~0!2a3#a1e2a2utua1/4

1
1

2
a3a2e2a2utua2/41a4

e2rg

2r

3F12S 3g

4r
1

7

8r2Da2utu1 . . . G J , ~26!

where the last two terms are small compared to the first
that the amplitude has the typical exponential behav
However, we remark that the amplitude is not of the sim
form T(s,utu)5T(s,0)e2Butu/2, and the slopeB must be
evaluated through Eqs.~7!, ~18!, ~19!. For t50 we have
I 05I (0) consistently with Eq.~18!.

The results obtained with MSV are correctly related
experimental data att50 ~total cross section and slope!,
leading to the determination of the QCD parameters@1,2#.
However, the predictions for the differential cross sectio
beyond the small values ofutu are not correct, mainly be
cause the MSV profiles put the zeros of the imaginary a
plitudes at too large values ofutu. In the next section we
introduce empirical modifications in the parameters in or
to reproduce the data in the fullutu range.

III. AMPLITUDES AND PROFILE FUNCTIONS
FROM THE EXPERIMENTAL DATA

Using the same form of parametrization suggested
MSV, we construct the dimensionless amplitude

Texp~s,t !54Aps@ iI~ t !1R~ t !# ~27!

directly from the experimental data~hereafter, expression
such as experimental amplitude, experimental profile, an
on will be used for quantities obtained directly from th
data!. The imaginary and real parts of the amplitude are
rametrized using the forms

I~ t !5a1e2b1utu1a2e2b2utu1l2rergAg~ t ! ~28!

and

R~ t !5l82rerg8Ag8~ t !1a18e
2b18utu, ~29!

where r53p/8 and where we have grouped facto
2rergAg(t) in order to have 2rergAg(0)51. We use eight
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parameters for each energy~here we do not counta18 andb18
which are the same for all energies, as explained below!.

The use ofAg(t) in the real part, which is inspired in th
MSV form for the imaginary part, has a more convenie
structure, compared to simple exponentials, to fill the dip
by the zero of the imaginary part. On the other hand,
simple exponential terma18 exp(2b18utu) was included in the
real part specifically to describe the largeutu (5,utu
,15 GeV2) data @11# at 27 GeV, which is assumed to b
universal for all ISR energies. This term is not present in o
description of the data at 546 and 1800 GeV, where largeutu
values have not been measured.

We use as experimental inputs forpp scattering at ISR
energies and forp̄p at 546 and 1800 GeV the ratio of th
forward real to imaginary parts of the amplitud
R(0)/I(0)[r̄, the slope att50,

B5
d

dtS ln
ds

dt D U
t50

52
R~0!R 8~0!1I~0!I 8~0!

R 2~0!1I 2~0!
, ~30!

and the total cross section determined through the opt
theorem,

sT54ApI~0!. ~31!

After this information is introduced, the remaining param
eters are determined by fittinguR(t)1 iI(t)u2 to the experi-
mental data fords/dt. The results of fittings at the ISR
energies and at 546 and 1800 GeV are shown in Figs. 2
3.

The parameters present a very regular energy depende
as shown in Table II and Fig. 4. However, it is difficult t

FIG. 2. Results of fittings of elastic differential cross sectio
through Eqs.~28! and ~29! at ISR energies. Curves and data a
conveniently separated in the figure through multiplication by
factors that are shown in the upper corner. The largeutu data mea-
sured at 27 GeV that are drawn together with all angular distri
tions are described by the last term of the real amplitude in Eq.~29!.
8-4
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EIKONAL PROFILE FUNCTIONS AND AMPLITUDES . . . PHYSICAL REVIEW D 59 014008
write parametrized analytical dependences for the parame
as functions ofAs because the expressions given by E
~28! and ~29! are very sensitive to the values of the para
eters, requiring accuracy of at least three decimals to re
duce correctly the data if we require smoothness in the va
tion with the energy. If each energy is considered separa
and allowing for the experimental errors in the data, the
rameters are fixed typically within 1% at the energies
which the data are more accurate~e.g., 52.8 GeV!.

The imaginary and real parts of the experimental scat
ing amplitudeTexp(s,t) are shown in Figs. 5 and 6, respe
tively. The figures show remarkable regularities in the e
ergy dependence, with an interesting similarity in t
behavior of all curves as functions ofutu. The real parts grow
with the energy faster than the imaginary parts, so that e
after multiplication by 1/s the real parts still have magnitude
which increase withs ~note the inverted ordering of th
curves in the two figures!. At all investigated energies th
imaginary amplitudes present only one zero as functions
utu, with a regular displacement of the zeros towards
origin as the energy increases~shrinking of the diffraction
peak!. The prediction of a second zero in the imaginary p
by Borrely, Soffer, and Wu@5# for very high energies~above
10 TeV! is very far for the range of our analysis. Dependi
on the sign given to the last term in Eq.~29!, the real ampli-

FIG. 3. Same as in Fig. 2, for 546 and 1800 GeV.
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tude may present one~for negative sign! or two zeros~case
of positive sign!. This last term practically does not interfer
with the first part, as its contribution is only important in th
tail of the distribution, and thus the fitting does not determ
its sign. The first zeros of the real parts are distributed i
rather small range ofutu values, closer to the origin compare
to the zeros of the imaginary parts. The displacement of
zeros with the energy is shown in Fig. 7~only the first zeros
of the real parts are shown!.

Unfortunately the data fords/dt at 1800 GeV do not go
beyond utu50.6 GeV2, and the positions of the zeros an
the largeutu behavior cannot be extracted from the data. A
tually, Figs. 5, 6, and 7 only give~extrapolated! guesses for
the quantities related to this energy.

Data at largeutu ~up to 15 GeV2) obtained@11# only at 27
GeV seem to offer a natural extrapolation for the angu
distribution at all ISR energies, as shown in Fig. 2. This t

is described by the terma18e
2b18utu in the real part in Eq.~29!,

with small values fora18 andb18 , which hardly influence the
determination of the other parameters. Thus we have a t
specific for the energy-independent tail, which has been
cluded in the curves of Fig. 2. The largeutu tail in ds/dt has

FIG. 4. Parameters of the fittings through Eqs.~28! and ~29! at
ISR energies, and at 546 and 1800 GeV. The energy dependen
the total cross sectionsT and the slopeB obtained from the param
eters are also shown.
.16

.21

.28

.22

.75

.23

.00
TABLE II. Values of parameters for Eqs.~28! and~29!. a1 , b1 , a2 , b2 , l, andl8 are in GeV22. g, g8
are dimensionless.a1850.0031 GeV22 andb1850.41 GeV22 are the same for all ISR energies.

As a1 b1 a2 b2 l l8 g g8 x2

23.5 1.7298 1.4390 3.1091 2.2949 9.1850 0.2774 3.8620 6.00 1
30.7 1.8224 1.4502 3.1649 2.3299 9.5467 0.6073 3.9000 6.600 1
44.7 1.6699 1.5025 3.0000 2.1086 10.3650 0.9354 4.0311 6.550 4
52.8 1.8500 1.5287 2.9600 2.1753 10.4630 1.1913 4.0540 6.685 3
62.5 1.9272 1.5529 2.8081 2.1337 10.8201 1.4747 4.0924 7.300 1

546 2.6174 2.1539 3.9061 2.1813 15.7463 3.0270 4.8190 7.970 1
1800 3.1036 2.4526 4.4246 2.4253 18.3315 3.6204 5.3450 8.600 2
8-5
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been parametrized@13# in the form 0.09/t8, and to have an
expression with this behavior and that at the same time
be used for allutu, we may modify Eq.~29! to have the form

R~ t !5l82rerg8Ag8~ t !1a19@12e2b19/~a2utu!4
#. ~32!

We discuss this representation in the next section.
To obtain the profile functions from the experimen

data, we invert the Fourier-Bessel transform

R~ t !1 iI~ t !52pE
0

`

@K~ b̃!1 iJ~ b̃!#J0~ b̃Autu!b̃db̃,

~33!

whereb̃[ab ~hereb̃ is in Fermi or GeV21 units!. We then
obtain the desired~dimensionless! imaginary and real parts
of the profile function

FIG. 5. Imaginary part of the experimental scattering amplitu
at the ISR energies and at 546 and 1800 GeV, divided bys.

FIG. 6. Same as in Fig. 5, but for the real part of the amplitud
01400
n

l

J~ b̃!5
1

4pFa1

b1
e2b̃2/4b11

a2

b2
e2b̃2/4b214

lr

a2 ergÃg~ b̃/a!G
~34!

and

K~ b̃!5
1

4pF4
l8r

a2 erg8Ãg8~ b̃/a!1
a18

b18
e2b̃2/4b18G . ~35!

To follow the same notation used for the profile functio
of MSV @see Eq.~10! and recall that in MSV we have only
the imaginary part of the amplitude# we must introduce a
numerical factor

Jexp~ b̃!5
4Ap

@^g2FF&a4#2
J~ b̃!, ~36!

with 4Ap/@^g2FF&a4#252.0231022.
Given the experimental profilesK(b̃) andJ(b̃), we can

now write convenient expressions for comparison betw
the experimental quantities and those of MSV. We define
moments of the experimental profile functions correspond
to the imaginary part of the scattering amplitude,

Ik[2pE
0

`

b̃kJ~ b̃!b̃db̃, ~37!

and to the real part

Rk[2pE
0

`

b̃kK~ b̃!b̃db̃, ~38!

which depend only onAs. The moments can be evaluate
analytically, and are given by expressions similar to E
~18! and ~19!.

Including the real part, the expression for the slope
rameter att50 in terms of the momentsRk andIk is

e

.

FIG. 7. Locations of the zeros of the imaginary and real parts
the amplitude as functions of the energy.
8-6
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Bexp5
R0R21I0I2

2~R 0
21I 0

2!
5

r̄R21I2

2~11 r̄2!I0

, ~39!

whereR0 /I05 r̄. The maximum error inBexp caused by the
suppression of the real part contribution is about 2% at 1
GeV and less than 1% at the ISR energies.

In order to compare experimental quantities with those
MSV, we must have a correspondence between the exp
mental values ofAs and the MSV values ofS/a for the
proton radius@1,2#. We then require that

I 0~S/a!5I0~s!
4Ap

@^g2FF&a4#2a2
, ~40!

which means that the evaluated total cross sections mus
the same. The solutions of this equation can be written
simple parametrized form

S/a52.184810.1623 lnAs. ~41!

According to the phenomenology of the application of MS
to pp and p̄p scattering@1,2#, the experimental and MSV
values ofsT andB are fixed to be the same for each one
the two input energies~541, 1800 GeV!. This fixes the two
fundamental QCD quantities~gluon condensate and correl
tion length! and the values of the effective proton radius
each of these two energies. Then the MSV and experime
calculations ofI 2 ~and obviously the ratioI 2 /I 0 that gives
the slopeB! agree within 1 to 2% accuracy at all energie
This is the basis of the success of the MSV calculation
total cross sections and slopes.

It is important to compare our results with those obtain
by Carvalho and Menon~CM! @4#, who parametrized the
scattering amplitude~here rewritten according to our nota
tion! using a sum of exponentials in the form

F~s,t !52m~s! (
j 51

2

a je
2b j utu1 i (

j 51

n

a je
2b j utu, ~42!

where

m~s!52
r̄~s!

~a11a2! (
j 51

n

a j , ~43!

with coefficients obtained by fittingds/dt5puF(s,t)u2 to
the pp experimental data at the ISR energies (n54 – 6, de-
pending on the energy!. The corresponding dimensionles
profile functions are

KCM~ b̃!52
m~s!

2 (
j 51

2
a j

b j
e2b̃2/4b j ~44!

for the real part, and

JCM~ b̃!5
1

2 (
j 51

n
a j

b j
e2b̃2/4b j ~45!
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for the imaginary part. Comparison with our formulas
given by the correspondence of values

KCM~ b̃!52ApK~ b̃!, JCM~ b̃!52ApJ~ b̃!. ~46!

Our imaginary amplitudes Im@Texp(s,t)#/4Aps5I(t) and
the values ofAp Im@F(s,t)# obtained by Carvalho and Me
non are very similar for all ISR energies. The Fourier tra
forms J(b̃) and JCM(b̃), however, coincide only betwee
b50 and b52. On the other hand, the real amplitud
Re@Texp(s,t)#/4Aps5R(t) and Ap Re@F(s,t)# differ sub-
stantially for all values ofutu, except atutu50 where they
coincide~within the experimental error!, because of the inpu
experimental value forr̄. The comparison of the real part
obtained in the two works is illustrated in Fig. 8 for th
amplitudes and in Fig. 9 for the profile functions.

In spite of these differences in the real parts, the t
parametrizations are equivalent with respect to the desc
tion of the data at each separate energy. However, our re
are distinguished by the very regular energy dependenc
the parameters. This regularity, which is important for int
polations and extrapolations, is true up to the highest en
gies 540 and 1800 GeV and also includes the angular di
bution at largeutu measured at 27 GeV.

IV. COMMENTS AND CONCLUSIONS

The application of MSV to high-energy scattering leads
a good description of the observables determined by the
ward amplitude (sT and B!, but the predictions for the dif-
ferential cross sections for largeutu are not correct, mainly
because the MSV profiles put the zero of the imaginary a
plitude at values ofutu that are systematically higher tha
those required by the data. The model gives a dynami
QCD-based framework to evaluate the forward amplitude
the eikonal formalism, and in its present formulation do

FIG. 8. Comparison of the real parts of the experimental am
tudes at 23.5 GeV obtained in our work~solid curve! and by Car-
valho and Menon~CM! @4# ~dashed curve!.
8-7
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not intend to describe elastic scattering at allutu, that would
require the inclusion of a real part in the amplitude a
changes in the imaginary part. In the present work, star
from the analytical forms of the profile function and amp
tude suggested by the model, we investigate the modifi
tions needed to fit all elastic-scattering data of thepp andp̄p
systems at high energies. Values are obtained for the pa
eters and we believe that the results are made rather un
through the effort to obtain a smooth energy dependen
The chosen form respects the properties of the profile fu
tion and is such that the two-dimensional Fourier transfo
can be written analytically. The existence of a zero in
imaginary amplitude is a common feature of both the MS
calculation and the experimental data, and the measured
ferential cross section requires that this zero be filled up w
the contribution from the real part. We thus must add a r
part to the MSV amplitude.

In our parametrization the 27 GeV tail (5&utu&15
GeV2) is specifically described by a term in the real pa
The largeutu amplitude is probably dominated by perturb
tive contributions, such as triple gluon exchange, which
real and can account for the observed 0.09/t8 behavior@13#,
although it is surprising that there is no energy depende
Figure 10 shows the comparison between the expone
form used in Eq.~29! and the power behavior produced b
Eq. ~32!. In this last case the values of the parameters
a1950.001 GeV22 and b19523650. Both forms describe
well the data.

In Table II we have chosen a positive sign for the tail te
added to the real part, although it could also be negative,
different choices only requiring a slight adjustment of p
rameters. A positive sign in this term causes a second ze
the real amplitude occurring atutu'2 GeV2, but there ap-
pears no dip because the imaginary part is large in this

FIG. 9. Same as Fig. 8, but for the real parts of profile functio
with the correspondence between profiles given in Eq.~46!. In our
representation~solid line! the value of the profile function atb50
is fully given by the second term of the amplitude, that only ref
to the tail.
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gion. The first zero of the real amplitude occurs at very sm
utu for either sign of the tail term. The roles of the real a
imaginary parts of the amplitude, and separately of the r
term for the tail, considering its two possible signs, a
shown in Fig. 11.

Figure 12 shows the profile functions obtained from MS
and from the fitting to the data. A general fact is that t
experimental profile functions are lower for smallb and
higher for intermediateb values, compared to the MSV
shapes. Due to the productb̃J(b̃) that appears in the two

,

s

FIG. 10. Differential cross section for largeutu values. Compari-
son between the parametrization given by Eqs.~28! and ~29!, and
the 1/utu8 dependence@13# produced by Eq.~32!.

FIG. 11. Separate roles ofuIm Tu2 anduReTu2 at 23.5 GeV. The
dip in the data at about 1.5 GeV2 is due to a zero in ImT. The real
part is positive att50, becomes negative at smallutu and fills par-
tially the dip in ds/dt. The dotted line represents the squared t
term alone. If this term is positive, it causes a second zero w
added to ReT, as shown by the~1! line. In the~2! line the tail is
negative and no second zero exists.
8-8
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dimensional Fourier transform, the region aboutb̃.0 has
little physical significance. It is then more instructive to e
amine the forms of the productb̃J(b̃), as shown in Fig. 13.
We remark that in this figure corresponding MSV and e
perimental profiles have the same area~the momentsI 0 fix
the total cross section!. In a plot ofb3J(b) the corresponding
profiles also have the same areas, since the MSV momenI 2
yield the correct slopes.

The present development of the MSV formalism appl
to hadron-hadron scattering@1# is restricted to the lowes
order nonvanishing contribution, which is quadratic in t
gluonic correlator, and has been shown to be sufficient

FIG. 12. Comparison of values ofJ(b) from experimental data
and from MSV, for corresponding values ofAs andS/a according
to the requirement established by Eq.~40!.

FIG. 13. Same as in Fig. 12, but forbJ(b).
01400
-

r

the evaluation of total cross sections and slope parame
The resulting amplitude is purely imaginary, and the ratio
the real to the imaginary parts of the elastic scattering a
plitude can only be described if we go one further order
the contributions of the correlator. On the other hand,
have verified that changes in the form of the correlation fu
tions D(z2/a2) and D1(z2/a2), that enter the definition of
the correlator, and reasonable changes of the hadron w
function, have little effect on the results.

In addition to these considerations, which concern mai
the nonperturbative nature of the model, we must also t
perturbative contributions into account. To the MSV calc
lation, which represents single Pomeron exchange, we
add terms with mixed Pomeron and multiple gluon e
changes, which modify the imaginary and real parts, a
may add three gluon exchange~purely real! for the tail @13#.

In Fig. 14 we plot the difference at 23.5 GeV between t
experimental and MSV imaginary parts of the amplitu
T(s,t)

1

s
@ Im Texp~s,t !2Im TMSV~s,t !#,

which illustrates the contribution to be added to the MS
result for the imaginary part, which must be mostly negati
peaked at aboututu50.5 GeV2. In the same figure we plo
the real part that is extracted from the data. We observe t
except for a small range of very smallutu values, the correc-
tions to the imaginary part must be much larger than
values of the real amplitude. The situation is similar for t
other energies. These remarks may guide future theore
developments.

Figure 15 shows the real parts of the profile function
all energies of our investigation. We observe a very regu
energy dependence. The quantityÃg8

(b̃/a) in Eq. ~35! is
zero forb50, so that the value at the origin is due only

FIG. 14. The real part of the amplitude and difference betwe
the imaginary parts of the amplitude obtained from the experime
and from the MSV calculation, all at 23.5 GeV.
8-9
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the tail term, being the same for all ISR energies, and
included at 5540 and 1800 GeV.

Now we comment on the relation between observable
high-energy scattering and the hadronic sizes. The geom
cally extended character of the nonperturbative QCD in
action determines the phenomenological properties of the
servables, which are fixed by the sizes and global struct
of the colliding systems. These features have led to mo
of a geometric nature for high-energy scattering@6#, that give
a natural account of the relations between total cross sec
and slopes of the diffractive peaks of different hadronic s
tems. A geometrical relation of this sort is seen if we wr
Eq. ~8! in the form

B5
1

2

E db̃b̃2@ b̃J~ b̃!#

E db̃@ b̃J~ b̃!#

5
1

2
^b̃2& ~47!

and interpret̂ b̃2& as the average value of the square of
impact parameter takingb̃J(b̃) as weight function. There is
an interesting relation between this average value^b̃2& and
the square of the valueb̃m

(3) of the impact parameter at th

peak of the functionb̃3J(b̃) that appears in the upper inte
grand of Eq. ~47!. We have verified that the ratio

@ b̃m
(3)#2/^b̃2& of these two quantities extracted from the da

is a constant in a wide energy range, as shown in Fig. 16
the case of a pure Gaussian profile~i.e., an amplitude with a

FIG. 15. The real partK(b) of the experimental profile func
tions for all ISR energies, 546 GeV and 1800 GeV.
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single exponential int ! this ratio is 1.5. This property help
us to define an effective hadronic radius, related tob̃m

(3), in
terms of a measurable quantity. It is remarkable, and may
of practical importance for the determination of slopes, t
the positionb̃m

(3) of the peak is not dramatically sensitive
the details of the amplitude close tot50.

A convenient parametrization of the experimental valu
of b̃max

(3) is

b̃max
~3! 51.011910.0433 lnAs, ~48!

and with the correspondence betweenS/a andAs given by
Eq. ~41!, we may also write

b̃max
~3! 50.429010.2668~S/a!. ~49!

The quantityb̃max
(3) ~written above in Fermis, whileAs is in

GeV! can be extracted from the amplitude and gives a m
surement of the effective hadronic size. Equation~49! con-
nects the effective hadronic collision radius with the rad
of the transverse wave function. As the energy varies fr
23 to 1800 GeV,b̃max

(3) varies from 1.15 to 1.34 fm. We obtai

for As514 TeV the predictionsb̃max
(3) 51.43 fm, S/a53.73,

andBexp518.76 GeV22.
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FIG. 16. Values of the experimental ratio@bmax
(3) #2/^b2& ~black

squares! and its mean value~line!.
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