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Hadronic gas chiral phase transition within generalized chiral perturbation theory
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We study the temperature evolution of tﬁq) condensate below the chiral phase transition. The hadronic
gas is described using a virial expansion within generalized chiral perturbation theory. In such a way, we can
implement both the large or small chiral condensate scenarios and analyze the condensate dependence on the
values of the lightest quark massgS0556-282(198)02123-1

PACS numbgs): 12.39.Fe, 11.30.Rd, 21.65f

I. INTRODUCTION evolution at finite temperature which is also changed through

the modifications in the meson interactions due to the differ-

The properties of QCD at finite temperature have raise®nt scheme of the explicit chiral symmetry breaking. Our
considerable interest in the literatuigee[1] and references PUrpose is to study what the interplay is of these two effects.

therein. At low temperatures it seems that color is confined, '€ plan of the paper is as follows. In Sec. Il we describe
and chiral symmetry is spontaneously broken. Howeverb”eﬂy the ChPT and GChPT formalisms, focusing on the

from mototic freedom. it is expected that at high temoer. telation between the quark and meson masses with the quark
om asymptotic ireedom, [t1S expected that at high temperaz ,,jensate. The next section is devoted to the virial expan-

_tures color WiII_ be liberated and chiral symmetry restored. Itgion for the pion gas, where we introduce the temperature

is a matter of intense debate whether there should be one 8Ependence. In Sec. IV we study the condensate dependence

two phase transitions, at what temperatures they would othoth on the temperature and the ratio of light quark masses,

cur, and what their nature would be. using theO(p*) amplitudes of GChPT. Next, in Sec. V, we
Within the standard wisdom the quark chiral condensatestimate the contributions from heavier states, and in Sec. VI

(0|qq|0) plays a central role in this problem, since it is We summarize our results.

assumed that chiral symmetry breaking is produced by a

strong condensation of quark-antiquark pd2$ However,

in recent years, this hypothesis has been questioned, opening

the possibility of small, even vanishing)|aq|o> scenarios When considering just three massless quark flavors, the

[3-5]. (Note that we us€0[qq|0) for the condensate at ~ QCD Lagrangian exhibits an SU(3Y SU(3)z symmetry
which, even neglecting particle masses, is not present in the

II. STANDARD AND GENERALIZED CHIRAL
PERTURBATION THEORY

=0 and(qq) In general) . physical spectrum. Instead, we observe an approximate
The eyolutlon of the quark conde_nsate with the temperaSUHR(g) symmetry, which means that the SU(3), chiral
ture has indeed been adgressed using several approachesg}gup has to be spontaneously broken. According to the
general, the properties @€q) can be derived from a some- Goldstone Theorem, there should be eight massless Gold-
what idealized dilute pion gas, which is commonly describedstone boson$GB), which are identified with the pions, ka-
using an effective Lagrangian formalisi@], as we will do  ons and the eta. In a first approximation, these GB couple to
here, or by means of finite temperature QCD sum r{ifds the spontaneously broken currents with strengkh
In general, all these and other approacf®&syield a rather ~90 MeV. These particles are so light compared with the
consistent picture, although they usually have the large cortypical hadronic scales, that they will dominate the hadronic
densate assumption built in. dynamics at low energies or temperatures.
In this work we want to know how the actual value of In order to describe the hadronic dynamics at low ener-
o . : ies we can therefore use these fields to build an effective
é)0|qq|_0>, as well as_the light quark masses, can modify thq?agrangian, made of the most general terms that respect the
ehavior of the chiral condensate, as for instance, Wltr}jl

. o ; bove symmetry breaking pattern. As we are interested in the
changes in the phase transition temperature. With that pulbw energy regime, the terms are organized according to

pose, we will des_cribe the pion gas by means of the viria eir number of derivatives. It can be seen, by counting the
expansion and using the mterac_nons obtained from thg chir owers of momenta of different diagrams, that it is possible
perturbgtlon theoryChPT) formalism[9], although aIIowmg. to renormalize any calculation and obtain finite results order
for a wide range 00|qq|0) values. Such a framework is py order in the expansiofi0]. We could also couple gauge
Usua”y referred to as generalized chiral perturbation theoryie|d5, scalar and pseudosca|ar sources, E.tQNthh would
(GChPT) [3,4]. It should be noticed that we will be dealing allow us to describe other processes. This whole approach is
with two effects: First, al =0, the size 0£0|qq|0), which  usually known as chiral perturbation thedi@hPT) [9].
may be different from the standard large value. Second, the o )

Explicit chiral symmetry breaking

Up to the moment we have just considered the chiral

*On leave of absence from Departamento dsidal Teaica, Uni- limit. When quark masses are turned on, the GB become
versidad Complutense, 28040 Madrid, Spain. Electronic addressnassive pseudo-GB and their masses can be obtained, ge-
pelaez@slac.stanford.edu nerically, as
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MZZZBOﬁﬁO(mz) will use the GChPT formalism. As usual, the pseudo-GB
" a fields are grouped in an $8) matrix as follows:
Mi=(m+mg)Bo+O(mj) U =exp(i®/F);
2 2 - 2 1 1
ang(m+2ms)Bo+O(mq), (1) — a0ty - K+
V2o e
whereﬁ1=(mu+ my)/2 (we will consider isospin as an exact _ 1 , 1 0
symmetry andB, and other coefficients that may appear at & =2 m - ﬁ” + % n K
higher orders are to be determined phenomenologically.
Throughout this work, the first one will play a very relevant B — 2
role, since it has a very physical meaning: In the chiral limit, K K® - % n
and up to a normalization factor, it is nothing but the chiral
condensate; namely 3
_ _ m—0 And then, with the GChPT power counting described above,
(0|qg|0y=(0Juu+dd|0) —— —2F3By. (20  the ®(p?) Lagrangian is usually written as
At this point two different approaches appear in the litera- _ 4

ture. The first one, still called ChHB], is to assume that the L®=—{tr(D,UD*U")+2Botr(M(UT+U))
mass expansions in E€L) are dominated by thB, term. Its F
origin can be traced to the Gell-Mann—-Okut8MO) and + Ap tMUTMUT+ MU MU)
Gell-Mann—0Oakes—RenndfzOR) formulas, which, within
the effective formalism, are obtained at first order by elimi- +Z5tr(M(U+UT))2+ 28 tr(M(u —UT))?
natingB, in Egs.(1) and(2). This large condensate scenario )
usually requiresB,~0O(1GeV) and, apart from the GMO +2Hotr(M )}, 4

and GOR formulas, it is supported by several lattice calcu- A oA , ,
lations[11]. Within this framework, the quark masses countWhereM=diag(m,m,my) is the quark mass matrix. In stan-
asO(p?). The second approach, known as generalized chirdf2’d ChPT, only the t‘L’l"O first terms a€¥p7), whereas the
perturbation theoryGChPT) [3,4], is nothing but consider- €St is counted a®)(p®). From the .above Lagrangian we
ing the possibility that thé(m?) terms could be of compa- obtain the following meson masses:

rable size or even larger than tBg term. As a consequence,
both the quark masses aBg count asO(p). This approach

is supported by some deviations from the Goldberger-
Treiman relation inmN, KA andK2 [12] and some calcu-
lations using variationally improved perturbation theory or a
relativistic many body approadi.3].

Those two alternatives are usually compared with the 2 4
spontaneous magnetizatioh of spin systems: On the one M? = §(Fn+ 2mS)BO+§(r?12+ 2m2)A,
hand, ferromagnets present an ordered ground state where
the magnetization spontaneously acquiresl\ZmO value. 4 - s
That would be analogous to the standard ChPT. On the other +z(m+2my)(2m+mg)Zg

hand, in anti-ferromagnets the magnetization remains at
=0, which would be similar to the extreme case of GChPT
whereB,=0. Note that, despite their difference, in both sys-
tems the spins are oriented in one preferred spatial direction
and therefore th&Q(3) rotational symmetry is broken. Comparing with Eq.(1), we have just added th&(mj)

Back to our subject, it should be noticed that both ap-terms. In the standard formalism, since oBlyis present, it
proaches have the same terms in the Lagrangian, althougi@n be eliminated and one recovers(p?), the GMO and
they are organized differently, and their relative size is alsd5OR relations. That is no longer possible in GChPT, al-
changed. Indeed, it is possible to reobtain standard ChPT dBough these relations will be recovered at higher orders. Of
a special case of GChPT. the three@(mg) parameters there are tv@% andz2, which

At present, the experimental data does not exclude any ofiolate the Zweig rule. They are expected to be small from
the two scenarios, although this question may be solved in lrgeN, arguments and is usual to neglect their contribution,
few years with an accurate measurementroef scattering and so we will do likewise in most of what follows.
lengths from the decay of "7~ atoms[14]. Note that, since the pion, kaon and eta mass values are

Thus, since we are interested in high temperature differknown, then, changing the value Bf is nothing but chang-
ences with the standard scenario, throughout this paper wiag the values of the quark masses. As a matter of fact, the

M2 =2mBy+4m?A,+4m(2m+my)Z3,
M2 = (m+mg)By+ (M+mg)?A,

+2(m+mg)(2m+mg)Z3,

+§(ms— m)?z5. (5)
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ChPT relations are frequently used in the literature to obtain  300°
ratios of light quark massefor a recent update, s¢&5] and

references thereinor even to evaluaten itself. However,

most of these works have used the standard ChPT formalisme_
and have the large condensate assumption built in, so thag
their results would change if it was removed. Nevertheless, 2 1503
there are determinations ai;—m,, which do not rely on a l%
large condensate value. For the sake of simplicity, and in V 100’
order to facilitate the comparison with previous wofks,

200°

we will use the valuems—m,=(184+32) MeV, given in 50° t
[16]. That is, ‘:
10 15 20 25 30 35
~ 184+32 m (MeV)
m= — MeV. (6)

FIG. 1. The chiral condensate at zero temperature as a function

o . of the light quark mase, Eq.(9). The continuous line corresponds
(There are other similar analyses in Rieif7], whose results 4 the central value oft. The uncertainty due to its error is covered
are all consistent with the previous relatibis a conse- py the shaded area.

guence, the parameter that determines the relative size of the
O(m,) and O(mq) terms is the quark mass ratic= ms/m, with Q=4.7+0.7. AtO(p?), the Q) parameter is nothing but

which ranges in the interval (Ap—Hyp)/2. We will use the above equation to estimate the
size of the quark condensate &t 0.
My M2 In Fig. 1 we show the dependence of the condensate with
r=2y= —1<r<2=2—1=r,. (7 m, for Q=4.7. Note that the plot starts ah=7 MeV,
& M7 which is approximately the standard ChPT value. There,

(0|qq|0)=—(280)° MeV?, and it decreases smoothly @s

%ets larger, until it vanishes arounch=30 MeV. The
shaded area between dashed lines covers the uncertainty in

The upper limit corresponds to the extreme case of a ver
large By condensate, whereas the second corresponBg to
=0. (Vacuum stability reqU|reE§0,Ao,Zo 0.)

Of course, all these formulas are valid up@p?). For
the moment, we have restricted ourselves todfe?) case
since it already displays the features of GChPT which ar

As a check of Eq(9) we can see that it is consistent with
revious estimates within the framework of standard ChPT

relevant for this work. In section four we will state our re- 9], where
sults including higher order corrections, although we will M2
just present the GChPT formulas without such a detailed fAT1<0|aq|0>=—F§MfT 1+ (4h;+15—1)
introduction. 2m?F2
The chiral condensate at zero temperature =_F2Mm2 E (10)

Using the GChPT Lagrangian in E@}), the chiral con-

Fa : _ _
densate aO(p°) is then given by and theh,; andl ; parameters play a similar role as that of the

_ - GChPTO(p?) parameters, although in Standard ChPT they
(0|qq|0y=—2F3[B+m(Ag+Hg)+ -], (8  appear at)(p%. In that case, estimates based on a simple
resonance model and the larg limit yield c=0.87 and
where B=By+2(ms+2m)ZS. In practice B, cannot be €= 0.90+0.05, respectivel%] If we introduce in Eq(9) a
separated fronB by looking at quark masses alone, but we value in the rangen from 5 to 10 MeV, and take into ac-
have already commented thdf is expected to be very count the fact that in standard ChFT./Fy=1.057, we ob-
small, so thaB~B,. The parameteH, is associated with tainc=0.95+0.04, which is a highly nontrivial check of Eq.
the contact term of two scalar sources, which does not corl®). (Throughout this section we have neglected higher order
tain meson fields. However, it is needed as a short distandegarithmic contributions that would yield corrections of the
counterterm, and it indeed depends on the renormalizatiofirder of 1%)
conventions, which introduce some small ambigugge[9]
for a discussion Nevertheless, using QCD sum rules with a  11l. THE VIRIAL EXPANSION AND TEMPERATURE
simple model for the spectral function, and keepHigV 2 EFFECTS
fixed at its physical value, it has been foufiB] that the

chiral condensate can be described by At low energies the free energyis dominated by the

contributions from the lightest particles. Therefore, we can
R P, use the Euclidean form of the above Lagrangjdenoted
m(0[qq|0)=—F7[M7—4m=Q] (9 L(x)] within the standard finite temperature functional Eu-
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clidean formalism. Hence, in the thermodynamic limit, In order to deal with the interacting gas, we will just consider
1 two particle interactions, which can be justified as long as the

7= —Tlim — [dU]exp( _f d*x L(x)) , density remains small. 1p6] it was shown that this is con-
L L3 L3x[0,T] sistent with the three loop calculation in ChPT. In such case,

(11 it is enough to keep the two first terms of the virial expan-

where, as usual, the functional integration is over pion field$ion, whose coefficients will be given 9]
which are periodic in the Euclidean time, with perighl B.(T)=B{2(T)
=1/T (see Ref[6]). From the free energy we can derive any
other thermodynamic property of our system, but let us first 4e2M- /T o
notice that since there is a spontaneously broken symmetry, B,(T)=BY(T)+ 3/4
even atT=0 there is some nonvanishing vacuum energy (27M . T)
density e;. As a consequence, the pressure is defined only
from the temperature dependent part of the free endegy, X I};, (21 +1)(23+ 1)5|J(E)> , (15
=¢yp—2. :

The quark condensate is now obtained as the derivative {hereK ,(x) is the modified Bessel function which behaves
the free energy with respect to the quark mass. Thatis 55 /7/2xe * whenx— . It is important to notice that the

o 9z o P only dynamical information we need are the phase shijffs
(qq)=—=(0|qq|0) ——, (120  As an estimate of the applicability of this approach, it was
am am shown in[20] that the second order virial expansion yields
where we have used that &t=0 the condensate is nothing less than a 1% error when applied to the free gas up to
but the vacuum expectation val(@|qq|0)=dey/Im. ~250 MeV.

In this section we will just concentrate on how to obtain , L€t us finally remark that the high temperature behavior
~ Do of the chiral condensate will be due to two different effects.
dP/om. For that purpose, one possibility is to calculate the,

free energy from the effective Lagrangian, as was doréJin First, the startingT=0 value, which may differ from the
within standard ChPT. That method follows the very sameStandard’ large condensate, value. But, second, it also de-

philosophy of the chiral expansion, but is rather lengthy Inpends on h-OW the mass dependence of the phase shifts has
this paper we will make use of exisiing one loop calculatiénsChanged with respect to standard .ChPT.' . .
of elastic w7 scattering, together with the relativistic virial n the_next section the phase shifts will we _obtamed_usmg

! the existing GChPT calculations of ther elastic scattering

expansion of a pion 9d4.9.2. . . amplitudeq4]. In later sections we will include contributions
Let us then consider a gas made only of pions. This aPsom particles more massive than pions

proximation seems reasonable as long as the temperatures
remain sufficiently below the kaon threshghl. Within the
virial formalism, the pressure can be expanded as follows IV. THE GENERAL SCENARIO

dEE?K(E/T)
2M

Higher orders in GChPT

Within the standard ChPT it was shown [i] that the

(13) O(p*) contributions accelerate the melting of the chiral con-

densate, lowering the critical temperature. Our aim now is to
The factors of three come from the fact that we are neglectinclude the equivalent corrections within GChPT. Unfortu-
ing iSOSpin breaking effects. ThUS, there are Eﬁectively thre@late|y, we have a|ready seen that fB@) Lagrangian has
different species of particles, labeled according to their thirdygre terms that the standafd?). That means that there are
isospin component, that behave identically with respect tqnany more phenomenological parameters in the Lagrangian,
strong forces. We have also defined=(27/M,T)"%,  \hich in many cases are not very well known. The situation

which is the thermal pion wavelength. Note that the expangets even worse at higher orders. In general, the GChPT
sion parameter is the fugacity=e~ M=, In a nonrelativistic Lagrangian is built of terms likg3,4]

framework, the expansion is usually performed using the

definition £é=e®#*, whereu would be the chemical potential. Z(d) n - _ Kpys!

In contrast, in the relativistic case, there is a rest energy £ kzn BoLie,  With Lge))~O(p'mg) . (16)
given byM ., whose contribution to Eq11) is equivalent to

a chemical potentiak=—M . in a nonrelativistic descrip- Indeed, we have already givéH? in Eq. (4) and we found

tloq'-here is a closed expression for the virial coefficients ofthat some of the constants are not very well determined. For
. 4 .
the free gas, which is the complete expression of tli¥p*) Lagrangian we refer to

[4]. For our purposes, there are several relevant modifica-

P=3T

-|-3/2°c T %
i Be AMak=3—> B (T)&
277) gl K )\sgl W(T)E

tions to our previous discussion: First, now there are three
B(O)(T):—\ﬁj dpple MBER M) different decay constants,,, Fx andF,. Second, neglect-
n 32 P : . . . : ]
n(M_T) mJo ing Zweig rule violating parameters, the expressionsMaor

(19 andM in Eqg. (5) are now modified to
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2 R R F2 andJ is the standard one-loop integfdl].
EMffszoJr 4m2Ao+§5Mi, In the literature, the values of the, 8, \; and\, are
fitted from experiment. However, in order to obtain the con-
) densate dependence with the temperature, we need the de-

rivative of the pressure with respecthb,, and just a fitted
value is not enough. Therefore, we also need to know the
(17) M . dependence of the parameters, and, if we want to study

the effects of changing the light quark masses, we also need
where 5Mi2 are higher order corrections and logarithmic the dependence an

terms[4], whose size i$M?2<0.1IM? [21] (see below. As a

F& . . F&
EMﬁ=(m+ Ms) B+ (M+mg)2Ay+ E5M2 ,

consequence, the range of allowedsalues is shifted up- Phenomenological parameters
wards to The actual expressions of the B, parameters are rather
FcM (FMy)? complice}ted anq involve many parameters from the G_ChPT
ry=2 —lsrs2—————1=r}. (18 Lagrangian, which frequently are not very well determined.
FaMo (F.M,)? In addition they contain chiral logarithms. It is therefore very
) ) o convenient to expand and 8 in powers of quark masses,
With this modifications now? =8 andr} can be as large as namely
39.
Finally, there are also higher order corrections to The 3 3
=0 condensate itself, which contain chiral logarithms. That a=Y, o", B=> pm. (21
means that we cannot simply say tiiat (Ag+ Hg)/2. Nev- n=0 n=0
ertheless we can still use the phenomenological parameter . , ) )
Q=4.7+0.7 in Eq.(9). Notice that, in GChPT, since guark masses are considered as
O(p), these expansions involve terms that countoasl

The one loopsrar amplitude in GChPT powers of momenta. .
The above expansions have been worked ou#inand

Next, we need ther’ 7~ — #%#° scattering amplitude they are the following:

itself. Although it has been calculated in GChPT up to two

loops|[3,4], for our purposes it will be more than enough to P* oy 4 [F2
consider the one loop result, which reads —146—>—_—— | K_¢
a(r)
21 r—1\p2
o B 4 )\1 . n
A(s,t,u)= §M37+F_2 s— §Mf, - F_“(S_ZM’ZT)z 82— 1)py—6T Pyt a@(r)
2
M 2\2 2,2 2 [ Fk
o (t— _ =14+ —| —— 4+ 32
o lE=2MD) P (u=2M5)?) BIN=14 | gz =1 +A70). (22
+J_(a,ﬁ)(s,t,u), (19  where in all the above equations we have neglected the
Zweig rule violating parameters.
where Let us now try to estimate the size of the different terms
5 4 5 in the @ and B expansions. Let us then look back at the
ja stu)= 4> M2 + S__MZH a!lowed. val_ues ofr, Eq. (19). The relevant point for our
(a8 ) 6 4[ 6% A 37 discussion is that now, even with the lowest vaiue8, we
5 4 2 obtain, using Eq/(6), that m=<(26=4.6) MeV. Therefore
- §“Mi_ﬁ(5_§Mi } ]_(s) we can estimate that the terms coming frdp and Ao
should beO(1), those fromZ® should be®(10%) and
1 > 4 2 those fromL, 5 and L4 should at most reach the 1%
4(3 —aMi—ﬂ(t— —METH level. Consequently, we will neglect the® and B(? ef-
12F21 13 3 fects. The only parameters that remain undetermined are the
B p1.2, which contribute tax. However, from a dimensional
+32(s—u)(t—4|\/|fr)]J(t) analysis[4], their magnitude can be naively estimated as
|pi|=(0.4+0.2)/(r —1)3. Their dependence on the actual
1 2 4 2 value of M, (needed for the numerical derivatioseems
- 4[ 3 §aMfT+ B( u— §Mi” very weak. In our calculations we will take them first as zero
12F7 and then we will include them in the uncertainty.

. Concerning\; andX,, they come only from the terms in
+ﬁ2(s—t)(u—4Mi)]J(u) (200 L(a,0), Which do not contain explicit chiral symmetry break-
ing. They are given by
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N=ND=4(2L5 (u) +Lg) -

1 | M2
09—
487 w?

+ﬂ M§+35
509;5 24

2
Ko\ =aL5(u)— — logr
4872 wu?

+1| Mi+23 23
899 2 " 24 29

It can be seen that these parameters do not carryr atey

PHYSICAL REVIEW D 59 014002

The calculation of @P/dm

We have then used the above phase shifts with the second
order virial expansion. In order to obtain the condensate, Eq.

(12), we then needP/dm, which can be obtained using

PGP IM.,

- IP oM« P JF. 9P F4
om Mo om

+ 4+ T,
Mg om  IFz om  IFk om
(28)

Naively one just expects the first term, but let us remember
thatM, F,, andF arem dependent and they appear in the
amplitude either directly or indirectly through, 8, A, and

N,. That problem was carefully avoided i%] by using
SU(2) standard ChPT and only usirfgin the free energy

pendence. For definiteness, we will use for them the value§xpansion.

obtained in[4]:

A =(—5.3:25X1073 \,=(9.7+1.0x10 3,

(29)

Of course, onlyM . appears in the fugacity, or in the free
gas virial coefficients and thus we expect the three last terms
in Eq. (28) to be much smaller than the first. Indeed, within
the range of andT that we are interested in, we have found
that the term due to the appearancd/iyf in the amplitude is

which are consistent with other determinations in the stansmaller than 1% and we have neglected it. In contriast,

dard framework.

and F¢ together generate contributions of the order of 5%,

The values ofa and 8 depend on whether there is actu- and therefore they have been included in our calculations.

ally a large or small condensate &0, and we will use

The derivative of the pressure with respectMo,, F .

their r dependence to reproduce different scenarios. For ilandF¢ have been performed numerically, with an increment
lustrative purposes, let us recall that in the standard formalef 0.1 MeV. For instance, the value of the pressure is first

ism botha and B are slightly bigger than one and=26.

calculated with the reaM . and then withM .— M ., in-

In contrast, the low condensate alternative seems to prefeiluding a change in the chiral parameter®llowing Egs.

a=2 andr=10[4].

Phase shifts

For the virial expansion we need the phase shifts of defi-
nite isospin and angular momentum channels. At lowest or-
der, they are defined as followsee[22] for a discussion on

this subjeck
tand;;(s)=o(s)Re(t;5(s)), (25

where a(s)=\/1—4M27,/s. The partial waved, ; are ob-
tained from the isospin amplitudes

To(s,t,u)=3A(s,t,u) +A(t,s,u) +A(u,t,s),

T.(s,t,u)=A(t,s,u)—A(u,t,s),

T,o(s,t,u)=A(t,s,u)+A(u,t,s), (26)
by means of
1 1
t|J:64_7TJ‘_1d(CO$)PJ(CO$)T|(S’t'u)' (27)

(22) and (23). A similar procedure is followed foF , and
Fg.
In our calculations we have used

M, M,

*

r’—1

om  2m
Mg M2 r2ri-r-1
Jm  4mMy  r2—1

oF F. F2
T K1),
om  m(r—1)+(F2/F2-1)]\ F2

JF, r1—14F,

2 9

om’

which we have obtained from Eq&l7) and from[4]. There
are, of course, corrections, but their effects on the final re-
sults are again less than 1%.

Results

As we have already commented, the virial expansion can

whereP, is the corresponding Legendre polynomial. In ourbe trusted only at low temperatures, mostly, due to the fact
calculations we have just used the lowest angular momentuttinat above~150 MeV the contributions from other more

for each isospin channel, namely,{)=(0,0), (1,1) and massive particles becomes relevant. These effects will be
(2,0). For all means and purposes, they dominate the lowtudied in the next section and we will see that they tend to

energy pion interactions.

lower the critical temperature, which is therefore more favor-
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the standard formalism, where the value of the chiral con-
densate is largely dominated by ti¥m) term and, consis-
tently, changes in the other terms are almost negligible. On
the other curve, which is associated with the lowest conden-
sate scenario, the effect of this error is translated to a 10 to
15% change inf¢, at most.

In Fig. 3(b) we show the uncertainties associated with all
the parameters that appear in the scattering amplitude. In the
shaded areas, we have taken into account all the effects of

0,
O i e have
“‘\ . Temperature (MeV) changing\ 1, \», p; andp, . In addition we have also let the
pion and kaon masses vary between their values for the neu-
200 tral or scalar particle. Note that in the case of the pion mass,
such a change also affects the coefficients of the virial ex-
pansion and the fugacity. Finally, we have included the un-
certainty inF¢ /F ,=1.22+0.01 and we have g%, change
between 92.4 and 93.2 MeV which are two values currently
cited in the literature. BotiM .. andF , do also appear in the
expression of th& =0 chiral condensate. All in all, the over-

able for our approach. For the moment, if we give in ourg)’ncertainty inT. due to these parameters seems to be of
figures results for higher temperatures, they should be ity o order of~5 MeV atr =26 and+3 MeV atr =8. Since
preted with great care as a qualitative behavior or, for in—We have just simphaddedthe different errors, we consider
stance, as a tendency towards symmetry restoration. NeVe§iase numbers as a conservative estimate. ’

theless, comparing between different figures could also
illustrate what is the qualitative effect of a change in the
parameters.

Thus, in Fig. 2 we have shown the dependence of the
chiral condensate with the temperature and for a light quark In this section we will consider the effect of adding
ratio in the range &r=<26. For() we have used the central heavier particles to our pion gas. We will be following
value 4.7. Although the actual points at whi¢i)=0 are closely the approach of Gerber and Leutwyief with slight
just gross estimates, we can see that loweringields a modifications to implement also the low condensate sce-

systematic decrease in the chiral phase transition temper3&rio- _ _ .
ture. The density of massive states should be exponentially

Indeed, T seems to be above 200 MeV foe20 going ~ SUPPressed by Boltzmann factors exip(;/T). Their two
down to 130 MeV around=8. Note that for the latter tem- P0dY interactions and their interactions with pions will there-
perature our approximations can become quite reliable. ALre contribute to the second virial coefficient, but sup-

we have already seen, smaller values aire forbidden to  Pressed by an exp(M;+M,)/T] factor. Hence, we will treat
ensure vacuum stability. those heavier particles in the free gas approximation. In such

The previous results have been obtained using the centr§?S€: We have an additional contribution to the pressure,

values of all parameters. In Fig(@ we show what happens Which is given by
if we take into account the uncertaintyéhand thus, we plot

the temperature dependence for the two extreme cases,
=26 andr=8. The former, which corresponds to the upper
curve, is almost insensitive to this variation. It corresponds to

25

r 10250

FIG. 2. Quark condensate versus temperature arfdr ()
=4.7.

V. OTHER MASSIVE PARTICLES

T
AP:—Z_g'—
I

22

“dp Rlog 1—e VPPN (30)
0

300’

250°
S 3 =
2 200 >
2 5o 2
A A
& 1003 =2

50°

0 50 100 150 200 250 0 50 100 150 200 250
Temperature (MeV) Temperature (MeV)

FIG. 3. (a) Estimate of the errors in tf(e?q) evolution due to the uncertainty . (b) Uncertainties in the parameters that appear in the
7o phase shifts, added linearly.
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whereg; is the state degeneracy of a state with nids$that 300°
was the factor of 3 in Eq(13)]. Note that, since we will be - 2503
dealing with temperatures much smaller than the first had- % 2007
ronic fermions, it makes sense just to use Bose statistics. The p=

above formula is only meaningful at low temperatures, since X 150°
as we increase the temperature, the mean distance between & 100° ﬁ
massive states shrinks and the dilute gas approximation is no I 507

longer valid. In Ref[9] it was estimated that the model is

valid up to temperatures on the order of 150 MeV, although 0 50 100 150 200 250
it “rapidly deteriorates” for higher temperatures. Temperature (MeV)

Back to the condensate, and in view of Efj2), the new
contributions are of the form

q

FIG. 4. The evolution of the chiral condensate when we include
corrections from a free gas of particles more massive than the pion.
o AP IM. Thg shgdowed regions cover t.he .uncertaintiesamplafn de-
Algg)=—D, —— ! (31) scribed in the text. These contributions always tend to lower the
IM; critical temperature.

and therefore estimates in Eq(33) for the kaon and the eta, instead of

o 1 M, dM;/om=N; . Those are the states that will contribute more
A{qq)= _2 g M— at low temperatures. For the rest, we will assume the uncer-
272 Jm tainty in dM; /dm=N; to be fromN;/2 to 2N; ..

) 1 Thus, in Fig. 4 we show the results when the massive
% fmdp P 32 states are taken il’.l'[(.) account. We have considered iG3&p.

0 \/p2+ M2 \/p2+M_2,T_ ' all particles containingi andd quarks up to 1300 MeV and
e ' 1 we have taken the central values of all the other parameters.
The dominant contributions are, of course, those of the ka-
ons, the eta, the rho and the omega. The shaded areas cover

the uncertainty iPM; /dm that we have just described. Ob-
viously, the net effect is biggest for the standard scenario,
%ince the critical temperature is higher, wheéfg is de-
creased down to 190 to 200 MeV. This result, although it has
been obtained within the generalized formalism, reproduces
very nicely the standard ChPT estimate giveri6h

Indeed, the dependence is given in Fig. 5 where we plot
e evolution of the chiral condensate both witlandr, for

Thus, we only have to estimate the valueadfl;/dm. Na-

ively, one would expect that the contributiom to a hadron
mass would be roughly proportional to the numbgrof u
andd quarks it contains. That estimate seemed quite appr:
priate in the standard framewof&]. We now have to check
that it is also the case in GChPT.

Let us then go back to Eq$5), since to get rough esti-
mates it is enough to work &(p?). As usual, we neglect
the Z3 and Z§ parameters. Then, we obtain the following

derivatives the central values of all the parameters, but also including the
5 contributions from massive states. Note that, for the extreme
Mk M7 r(2ra-n-1 case whem =8, the decrease is of the order of 5 MeV, down
om  AmMg r2-1 ' to around 125 MeV.

oM M2 Fo—r
e [1+2 2|, (33)
am 6mM,,[ r2—1

200°

We can reproduce the standard scenario wi#26, which _ 3
05—<qq> (MeV)

yields m=7.4+1.3 MeV using Eq.(6). In such case, we
find dM /dm=1.3=0.2, which is in very good agreement
with a rough estimate of 1. We also finﬂ\/l,?/ar?1~—~0.8
+0.1, again consistent with the naive estimate of 2/3. In any
case, it seems that\, /dm= N; is a small underestimate of
the actual values of the standard scenario, as it was alread
pointed out i 6]. Thus, in that work they considered that the
range fromN; to 2N; was a “fair representation” of the
uncertainty indM; /am.

However, if we set =8, Whlch COI’I’GSpE)ndS to the lowest FIG. 5. The evolution of the chiral condensate when we include
allowed T=0 condensate, we findM/dm=2.0+0.4 and corrections in the pion gas from heavier states, as a function of the

oM 7,/é’rAnzo.SGi 0.06. Again, the order of magnitude is cor- temperature and the quark mass ratiwsing the central values of
rect, although within a factor of 2. We will therefore use the all parameters and estimates
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VI. CONCLUSIONS In conclusion, we have found that the value of

In this work we have studied the generalized scenario of,. 190 MevV for the critical temperature obtained from stan-

. . . . dard chiral perturbation theory can be seen as an upper
chiral symmetry breaking, either with a large or a sniall . . 2 . .
ound if we were to includ€(my) corrections in the mass

;a(; cbc;nc:](qegz;a];e.of ct>rr1 ethsitriglfrgfsgnvsvf,: a&ehgsees Céfg% caileﬁlt Qrms, in addition to the standard condensate contribution.

have been calculated using the amplitudes obtained withi er:g E?a(latlcjtrse Ofvx;[rr]]ii?]e ;ﬂmfgt'gﬂlseralvﬁﬁ dlogv:r ;2e|§\:\l,m:sl
O(p* generalized chiral perturbation theory. P ! ' 9 '

; o )
We have also added a crude estimate of contribution%ZS MeV with a 20% uncertainty for the lowest condensate

from particles heavier than the pion, in a free gas approxi-scenar'o‘

mation, which can be justified at low temperatures. The ef-
fect of these particles is always tiecreaseghe temperature
of chiral restoration. Their net effect is to low&g by 10 to
20 MeV in the standard scenario, and by around 5 MeV | am especially indebted to A. Dobado for introducing me
when theT =0 chiral condensate is smallest. to the subject of pion gas thermodynamics, as well as J. Stern
From our results, it seems that the chiral phase transitiofor explaining to me the present status of some error esti-
in a pure pionic gas may occur at energies as low as 12Bates, D. Espriu for several comments and suggestions, and
MeV in the lowest possibl& =0 condensate scenario. The J. Wells for a careful reading of the manuscript. | would also
main source of uncertainty is the fact that within the generdike to thank the Theory Group at SLAC for their kind hos-
alized approach many parameters still remain undeterminegitality and the Spanish Ministerio de Educatip Cultura
In the worst case, which again corresponds to the lowedor financial support. This work has been partially supported
condensate and lowest , it can be estimated at about 20%. by the Spanish CICYT under contract AEN93-0776. This
For the standard case of a large condensate, we recover presearch was supported by the Department of Energy under
vious estimates of =190 MeV. contract DE-AC03-76SF00515.
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