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Spin density matrix of top quark pairs produced in electron-positron annihilation
including QCD radiative corrections

Arnd Brandenburg, Marc Flesch, and Peter Uwer
Institut für Theoretische Physik, RWTH Aachen, D-52056 Aachen, Germany

~Received 9 June 1998; published 13 November 1998!

We calculate the spin density matrix of top quark pairs for the reactione1e2→t t̄ X to orderas . As an

application we show next-to-leading order results for a variety of spin observables for thet t̄ system. These

include the top quark and antiquark polarizations andt t̄ spin-spin correlations as a function of the center-of-
mass energy and of the top quark scattering angle for arbitrary longitudinal polarization of the electron-positron
beam.@S0556-2821~98!00423-8#

PACS number~s!: 14.65.Ha, 12.38.Bx, 13.88.1e
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I. INTRODUCTION

Among the six known quark flavors known to date, t
top quark is of particular interest: Its large mass implies t
very high energies are involved in the production and de
of this particle, which in turn allows for tests of the fund
mental interactions at these high energy scales. Moreo
the interactions of the top quark can be studied in gre
detail than those of the lighter particles since the top qu
essentially behaves like a free, but extremely short-liv
particle. With a mass ofm'175 GeV, the lifetime of the top
quark is about 5310225 s. This short lifetime effectively
cuts off the long distance QCD dynamics. In particular,
top quark polarization is not diluted by hadronization a
thus becomes an additional observable to test perturba
QCD or, more generally, short distance physics.

An ideal machine to study the properties of top quarks
detail would be a high-luminosity, high-energetice1e2 lin-
ear collider. The physics potential of such a machine is
scribed for example in@1#. We just mention here that a
center-of-mass energies in the rangeAs5400– 1000 GeV,
an annual yield of the order of 105 top quark pairs may be
expected.

For the processe1e2→t t̄ X, a detailed analysis of top
quark spin effects has been performed in the Born appr
mation in@2#. Recently, the correlations between the spins
top quarks and antiquarks have been studied extensive
leading order also in@3#. The production cross sections fo
top quarks with longitudinal@4#, transverse@5#, and trans-
verse normal@2,6# polarization are known to orderas . The
longitudinal spin-spin correlations have also been calcula
in next-to-leading order~NLO! @7,8#. Polarization phenom-
ena in top quark pair production near threshold have b
investigated in@9#.

A convenient theoretical framework to discuss spin p
nomena is the concept of the spin density matrix, and
main objective of this paper is to present results for the
spin density matrix of thet t̄ system to orderas . This allows
for a systematic study of spin effects ine1e2→t t̄ X. For
phenomenological applications, our results should be sup
mented by the decay matrices at NLO for the differentt and
t̄ decay channels@10,11#.
0556-2821/98/59~1!/014001~11!/$15.00 59 0140
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An alternative approach to the analysis of spin effects
top quark production and decay is the computation of
relevant helicity amplitudes. This was accomplished at ne
to-leading order in@12#, where also a Monte Carlo even
generator for the case of semileptonict t̄ decays was con-
structed.

The outline of the rest of this paper is as follows. We st
in Sec. II by introducing the spin density matrix formalis
and apply it to the reactione1e2→t t̄ at leading order. In
Sec. III we compute the QCD radiative corrections to t
results of Sec. II. Section IV contains numerical results fo
variety of spin observables. We exhibit their dependence
the c.m. energy and on the top quark scattering angle
further study the effects of electron beam polarization.

II. KINEMATICS AND LEADING ORDER RESULTS

In this section we review some basic kinematics and
concept of the spin density matrix formalism. To set up t
notation, we start with a closer look at the amplitude for t
process

e1~p1!e2~p2!→~g* ,Z* !→t~kt! t̄ ~kt̄ !X, ~2.1!

where e2(e1) denotes an electron~positron! and t( t̄ ) de-
scribes a top~anti-!quark with massm. We work in leading
order in the electroweak coupling and in next-to-leading
der in the strong couplingas5gs

2/(4p). To this order the
unspecified restX can be only a gluon. The amplitude for th
reaction~2.1! can be written in the following form:

Tf i5
4pa

s
$x~s!v̄~p1!~gv

egm2ga
egmg5!u~p2!

3~gv
t Vm2ga

t Am!1 v̄~p1!gmu~p2!~2QtV
m!%.

~2.2!

In Eq. ~2.2!, s5(p11p2)2, Qt denotes the electric charg
of the top quark in units ofe5A4pa, andgv

f , ga
f are the

vector- and the axial-vector couplings of a fermion of typef ,
i.e.
©1998 The American Physical Society01-1
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gv
f 5T3

f 22Qfsin2qW ~2.3!

and

ga
f 5T3

f , ~2.4!

in particular gv
e52 1

2 12 sin2qW, ga
e52 1

2 for an electron,
and gv

t 5 1
2 2 4

3 sin2qW, ga
t 5 1

2 for a top quark, withqW de-
noting the weak mixing angle. The functionx(s) is given by

x~s!5
1

4 sin2qWcos2qW

s

s2mZ
21 imZGZ

, ~2.5!

wheremZ andGZ stand for the mass and the width of theZ
boson.~We keep here the width of theZ boson because i
will be relevant for an application of our results tob quark
production at theZ resonance.! The amplitudesVm ,Am in
Eq. ~2.2! encode information on the decay of the vector b
son into thet t̄ andt t̄ g final states. In particular they depen
on the momentum and the polarization of the outgoing p
ticles. Considering only longitudinal polarization for the i
coming electrons and/or positrons and neglecting the lep
masses leads to

uT f i u25
16p2a2

s2 @LPCmnHmn
PC1LPVmnHmn

PV# ~2.6!

for the square of Eq.~2.2!. The lepton tensorsLPC(PV)mn

read

LPCmn5p1
m p2

n 1p1
n p2

m 2gmnp1p2 ~2.7!

and

LPVmn52 i« rs
mn p1

r p2
s . ~2.8!

The tensorsHmn
PC(PV) describing the decay of a polarizedZ

boson can be written as

Hmn
PC~PV!5gPC~PV!

VV Hmn
VV1gPC~PV!

AA Hmn
AA

1gPC~PV!

VA1 Hmn
VA11gPC~PV!

VA2 Hmn
VA2 , ~2.9!

with

Hmn
VV5VmVn* , ~2.10!

Hmn
AA5AmAn* , ~2.11!

and

Hmn
VA65VmAn* 6AmVn* . ~2.12!

The couplingsgX
Y ~XP$PC,PV%, YP$VV,AA,VA1 ,VA2%!

in Eq. ~2.9! are given by
01400
-

r-

n

gPC~PV!
VV 5Qt

2f PC~PV!
gg 12gv

t QtRex~s! f PC~PV!
gZ

1gv
t2ux~s!u2f PC~PV!

ZZ , ~2.13!

gPC~PV!
AA 5ga

t2ux~s!u2f PC~PV!
ZZ , ~2.14!

gPC~PV!

VA1 52ga
t QtRex~s! f PC~PV!

gZ 2gv
t ga

t ux~s!u2f PC~PV!
ZZ ,

~2.15!

gPC~PV!

VA2 5 iga
t QtImx~s! f PC~PV!

gZ , ~2.16!

where

f PC
ZZ 5~12l2l1!~gv

e21ga
e2!22~l22l1!gv

ega
e ,

~2.17!

f PC
gg 512l2l1 , ~2.18!

f PV
ZZ5~l22l1!~gv

e21ga
e2!22~12l2l1!gv

ega
e ,

~2.19!

f PV
gg 5l22l1 , ~2.20!

f PC
gZ 52~12l2l1!gv

e1~l22l1!ga
e , ~2.21!

f PV
gZ 5~12l2l1!ga

e2~l22l1!gv
e , ~2.22!

with l2 (l1) denoting the longitudinal polarization of th
electron ~positron! beam.1 The couplingsgPC(PV)

VA2 are for-
mally of higher order in the electroweak couplings. T
structureHmn

VA2 will therefore not be discussed further. Fo
top quark production, whereAs@mZ , one should set the
width GZ of the Z boson to zero for consistency.

The ~unnormalized! spin density matrix for the reaction
~2.1! may be defined by

raa8,bb8

5(ˆ^t~kt ,a! t̄ ~kt̄ ,a8!XuT ue1~p1 ,l1!e2~p2 ,l2!&

3^t~kt ,b! t̄ ~kt̄ ,b8!XuT ue1~p1 ,l1!e2~p2 ,l2!&* ,

~2.23!

wherea,a8,b,b8 are the spin indices of the outgoing to

~anti-!quarks. The sum(̂ in Eq. ~2.23! runs over all unob-
served degrees of freedom such as the color of the outg
particles or the polarization of the emitted gluon. In E
~2.23! one should read the combinationaa8 (bb8) on the
left-hand side as a shorthand notation for a multi-index b

1For a right-handed electron~positron!, l7511.
1-2
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from a,a8 (b,b8). To calculate the spin density matrix it i
convenient to use a different representation which follo
immediately from the concept of the density matrix:

(
ˆ

uT „e1~p1 ,l1!e2~p2 ,l2!→t~kt ,ŝt! t̄ ~kt̄ ,ŝt̄ !X…u2

5TrFr 1

2
~11 ŝt•s! ^

1

2
~11 ŝt̄•s!G . ~2.24!

Here ŝt( ŝt̄) is the unit polarization of the top~anti-!quark in
the rest frame of the top~anti-!quark,2 ands i are the usual
Pauli matrices. With^ we denote the tensor product b
tween the spin space of the quark and the antiquark. Usin
Eq. ~2.24! a decomposition of the spin density matrixr of
the form

r5a1^ 11B1
•s^ 111^ s•B21Ci j s i ^ s j , ~2.25!

the density matrix can be easily calculated by a compari
of the polarization independent parts, terms proportiona
ŝt i (ŝt̄ i), and terms proportional to sˆ

t i ŝt̄ j on the left-hand side
and the right-hand side of Eq.~2.24!. More precisely we
define

r54p2a2NC(
Y,X

gX
YrY

X ~2.26!

~XP$PC,PV%, YP$VV,AA,VA1%), with

TrFrY
X 1

2
~11 ŝt•s! ^

1

2
~11 ŝt̄•s!G5

1

NC

4

s2 (
ˆ

LXmnHmn
Y ,

~2.27!

whereNC is the number of colors, andgX
Y are the couplings

as given in Eqs.~2.13!–~2.16!. For the density matricesrY
X

we use a representation as in Eq.~2.25!. It is useful to de-
compose the polarizationsBY

X,6 and the spin-spin correla
tions CY,i j

X further. For the two-parton final state it is conv
nient to write

B65b1
6p̂1b2

6k̂1b3
6n̂,

Ci j 5c0d i j 1« i jk~c1p̂k1c2k̂k1c3n̂k!

1c4p̂i p̂j1c5k̂i k̂j

1c6~ p̂i k̂j1p̂j k̂i !1c7~ p̂i n̂j1p̂j n̂i !

1c8~ k̂i n̂j1 k̂j n̂i !, ~2.28!

with

2We define the rest frame of the outgoing top~anti-!quark as the
rest system which is obtained by a rotation-free Lorentz-boost f
the center-of-mass system of thee1e2-pair.
01400
s

in

n
o

p̂5
p2

up2u
, ~2.29!

k̂5
kt

uktu
, ~2.30!

n̂5
p̂3 k̂

up̂3 k̂u
, ~2.31!

where the three-momentap andk are defined ine1e2 c.m.
system. In Eq.~2.28! we suppress for simplicity the add
tional indicesY,X. For the case of the three-parton final sta
a similar decomposition can be used. A detailed discuss
of the properties ofr under discrete symmetry transform
tions is given in@13#. In leading order@O(as

0)# the non-
vanishing entries in the density matricesrY

X read

aVV
PC522b2~12z2!, ~2.32!

c0,VV
PC 52b2~12z2!, ~2.33!

c4,VV
PC 52, ~2.34!

c5,VV
PC 52@~12r !2z21b2#, ~2.35!

c6,VV
PC 522~12r !z, ~2.36!

b1,VV
6,PV52r , ~2.37!

b2,VV
6,PV52~12r !z, ~2.38!

aAA
PC5b2~11z2!, ~2.39!

c0,AA
PC 5b2~12z2!, ~2.40!

c4,AA
PC 522b2, ~2.41!

c6,AA
PC 52b2z, ~2.42!

b2,AA
6,PV52b2z, ~2.43!

b1,VA1

6,PC 52brz, ~2.44!

b2,VA1

6,PC 52b@11~12r !z2#, ~2.45!

aVA1

PV 54bz, ~2.46!
m
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c5,VA1

PV 54b~12r !z, ~2.47!

c6,VA1

PV 52br , ~2.48!

wherez5p̂• k̂, b5A124m2/s, andr 52m/As is the scaled
top quark mass.3

The leading order differential cross sectionds0( ŝt ,ŝt̄) is
related to the leading order density matrixr0 as follows:

ds~ ŝt ,ŝt̄ !5
1

2s
TrFr0

1

2
~11 ŝt•s! ^

1

2
~11 ŝt̄•s!GdR2 ,

~2.49!

with

dR25
d3kt

~2p!32kt
0

d3kt̄

~2p!32kt̄
0 ~2p!4d~p11p22kt2kt̄ !.

~2.50!

The total cross section for example can be obtained from
ch
a

tr

g

01400
s05
1

2s

b

16p E
21

1

dz Tr@r0#

5
1

2s
pa2NCbE

21

1

dz~gPC
VVaVV

PC1gPC
AAaAA

PC!, ~2.51!

yielding the well-known result

s05sptNCbS 32b2

2
gPC

VV1b2gPC
AAD , ~2.52!

with

spt5
4pa2

3s
. ~2.53!

Within the framework of the spin density matrix formalism
is easy to calculate spin observables. For instance, at lea
order the polarization of the top quark projected onto
momentum direction can be obtained from
^k̂•St&5

*21
1 dz TrFr0S k̂•

s

2
^ 1D G

*21
1 dz Tr@r0#

5
2*21

1 dzgPC
VA1~zb1,VA1

1,PC 1b2,VA1

1,PC !1gPV
VV~zb1,VV

1,PV1b2,VV
1,PV!1gPV

AAb2,AA
1,PV

4*21
1 dz~gPC

VVaVV
PC1gPC

AAaAA
PC!

5
2bgPC

VA1

~32b2!gPC
VV12b2gPC

AA , ~2.54!
tion
of

eri-

s
ne-

.

c-
u-
’t

ec-
n

whereSt5(s/2) ^ 1 is the top quark spin operator.@The spin
operator of the top antiquark isSt̄51^ (s/2).# As another
example consider the following spin-spin correlation, whi
is in leading order proportional to the so-called longitudin
spin-spin correlation studied in@7,8#:

^~ k̂•St!~ k̂•St̄ !&5

*21
1 dz TrFr0S k̂•

s

2
^ k̂•

s

2 D G
*21

1 dz Tr@r0#

5
1

4

~11b2!gPC
VV12b2gPC

AA

~32b2!gPC
VV12b2gPC

AA . ~2.55!

The examples above show that the spin density ma

3It is interesting to note that the above results remain unchan
in d5422e space-time dimensions if one keeps theZ(g) polar-
ization vector in 4 dimensions.
l

ix

formalism enables one to calculate efficiently the expecta
values of spin observables. A more exhaustive analysis
spin observables together with next-to-leading order num
cal results will be presented in Sec. IV.

III. QCD RADIATIVE CORRECTIONS

The QCD corrections at orderas to the expectation value
of spin observables are given by the contributions from o
loop virtual corrections toe1e2→t t̄ and from the real gluon
emission processe1e2→t t̄ g at leading order. We first give
some details of the computation of the virtual corrections

Both infrared ~IR! and ultraviolet ~UV! singularities
which appear in the one-loop integrals of the virtual corre
tions are treated within the framework of dimensional reg
larization ind5422e space-time dimensions. We use the
Hooft–Veltman prescription@14# to treat the g5 matrix
present in the axial vector current part of the vertex corr
tion in d dimensions. It is well known that this prescriptio

ed
1-4
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violates certain Ward identities. They are restored by add
a finite counterterm@15#. Note that no ambiguities arise from
the IR poles of the loop integrals. This follows from the fa
that the coefficient in front of the IR divergent scalar on
loop integral is independent ofe if the Z(g) polarization
vector is kept in 4 dimensions.

The UV singularities are removed by appropriate coun
terms fixed by on-shell renormalization conditions for t
quark. After renormalization one obtains UV finite verte
corrections for the vector and the axial vector parts of
amplitude to orderas .

The renormalized amplitude still contains an IR singul
ity which appears as a single pole ine and which
multiplies—up to a factor—the Born amplitude. This sing
larity is cancelled in infrared safe quantities by a correspo
ing singularity from the real gluon emission process. T
latter singularity is obtained from the phase space integra
of the squared matrix element fore1e2→t t̄ g over the re-
gion of phase space where the gluon is soft.

The virtual corrections to the density matrix are obtain
l

ft
m
he

o

01400
g

t
-

r-

e

-

-
e
n

d

by first computing the interference between the renormali
one-loop amplitude and the Born amplitude for given pol
ization vectorsŝt , ŝt̄ and then extractingrvirtual as described
in Sec. II below Eq.~2.24!. Note that the necessary trac
algebra can now be performed ind54 dimensions. In
particular, the projectors (11g5s” t, t̄)/2 can be kept in 4
dimensions.

We now discuss the contributions from real gluon em
sion. We isolate the soft gluon singularities by splitting t
t t̄ g phase space into a soft and a hard gluon region. The
gluon region is defined by the condition

Eg<xmin

As

2
, ~3.1!

whereEg is the gluon energy in the c.m. system andxmin is
a sufficiently small quantity. The hard gluon region is t
complement of the soft region. In the limit where the glu
momentumkg goes to zero one can neglectkg in the numera-
tor of Tf i(e

1e2→t t̄ g), which leads to
r~e1e2→t t̄ g! ——→
kg→0

4pasCFH 2ktkt̄

~ktkg!~kt̄kg!
2

m2

~ktkg!2 2
m2

~kt̄kg!2 J r0~e1e2→t t̄ !. ~3.2!

Using Eq.~3.2! in the whole soft gluon region leads to the approximation

E dd21kg

~2p!d212Eg
QS xmin

As

2
2EgD r~e1e2→t t̄ g!'Sr0~e1e2→t t̄ ![rsoft, ~3.3!

where the soft factorS is given by

S54pasCFE dd21kg

~2p!d212Eg
QS xmin

As

2
2EgD H 2ktkt̄

~ktkg!~kt̄kg!
2

m2

~ktkg!2 2
m2

~kt̄kg!2 J
5

as

2p
CF

1

G~12e! S 4pm2

s D e

~xmin
2 !2e

1

e

1

b H 2b1~11b2!ln~v!22eF ln~v!1~11b2!S Li2~12v!1
1

4
ln2~v! D G J 1O~e!.

~3.4!
is
an

n-
as
Here, CF5(NC
2 21)/(2NC), b5A124m2/s, and v

5(12b)/(11b). The scalem is introduced in Eq.~3.4! to
keep the strong coupling constant dimensionless ind dimen-
sions. The dependence onm cancels in the sum of the virtua
and soft contributions.4

For finitexmin , the sum of the contributions from the so
and hard gluon region differs from the exact result by ter
of order xmin because of the soft gluon approximation. T
sum becomes exact forxmin→0. With the choicexmin

4Note that the leading order density matrixr0 in Eq. ~3.2! does
not depend one ~cf. footnote 3!. Therefore, no additional finite
terms are generated when multiplying the pole ine of the soft factor
S with r0 . In particular, no spurious terms due to the presence
g5 arise in the soft region.
s

51025 the systematic error due to this approximation
smaller than 1 per mil in all our numerical results. This c
be nicely checked by varyingxmin between, say, 1023 and
1026 and numerically extrapolating to zero.

The sum of the virtual and soft contributions to the de
sity matrixr is finite and can be written in a compact form
follows:

We define

L52
as

2p
CF

1

b H @2b1~11b2!ln~v!#

3F ln~xmin
2 !2 lnS 12b2

4 D12G
1~11b2!@4Li2~12v!1 ln2~v!2p2#J , ~3.5!

f

1-5
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and use as further abbreviations

k5
as

2p
CF , ~3.6!

l 152kb ln~v!, ~3.7!

l 25~22b2!l 1 , ~3.8!

l 35
1

b
l 1 . ~3.9!

Then,

lim
e→0

~rvirtual1rsoft!5Lr01r rest, ~3.10!

where the nonvanishing building blocks ofr0 are listed in
Eqs. ~2.32!–~2.48!. The matrixr rest is also decomposed ac
cording to Eq.~2.26! with matricesrY

X,rest expanded like in
Eqs. ~2.25!, ~2.28!. The nonvanishing entries of the variou
matricesrY

X,rest that make upr rest read~we suppress here th
index ‘‘rest’’ for aesthetic reasons!

aVV
PC5~11z2!l 1 , ~3.11!

b3,VV
6,PC52kprbzA12z2, ~3.12!

c0,VV
PC 52~12z2!l 1 , ~3.13!

c4,VV
PC 52l 1 , ~3.14!

c5,VV
PC 52@11~12r !z2# l 1 , ~3.15!

c6,VV
PC 52z~22r !l 1 , ~3.16!

b1,VV
6,PV5rl 1 , ~3.17!

b2,VV
6,PV5z~22r !l 1 , ~3.18!

c8,VV
PV 52kprbA12z2, ~3.19!

aAA
PC5~11z2!l 2 , ~3.20!

c0,AA
PC 5~12z2!l 2 , ~3.21!

c4,AA
PC 522l 2 , ~3.22!

c6,AA
PC 52zl2 , ~3.23!
01400
b2,AA
6,PV52zl2 , ~3.24!

b1,VA1

6,PC 52zr~b222!l 3 , ~3.25!

b2,VA1

6,PC 5@2~11z2!1r ~b222!z2# l 3 , ~3.26!

c7,VA1

PC 522kp~12b2!A12z2, ~3.27!

c8,VA1

PC 5kpz@2~12b2!1~b222!r #A12z2, ~3.28!

aVA1

PV 54zl3 , ~3.29!

b3,VA1

6,PV 5kpr ~b222!A12z2, ~3.30!

c5,VA1

PV 52z@r ~b222!12# l 3 , ~3.31!

c6,VA1

PV 52r ~b222!l 3 . ~3.32!

For a given observable, the contributions from gluo
with energyEg.xminAs/2 are calculated by a numerical in
tegration over the hard gluon region of the three-body ph
space. The spin density matrixrhard(e1e2→t t̄ g) for the
hard gluon emission process is obtained by evaluating
left-hand side of Eq.~2.24! for X5g. The individual matri-
cesrY

X,hard are rather lengthy and we do not list them in th
paper. We just mention here that instead of the expans
~2.28! of B6, Ci j with respect top̂, k̂, and n̂ that was used
for the two-parton final state, we found it more convenie
for the three-parton final state in the hard gluon region to
as basis vectorskt /uktu, k t̄ /uk t̄ u, and (kt3k t̄)/ukt3k t̄ u. Note
that the matrixrhard(e1e2→t t̄ g) does not contain any sin
gularities and that the whole computation can be perform
in d54 dimensions.

IV. NUMERICAL RESULTS

In this section we present next-to-leading order results
expectation values of a variety of spin observables. For
observableO we use the notation

^O&5^O&01
as

p
^O&11OS as

2

p2D , ~4.1!

s5s01
as

p
s11OS as

2

p2D , ~4.2!

wheres is the total cross section fore1e2→t t̄ X and

^O&05
1

s0

1

2s E dR2Tr$r0O%, ~4.3!
1-6
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FIG. 1. Expectation valuêO1d(z2z8)& to order as for a fixed valueas50.1 andl150. In ~a! ~b! the c.m. energy is set toAs
5500 GeV (As51 TeV). The solid line is the result forl250, the dashed line forl2521, and the dotted line forl2511.

TABLE I. Expectation values of the observables listed in Eqs.~4.6!–~4.20! in terms of the quantitieŝOi&0,1 as defined in Eqs.
~4.1!–~4.4! for different c.m. energies,l150 andl250,61. For the expectation values not listed in the table we have, as discussed

text, ^Ō1,3&5^O1,3& and ^O5,6&50.

l2

c.m. energy in GeV

400 500 800 1000
^Oi&0 ^Oi&1 ^Oi&0 ^Oi&1 ^Oi&0 ^Oi&1 ^Oi&0 ^Oi&1

2 20.4870 0.039 20.4608 0.125 20.4014 0.309 20.3760 0.377
^O1& 0 20.2048 0.024 20.1867 0.064 20.1554 0.133 20.1438 0.156

1 0.4811 20.052 0.4499 20.139 0.3895 20.302 0.3654 20.363
2 20.1686 20.191 20.2578 20.216 20.3397 20.118 20.3581 20.059

^O2& 0 20.0583 20.065 20.0870 20.070 20.1120 20.036 20.1173 20.017
1 0.2099 0.225 0.3094 0.228 0.3927 0.102 0.4104 0.04
2 20.1686 20.185 20.2578 20.165 20.3397 0.113 20.3581 0.267

^Ō2& 0 20.0583 20.063 20.0870 20.053 20.1120 0.040 20.1173 0.090

1 0.2099 0.218 0.3094 0.167 0.3927 20.165 0.4104 20.334
2 0 20.332 0 20.232 0 20.121 0 20.093

^O3& 0 0 20.356 0 20.246 0 20.127 0 20.097
1 0 20.413 0 20.279 0 20.140 0 20.106
2 0.25 20.015 0.25 20.087 0.25 20.310 0.25 20.418

^O4& 0 0.25 20.015 0.25 20.086 0.25 20.307 0.25 20.414
1 0.25 20.015 0.25 20.084 0.25 20.300 0.25 20.405
2 0 20.002 0 20.016 0 20.062 0 20.082

^O7& 0 0 20.002 0 20.017 0 20.065 0 20.086
1 0 20.003 0 20.019 0 20.071 0 20.094
2 0.2392 20.033 0.2240 20.095 0.2006 20.224 0.1927 20.280

^O8& 0 0.2375 20.037 0.2205 20.100 0.1957 20.225 0.1876 20.278
1 0.2332 20.046 0.2123 20.111 0.1848 20.225 0.1765 20.272
2 0.1173 0.039 0.1606 0.030 0.2128 20.142 0.2258 20.244

^O9& 0 0.1182 0.041 0.1620 0.031 0.2137 20.143 0.2265 20.246
1 0.1206 0.045 0.1652 0.032 0.2157 20.147 0.2279 20.249
2 0.1580 0.162 0.2191 0.107 0.2442 20.141 0.2417 20.247

^O10& 0 0.1693 0.170 0.2323 0.106 0.2560 20.155 0.2528 20.264
1 0.1968 0.189 0.2630 0.102 0.2823 20.187 0.2770 20.303
2 0 0.330 0 0.222 0 0.097 0 0.066

^O11& 0 0 0.114 0 0.075 0 0.032 0 0.022
1 0 20.410 0 20.266 0 20.112 0 20.076
2 0 0.181 0 0.225 0 0.189 0 0.160

^O12& 0 0 0.077 0 0.093 0 0.076 0 0.064
1 0 20.177 0 20.213 0 20.174 0 20.146
014001-7
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FIG. 2. Same as Fig. 1, but for^O2d(z2z8)&.
^O&15
1

s0

1

2s F E dR2Tr$ lim
e→0

~rsoft1rvirtual!O%

1E dR3Q~Eg2xminAs/2!Tr$rhardO%G
2^O&0

s1

s0
. ~4.4!

Here,dR2 is given in Eq.~2.50! and

dR35
d3kt

~2p!32kt
0

d3kt̄

~2p!32kt̄
0

d3kg

~2p!32kg
0 ~2p!4

3d~p11p22kt2kt̄2kg!. ~4.5!

We consider the following set of observables:

FIG. 3. Expectation valuêO4d(z2z8)& to orderas for a fixed
value as50.1, l15l250, and c.m. energiesAs5400 GeV
~dashed line!, As5500 GeV ~solid line!, As5800 GeV ~dotted
line!, andAs51000 GeV~dash-dotted line!.
01400
O15p̂•St , ~4.6!

Ō15p̂•St̄ , ~4.7!

O25 k̂•St , ~4.8!

Ō25 k̂•St̄ , ~4.9!

O35n̂•St , ~4.10!

Ō35n̂•St̄ , ~4.11!

O45St•St̄ , ~4.12!

O55p̂•~St3St̄ !, ~4.13!

FIG. 4. Same as Fig. 3, but for^O8d(z2z8)&.
1-8
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O65 k̂•~St3St̄ !, ~4.14!

O75n̂•~St3St̄ !, ~4.15!

O85~ p̂•St!~ p̂•St̄ !, ~4.16!

O95~ k̂•St!~ k̂•St̄ !, ~4.17!

O105~ p̂•St!~ k̂•St̄ !1~ k̂•St!~ p̂•St̄ !, ~4.18!

O115~ p̂•St!~ n̂•St̄ !1~ n̂•St!~ p̂•St̄ !, ~4.19!

O125~ k̂•St!~ n̂•St̄ !1~ n̂•St!~ k̂•St̄ !.
~4.20!

FIG. 5. Same as Fig. 3, but for^O9d(z2z8)&.
01400
The expectation valueŝO2&0 and ^O9&0 are given in ana-
lytic form in Eqs.~2.54! and ~2.55!, respectively.

Several constraints are imposed by discrete symme
on the expectation values of the observables~4.6!–~4.20!. An
unpolarizede1e2 initial state is an eigenstate of the com
bined charge conjugation (C) and parity (P) transformation.
CP invariance of the interactions considered here then
plies ^O1&5^Ō1& and^O5&50. Further, differences betwee

^O2& and^Ō2& as well as nonzero values for^O6& and^O7&
can only be generated by the contributions from hard glu

emission, sinceSt→
CP

St̄ , kt→
CP

2k t̄ , and since we havek t̄5

2kt for a final state consisting solely of at t̄ pair ~recall that
the three-momenta are defined in thee1e2 c.m. system!.
From invariance under the time reversal operationT it fol-
lows that nonzerôO3&, ^Ō3&, ^O6&, ^O11&, and^O12& can
only be generated by absorptive parts in the scattering
plitude. To orderas this means that̂O6& is exactly zero due
to CP invariance, whilê O3&5^Ō3&, ^O11&, and^O12& get
nonzero, albeit small, contributions from the imaginary pa

FIG. 6. Same as Fig. 3, but for^O10d(z2z8)&.
FIG. 7. The functionK1(z) defined in Eq.~4.23!. In ~a! ~b! the c.m. energy is set toAs5500 GeV (As51 TeV). The solid line is the
result forl250, the dashed line forl2521, and the dotted line forl2511.
1-9
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of the one-loop integrals appearing in the virtual correctio
@cf. the functionsb3,VV

6,PC , b3,VA1

6,PV , andc8,VV
PV , c7,8,VA1

PC in Eqs.

~3.12!,~3.30!,~3.19!,~3.27!,~3.28!, respectively#. All the
above arguments also hold for the case of polarized elect
~and/or positrons!, although in that case the initial state h
no definiteCP parity. This is because the net effect of aCP
transformation of the initial state isl7→2l6 in our formu-
las, and hence the couplingsgY

X are left unchanged@cf. Eqs.
~2.13!–~2.22!#.

In Table I we list our results for the expectation values
Eqs.~4.6!–~4.20! in terms of the quantitieŝOi&0,1 as defined
in Eqs.~4.1!–~4.4!. We choose four different c.m. energie
namely As5400, 500, 800, and 1000 GeV. The positr
beam is always assumed to be unpolarized, while for
electron beam the three casesl250,61 are considered. As
numerical input we usemZ591.187 GeV, an on-shell top
quark mass ofm5175 GeV, and sin2qW50.2236.

The table shows that the top quark and antiquark are
duced highly polarized and also that the spin-spin corre
tions are large. For example, the polarization5 of the top
quark projected onto the beam axis atAs5500 GeV and for
l2511 amounts to

2^p̂•St&50.899820.278
as

p
50.8910, ~4.21!

where we setas50.1. As another example, consider th
spin-spin correlation̂ O10& at As51 TeV, also for l25
11:

5The polarization is conventionally defined as2 timesthe expec-
tation value of the spin operator.

FIG. 8. The functionK4(z) defined in Eq.~4.23! for l15l2

50 and c.m. energiesAs5400 GeV~dashed line!, As5500 GeV
~solid line!, As5800 GeV~dotted line!, andAs51000 GeV~dash-
dotted line!.
01400
s

ns

f

e

o-
-

^~ p̂•St!~ k̂•St̄ !1~ k̂•St!~ p̂•St̄ !&

50.277020.303
as

p
50.2674, ~4.22!

where we again setas50.1.
A global characteristic of all the expectation values of t

observables~4.6!–~4.20! is that the QCD corrections ar
quite small. The quantityas /p3u^Oi&1 /^Oi&0u ranges, for
nonzero^Oi&0 and ~a fixed value of! as50.1, between 1.9
per mil ~for ^O4& at As5400 GeV and all three choices o
l2! and 5.3% ~amusingly also for ^O4&, but at As
51000 GeV andl2521!.6

To check our calculation, we compared our numeri
value for the orderas correction to the total cross sections1
with the value one gets by using the analytic formula
given for example in@16# and found excellent agreemen
Note that the longitudinal spin-spin correlation^Pll & studied
in @8# is, at next-to-leading order,not proportional to our
expectation valuêO9&: The former would correspond in ou
notation to the expectation value 4^( k̂t•St)( k̂ t̄•St̄)&, which
only at leading order is equal to24^O9&. To compare our
results for̂ Pll &, we reproduced Figs. 1 and 2 of Ref.@8# and
found agreement.

We now study the distributions of our expectation valu
with respect toz, the cosine of the top quark scattering ang
in the c.m. system. These distributions are defined
^Oid(z2z8)&; i.e., we do not average overz but over all
other kinematic variables.

The distributionŝ O3,11,12d(z2z8)& are not shown, since
they can be easily constructed from the listed analytic f
mulas for b3

6 ,c7,8. We also do not show the distributio

6At leading order,̂O4&51/4, since the reaction proceeds throu
a single spin-1 boson.

FIG. 9. Same as Fig. 8, but forK8(z).
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^O7d(z2z8)&, since according to Table I the expectatio
value ^O7& varies ~again for a fixedas50.1! between the
tiny values20.631024 and20.3%.

Figures 1~a! and 1~b! show, to NLO accuracy, the distri
bution ^O1d(z2z8)& at c.m. energiesAs5500 GeV and
As51 TeV, respectively, forl250,61. In this and all the
following plots we setas50.1. Note that the distribution
gets more peaked nearz511 as the c.m. energy rises. Th
feature is less pronounced in the distribution^O2d(z2z8)&
depicted in Figs. 2~a!,2~b!. In Figs. 3–6 we show the distri
butions for different spin-spin correlations, name
^O4,8,9,10d(z2z8)&. In these figures, the c.m. energy is vari
betweenAs5400 GeV andAs51 TeV, while the electron
polarization is set tol250. The results for other choices o
l2 do not differ much from the ones shown. This is al

FIG. 10. Same as Fig. 8, but forK9(z).
t.

01400
reflected in the rather weak dependence of the spin-spin
relations^O4,8,9,10& on l2 ~cf. Table I!. Note that the distri-
butions typically rise asz→11.

To illustrate the impact of theO(as) corrections, we plot
in Figs. 7–10 the ‘‘K-factors’’

Ki~z!5
^Oid~z2z8!&01as /p^Oid~z2z8!&1

^Oid~z2z8!&0
~4.23!

for i 51 @Figs. 7~a!,7~b!#, and i 54,8,9 ~Figs. 8,9,10!. The
K-factors show a strong dependence both on the cosin
the scattering angle and on the c.m. energy. They vary
tween 0.88 and 1.04.

V. CONCLUSIONS

The production of top quark pairs ine1e2 annihilation
involves a variety of spin phenomena. We have performe
systematic study of these effects to orderas and including
beam polarization effects using the spin density matrix f
malism. Apart from a significant polarization of the to
quarks and antiquarks, the spins oft and t̄ are also strongly
correlated. The QCD corrections to the leading order res
for the expectation values of all spin observables conside
are at the percent level or smaller. The spin effects in thet t̄
production will manifest themselves in the angular distrib
tions of thet and t̄ decay products. For a phenomenologic
analysis of these angular distributions, one can combine
results presented in this paper with spin decay matrices c
puted to next-to-leading order accuracy for the different

and t̄ decay modes.
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