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We study the conditions for the existence of neutrino oscillations in the field-theoretical approach which
combines neutrino production and detection processes in a single Feynman graph. The “oscillating neutrino”
is represented by an inner line of this graph where, due to the macroscopic diktéreteeen source and
detector, the neutrino propagators for neutrinos with definite mass are replaced by the projection operators into
the neutrino states on mass shell. We use as a concrete model reaction the neutrino source and detector as given
in the LSND experiment and we carefully take into account the finite lifetime of the stopped muons which
provide thev,, beam. We show that the field-theoretical approach provides a solid method to locate all possible
conditions and allows one to separate unambiguously their different origins. Some of these conditions are
independent of. whereas others state that coherence is lost ihexceeds a certain “coherence length.”

Also it turns out that, at least in the concrete situation considered here, the concept of neutrino wave packets
is not supported by the field-theoretical approach for realistic experimental conditions, i.e., the neutrino energy
spread is incoherent in origifS0556-282(199)04201-4

PACS numbegps): 14.60.Pq, 03.65-w

[. INTRODUCTION combined field theory—wave packet approach. The present
interest in theoretical treatments of neutrino oscillations can
The standard treatment of neutrino oscillatighs?] pro-  be phrased by the following questiobnder which condi-
vides a beautiful and simple picture of this important phe-tions is formula (1.1) validBince the neutrino wave packet
nomenon. With the mixing matrix relating the left-handed formalism does not work with the physical observables we
neutrino flavor fields with the left-handed neutrino massfind the field-theoretical approach treating neutrino produc-
eigenfields defined by, ,==;U,jv ; (a=e,u,7,...) ital-  tion and detectio13] the most appropriate, unambiguous,
lows one to derive the oscillation probabilities for antineutri- and general way to analyze the problem of coherence in neu-
nos: trino oscillations. In particular, when several quantities de-
m2L\ |2 fining a length are involved, an improvement of the wave
Pvﬁyﬁz‘; U%iU . exp(—l ) )

packet approach is called for in order to distinguish the roles
2E, and origins of these lengths.
The transition probabilitf1.1) is given by the square of
= 2 |Uﬁj 12| Uaj|2 the sum over the amplitudes of the neutrino mass eigenstates,
] i.e., by a coherent summation over the mass eigenstates. The
)J first term in the second line of E¢L.1) represents the purely

AmiL

+2 Re[ jzk U%U U g%, exp( —i T incoherent summation over the mass eigenstates whereas the
14

second term denotes the interference terms. The exponentials
(1.2) exp(—i2aL/Ly’9) with the oscillation lengths defined by
47E,
Ami

valid in the ultrarelativistic limit withA m{, =m?—m where Lo
m;<m,=... denote the neutrino massés,s the distance .
between neutrino source and detector &nds the neutrino

energy. The probability for neutrinos is obtained from Eq.show the oscillatory behavior of the transition probability as
(1.1) by the substitutiond —U*. In the following, Greek a function ofL/E,. Equation(1.1) is a theoretical expression
indices always indicate neutrino flavors and Latin indiceswithout regard to an actual experimental situation. In the
mass eigenstates or fields. However, after a closer look ongescription of a neutrino oscillation experiment it is possible
discovers that the standard derivation of E4.1) needs that, after taking into account the experimental conditions,
clarification in several point§see, e.g., Ref.3] for a sum- some or all of the interference terms drop out as a conse-
mary of these problemsThis has first been attempted by quence of certain averaging or suppression mechanisms to be
using neutrino wave packefd—12, whereas Ref[3] has discussed in the following. Note that the effect of such
pioneered the idea of considering the complete neutrinonechanisms is equivalent to a partial or complete incoherent
production-detection chain using only those quantities for thesummation over the neutrino mass eigenstates.

description of neutrino oscillations which are really observed One such class of mechanisms is given by all effects lead-
or manipulated in oscillation experimernt3—15 in orderto  ing to an energy spread of the neutrino beam. It has been
obtain unambiguous results. See also R&6] for a sort of  shown in Ref[7] that if we label such effects by then each

(1.2
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of these effects giving an energy sprexfi, leads to a co- and detection processes represented by the widths of
herence length their respective wave packets or stationary states,
(2) the finite lifetime of the neutrino source patrticle,
Lcon = ose E, (1.3 (3 the uncertainties in the measurements of energies and
T AR, momenta of the particles in the final state of neutrino

production and, in particular, of the detection process.
independent of the fact of whether this spread has to be in-
terpreted as a coherent or incoherent effect. In the context Qf\/e are not able to take into account the interaction of the
a neutrino energy spread “incoherent” means that Si”gl%eutrino source particléhe ™ in our casg or the interac-
neutrinos have a definite energy but the neutrino beam has MR of particles in the final state of the source prodéssur
energy spread whereas by “coherent” it is understood that 2ase the positron originating from the® decay with the

single neutrino state is a superposition of different energies. ;- o, background in which the source particle is generated
Note, h.owever, that in the field-theoretical approach the I"'O(in LSND this background is watgin the field-theoretical

t|or|1|s mgi?hﬁrt(ejnt %nd co_herer:jt f.e.“.er9¥ s“prea(a hav<’a, treatment. We will only comment on the second of these
well-established and ~precise definitions: “InCOnerent” oo o in the last section of the paper. In the wave packet

means that the summation over different neutrino energleﬁpproach it is said that the interaction of the particles in the

happens in the cross section of the total production-detectiog, e hrocess with the matter background interrupt neutrino

process whereas a summation over different neutrino_enegission and estimates of these effects are used to determine

gies in the amplitude is called a “coherent” energy spréad. the “size of the neutrino wave packef2]
In the following we adhere to these definitions and refer the To include the finite lifetime of the neutrino source of the

reader to Sec. VI for a clarification of the notion of neutrino rocess(1.5) we combine field theory with the Weisskopf-
energy in the field-theoretical approach where the oscillatin igner abproximatior[ZO] in Sec. II. In Sec. IIl we calcu-
neutrinos occur in an inner line of the combined production| o the amplitude for the reacti;m.S) by ta.king into ac-
detectlon Feynman graph. Havmg_ different oscillation ount that the distande between the source and the detector
lengths in the process “Fdef discussion, then clearly the reis macroscopic. This is achieved by using a theorem proved
evant coherence length is given F7] in Ref.[13] and an integral discussed in detail in the appen-

ﬁ?hzmin LC‘.’-"k. (1.4) dix of the present paper. In Sec. IV we derive conditions for

! a the existence of neutrino oscillations independerit ofvhile

in Sec. V we study some aspect of the cross section of the

Both kinds of neutrino energy spread, coherent and incohettotal production-detection process concerning the finite life-
ent, lead to a loss of the oscillation patternLif- chgh and time of the source. All the conditions for neutrino oscilla-

cannot be distinguished experimentaﬂm_ Apart from the tions obtained in Secs. IV and V—whether dependenLon

condition L<L%" other conditions have to be fulfilled for ©F not—are discussed in detail in Sec. VI where we also

the oscillation pattern to be present which do not depend oftudy the problem raised in R¢f.9] and try to elucidate the

L [3,13,14. nature of the neutrino energy spread.
In this paper we will use the Liquid Scintillation Neutrino
Detector(LSND) experimen{ 18] with the process Il. PERTURBATION THEORY

AND WEISSKOPF-WIGNER APPROXIMATION

v 0SC
ur—et+ Vet v, ~ Vet p—n+e* (1.5 To fix the notation we shortly repeat the basics of time-
dependent perturbation theory. We consider a system de-

as a model for our investigation for two reasons: first of all,scribed by the Hamiltoniatd=Hy,+H,; whereHy andH,
the v, neutrino source &7") is unstable and we want to are not explicitly time-dependent. The eigenvalues and
extend the field-theoretical approach of Rf3] by taking  eigenvectors oH, will be denoted as in the relatior ;¢;
into account the finite lifetime of the source; secondly, there=E;#; where {¢;} is a complete orthonormal system of
is a claim made in Ref19] that in the LSND experiment the states. For an arbitrary statg=2>;c;(0)¢; at t=0, the
condition for coherence is not fulfilled. In the following, we Schralinger equation gives the time evolutiom(t)
will discuss in detail the effects of =3c(t) gzsje"Eit where the coefficients;(t) obey the re-

(1) the quantum-mechanical uncertainties of momentum an(I]atlons
energy of the initial particles involved in the production o
'Cj(t)=; ci(dj|Hip)e i Ek>t=2k Cl il Hoin( D) 1),

(2.1
The notion of a neutrino wave packet is synonymous with the
presence of a coherent neutrino energy spread. and
2Hence, whether the summation over neutrino mass eigenstates or ) )
the summation over neutrino energies is concerned, “coherent” H1,im(t)5e'HOt|‘|1(0)eﬂH0t (2.2
refers to a summation in the amplitude whereas “incoherent” refers
to a summation over squares of amplitudes. defines the interaction Hamiltonian in the interaction picture.
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Let_us now stuiy thew ™ +decay and_ the “sgbsequel_’\t” iné(t)ZCi(t)WﬂHS,int(tWi)
detection ofv, by v.+p—e™+n. The interaction Hamil-
tonian is given b m "y - "
k / e e +2 (D Hsm(D ), (21D
H,=Hs+Hg+Hj+Hp, 2.3 i
PN/ Al m + "
where the indice$ andD denote source and detection, re- 11 k(1) = CR (D) Bl He ind(t) i) (2.12

spectively, andHg andHp are given by the Hamiltonian it these approximations we get a closed system for
densities Ci,Cj ,Ck Ciwk- If we insert Eq.(2.12 into Eq. (2.11) we

Ge arrive at
H =— u 1- ey’ (1— e, N/ ”
S V2 ,(L’}/p( 75)1/31/67 ( YS) Ick(t):ci(t)<¢k|HgYim(t)Q{)i)
+ = CF cosyem Ty —i 2 (B Hsm(t) 8! >ftdt'c"(t'>
HD:ECOS'&CVDV)\(l_?’S)enV (1-9ays)P T TSI ek ] T Tk
@9 (Bl Ha (') 5 (2.13
describing muon and neutron decay, respectively, and However, looking at the intermediate statgs), we see that
vs=U,jv;, vp=Ugjy;. (2.5  the equations
m + "\ __ ! +
Actually, v, in Eq. (2.4) should be replaced by v; ; how- (djeklHsin(0) b)) =(#j|Hgn(0) $i) and
ever, this has no effect on the final result for neutrinos much n_Em e et
Ek jok Ei EJ (2149

lighter than the mass of the muon. The Hamiltonians with the

superscript+ are the Hermitian conjugates of those which po|q trivially because in the first matrix elemeat,n,vp

carry the minus sign. _ o and in the second second matrix element the proton are only
Let us now sketch how to incorporate the finite MUONgpectators. Inserting EG2.14) into Eq. (2.13 then with a

lifetime in perturbation theor}20]. To this end we take into partial integration the second term of B8.13) is written as
accountHp only when it occurs together witt (t) [see the

initial conditions(2.7)] but takeH g in all instances. With this _ el (Bi—Ept-t") . ‘
proviso the following states and coefficients are involved in _'; Aj ﬁck(t )
perturbation theory: I 0
initial state ¢ elEENE)
— | dt/ ——————c(t) |, 2.1
+. fO _I(Ei_Ejl) k( ) ( 5)
T p <Cj, b
intermediate states where
+ — . ! !
€ ,Ve,Vs;, P <—>Cj y d’] AJE|<¢J’|H§|m(O)¢|>|2 (216)
JTa e"\np —ck k(2.6

We neglect now the term with in Eq. (2.15 because it is

+ —_— . —+ n n
€. ve,vsi €.Nvp <Cigks Bjak of higher order and repladg,—E/ by E;—E/+ie (€]0) in

final state Eg. (2.15 to have a well-defined expression. Sinc0)
e’ ve; et.n —cy, b . =0 we obtain
i(E:—E—e€l(t—t’ t "
The initial conditions for the coefficients are given by _-2 _ ellt &)t "oer _E . c(H)
2 AT E ey e KY)| T2 AETE .
¢i(0)=1 and c;(0)=c{(0)=cy(0)=cj,(0)=0. J i o | i
@7 1
= APl ——|—i AiS(Ei—E)|cy(t
The differential equations for the coefficients are [; ! (Ei—Ej’ ”T; OB~ Ej) et
. , - , [
lg(t)z? ¢ ()(SilHg (D) &), 28 =(AEi— Er)c'k'(t), (2.17
ici()=2, ¢/ (t){(pHS (1) ! where P denotes Cauchy’s principal value aidthe total
' T (i b.nt '> decay width of the muon. We neglect in the following the
energy shiftAE; or we can think it being already incorpo-
+ 0 () pe|He (1) 1Y, (2.9  rated in the muon mass. Hence we get
- ,
Al " I 4
i€} (D=ci(D(¢]IH (D 1), (210 SO =Ci(t(ilHp m(D )= Z eV (218
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With similar arguments one obtaif20]

ci(t)=e (¥2I1 (2.19
and therefore
(t)~—|f dt’(pilHp m(t ) iye” V2 (2.20
Using Egs.(2.9) and(2.10 we get the final result
t ty
Cf(t)z(_i)zf dtlf dt,
0 0
X (il [Hp,im(t)Hg in(t2) e~ V212
+Hgin(te” PTHE () ]1¢n). (2.2

This formula corresponds to the intuitive expectation. Apartlrll (x )_f
o

from starting the time integration at the initial timte=0

instead oft;=—o we have the usual time-ordered product

with the finite lifetime incorporated in the exponentials.

Ill. THE AMPLITUDE

With Eq. (2.21), the Hamiltonian densitie€.4), and Eqg.

(2.2) we can write for the amplitude of the procddsb) in
the limit t—

A=(=1)%(ve(p)), €& (Peg);ed (Pep).N(PY)|

T f dtlf d3x1f dtzf d3x,
0 0

XH g m(x)e” MTUH S L060) [lutip), (3B
. G2 cosdc ds
A=(—i)? 5 J 2m |, dtl

X exp{i(p,+Peg) - X1+i(Pyt Pep) - Xatexp{i[ p- X1 —

= +

J&(P, 1 PedUn(Pp) YA (1—0aYs) ¥p(Xo—

with

J&(P; . Pes) =1, (P,) ¥ (1= ys)v

We start with the integration ovel where we have to cal-

culate the integral
J‘ocefi(qoi E]’;
0
1

i(Qo—E,—E{s+EL(P)+ i1

~EegtEu(Ptig— (12Tt gy,

3.7

q® m+|

PHYSICAL REVIEW [39 013011

where T is the time-ordering symbol. We assume that the
muon ™ and the protorp are localized at the coordinates
Xg and Xp, respectively. We imagine the proton being the
nucleus of a hydrogen atom and bound in a molecule. There-
fore we assume the proton state as stationary whereas the
decaying muon will be described by a free wave packet with
an average momentum equal to zero. This situation corre-
sponds to the LSND experiment where {aé is assumed to
decay at rest. Since neutrino production and detection are
localized atXg andXp , respectively, the spinors of the initial
particles can be written in coordinate space as

Pp(X) = Pp(X—Xp) e ot (3.2

and

lf/,ﬂ(p)e i(p-X— E#(p)t)xelp XS (33)

respectively, withE , () = \/mi +p2. The functionyg,(y) is
peaked ay=0 and the wave packéj‘/ﬂ(f)) in momentum
space is peaked around the average momexifijs 0. The
final particles will be described by plane waves.

With the neutrino propagators of the mass eigenstate neu-
trinos

<0|T[VJ(X1)71(X2)]|0>

d'g  4+m; .
=i —ig-(x1=x2)
IJ (2m)* q2—m12+iee ' @49
we obtain the amplitude
d Xl dt2 d X2 _|q'(X1_X2)
EMm)tl—ﬁ-x*s]}e—“’”“le—i%‘z
U:ﬂ’ (1—¥5)ve(Pep)
Xp) (3.9
e(Pes)- (3.6)
|
For the integration over, we use the relation
. L. (1
lim fe'EtZdt2=|P —|+a78(E). (3.8
tow J0 E

Hence a factor
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whereT is the Fourier transform of. The integration over

iP Qo+ EntELo—E, + (Aot En+Eep—Ep) X, is again trivial leading to the delta function
(3.9
appears in the amplitude. Furthermore, in the integration (2m)°5(§— P, Pest P)- (3.11
over X, we use the relation
(2m) 3’2f d*xe K Xf(x+B)=e*XF(K), (3.10  Thus we obtain
|
GZ cosdc d*q o o
Am= TS [ | e B X (B Bt ) Kol (27600 Bl Bl B)
X iP +78(qo+ Ep) [#,(B) 7,(1— y5)U arm Uy
{(Qg+Eg+ iT o+ Ep QoTEp) |¥u(P)Y, Vs m—m2+—|€ ejY
X (1= 75)ve(Pep) &P} Ped Un(P) i (1= Ga¥s) ¥ip(d+ By + Beo), (3.12

where we have defined
Es=E,(P)—E,—Egs and Ep=E\+E,,—E,
(3 13

The integration ovep can easily be carried out because of A” E U;LJUejequLA
the delta function3.11) and leads to the amplitude

apply a theorem proved in Refl13] to perform thed3q
integration and calculate the leading term of the amplitude
for largelL:

GZ cosdc 272 1
:_me*iﬁl-isfiﬁzilj FT |E U/J«JU;j gigjL .
2 i(Esj—Ep)+ 3T
! XDu(Pr+ oD 7, (1= ) (— K+ mp

><|E f q e idL

i(Qot+Eg+ 3T

X (1—v5)ve(Pep) &P, s Pes)
1 \]= ., ~ _—
X 7T§(q0+ ED)+IP q+—E) 'J/M(ﬁl_q) Xu(pn)y)\(l_gA')/S)wp(_qjl+p2)a (3.1
0 D
4+m, where the definition of4;" is obvious, I is the unit vector
Xyp(1= 75)UmmU§jyk(l— ¥5)Ve(Pep) pointing from the neutrino source to the detection pokqt,
]

are the momenta of the intermediate neutrinos and

ng(p;,pés)U(pé)n(l—ng)Tﬂp(ﬁ*' Po), (3.19 Ep =y a——
ka( I_))’ qu ED_mj' (317}
where A
P1=P,+Pis. P=Pp+Pep and L=Xp—Xs. Note that
(3.19 Es;=E,(qjl +P1)—E,—Egs (3.18

Note that as a consequence of the integration puwse have
Es=E,(—q4+p1)—E,—Egs, i.e., Egis now a function of
g.

because by virtue of the theorem in REE3] for eachj the

vector g has to be replaced by q; I. The irrelevant phase
factor occurring in the first line of Eq(3.14 has been

Now only the integration oveq remains. Since we have a !
y g o dropped inA4~.

delta function ofgy within the brackets, the integration of the
first of the two terms of the amplitude is trivial. We will
show in the Appendix that thg, integration in the second
term, which contains Cauchy’s principal value, leads in the
limit of a macroscopic distande to the same result. In other
words, in the limit of macroscopid. we have simply

2mwd(qo+Ep) from thet, integration. In this limit we can

IV. COHERENCE CONDITIONS INDEPENDENT OF L

Inspecting Eq(3.16) it is evident that oscillations involv-
ing m’—mg can only take place if3,13]
lgj—a=os and |g;—aqy=op, (4.7)
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whereos andop are the widths Of[,ﬂ and?l/p, respectively. formed without knowledge of the source and detector wave

We call conditions(4.1) amplitude coherence conditions functions. However, for
(ACC). If they are not fulfilled, either by the source wave I<osp (5.1)
packet or the detector wave packet, thetfoffwo '
(j#k) which means that the term labeled Bl is sup- the factors
pressed in Eq(1.1). In the ultrarelativistic limit Eq(4.1) is {(i(Esj—Ep)+T/2)X (= i(Esx—Ep)+T/2)} ! (5.2
rephrased as

in the cross section can be used to apply Cauchy’s theorem
<0sp- 4.2 in order to obtain the coherence length associated with the
finite muon lifetime. We assume that the ACC and SFC are
valid and integrating over momenta of the final state of the
detector leads to an integration in the variablg over a
particular interval containind=s; Vj such that the length
AEp of this interval fulfillsI'<AEp <o . This allows us

to write E,=Ep+& whereEp denotes the central value of
osc 4.3 the interval which we define as

O-XS,XDSE ik -
EDE<ESj>| (53)

Am?
2E,

Denoting byoysp the widths of the wave functiong,,(x)
and #,(x) in coordinate space, respectively, then, with the
uncertainty relationsr,sxposp=1/2, Eq.(4.2) is rewritten

as

where we have made the identificatiéh,=Ep [see Egs. .
(3.16 and (3.17)]. where(Eg;) denotes the mean value of tkg; and the inte-

The amplitudeA” contains the factor gration variables varie; ovgda!sAED/Z. From the SFC it
follows thatEp~Eg; V| which is exact up to terms of order
1 ' (4.4) I'. With Amjzk>0 andg;— g~ —Amjzk/ZED we observe that
i(Esj—Ep)+ 3T the ¢ integration over the interval on the real axis can be
closed via a half-circle in the upper half-plane since the ra-
which leads to a condition analogous to E4.1) for neu-  dius of the half-circle is much larger thdhand therefore the
trino oscillations to take place: factors(5.2) make the part of the path in the upper half-plane
1 negligible in the integral. Because of E¢.1) and AEp
|E51_E5k|5 2L (4.5 <0gp this integration does not affect the source and detec-
tor wave functions to a good approximation. Then Cauchy’s
theorem states that the result of the integration is given by
making the replacement

In the following this condition will be called source wave
packet—finite lifetime conditio(SFQ. In the ultrarelativistic
limit and with og<m,, we obtain
Amjzk g
Esj—Esxw—5—=(Ept+I-p1) (4.6)

— i
Ep—EQ=Ep+ 5T (5.4
2m,Ep

_ L in the absolute square of” (3.16. InsertingE® into the
and, assuming that ACC holds, we observe {lE&g| + | exponential —iAm; L/2E, we see that the cross section

=0g is valid [See the argument Q’}/M in A” (316)] and contains the damp|ng factor
therefore Eq(4.5) is rewritten as

Amz Os q —jzk L (5 5)
muED = ( 4 D

Defining Av ,=o's/m, as a measure for the spread in veloc-AS We will discuss in the next section the requirement)
|ty of the muon wave packet and with the muon lifetime IS very I|ke|y to be fulfilled for LSND W|th_the decay width

7,=1I" we can interpret Eq4.7) as of the muon beingl'~3x 1071 MeV. Ep can still be
1 thought of as being identical withy (3.13 for all practical
Av,7,<5— }JkSC_ (4.9 purposes because tHisis so small thahEp can be chosen
Am smaller than any achievable accuracy gy in a real experi-
ment.

V. THE COHERENCE LENGTH DUE TO THE FINITE
p LIFETIME VI. DISCUSSION

Having performed all the integrations in the amplitude in  The characteristics of the field-theoretical approadh.
the limit L—c0, we will discuss some aspect of the integra- this paper we have used the field-theoretical approach to dis-
tion in the cross section. There we have integrations of theuss neutrino oscillations as we have done in RE3]. In
form d®p’/2E’ for each particle in the final state, i.e., in our this approach the whole process of neutrino production and
casev, andeg in the source process amdandey in the  detection is represented by a single Feynman graph such that
detector process. In general these integrations cannot be péhe oscillating neutrinos are associated with itieer line of
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the graph. However, because of the macroscopic distancem?cg/m,E,<3% 10 18 MeV<I'=3x10 *MeV  with
between neutrino source and detector this inner line is onthe numbers we used before for the ACC. From this result
shell [see Eq.(3.16] for each neutrino with definite mass we conclude that also the SFC is valid in the context of the
according to a theorem proven in R¢L3]. In the present LSND experiment, though, surprisingly, the margin is only
paper we have incorporated the finite lifetime of the neutrinagiven by two orders of magnitude. Note that for the ACC
source which is given in our concrete example of the LSNDthis margin is eleven orders of magnitude.
experiment[see Eq.(1.5] by a positively charged muon In Ref.[19] it was found thatn\m?/E ,<T" should hold for
whose decay is responsible for the neutrinos with which coherent neutrino oscillations. This condition is not fulfilled
the experiment is performed. The finite lifetime of the neu-for LSND. In this paper with the field-theoretical treatment
trino source prevented us from using ordinary perturbatiove could no't recover this condition whlch looks like the first
theory with an initial timet;= —. Instead we took advan- ACC (4.2) with o's replaced byl In this context we want to
tage of the Weisskopf-Wigner approximation which allowedstress the following: in the proce$s.5) there are three dif-
us to taket;=0 and to combine in this way the finite muon ferent lengths, namely the sizes of the wave packets of the
lifetime with perturbation theory. neutrino source of order & and of the detecLor partfle of
With the help of the above-mentioned theorem all integra-order 16, whereos andoyp, are the widths ofy, and ¢,
tions in the amplitude of the combined production-detectiorrespectively, and the lengthI1l/associated with the finite
process could be performed in the asymptotic lifnit> . lifetime of the source. Each of these lengths is uniquely de-
From the requiremerualj?omdzl;o (3.16 we derived the am- fined and the function of each of them uniquely determined
plitude coherence conditionACC) (4.1), (4.2 and the in the field-theoretical framework. However, in the wave
source wave packet—finite lifetime conditidS8FQ (4.5,  packet approach the distinction betweeg, op, andI is
(4.7). For a given mass-squared differemng?k these three not so clear and each of the three lengths could be associated
conditions are the prerequisites for neutrino oscillations. 1ith the size of the neutrino wave packet and possibly lead
they are not fulfilled, the term with exp(AmgL/2E,) is [0 €roneous conclusions. o
suppressed in the oscillation probability which means that no The characteristics of neutrino oscillationg/e want to
neutrino oscillations with respect tmf, are possible. Here emphasize that in the field-theoretical approach the notion of
we have identified the neutrino ener@, with Ep (3.13 a neutrino wave packet does not eX|_st and the que;tlons of
which is justified in view of the definition off; (3.17) oc-  “Nether the neutrino energy or neutrino momentum is fixed
curring in the exponentiaks%i“ of A~ (3.16. ACC and SFC or both can vary only make sense in connection with the
are both independent df, therefore no coherence lengths processes of prod_uct|on "’.‘”d detgchon. This is bepause only
are associated with them. In coordinate space(Ed) sim- parameters associated with particles of the exterior legs of

ply means that the oscillation length must be larger than théhe Fey””?a” graph, €, with those 'partlcles Wh'.Ch are ma-
widths of the production and detection wave functi¢see mpulated in the experiment, _determlne the neutrino oscilla-
Eq. (4.3]. The ACC were among the main results of Refs tions. Let us notice that, for fixed momenta of the final state
[3] and[13] and an analogous condition in the framework of particles of the pr.odu.ction and 'ghe detection processes, with
the wave packet approach was recently emphasized in Relf_'.q' (3.16 the oscillation probability has the form

[12]. The SFC(4.5 says that the spreading of the muon . R 2

wave functiori during the muon lifetime should be less than Pfﬁfe(l-)“ > AU, U e (6.1

the oscillation length in order not to wash out neutrino oscil- '

lations [see EQ.(4.8)]. In Ref.[13] this condition was not and we can imagine that the phase facf4- represent the

found .because it was ?‘Ssumed that the source wave functi lane waves of the different neutrinos mass eigenstates. We
is stationary. Clearly, in such a case the energy of the ne

i is fixed and d td 4 d vill use this fact to compare the wave packet approach with
rino source IS Tixed and does not dependngnand, CONSe- .o ragylt of this paper. We arrive at the following character-
quently, no SFC is present.

. . . . istics of neutrino oscillations in our field-theoretical ap-
Discussion of the LSND experime@oming back to the proach: P
LSND experiment,og represents the momentum spread of |

the stopped muon and an estimate of it is givendy (1) We have chosen the detector wave function, i.e., the

=0.01 MeV [21]. For the detector proton bound in GH
groups(mineral oi) [18] it is reasonable to assume that in

coordinate space its wave function has a spread of around 1

A and consequentlyp,~2x10 2 MeV. Dropping now the

indices of the mass-squared difference, with representative

valuesAm?~1 eV? and E,~30 MeV we obtainAm?/2E,

wave function of the proton, to be a bound state and
therefore the detector wave function does not spread in
time. This looks physically very reasonable to us mean-
ing that the detector is always on and waitiisge, how-
ever, Ref.[15] for a discussion of source and detector
with a temporal resolution As a consequence we have

~10"'* MeV and we conclude that the amplitude coherence
conditions are very well fulfilled in the LSND experiment.
Performing an analogous estimate with the SFC we get

E,=Ep [see EQs.3.13, (3.16, and (3.17)] and Eq.
(6.1) suggests that neutrino oscillations take place be-
tween neutrinos with the same energy but with different
momentaq; [13].

(2) The identificationE,=E allows us to determine the
3The muon wave function is non-stationary. neutrino energy with arbitrary accuracy by measuring
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the energies of the particles in the final state of the de{c) Lg"h due to the neutrino energy spread introduced by
tector process, in our case the neutron and the detector the usual imperfect energy measurements of the par-
positron, with arbitrary accuracy. Therefore, one can ticles observed with a realistic detector.

limit the averaging over the neutrino energy to an arbi-

trarily small interval—of course, in practice at the ex- According to Eq(5.5) the first of the coherence lengths is
pense of the number of events—and make any coherenaiven by
Igngth .arb|trar|Iy long by performlng only detectpr ma- 4E2
nipulations[see Eq.1.3]. This so-called restoration of |_coh_ v
coherence is trivial in our approach. It agrees with ob- A AMT
servations in the wave packet treatmgntl1]. We find

no upper limit to the coherence lengths in contrast toThis coherence length appears if the energy averaging
Ref.[12], which is due to the fact that we assume thatamounts to a summation &p over an interval much larger
the detector is sensitive to energies and momenta of thanI" (see Sec. Y. With 11" corresponding to 659 m and
particles produced in the detector process whereas iAM°~1eV? E,~30 MeV this coherence length is around
Ref.[12], it is assumed that the detector measures- 200 light years and completely irrelevant for the LSND
trino wave packetsf a certain width. experiment and, therefore, apart from its effect in the SFC,

(3) Taking the field-theoretical approach to neutrino oscilla-the finite lifetime of the muon could have been neglected as

tions seriously, assuming that the detector particle is injvas done in Ref.13] with the lifetime of the neutrino source

tially in a stationary state and that the observation of1UCl€us. However, the main point in the investigation "

(6.2

by energy and momentum measurements, we come t'€Nt- It is interesting to note thatt®" enters into the cross

1 . col . .
the inevitable conclusion that there are no neutrino wave&€ction through expfL/L, ". We have obtained this form
packets in neutrino oscillations because all summationgf the damping factor fof <o's, o . If this condition is not
over neutrino energies happen in the cross section anfdjlﬂlleid th~e damping factor depends on the form of the func-
are thus incoherent summatich©ur assumptions in- tions#, ,#; . Inthe approach using Gaussian wave packets a
clude the cases that some particles are not detected at gﬁ)rresponccilng damping  factor has the form
or that cuts in energy and momentum are made. In addixP{—(L/L r) } [12], however, it is not obvious how to
tion, any further measurements of observables commuompare this factor with the previous one and which coher-

P ity coh
ing with the energy and momentum operators performe"C€ length is meant with™.

by the detector do not change our conclusf@h We L& is not included in our treatment because we do not
think that our conclusion is correct for realistic experi- KNow how to deal with random collisions of the source pos-

ments. If one assumes instead that, with respect to thiiron with the matter background and the associated heuristic
particles in the final state of the detection process, th oherence lengti1.3) in the field-theoretical gpproac_:h. So
detector is sensitive to wave packets of some form the ere we only repeat the arguments found in the literature

our conclusion is not valid. However. we do not know if about the neutrino wave packet approach. There one esti-
) ' ' mates the mean free path of the positron from ghiedecay
such a detector exists.

in the matter background where* is produced. In the

LSND experiment this background consists of wate8]
The coherence lengthket us now assume that the ACC and according to the rule of thumb presented in R&fthis

and SFC hold, and study the effects of different energy f h of th ) is of the order of X
and/or momentum averaging mechanisms which all lead tgrean free path of the positron is of the order of centimeters.
o . . hen in the heuristic approach one would estimate the size
specific coherence lengths. In the light of the above discus-, of the neutrino wave packet to be of the same order of
sion all coherence lengths result from incoherent neutring B nitude[2]. Thus adoptin the wave packet approach
energy spreads. There are three types of coherence Iengthag ' ' ping P PP '

; coh 2 2 P P P
[7] associated with our neutrino production and detectiorP"® would estimatd.g™~E,/g/Am" which is something

processesL.5): like four orders of magnitude smaller tharf®", but still
coh o o astronomical, making the previous consideration of the co-
(@ L, due to the finite muon lifetime, herence length originating from the finite muon lifetittoe a

(b) Lg"h due to the interruption of the neutrino emission wave packet size of ordeffA~cTM=659 m spurious.
because of collisions of the source positron with the The coherence lengfl7] Lg’h: LoE,/AE,, whereAE,
background, and comes from the inability to measuke,= E, better than at a

certain realistic experimental accuracy, is the only relevant
coherence length in practidd?7]. In the LSND experiment

“Though in this paper we consider a neutrino source at rest, this
conclusion and point€l),(2) are also valid for accelerator neutrinos
because the arguments leading to it depend on the neutrino detec?NOte that even this coherence length could theoretically be over-
tion process and not on the production. Formulated in another waygome by measurin§p with a precision better thah and choosing
it is the detectorwhich through its properties determines the natureevents withEp in a given interval of sizeAE, smaller thanl’
of the neutrino energy spread. (compare Sec. V and point 2 in this section
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[18] the detector positron and neutron are detected in coin- w 1
cidence and, in addition, the energy of the positron is mea- |n:|j ddgp ——— =
; —o i(gotEg)+ 3T
sured. We guess thatE , is of the order of 5 Me\[18], thus ot t=s/t 2

(do)"
q5—G*—m’+ie’

(A1)

do+Ep

1
X—Xg

dx

L‘(}Oh is probably not more than several times the oscillation
length. This is many orders of magnitude smaller than the
astronomical coherence Iengthg”g.

Summary.Let us summarize the main points. We havewheren=0,1 andP denotes Cauchy’s principal value. We
confined ourselves to situations where the neutrino source igill calculate this integral with the help of the residue calcu-
at rest; thus the present investigation is not straightforwardlyus which gives the formula
applicable to high energy neutringsee, however, Refl14] 1 1
for a field-theoretical discussion of accelerator neutrino ex- f de(—)f(x)= = J +J f(x)
periment$. We have assumed that the wave function of the X~ Xo 2\Jeg Jo
detector particle is stationary. Then the field-theoretical ap- (A2)
proach to neutrino oscillations is completely static and thergor a functionf which is analytic along the real axis. The
are no explicit time averages necessary as in the wave packgithsCy and C, lead along the real axis except closexto
approach. With the field-theoretical method we have clari-= Xo Where the poink=X, is circumvented to its right or to
fied, using the model reactiofl.5), the roles of the widths jts left in the complex plane, respectively. In our cage
os, op, andI’ in neutrino oscillations where these widths = —E andf has three poles of first order at
are associated with the source, the detector and the finite i
e ACS(43 andltre ooy 1 roa exporimnt oy B ~Est3l = VTemiie and
crete values ofos and o, have to be chosen. Making a g5’ =— V@’ +m; +ie. (A3)
plausible guess forp and usingrs=0.01 MeV[21] inthe  gjnce we have only one pole below the real axis we close the
case of LSND, the ACC are very well fulfilled and also the contour below. Then we obtain
SFC seems to hold safely. Finally, if our method is a correct

n
approach to neutrino oscillations then, in experiments with | = — i X0
the realistic detector properties assumed in this paper, oscil- " T (%o— aP) (Xo— 92) (Xo— 9
: 0~ 0o )(Xo— g ) (Xo—dg ")
lations take place between neutrino mass eigenstates with the )
. . 2(q( ))n
same energy but different momenta, there are no neutrino 0

+ .

@@ @@ -a P - AY

In the second part of E§A4) we useEp>0 and perform
the limit e—0 without getting a singular integrand. The in-
tegrall, depends or§ and appears in the amplitude in the

W.G. and S.M. thank the organizers of the 5th Workshogfollowing way:
on High Energy Physics Phenomenology, Pune, India and
the Theory Division of PRL-Ahmedabad for providing the
opportunity to start this collaboration. S.M. thanks also S.
Pakvasa and L. M. Sehgal for useful discussions. Furthemhere ® can be read off from Eq(3.14. For the second
more, we are indebted to T. Goldman and W. C. Louis forterm ofl,, we can use Lemma 3 of Rgfl13] to show that it
information on the momentum spread of the stopped muongecreases like ~2 for L—. Since we are only interested in
in the LSND experiment. the leading termxL ~* of the amplitude for largé. we can
neglect the contribution of the second termlf It is then
easy to show that the first term in the integfA) gives
exactly the contribution to the amplitudé” (3.16 as the
term with w8(qo+ Ep).

wave packets and the coherence length in neutrino oscilla-
tions results from an incoherent neutrino energy spread.
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