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Matter scalar field in a closed universe
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We investigate the possibility that the matter of the Universe has a significant component~the quintessence
component! determined by the equation of statep5wr, with w,0. Here, we find conditions under which a
closed model may look similar to a flat Friedmann-Robertson-Walker universe at low redshift. We study this
problem in Einstein’s general relativity and Brans-Dicke theories. In both cases we obtain explicit expressions
for the quintessence scalar potentialV(Q), and the angular size as a function of the redshift.
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I. INTRODUCTION

The Friedmann-Roberson-Walker~FRW! model may de-
scribe a nonflat universe motivated by the observational
dences that the total matter density of the universe is dif
ent from its critical amount. In fact, the measured mat
density of baryonic and nonbaryonic components is less t
its critical value. However, theoretical arguments deriv
from inflationary models@1# and from some current micro
wave anisotropy measurements favor a flat universe wh
the total energy density equals the critical density.

In this respect, other forms of matter~components! are
added which contribute to the total energy density, so it
comes possible to fullfil the prediction of inflation. Exampl
of these kinds are the cosmological constantL ~or vacuum
energy density!, together with the cold dark matter~CDM!
component, which forms the famousLCDM model, that,
among others, seems to be the model which best fits exis
observational data@2#.

Recent cosmological observations, including those rela
to the relation between the magnitude and the redshift@3#,
constrain the cosmological parameters. The test of the s
dard model, which includes spacetime geometry, galaxy
culiar velocities, structure formation, and early univer
physics, favors in many of these cases a flat universe m
with the presence of a cosmological constant@4#. In fact, the
luminosity distance-redshift relation~the Hubble diagram!
for the IA supernova seems to indicate that the ratio of
matter content to its critical valueV0 and the cosmologica
constant fits best the valuesV050.25 andL50.75.

From a theoretical point of view, another possibility h
risen, which is to consider a closed universe. It seems
quantum field theory is more consistent on compact spa
surfaces than in hyperbolic spaces@5#. Also, in quantum cos-
mology, the ‘‘birth’’ of a closed Universe from nothing i
considered, which is characterized by having a vanishing
tal energy, momentum, and charge@6#.
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Motivated mainly by inflationary universe models, on th
one hand, and by quantum cosmology, on the other hand
describe in this paper the conditions under which a clo
universe model may look flat at low redshift. This kind
situation has been considered in the literature@7#. There, a
closed model was considered together with a nonrelativis
matter density withV0,1, and the openess is obtained b
adding a matter density whose equation of state
p52r/3. Texture or tangled strings represent this kind
equation of state@8#. In a universe with texture, the add
tional energy density is redshifted asa22, wherea is the
scale factor. Thus it mimics a negative-curvature term
Einstein’s equations. As a result, the kinematics of the mo
is the same as in an open universe in whichV0,1. The first
person who studied a universe filled with a matter cont
with an equation of state given byp52r/3 seems to be
Kolb @9#. He found that a closed universe may expand e
nally at constant velocity~coasting cosmology!. Also, he dis-
tinguishes a model universe with multiple images at differ
redshifts of the same object and a closed universe wit
radius smaller thanH0

21, among other interesting conse
quences.

Very recently, there has been quite a lot of work includi
in the CDM model a new component called the ‘‘quinte
sence’’ component, with the effective equation of state giv
by p5wr with 21,w,0. This is the so-called QCDM
model @10#. The differences between this model and theL
model are, first, theL model has an equation of state wi
w521, whereas theQ model has a greater value and se
ond, the energy density associated to theQ field in general
varies with time, at difference of theL model. The final, and
perhaps the most important, difference is that theQ model is
spatially inhomogeneous and can cluster gravitationa
whereas theL model is totally spatially uniform. This latte
difference is relevant in the sense that the fluctuations of
Q field could have an important effect on the observed c
mic microwave background~CMB! radiation and large scale
structure@11#. However, it has been noticed that a dege
eracy problem for the CMB anisotropy arises@12#, since any
givenL model seems to be indistinguishable from the sub
of quintessence models when CMB anisotropy power spe
©1998 The American Physical Society04-1
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are compared. However, they become different when thw
parameter varies rapidly or becomes a constant restricte
w.2VQ/2. From the observational point of view, the
have been attempts to restrict the value of this parame
Astronomical observations of a type IA supernova have
dicated that for a flat Universe, the ratio of the pressure
theQ component to its density is restricted tow,20.6, and
if the model considered is open, thenw,20.5 @13#. Cer-
tainly, improvement either in the study of the CMB anyso
ropy or the type IA supernova will help us to elucidate t
exact amount of theQ component in the matter content o
the universe.

In this paper we discuss cosmological FRW models w
a Q field in both Einstein’s theory of general relativity an
Brans-Dicke~BD! theories@14#. We shall restrict ourself to
the case in which thew parameter remains constant. W
obtain the potentialV(Q) associated to theQ field, and also
determine the angular size as a function of the redshift.

II. EINSTEIN THEORY

In this section we review the situation in which the qui
tessence component of the matter density, whose equatio
statep5wr, with w a constant less than zero, contributes
the effective Einstein action which is given by

S5E d4xA2g F 1

16pG
R1

1

2
~]mQ!22V~Q!1LM G . ~1!

Here,G is Newton’s gravitational constant,R the scalar cur-
vature,Q the quintessence scalar field with associated po
tial V(Q), andLM represents the matter contributions oth
than theQ component.

Considering the FRW metric for a closed universe

ds25dt22a~ t !2dVk51
2 , ~2!

with dVk51
2 representing the spatial line element associa

to the hypersurfaces of homogeneity, corresponding t
three sphere, and wherea(t) represents the scale facto
which together with the assumption that theQ scalar field is
homogeneous, i.e.,Q5Q(t), we obtain the following Ein-
stein field equations:

H25
8pG

3
~rM1rQ!2

1

a2
~3!

and

Q̈13HQ̇52
]V~Q!

]Q
, ~4!

where the overdots specify derivatives respect tot, H5ȧ/a
defines the Hubble expansion rate,rM is the average energ
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density of nonrelativistic matter, andrQ is the average en
ergy density associated to the quintessence field define
rQ5 1

2 Q̇21V(Q) and average pressurepQ5 1
2 Q̇22V(Q).

As was mentioned in the Introduction we shall conside
model where theQ component has an equation of state d
fined bypQ5wrQ , wherew is considered to lie in the rang
21,w,0, in order to be in agreement with the curre
observational data@11#.

In order to have a universe which is closed, but still ha
a nonrelativistic-matter density whose value correspond
that of a flat universe, we should impose the following re
tion:

rQ5
3

8pGa2
. ~5!

This kind of situation has been recently considered in R
@7#, where a matter density withV0,1 in a closed universe
was described.

Under condition~5!, Einstein’s equations becomes anal
gous to that of a flat universe in which the matter densityrM

corresponding to dust is equal torM
0 @a0 /a(t)#3 and the scale

factora(t) is given bya0(t/t0)2/3. Using the expressions fo
rQ andpQ defined above, we obtain

Q~ t !5Q0S t

t0
D 1/3

. ~6!

with Q0 defined by Q053A3(11w)/8pG(t0 /a0). The
quantities denoted by the subscript 0 correspond to quant
of the current epoch.

From solution~6!, together with the definitions ofrQ and
pQ we obtain an expression for the scalar potentialV(Q)
given by

V~Q!5V0S Q0

Q D 4

, ~7!

whereV0 is the present value of the scalar quintessence
tential given byV053(12w)/16pGa0

2. When both solu-
tions ~6! and~7! are introduced into the field equation~4! the
w parameter necessarily will be equal to2 1

3, as is expected
from the approach followed in Ref.@7#.

To see that a closed model at low redshift is indistingui
able from a flat one, we could consider the angular size
the number-redshift relation as a function of the redshiftz, as
was done in Ref.@7#. Here, we shall restrict ourselves t
consider the angular size only. The results will be compa
with the corresponding analogous results obtained in
theory.

The angular-diameter distancedA between a source at
redshiftz2 andz1,z2 , is defined by

dA~z1 ,z2!5
a0sin@Dx~z1 ,z2!#

11z2
, ~8!
4-2
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whereDx(z1 ,z2) is the polar-coordinate distance between
source atz1 and another atz2 , in the same line of sight~in a
flat background! and is given by

Dx~z1 ,z2!5
2

a0H0
F 1

A~11z1!
2

1

A~11z2!
G . ~9!

Here, H0 corresponds to the present value of the Hub

constant, defined byH05A8pGrM
0 /3. The corresponding

angular size of an object of proper lengthl at a redshiftz
results inQ. l /dA(0,z), which becomes~in units of lH 0)
n
ow

d-
a

s
rs
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Q5
1

a0H0

11z

sin$~2/a0H0!@121/A11z#%
. ~10!

For a small redshift~or equivalently, for a small time
interval! the angular size is given by

Q.
1

z
1

7

4
1F 6

~a0H0!2
1

33

48Gz1O~z2!. ~11!

Since forV0.1 it is found that
Q5AV21
11z

sin$2A~V21!/~V021!@ tan21
„
A~V0z11!/~V021!…2tan21

„2A1/~V021!…#%
, ~12!
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where,V represents the sum of matter and the quintesse
contribution to the total matter density, we obtain that, at l
redshift,Q(V0.1);1/z, which coincides with the first term
of the expantion~11!. Therefore, it is expected that the mo
els with V051 and V0.1 become indistinguishable at
low enough redshift. In Fig. 1 we have plottedQ as a func-
tion of the redshiftz in the range 0.01<z<10, for V051
and V053/2. We have determined the value ofa0H0 by

FIG. 1. We plot the angular size~in units of lH 0) as a function
of the redshift, in Einstein theory. The dotted curve correspond
a flatV051 universe. The solid curve represents a closed unive
with V05

3
2 .
cefixing the polar-coordinate distance at the last scattering
face given byDx(zLS)5p, with zLS.1100, as was done in
Ref. @7#

III. BD THEORY

In this section we discuss the quintessence matter m
in a theory where the ‘‘gravitational constant’’ is consider
to be a time-dependent quantity. The effective action ass
ated to the generalized BD theory@15# is given by

S5E d4xA2g FFR2
v0

F
~]mF!22V~F!

1
1

2
~]mQ!22V~Q!1LM G , ~13!

where F is the BD scalar field related to the effectiv
~Planck mass squared! value, v0 is the BD parameter, and
V(F) is a scalar potential asociated to the BD field. As in t
Einstein case, the matter LagrangianLM is considered to be
dominated by dust, with the equation of statepM50. We
also keep the quintessence component described by the
lar field Q.

When the FRW closed metric is introduced into the act
~13!, together with the assumptions that the different sca
fields are time-dependent quantities only, the following se
field equations are obtained

H21HS Ḟ

F
D 5

v0

6 S Ḟ

F
D 2

1
8p

3F
~rM1rQ!2

1

a2
1

V~F!

6F
,

F̈13HḞ1
F3

2v013

d

dF S V~F!

F2 D
5

8p

2v013
@rM1~123w!rQ#, ~14!

to
e,
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and

Q̈13HQ̇52
]V~Q!

]Q
.

As before, we have taken theQ component with equation o
statepQ5wrQ , wherew will be determined later on.

In order that the model mimics a flat universe, we impo
the following conditions:

8p

3F
rQ5

1

a2
2

1

6F
V~F! ~15!

and

rQ5
F3

8p~123w!

d

dF S V~F!

F2 D . ~16!

Under these restrictions, the BD field equations beco
equivalent to that of a flat universe, in which we assum
matter content dominated by dust.

It is known that the solutions of the scale factora(t) and
the JBD field F(t) are given by a(t)
5a0(t/t0)2(11v0)/(413v0) and F(t)5F0(t/t0)2/(413v0), re-
spectively. These solutions together with the constraint eq
tions ~15! and ~16! yield to the following expression for the
quintessence matter field:

FIG. 2. This plot shows how the angular size in the Einst
~dashed line! and Brans-Dicke~dotted curve! theories depend on
the redshift for a flat universe (V051). We have used the valu
v05500 for the BD parameter.
12350
e

e
a

a-

Q~ t !5Q0S t

t0
D ~31v0!/~413v0!

, ~17!

where nowQ0 is defined by

Q05A3~11w!~413v0!2~312v0!

~31v0!~9w12v0!

F0

8p
S t0

a0
D

and where, as before, the quantities with the subscript 0
resent the actual values. Notice that this result reduce
Einstein solution@Eq. ~6!#, for v0→`, together with the
identification of the gravitational constant,F051/G.

Equation~17! together with equations~15! and~16! yields
the potential associated to the BD field

V~F!5H V~F0!S F

F0
D 9w

if 1 12v019w50,

V~F0!S F0

F D 112v0

if 1 12v019wÞ0,

~18!

whereV(F0) is given by

V~F0!

55 3~123w!S F0

a0
2 D if 1 12v019w50,

23S 123w

2v019wD S F0

a0
2 D 112v0

if 1 12v019wÞ0.

~19!

FIG. 3. This plot is the same as Fig. 2, but now the range foz
is 10<z<1000.
4-4



ri
r
N
a

th

n

-
ec-

ce
ote
be-

mes
es.
ly.
be-
o
een
rent
ave
in-

ow

er
for
lso

the

eo-

ias
nd
by

MATTER SCALAR FIELD IN A CLOSED UNIVERSE PHYSICAL REVIEW D58 123504
We shall consider the second case only, i.e., 112v0
19wÞ0. The first case givesw52 1

9 (112v0), and since
v0.500, in agreement with solar system gravity expe
ments, one obtainsw!21, which results inappropriated fo
describing the present astronomical observational data.
tice that the second case gives a lower bound for the par
eter w, given by w.2 1

9 (112v0). However, the experi-
ments motive us to only consider the range21,w,0.

From Eq. ~18!, together with V(Q)5 1
2 @(12w)/(1

1w)#Q̇2 we obtain

V~Q!5V~Q0!S Q0

Q D 2~112v0!/~31v0!

, ~20!

whereV(Q0) is defined by

V~Q0!5
3~12w!~312v0!

9w12v0

F0

16p

1

a0
2

.

When these solutions are plugged into the evolution of
Q-field equation of motion, we find that the parameterw is
given byw52 1

3 @(21v0)/(11v0)#, for this equation to be
valid. Note also that ifw→2 1

3 in the Einstein limit,v0
→`.

The corresponding angular size~in units of lH 0) for this
kind of theory is found to be

Q5
1

a0H0

11z

sin$~2/a0H0!a~v0!@12~11z!2b~v0!/2#%
,

~21!

where

a~v0!5
Av0

21~17/6!v012

v012
,

b~v0!5
v012

v011
, and H05A8PrM

0

3f0
.

In Fig. 2 we have plottedQ as a function ofz in the Einstein
theory and Brans-Dicke theory withv05500. Note that at
z;10 or greater, they start to become different.

Sincev0@1 and if we take only the first-order term i
1/v0 , we obtain that
12350
-

o-
m-

e

QBD5QE1
11z

~a0H0!2

cos@2Z~z!/a0H0#

sin2@2Z~z!/~a0H0!2#

3H 2@Z~z!11# ln@Z~z!11#2
7

6
Z~z!J

3
1

v0
1OS 1

v0
D 2

, ~22!

whereZ(z)5A11z21, andQBD andQE represent the an
gular size for Brans-Dicke and Einstein theories, resp
tively. At z5zLS.1100 the differenceDQ[QBD2QE, be-
comesDQ'147(1/v0), which for v0;500 becomesDQ
'0.3. This difference forz51, with the same value ofv0 ,
becomesDQ'0.05. Thus, we observe that this differen
increases asz increases, i.e., as time becomes more rem
the difference between the angular size in both theories
comes stronger. Figure 3 shows how this difference beco
more important at a redshift close to last scattering valu
This difference clearly is hard to detect experimental
However, they may be an indication that both theories
come very different atzLS , and it is probably necessary t
search for another observable that might distinguish betw
these two possibilities. Perhaps, the spectrum due to diffe
matter components may be the answer. They certainly h
an effect on the cosmic background radiation, which in pr
ciple could be observable via temperature fluctuations.

IV. CONCLUSIONS

Assuming an effective equation of state for theQ field
given by p5wr with negativew, we have computed the
form of the potentialV(Q) for the Q field in the model
where a closed universe looks similar to a flat one at l
redshifts. We have found it to vary asV(Q);Q2a, where
the parametera becomes a function of the BD paramet
v0 . This parameter has the correct Einstein limit, since
v0→` this parameter becomes equal to 4. We have a
determined the angular size~in unit of lH 0) as a function of
the redshifts, in both theories. Our conclusion is that
angular size at high redshift~close to last scattering values!
could distinguish between Einstein and Brans-Dicke th
ries.
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