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Matter scalar field in a closed universe
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We investigate the possibility that the matter of the Universe has a significant comgtireqtintessence
component determined by the equation of stgie=wp, with w<0. Here, we find conditions under which a
closed model may look similar to a flat Friedmann-Robertson-Walker universe at low redshift. We study this
problem in Einstein’s general relativity and Brans-Dicke theories. In both cases we obtain explicit expressions
for the quintessence scalar potentiflQ), and the angular size as a function of the redshift.
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[. INTRODUCTION Motivated mainly by inflationary universe models, on the
one hand, and by quantum cosmology, on the other hand, we
The Friedmann-Roberson-WalkéfFRW) model may de- describe in this paper the conditions under which a closed
scribe a nonflat universe motivated by the observational eviuniverse model may look flat at low redshift. This kind of
dences that the total matter density of the universe is differsituation has been considered in the literatifg There, a
ent from its critical amount. In fact, the measured matterclosed model was considered together with a nonrelativistic-
density of baryonic and nonbaryonic components is less thamatter density withl,<1, and the openess is obtained by
its critical value. However, theoretical arguments derivedadding a matter density whose equation of state is
from inflationary modelg1] and from some current micro- p=—p/3. Texture or tangled strings represent this kind of
wave anisotropy measurements favor a flat universe Wher@quation of statd8]. In a universe with texture, the addi-
the tota_l energy density equals the critical density. tional energy density is redshifted as2, wherea is the
In this respect, other forms of mattecomponentsare  geaie factor. Thus it mimics a negative-curvature term in
added Wh'ch contnbupe to the tqta_l energy d(_ansrcy, so it beEinstein’s equations. As a result, the kinematics of the model
comes possible to fullfil the prediction of inflation. Examples . . . . .
. X is the same as in an open universe in whith<1. The first
of these kinds are the cosmological constAntor vacuum . : ! .
energy density together with the cold dark matté€DM) person who st.udled a universe filled with a matter content
with an equation of state given by= —p/3 seems to be

component, which forms the famousCDM model, that, i
among others, seems to be the model which best fits existin§C!P [9]- He found that a closed universe may expand eter-

observational datg2]. nally at constant velocitycoasting cosmology Also, he dis-

Recent cosmological observations, including those relateinguishes a model universe with multiple images at different
to the relation between the magnitude and the red§8ift redshifts of the same object and a closed universe with a
constrain the cosmological parameters. The test of the stafiadius smaller tharHg !, among other interesting conse-
dard model, which includes spacetime geometry, galaxy peguences.
culiar velocities, structure formation, and early universe Very recently, there has been quite a lot of work including
physics, favors in many of these cases a flat universe modé the CDM model a new component called the “quintes-
with the presence of a cosmological constatit In fact, the  sence” component, with the effective equation of state given
luminosity distance-redshift relatiofthe Hubble diagram by p=wp with —1<w<0. This is the so-called QCDM
for the 1A supernova seems to indicate that the ratio of themodel[10]. The differences between this model and the
matter content to its critical valu@, and the cosmological model are, first, the\ model has an equation of state with
constant fits best the valu€s,=0.25 andA =0.75. w= —1, whereas th& model has a greater value and sec-
From a theoretical point of view, another possibility hasond, the energy density associated to €héield in general
risen, which is to consider a closed universe. It seems thataries with time, at difference of th& model. The final, and
guantum field theory is more consistent on compact spatigberhaps the most important, difference is thatGhmodel is
surfaces than in hyperbolic spad¢é$. Also, in quantum cos- spatially inhomogeneous and can cluster gravitationally,
mology, the “birth” of a closed Universe from nothing is whereas the\ model is totally spatially uniform. This latter
considered, which is characterized by having a vanishing todifference is relevant in the sense that the fluctuations of the
tal energy, momentum, and charid. Q field could have an important effect on the observed cos-
mic microwave backgroun(CMB) radiation and large scale
structure[11]. However, it has been noticed that a degen-
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are compared. However, they become different wherwthe density of nonrelativistic matter, ang,, is the average en-
parameter varies rapidly or becomes a constant restricted &rgy density associated to the quintessence field defined by
w>—0qo/2. From the obser_vational point of \_/iew, there sz%Q2+V(Q) and average pressur;eQzéQz—V(Q).
have been attempts to restrict the value of this parameteps was mentioned in the Introduction we shall consider a
Astronomical observations of a type IA supernova have inmodel where theQ component has an equation of state de-
dicated that for a flat Universe, the ratio of the pressure ofined bypo=wpq, wherew is considered to lie in the range
the Q component to its density is restrictedws< —0.6, and —1<w<0, in order to be in agreement with the current
if the model considered is open, then<—0.5[13]. Cer-  observational datfll].

tainly, improvement either in the study of the CMB anysot-  |n order to have a universe which is closed, but still have
ropy or the type IA supernova will help us to elucidate thea nonrelativistic-matter density whose value corresponds to
exact amount of th& component in the matter content of that of a flat universe, we should impose the following rela-

the universe. tion:
In this paper we discuss cosmological FRW models with
a Q field in both Einstein’s theory of general relativity and 3
Brans-Dicke(BD) theories[14]. We shall restrict ourself to po= 5" (5)
the case in which thev parameter remains constant. We 8rGa

obtain the potential/(Q) associated to th® field, and also o o ) )
determine the angular size as a function of the redshift. ~ 1his kind of situation has been recently considered in Ref.

[7], where a matter density witfi;<1 in a closed universe
was described.
Under condition(5), Einstein’s equations becomes analo-
In this section we review the situation in which the quin- gous to that of a flat universe in which the matter dengify
tessence component of the matter density, whose equation obrresponding to dust is equalﬂs@[aola(t)]3 and the scale
statep=wp, with w a constant less than zero, contributes tofactora(t) is given byay(t/ty)?°. Using the expressions for
the effective Einstein action which is given by po andpg defined above, we obtain

Il. EINSTEIN THEORY

1 1 t)"e
S:f d4X\/—_g{m R+§((9;LQ)2_V(Q)+LM . @ Q(t):Qo(E) : (6)

Here,G is Newton’s gravitational constarR the scalar cur- with Q, defined by Qu=3v3(1+w)/87G(ty/ay). The
vature,Q the quintessence scalar field with associated poterguantities denoted by the subscript 0 correspond to quantities
tial V(Q), andL,, represents the matter contributions otherof the current epoch.

than theQ component. From solution(6), together with the definitions gf, and
Considering the FRW metric for a closed universe Po We obtain an expression for the scalar potentéQ)
given by
d?=dt?—a(t)2dQZ_,, @ .
Qo
V(Q)=Vo(6 , (7)
with dQﬁ:l representing the spatial line element associated

to the hypersurfaces of homogeneity, corresponding to a
three sphere, and whe&(t) represents the scale factor, whereV, is the present value of the scalar quintessence po-
which together with the assumption that Qescalar field is  tential given byV,=3(1—w)/167GaZ. When both solu-
homogeneous, i.eQ=Q(t), we obtain the following Ein-  tjons(6) and(7) are introduced into the field equati¢f) the
stein field equations: w parameter necessarily will be equal G, as is expected
from the approach followed in Reff7].
To see that a closed model at low redshift is indistinguish-
szﬁ (pm+ po)— i 3) able from a flat one, we could consider the angular size or
3 Q 2 the number-redshift relation as a function of the redshiéts
was done in Ref[7]. Here, we shall restrict ourselves to
consider the angular size only. The results will be compared

and with the corresponding analogous results obtained in BD
theory.
) ) NV(Q) The angular-diameter distanck between a source at a
Q+3HQ=- 5 (4) redshiftz, andz;<z,, is defined by
where the overdots specify derivatives respedt, td=a/a da(z1,2,) = 3SIAX(21,2)] , ®)
defines the Hubble expansion rapg, is the average energy 1+7,
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whereA x(z,,2,) is the polar-coordinate distance between a 1 1+z
source az; and another at,, in the same line of sightin a 0= : : (10
flat backgrounyiand is given by aoHo sin{(2/agHo)[1 - 1/V1+2]}

For a small redshiftor equivalently, for a small time
interval) the angular size is given by

1 1
Ax(zy,25)= . 9
X202~ 5, Ja+z) J(1+2z,)
1 7 6 3

Here, Hq corr_esponds to the preosent value of the Hybble O~—+ 4 o 24 0(22). (11)
constant, defined byl,=\87Gpy/3. The corresponding Z 4 |(agHy)? 48
angular size of an object of proper lendtlat a redshiftz
results in®=1/d,(0,z), which becomesin units of IH ) Since forQy>1 it is found that

|

1+z
0=y0-1 , (12
si{2v(Q - 1)/(Qo— 1) tan 1(V(Qoz+ 1)/(Qg— 1)) —tan 1(— V1/(Qy— 1)1}

where, ) represents the sum of matter and the quintessendiing the polar-coordinate distance at the last scattering sur-
contribution to the total matter density, we obtain that, at lowface given byA x(z_s) =, with z,s=1100, as was done in

redshift,® (Q,>1)~ 1/z, which coincides with the first term Ref.[7]

of the expantior(11). Therefore, it is expected that the mod-

els with Q=1 andQ,>1 become indistinguishable at a IIl. BD THEORY

low enough redshift. In Fig. 1 we have plottédas a func-

tion of the redshiftz in the range 0.0&£z<10, for Q,=1 In this section we discuss the quintessence matter model

and Q,=3/2. We have determined the value afH, by  in a theory where the “gravitational constant” is considered
to be a time-dependent quantity. The effective action associ-

ated to the generalized BD thedry5] is given by

S= f d“x\/—_g[CDR— % (3,)2—V(d)

(13

1 2
+5 (3,Q2-V(Q)+Ly

10° I
N :
N /
/ where ® is the BD scalar field related to the effective
\\ (Planck mass squargdalue, w, is the BD parameter, and
! V(®) is a scalar potential asociated to the BD field. As in the
Einstein case, the matter Lagrangiay) is considered to be
dominated by dust, with the equation of stagg=0. We

also keep the quintessence component described by the sca-

10"+ e —
1 A lar field Q.
: . When the FRW closed metric is introduced into the action
’ (13), together with the assumptions that the different scalar
fields are time-dependent quantities only, the following set of

Angular Size

field equations are obtained
®\* 8w 1 V(D)
o) T3q (Pvtro) ¥+6T’

)

° 52|
10 | s bttt t T A
0,1 1 @ 6

3 d (V(db)

0,01
Redshift z . .
b+ 3HD+ Goe 300 | g

FIG. 1. We plot the angular siz@n units ofIH;) as a function
of the redshift, in Einstein theory. The dotted curve corresponds to 8
o
=7 +(1-3w
2(1)0+3[pM ( 3 )PQ]:

a flatQ)y=1 universe. The solid curve represents a closed universe,

H2+H

(14

with Qo= 3.
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FIG. 2. This plot shows how the angular size in the Einstein ~ FIG. 3. This plot is the same as Fig. 2, but now the rangez for

(dashed ling and Brans-Dicke(dotted curve theories depend on IS 10<z=1000.
the redshift for a flat universe},=1). We have used the value

wo=500 for the BD parameter. t | (3t wo)/(4+3wo)
Q) =Qo| - , (17
0
and
where nowQ, is defined by
. VQ)
Q+3HQ=- 0 \/3(1+W)(4+3w0)2(3+2w0) D, [t
o (3+ wo)(W+2w,) 87 | ag
As before, we have taken tif@¢ component with equation of
statepo=Wpq, Wherew will be determined later on. and where, as before, the quantities with the subscript O rep-
In order that the model mimics a flat universe, we imposeesent the actual values. Notice that this result reduces to
the following conditions: Einstein solution[Eqg. (6)], for wg—, together with the

identification of the gravitational constanb,=1/G.
Equation(17) together with equationd5) and(16) yields

8w 1 1 . ) X
30 szg— 50 V(D) (15)  the potential associated to the BD field
16} 9w
0
V(D)= |12 (18
@ d [V(D) 18 V(<I>O)(5) if 1+2wo+9wW#0,
POT8m(1—3w) dd | @2 (16

whereV(®,) is given by
Under these restrictions, the BD field equations become
equivalent to that of a flat universe, in which we assume &(®o)
matter content dominated by dust. q)
It is known that the solutions of the scale fac&dt) and 3(1—3w)<—§) if 14+2we+9w=0,
the JBD field ®(t) are given by a(t) A

=ay(t/ty) 2t @0)/(4F300) and P (t)=dy(t/te)?4+390) re- - 1-3w |[Dg|1t290

spectively. These solutions together with the constraint equa- - (m =z if 1+2wo+9w#0.
tions (15) and(16) yield to the following expression for the 0 0

quintessence matter field: (19
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We shall consider the second case only, i.et 2,
+9w#0. The first case givew=—3(1+2w,), and since
wo>500, in agreement with solar system gravity experi-
ments, one obtaine<< — 1, which results inappropriated for
describing the present astronomical observational data. No-
tice that the second case gives a lower bound for the param-
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1+z co§2Z(z)/agHg]
(agH)? sin’[2Z(z)/(agH)?]

0fP=0F+

eter w, given by w>—3(1+2w,). However, the experi-
ments motive us to only consider the rangd <w<0.

From Eq. (18), together with V(Q)=3[(1-w)/(1
+w)]Q? we obtain

V(Q):V(Qo)(%

Q

2(1+ 2w0)/(3+ wg)
) , (20)

whereV(Q,) is defined by

ow+2w,  16m a2

V(Qo) =

When these solutions are plugged into the evolution of th
Q-field equation of motion, we find that the parameters
given byw= — 3[(2+ wg)/(1+ wy)], for this equation to be
valid. Note also that ifw— —3 in the Einstein limit, wq
— 00,

The corresponding angular sigi@ units ofIH) for this
kind of theory is found to be

o 1 1+2z
~ agH, sin{(2/agHo) a(wo)[1— (1+2) Al@ol2)}”
(21
where
Vos+(17/6)wy+2
a(wo - w0+2 !
_wot2 3 [811p%,
ﬁ(u)o)—m, and HO_ 3¢0 .

In Fig. 2 we have plotte® as a function o in the Einstein
theory and Brans-Dicke theory withy=500. Note that at
z~10 or greater, they start to become different.

Since wg>1 and if we take only the first-order term in
1/wgy, we obtain that

7
X ( 2[Z(z)+1]In[Z(2)+1]— 5 Z(2)
1
X—+0

1 2

o wo) ’
whereZ(z)=1+z—1, and®®P and ®F represent the an-
gular size for Brans-Dicke and Einstein theories, respec-
tively. At z=z,=1100 the differencd ®=0B°—@F, be-
comesA®~147(1lkwg), which for wg~500 becomesA®
~0.3. This difference foz= 1, with the same value ab,,
becomesA®~0.05. Thus, we observe that this difference
increases ag increases, i.e., as time becomes more remote
the difference between the angular size in both theories be-
comes stronger. Figure 3 shows how this difference becomes
more important at a redshift close to last scattering values.
This difference clearly is hard to detect experimentally.
However, they may be an indication that both theories be-
Some very different ag, 5, and it is probably necessary to
Search for another observable that might distinguish between
these two possibilities. Perhaps, the spectrum due to different
matter components may be the answer. They certainly have
an effect on the cosmic background radiation, which in prin-
ciple could be observable via temperature fluctuations.

(22

IV. CONCLUSIONS

Assuming an effective equation of state for tQefield
given by p=wp with negativew, we have computed the
form of the potentialV(Q) for the Q field in the model
where a closed universe looks similar to a flat one at low
redshifts. We have found it to vary 34 Q)~Q™ ¢, where
the parametewr becomes a function of the BD parameter
wq. This parameter has the correct Einstein limit, since for
wg— this parameter becomes equal to 4. We have also
determined the angular size unit of IH,) as a function of
the redshifts, in both theories. Our conclusion is that the
angular size at high redshiftlose to last scattering values
could distinguish between Einstein and Brans-Dicke theo-
ries.
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