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When ambient seismic waves pass near and under an interferometric gravitational-wave detector, they
induce density perturbations in the Earth, which in turn produce fluctuating gravitational forces on the inter-
ferometer’s test masses. These forces mimic a stochastic background of gravitational waves and thus constitute
a noise source. Thiseismic gravity-gradient noiskas been estimated and discussed previously by Saulson
using a simple model of the Earth’s ambient seismic motions. In this paper, we develop a more sophisticated
model of these motions, based on the theory of multimode Rayleigh and Love waves propagating in a
multilayer medium that approximates the geological strata at the LIGO sites, and we use this model to
reexamine seismic gravity gradients. We characterize the seismic gravity-gradient noise by a transfer function,
T(f )=%X(f )/W(f ), from the spectrum of rms seismic displacements averaged over vertical and horizontal
directions,W(f ), to the spectrum of interferometric test-mass motidi§,)=Lh(f ); hereL is the interfer-
ometer arm lengthh(f ) is the gravitational-wave noise spectrum, &ni$ frequency. Our model predicts a
transfer function with essentially the same functional form as that derived by Saul®on,
=47Gp(27f ) "?B(f ), wherep is the density of Earth near the test massgds Newton’s constant, and
B(f )=v(f )['(f )B'(f ) is a dimensionlesseduced transfer functiomhose componenty=1 andl'=1
account for a weak correlation between the interferometer’s two corner test masses and a slight reduction of the
noise due to the height of the test masses above the Earth’s surface. This paper’s primary(fpe anady
of how B'(f )=pB(f ) depends on the various Rayleigh and Love modes that are present in the seismic
spectrum(ii) an attempt to estimate which modes are actually present at the two LIGO sites at quiet times and
at noisy times, andiii) a corresponding estimate of the magnitudeBo{f ) at quiet and noisy times. We
conclude thaat quiet timesB' =0.35-0.6 at the LIGO sites, arad noisy times3’' =0.15-1.4(For compari-
son, Saulson’s simple model gaye=3'=1/3=0.58.) By folding our resulting transfer function into the
“standard LIGO seismic spectrum,” which approximaté#f ) at typical times, we obtain the gravity-
gradient noise spectra. At quiet times this noise is below the benchmark noise level of “advanced LIGO
interferometers” at all frequencigthough not by much at 10 Hz); at noisy times it may significantly exceed
the advanced noise level near 10 Hz. The lower edge of our quiet-time noise constitutes a limit, beyond which
there would be little gain from further improvements in vibration isolation and thermal noise, unless one can
also reduce the seismic gravity gradient noise. Two methods of such reduction are briefly discussed: monitor-
ing the Earth’s density perturbations near each test mass, computing the gravitational forces they produce, and
correcting the data for those forces; and constructing narrow moats around the interferometers’ corner and end
stations to shield out the fundamental-mode Rayleigh waves, which we suspect dominate at quiet times.
[S0556-282(98)00424-X

PACS numbd(s): 04.80.Nn

I. INTRODUCTION AND SUMMARY dients are potentially important at the low end of the inter-
ferometers’ frequency rangef=<20 Hz. Another noise

Now that the Laser Interferometric Gravitational Wave source that is important at these frequenciesilisational
Observatory(LIGO) and VIRGO international network of seismic noisgin which the ground’s ambient motions, fil-
gravitational-wave detectof4—4] is under construction, itis tered through the detector’s vibration isolation system, pro-
important to reexamine the various noise sources that wilduce motions of the test masses. It should be possible and
constrain the network’s ultimate performance. Improved espractical to isolate the test masses from these seismic vibra-
timates of the ultimate noise spectra are a foundation fotions down to frequencies as low &s 3 Hz [6], but it does
long-term planning on a number of aspects of gravitationalnot look practical to achieve large amounts of isolation from
wave research, including facilities design, interferometer rethe fluctuating gravity gradients. Thus, gravity gradients con-
search and design, data analysis algorithm development, astitute an ultimate low-frequency noise source; seismic vi-
astrophysical source studies. brations do not.

In this paper and a subsequent o8 we reexamine Gravity gradients were first identified as a potential noise
gravity-gradient noise-noise due to fluctuating Newtonian source in interferometric gravitational-wave detectors by
gravitational forces that induce motions in the test masses dlVeiss in 1972[7]. The first quantitative analyses of such
an interferometric gravitational-wave detector. Gravity gra-gravity-gradient noise were performed by Saul$8h and
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Spero[9] in the early 1980s. There has been little furthernant contributor to the seismic gravity-gradient noise at quiet
study of gravity-gradient noise since then, except for somdéimes, obtaining the same results in the 3—30 Hz band when
updating in Saulson’s recent monogrgdif]. the effects of geological stratification are neglected. But,
In his updating, Saulson concluded that the most serioughereas our paper carries out an extensive study of the ef-
source of gravity-gradient noise will be the fluctuating den-fects of stratification and other modes, the Cella-Cuoco paper
sity of the earth beneath and near each of the interferometergxtends the unstratified RF-mode analysis to frequencies be-
test masses. These density fluctuations are induced by amiow 3 Hz and above 30 Hz, and comput@sd finds to be
ent seismic waves that are always present; their resultingmal) the gravity gradient noise caused by seismically-
gravitational forces are callegseismic gravity-gradient induced motions of the experimental apparatus and its mas-
noise! Saulson[8,10] also estimated the gravity gradient sive physical infrastructure in the vicinity of the VIRGO test
noise from atmospheric fluctuations, concluding that it ismasses.
probably weaker than that from earth motions. Spg¥b This paper is organized as follows: In Sec. | A, we de-
showed that gravity-gradient noise due to jerky human activscribe the phenomenology of the seismic-wave modes that
ity (and that of dogs, cattle, and other moving boplemn be  can contribute to ambient earth motions at horizontally strati-
more serious than seismic gravity-gradient noise if such bodfied sites like LIGO-Hanford and LIGO-Livingston. In Sec.
ies are not kept at an adequate distance from the test masseB, we introduce the transfer functioR(f ) used to charac-
We shall revisit seismic gravity-gradient noise in this paperterize seismic gravity-gradient noise, we break it down into
and gravity gradients due to human activity in a subsequerits componentgmost especially the reduced transfer function
one[5]; T. Creighton at Caltech has recently initiated a care-8’ (f )], and we express it as an incoherent sum over contri-
ful revisit of gravity gradient noise due to atmospheric fluc-butions from the various seismic modes. In Sec. |1 C, we
tuations. briefly describe Saulson’s computation of the reduced trans-
Our detailed analysis in this paper reveals a level of seisfer function, and then in Sec. | D we describe our own com-
mic gravity-gradient noise that agrees remarkably well withputation and results. More specifically, in I D we gather to-
Saulson’s much cruder estimates. Our analysis reveals ttgether and summarize from the body of the paper our
uncertainties in the gravity gradient noise, the range in whichprincipal conclusions aboyg’ for the various modes at the
the noise may vary from seismically quiet times to noisytwo LIGO sites, we discuss the evidence as to which modes
times, the dependence of the noise on the various seismixctually contribute to the noise at quiet times and at noisy
modes that are excited, and the characteristics of the modéisnes, and we therefrom estimate the net valueg3bfat
that the geological strata at Hanford and Livingston arequiet and noisy times. We then fold those estimates into the
likely to support. The dependence of the noise on the modestandard LIGO seismic spectrum to get spectral estimates of
and the characteristics of the expected modes are potentitile seismic gravity-gradient noigeig. 2).
foundations for methods of mitigating the seismic gravity The remainder of the papésummarized just before the
gradient noise, discussed in our concluding section. beginning of Sec. )l presents our detailed models for the
A preliminary version of this papdf 2] was circulated to  geological strata at the two LIGO sites, and our analyses of
the gravitational-wave-detection community in 1996. Thatthe various seismic modes that those strata can support and
version considered only fundamental-mode Rayleigh wavesf the seismic gravity-gradient noise produced by each of
(which we suspect are responsible for the dominant seismithose modes.
gravity-gradient noise at quiet timesnd(as Ken Libbrecht
pointed out to usit contained a serious error: the omission
of the “surface-source” ternidenotedéy in Eq. (1.24 be-
low] for the gravity-gradient force. It also contained errors in
its two-geological-layer analysis for the LIGO Hanford site. ~ Seismic motions are conventionally decomposed into two
These errors have been corrected in this final version of theomponent§13—16: P-wavesand S-waves P-waves have
manuscript, and the analysis has been extended to includeaterial displacements along the propagation direction, a re-
more realistic models of the geological strata at the twostoring force due to longitudinal stre§sressure—hence the
LIGO sites and to include higher-order seismic modes. name P-waves and a propagation speed determined by the
As we were completing this manuscript, we learned of amaterial’s densityp and bulk and shear moduti and w:

paper in presgll] by Giancarlo Cella, Elena Cuoco and K+ 43
Cp= Y

A. Phenomenology of ambient seismic motions
in the LIGO frequency band

their VIRGO-Project collaborators, which also analyzes seis-

mic gravity-gradient noise in interferometric gravitational

wave detectors. That paper is complementary to ours. Both

papers analyze the RF modehich we suspect is the domi- s-waves have transverse displacements, restoring force due
to shear stress, and propagation speed

Although widely used, the name “gravity-gradient noise” is a bit m 1-2v Cp
of a misnomer: it is not gradients of the local gravitational field Cs= » N2—2, Cp~ > (1.2
which cause this noise, but simply the direct fluctuation of the

gravitational force. Some other authors have used the term “New-
tonian noise”[11] or “local gravitational noise’[10]. Here v is the material’s Poisson ratio

(1.2)
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3K—2u Shallowly seated wave modes which cause ambient seis-
= 2(3K—+,u) (1.3 mic motions in our band, i.e., modes that are confined to the
alluvia socy=2500 m/s(and more typically<1000 m/s),

Near the earth’s surface, where seismic gravity-gradien'EnUSt be generatgd in the vicinity of the interferomete_rs’ cor-
noise is generated, these speeds are in the range ner and end stations by surface sources such as wind, rain,

~500-2000 m/s ands~250—700 m/s. However, some 0 and human activitiegautomobile traffic, sound waves from

the modes that may contribute to the noise extend down tairplanes,etc); their attenuation lengths are too short to be
much greater depths, even into the bedrock whege generated from further than a kilometer or so. Deep seated
~5000-6000 m/s and'3~ 3200 m/s. modes that reach into the bedrock could originate from rather

The ambient seismic motions are a mixture of P-Wavegurther away—at 10 Hz and in a layer that h@s~ 100,

and S-waves that propagate horizontdligurface waves’), CP~5509 mis, modes_c_an propagate as far-d%) km.
confined near the earth’s surface by horizontal geological, N Norizontally stratified material, the wave components
strata. Depending on the mode type and frequency, the horii'at make up each mode all propagate with the same angular
zontal propagation speex, can range from the surface lay- frequencyo=2f, horizontal wave vectok=kk (wherek
ers’ lowest S-speed to the bedrock’s highest P-speed_S their horizontal direction, ané=2s/\ their horizontal
250 m/ssc <6000 m/s. wavenumber, and horizontal phase speed= w/k. Their
P- and S-waves are coupled by geological inhomogenevertical motions differ from one horizontal layer to another
ities (typically discontinuities at geological stratand by a  and from P-component to S-component. The horizontal dis-
boundary condition at the earth’s surface. At both LIGO sitespersion relationw(k) [or equivalentlycy(f )] depends on
the strata are alluvial deposits above bedrock, with discontithe mode(Figs. 5, 6, 9, and 11 below
nuities that are horizontal to within 2 degreesore typically Geophysicists divide these surface normal modes into two
to within less than 1 degrgeThroughout this paper we shall types[15,16:
approximate the material as precisely horizontally stratified. Love modeswhich we shall denote by L. These are S-
Seismic gravity-gradient noise is a potentially serious is\waves with horizontal displacement§SH-waves”) that
sue in the frequency band frof~3 Hz (the lowest fre- resonate in the near-surface strata. They involve no P-waves
quency at which mechanical seismic isolation looks practiand thus have no compression and no density variations;
cal) to f~30 Hz; cf. Fig. 2 below. In this frequency band, therefore, they produce no fluctuating gravitational fields and

14

the wavelengths of P- and S-waves are no seismic gravity-gradient noise.
. Rayleigh modeswhich we shall denote by R. These are
N 100 m(CP/looo ms-) combinations of S-waves with vertical displacements and P-
P (f/10 Hy waves(“SV-waves”) that are coupled by the horizontal dis-
. continuities at strata interfaces, including the earth’s surface.
Ne=50 m (cs/500 ms™) (1.4) Rayleigh modes are the producers of seismic gravity-
S (f/10 H2) ' gradient noise.

We shall divide the Rayleigh modes into two groups: the
Neglecting coupling, the amplitudes of these waves atfundamentaRayleigh mode, which we denote RF, and Ray-

tenuate as exp{nr/Q\N), wherer is the distance the waves leigh overtones(all the other modes Rayleigh overtones
have propagated an@ is the waves’ quality factor. The require stratification of the geological structure in order to be
dominant dissipation is produced by the waves’ shear mopresent; they essentially consist of coupled SV- and P-waves
tions and can be thought of as arising from an imaginary panvhich bounce and resonate between the earth’s surface and
of the shear modulus in expressiofisl) and (1.2) for the the interfaces between strata. We shall further divide the
propagation speedss and cp (and thence also from an Rayleigh overtones into two broad classes: those that are
imaginary part of the propagation speeds themsgh®iace composed predominantly of SV-waves, denoted RS, and
the restoring force for S-waves is entirely due to shear, anthose composed predominantly of P-waves, denoted RP. In
for P-waves only about half due to shear, the S-waves attentthe geophysics literature, the modes we identify as RP are
ate about twice as strongly as the P-waves. The measuresdmetimes referred to simply as P-modes, and our RS modes
Q-factors for near-surface materials a@s~10-25, Qp are referred to as the Rayleigh overtones. However, when RP
~20-50[17,18, corresponding to amplitude attenuation modes are intermixed with RS modes in tlog (f ) space of

lengths dispersion relationgas turns out to be the case at Hanford;
1 cf. Fig. 6 below, a given Rayleigh overtone will continu-
L‘p:QP}\P=1OOO m(QP/BO)(CP/mOO ms~) ously change character from RS to RP. Because this will be
f/10 Hz ' quite important for the details of the seismic gravity-gradient

. noise, we prefer to emphasize the similarities of the two
Qshs_ 250 m(Q5/15)(csl500 ms ) (15 mode types by designating them both as Rayleigh overtones
T f/10 Hz ' and denoting them RS and RP.
We shall append to each Rayleigh overtone an integer that
For bedrock(and basalt that overlies it at Hanfordhe Q’s identifies its order in increasing horizontal spexdat fixed
and attenuation lengths can be higher than tigs-as high  frequencyf. Each successive Rayleigh mode, RF, RS1, RS2,
as a few hundre@19]. ... (and, as a separate series, RF, RP1, RP2penetrates

£S:
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more deeply into the Earth than the. prev_ious one..ln Oukyrface byZ(f ). The quantityW(f ) that appears in the
frequency band, the fundamental RF is typically confined tqransfer function is the displacement rms-averaged over 3-

within ’V)\S/W’V 10 m of the earth’s surface. dimensional directions:
The RF mode is evanescent in all layéexcept, at low
frequencies, in the top layefThe overtones RS1, RS2, ... are - [2X3(f )+ Z3(f)
composed primarily of SV-waves that propagate downward W(t )= - 3 L7

from the Earth’s surface, reflect off some interface, return to

the surface and reflect back downward in phase with the The other quan“ty’)"((f ), which appears in the transfer
original downward propagating waves, thereby guaranteeinfnction (1.6) is related to the interferometer’s gravitational-
resonance. On each reflection and at each interface_benNe%Ve strain noise spectrub(f ) by X(f )=Rh(f )L, where
layers, these modes generate a npn.-negllglble adm|>§ture ?"is the interferometer arm lengtd km for LIGO). Physi-
P-waves. The RP overtones are similar to RS, but with th%ally, %(f ) is the spectrum of the interferometer's arm-

propagating and reflecting waves being largely P with Som‘i’ength difference and is called the interferometer's “dis-
non-negligible accompanying SV.

Dissipation will cause an overtone’s waves to damp Ouplaceme'nt hoise_spectrum.” SinGy(f ), and WU ), both
with depth. If that damping is substantial in traveling from Nave units of m{Hz, the transfer functio(f ) is dimen-

the surface to the reflection point, the overtone will not resoSioniess. . .

nate and will be hard to excite. Roughly speaking, the [N this paper we shall expre3gf ) in terms of a dimen-
amount of amplitude decay in traveling from the surface tosionless correctior3(f ) to a simple and elegant formula
the reflection point and back to the surfaceis/Q wheren  that Saulsori8] derived:

is the mode numbefor equivalently the number of round- %(f )

trip wavelengthy cf. Egs. (1.5. The round-trip damping T(f)=—"

therefore exceeds d/ffor mode numberai=Qg/7~5 for W(T)

RS modes anch=Qp /7~ 10 for RP modes. Correspond-

ingly, in this paper we shall confine attention to modes with 47Gp 4

7Gp
mode numbers=<10. - 27— zﬂ(f )= (27t )2/3” )
The RP modes are harder to analyze with our formalism V(0?—wg)?+ 0l 7

than RS modes—typically, when RP modes turn on, there at f=3 Hz. (1.8

are many modes very closely spaced together and it is diffi-

cult to distinguish them. For this reason, we shall study onlyHere p=1.8 g/cn? is the mass density of the earth in the

the lowest one at each site, RP1, plus RP modes that traveicinity of the interferometerG is Newton's gravitational

nearly horizontally in the several-km thick basalt layer atconstant,w=2=f is the angular frequency of the seismic

Hanford. We expect RP1 to be typical of other low-order RPwaves and their fluctuating gravitational forces, aig

modes, and the basalt-layer RP waves to be typical also of 27 rad/s andr~10® s are the angular frequency and

such waves propagating nearly horizontally in the bedrock.damping time of the test mass’s pendular swing. We shall
call B(f ) thereduced transfer functiorSaulson’s estimate

B. Transfer functions and anisotropy ratio for p(f ) was

Following Saulsor{10], we shall embody the results of Bsauisor= 1W3=0.58; (1.9

our gravity-gradient analysis in ansfer function cf. Eq.(21) of Ref.[8]. Our analysesgbelow) suggest that at

(t) quiet timesB may be=0.35 to 0.6, and at noisy timeg,
(1.6) =0.15 to 1.4. Thus, Saulson’s rough estimate was remark-
W(f) ably good.
Each mode of the earth’s motion will contribute to the
5 transfer function, and since the relative phases of the modes
from seismic-induced earth motion&/(f ) to differential  should be uncorrelated, they will contribute #(f ) in

test-mass motiok(f ). The precise definitions &f/(f ) and ~ quadrature:

X(f ) are as follows:
We shall denote the square root of the spectral density B= /E WJB?- (1.10
(the “spectrum”) of the earth’s horizontal surface displace- J

ments along some arbitrary horizontal direction ¥gf )

(units mA/Hz), wheref is frequency. We assume th&tf )

is independent of the chosen directidm®,. the seismic mo-
tions are horizontally isotropic. This is justified by seismom-
eter measurements at the LIGO sites before construction be- BL,=0 (1.11

gan [20,21 and by rough estimates of the diffractive

influence of the constructed faciliti€Sec. V. We shall de- because the Love modes produce no gravity-gradient noise.
note the spectrum of vertical displacements at the earth’$he weighting factorw; is the fractional contribution of

XU

T(f)=

The sum runs over all Rayleigh and Love modek,
e (RF,R$,RM,Ln); B4(f) is the reduced transfer func-
tion for modeJ, with
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modeJ to the mean square seismic displacem@ft and  modes that produces the observed seismic noise and thence

correspondingly thev;’s are normalized by on the net reduced transfer function. For example, if the ob-
served noise is due to one specific Rayleigh mddeith
> w,=1. (1.12  large anisotropy ratia4,, accompanied by enough Love
J waves to reduce the net anisotropy ratio4g.= 1.0 (Han-

i i o . i ford) or 0.6 (Livingston), then Egs(1.10—(1.15 imply that
Besides this normalization condition, there is another cone net reduced transfer function for the seismic gravity gra-
straint on the weighting factons; : each moddat each fre-  yient noise is

qguency has its own ratiad; of vertical to horizontal dis-

placement at the Earth’s surface: 1+21A3
Bi=Bi\ 757 (1.16
l+ Z/Anet

Ay(f)==22, (1.13
Xy(f)

In Appendix A it is shown that for each modg the
reduced transfer functiof; can be split into the product of

We shall call this ratio the modeanisotropy ratio® Since ~ three terms:
the LOV(_e mode_s have purely horizontal motions, their anisot- B=v,T38). (1.17
ropy ratios vanish:
AL,=0. (1.14 The _first term,y,, accounts fpr the correlation between the
gravity-gradient noise at the interferometer’s two corner test
It is straightforward to show that the anisotropy ratios for themasses. It is a universal, mode-independent function of the
various modes combine to produce the following net anisotwaves’ horizontal phase shift in traveling from one test mass

ropy in the earth’s surface displacement: to the other:
7 S wA%(2+ A2 3=y wl/cyy). (1.18
=_= : 1.1
X /EJWJ/(2+A§) (1.19 Herew=27f is the waves’ angular frequendy;-5 m is the

distance between the two corner test massgsis the hori-
At quiet times, measurements show this to be near unity atontal phase speed, for mode J, and w/cy=k is the
Hanford [21], and ~0.6 at Livingston[20], while at noisy mode’s horizontal wave number. For frequencies and modes
times it can fluctuate from-0.2 to~5. The measured value of interest to us, the argumegt= wl/cy; of vy is of order
of this ratio is an important constraint on the mixture of unity. The functiony(y), given by

_\/ 1 [2n , cosp+sing| 1
y(y)= 1+EJ0 Cos ¢ sin ¢ co§ y————|dop= 1—§Jz(y) (1.19

V2

[whereJ,(y) is the second Bessel function of the first Kind near 10 Hz,c,;=330 m/s(cf. Figs. 6 and 8 correspond-
is plotted in Fig. 1. As Fig. 1 shows(y) is within about 10  ingly, I'yz=0.75. For other modes;,, will be larger sol';
per cent of unity for all frequencies, so we shall regard it aswill be closer to unity than this. For this reason, throughout
unity througout the rest of this manuscript, except in Appenthe rest of this paper, except in Appendix A, we shall ap-
dix A. proximatel™; by unity. With y; andI"; both approximated as
The second terml’;, in Eq. (1.17 for B, describes the unity, we henceforth shall blur the distinction betwegn
attenuation of the gravity gradient noise due to the helght and B}, treating them as equétf. Eq. (1.17)].
of the test masses above the earth’'s surface. We show in | Appendix A we derive expressions for the reduced
Appendix A that transfer functions(f ) and the anisotropy ratiel; in terms
_ _ of properties of the eigenfunctions for mode denote by
Fy=exp(—wHlcny). (1.20 &y and €5 the mode’s complex amplitudes at the Earth’s
surface g=0) for horizontal displacement angpwardver-
tical displacement, so the mode’s surface displacement
p.eigenfunction is

For LIGO interferometerg{ is about 1.5 m, the frequency of
greatest concern i5= w/27m=10 Hz (cf. Fig. 2 below, and
at quiet times the dominant contribution to the noise pro

ably comes from the RF modgef. Sec. | D 3 for which, R . T I
&= (Enak— £y 8!k X @b, (1.21)

2Geophysicists use the namespectral ratio for 1/A  whereé, is the unit vector pointinglownwardandk=k/k is
=1/(anisotropy ratio). the unit vector along the propagation direction. Also, denote

122002-5



SCOTT A. HUGHES AND KIP S. THORNE PHYSICAL REVIEW [38 122002

Y This has a simple explanatiofi) to produce much gravita-
1.05 tional force on a test mass, a compressed bit of matter must

reside at an angle= /4 to the vertical as seen by the test

mass, andii) bits of matter all at the same= /4 and at

y fixed time have fractional compressioap/p that oscillate

095 with depth z as e**=¢e*?" and that therefore tend to

cancel each other out below a depthklién «)~1/Kk.

From Eq.(1.24 we can estimate the magnitude of the
reduced transfer function. The mode’s fractional density per-
turbationR; is equal to the divergence of its displacement
eigenfuction(aside from sigh which is roughlykéy; and
often does not vary substantially over the shallow depths
=< Zsqg Where the gravity gradients originate. Correspond-

/\ /\ /\ /\ /\ /\ /\ / ingly, the integral in Eq.(1.24 is ~§&4y, SO B
~NL1.5 &+ Eval 2 (| Ensl?+1Ev3%) ~ 1, since the horizontal
\7 \/20\/ \3}’ \/ 4v \foy and vertical displacements are comparable.

0.9

1.05

As we shall see in Secs. Il and Ill B 3 below, for RP
modes the gravity gradients produced by the surface and sub-
surface sources tend to can¢alconsequence of mass con-
servation, so B’ actually tends to be somewhat smaller than
unity,

0.95

0.9

FIG. 1. The functiony(y) that accounts for correlations of seis- Bre=0.15, (1.26a
mic gravity-gradient noise in the two corner test masses. This func-
tion is given analytically by Eq(1.19, and it appears in all of the while for RF and RS modes, the surface source tends to

reduced transfer functiong;(f )= B5(f ) y(2wfl/cyy)Ty(f ). dominate, so
by R;(z) the mode’s amplitude for the fractional perturba- Bhe~ Bhs~ i » /_3 5~ i:0_7_ (1.26H
tion of densitydp/p at depthz below the surface, so v2 V1+2A5 v2

%:[5\”5(2)+RJ(Z)]ei<lZ-x1wt)_ (1.22 If we had normalized our transfer function to the vertical
displacement spectruniZ(f )| instead of the direction-

Here the terméy,8(z) accounts for the mass moved above 8V€raged spectrurf(f )| [Eq. (1.6, then for modes in
z=0 by the upward vertical displacemest,. Then, we which the surface source strongly dominatg$, would be

show in Appendix A[Eq. (A7)] that 1/2 independently of the mode’§ anisotropy rgtio.
In Secs. lll and IV and associated Appendices, we shall
=3 |Eval (1.23 derive, for each low-order Rayleigh mode at Hanford and
I el ' Livingston, the reduced transfer functigtj and the anisot-

ropy ratio4;. In Sec. | D, we shall discuss the likely and the
where thev2 comes from the fact that when this mode is allowed weightingsw; of the various modefsubject to the
incoherently excited over all horizontal directioksits rms  constraint¢1.12 and(1.15], and shall estimate the resulting
horizontal amplitude along any chosen directionés,|/v2. ~ net reduced transfer functiog f ) for the two sites and for
Similarly, we show in Appendix AEq. (A21)] that quiet and noisy timegTable ).
Henceforth we typically shall omit the subscriptthat
PR enotes the mode name, except where it is needed for clarity.
Bi(f )= 3/2 d he mod here it is needed for clari
) | Enal >+ [€val®
(1.24 o : . : .

In his original 1983 analysis of seismic gravity-gradient
wherek= w/cy; for modeJ. We shall refer to th&, ; term noise[ 8], Saulson was only seeking a first rough estimate, so
in Eq. (1.24 as thesurface sourcef gravity gradients, and he used a fairly crude model. He divided the earth near a test
the J"R,Je*kzdz term as thesubsurface source mass into regions with SiZQp/Z (where Ap is the wave-

Note that the influence of a given density perturbationlength of a seismic P-wayeand he idealized the masses of

dies out a® % so unlesR(2) increases significantly with  these regions as fluctuating randomly and independently of
depth, the seismic gravity gradients arise largely from depthgach other due to an isotropic distribution of passing P-

gvj+f R;(z)e ¥4~
0

C. Saulson’s analysis and transfer function

shallower than thgravity-gradient efolding length waves. Saulson’s final analytic restiis Eq.(21)] was the
. transfer function(1.6) with 8= 1A3.
Z _ 1 cw . (cny/1000 msT) (1.25 Saulson’s 1983 numerical estimatf] of the seismic
99 k 2q4f " (f/10 H2) ' gravity-gradient noise were based on seismic noise levels
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\7V(f )=0.5x 10—8(10 Hz/f )2Cm/\/H_Z for “average sites” TABLE |. Reduced transfer function8’ predicted for Hanford

and a factor 10 lower than this for “quiet sites.” The result- and Livingston by our 4-layer models; arﬁL, the Va".’e of3 .
when enough Love waves are added to bring the anisotropy ratio

ing gravity-gradient nois&(f ) =T(f )W(f ) was substan-  gown to the quiet-time values observed at the two sités- (. for
tially below the projected vibrational seismic noise(8eis-  Hanford, 4~0.6 for Livingston.

mically well isolated “advanced” LIGO interferometers
[1]. Hanford Hanford Livingston Livingston
In updating these estimates for his recent monogfaph  Modes B’ Bl B’ Bl
Saulson noted that his original “average” and “quiet” sites
were based on measurements at underground seismologic¥f f<10Hz 0.4-0.85 0.35-06 0.65-0.9  0.35-0.45

stations. Surface sites, such as those chosen for LIGO arfef f>10 Hz  0.85 0.6 0.65-0.9  0.35-0.45
VIRGO, are far noisier than underground sites in the relevanRS 0.4-1.4  04-1.05 0-1.2 0-0.9
frequency band, 3 Hzf=<30 Hz, because of surface seis- RP 0-0.15 0-0.15 0.02-0.13 0.01-0.06

mic waves. More specifically, even though the chosen LIGG
sites(at Hanford, Washington and Livingston, Louisiqaae

among the more quiet locations that were studied in the (iii) using seismic measurements at the LIGO sites and
LIGO site survey, their noise at typical times is approxi- geophysical lore based on other sites to estimate the mode
mately isotropic[?(f )N;((f )~\7V(f )] and has approxi- mixture present at the two sites under both quiet and noisy

telv the following f it 2 conditions(this section; and
mately the following form and magnitud@o,21 (iv) evaluating for these mode mixtures the expected re-

~ _, cm duced transfer function and resulting noigleis section.
W(f )=1X10"— at 1<f<10 Hz,

\/H_Z 1. Our reduced transfer functions

cm (10 Hz\2 Table | summarizes the results of our model computations
=1X10 7 —— ( at f>10 Hz. for each LIGO site. Shown there are .the range of computed

;}Hz f reduced transfer function8’ for specific types of Rayleigh

(1.29  modes, and the range of net reduced transfer functigjns
that would result if each Rayleigh mode were mixed with

This so-calledstandard LIGO seismic spectruis 20 times ~ enough Love waves to bring it®ften rather high anisot-
larger than at Saulson’s original “average” sites fér Topy ratio.A down to the level typical of quiet times at the
=10 Hz. Correspondingly, Saulson pointed out in his up-LIGO sites (4=1.0 at Hanford 21], .A=0.6 at Livingston

date, the seismic gravity-gradient noise may stick up abov&20)). _
the vibrational seismic noise in “advanced” LIGO  The modes shown in Table | are the RF mode, the RS

interferometers.On the other hand, at very quiet times—at modes with no sign of RP admixture, and the RP modes. The
night and with winds below 5 mph—the LIGO seismic RF and RS modes usually hay® in the range 0.4 to 1.2,
ground noisdV(f ) can be as low as-1/10 the level1.27), though in special cases it can sink toward zero. By contrast,

thereby pushing Saulson’s seismic gravity-gradient noisd€ RP modes always have small: 0 to 0.15. This marked
well below the vibrational seismic noise of an “advanced” difference arises from the fact that for RF and RS the

LIGO interferometer. (largely S-wave surface source tends to dominate over the
(entirely P-wavé subsurface source; while for RP, mass con-
servation guarantees that the two sour@asth largely P-
D. Our analysis and transfer function wave will be nearly equal, but opposite in sign, and will

Saulson’s new, more pessimistic estimates of the seismigearly cancel(lf the surface source were absent, the pattern

gravity gradient noise triggered us to revisit his derivation ofvould be reversed: the subsurface souf which arises
the transfer functior(f ) from seismic ground motions to from compressional density perturbations, tends to be weak

detector noise. Our analysis consists of: for RS modes because they consist primarily of non-
(i) splitting the ambient seismic motions into Love and COmMpressional S-waves, but is strong for RP modes since
Rayleigh modegbody of this paper and Appendides they consist primarily of compressional P-waves; 86

(i) computing the reduced transfer function for eachWould be small for RS and large for RP.

mode and for models of the geological strata at each LIGO
site (body and Appendices 2. Modes actually present and resulting seismic noise

There is littledirect evidence regarding which modes con-
tribute to the ambient surface motions and thence to the

3Saulson informs us that in evaluating the noise at the LIGO sitesgravity-gradient noise at the LIGO sites during quiet times.
he made an error of3; his transfer function and the standard LIGO Past seismic measurements do not shed much light on this
seismic spectrum actually predict a noise lev&lsmaller than he iSsue. In the concluding section of this pag€ec. V), we
shows in Fig. 8.7 of his book10]. When this is corrected, his shall propose measurements that could do so.
predicted noise, like ours, is below the “advanced” LIGO noise  Fortunately, the nature of the ambiently excited modes
curve, though only slightly so near 10 Hz. has been studied at other, geophysically similar ditesi-
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zontally stratified alluvia over bedrogkThe preponderance .,
of evidence suggests that at quiet times the surface motions

at such sites and in our frequency band are due to a mixture

of Love waves and the fundamental Rayleigh mode RF plus
perhaps a few low order RS modgz2—-2§. In at least one

case, some amount of RP excitation is also 4@&M these 10
RP excitations are ascribed to “cultural noiséioise gen- N
erated by human activity of some Soniear the measurement h
site. Deep borehole measurements indicate that RP domi-
nates at very great depths 6 km) [28]; this is probably not |, .
relevant to our analysis, however. It merely indicates that
very deep down, the majority of the surface waves have
damped away, leaving only some residual RP modes. The
deep motions are typically an order of magnitude or two

T T T

T

smaller than the surface motions; cf. Sec. | C. 10‘243 1 5 5 7 8910 20 30
On this basis, we presume that at quiet times the net re- frequency, Hz
duced transfer function is about that for the RF mode, with
enough admixed Love waves to bring the netlown to the FIG. 2. Seismic gravity-gradient noise in a LIGO interferom-

typical quiet-time values of 1.0 for Hanford and 0.6 for Liv- eter. In this figure, we assume that the direction-averaged spectrum
ingston. In other wordsB,...is about equal t8, for the RF of earth displacements has the form of the standard LIGO seismic
mode: spectrum, Eq(1.27). The edges of the gray bands are for the indi-
cated values of the reduced transfer funcign(assumed equal to
Bret, quiet times=0.35—0.45 at Livingston, B; i.e., for y andT" approximated as unity The dark gray band is
_ our estimate of the range of noise for quiet times. The gray bands,
=0.35-0.6 at Hanford. (1.28 both light and dark, are for noisy times, assuming the standard
’ LIGO seismic spectrun{1.27). At very quiet times, the ground
We have folded these quiet-time estimatesgorinto the spectrum can be a fa_cterlo smaller thanjl.27),.whigh will lower
standard LIGO seismic spectruh.27 to obtain the gravity- these bands accordingly. _C_onversely, at noisy times the ground
gradient noise estimates shown as the dark gray band in FigPeCtrum can be larger, raising these bands. Also shown for com-
2. The thickness of the band indicates the range of @ur arison is the projected noise in an advanced ITIGO interferom-
[Eqg. (1.28]: 0.35 to 0.6. To produce this plot, we took ex- etekr], and the standard quanﬁrj‘msllgﬁLIQL)hfor an mterfer(c)ﬂrin;at)er
- - Ly with one tonne test masses. The is the square root .
Foreusr?ilt(;/r(i(fl)} f_o;;,hfc;raEnqu(elr f1u7T]Ct1|9hﬁ; (r:c )Wvgltrzl};t?pr:idelt; ?ﬁits of Ref. [31]. The “advanced” interferometer noise is taken from

A Fig. 7 of Ref.[1], with correction of a factor 3 error in the suspen-
by the standard LIGO seismic spectrdin27) for the ground sion thermal segmertFig. 7 of Ref.[1] is a factor 3 too small, but

djsplacement with an assumed density: 1.8 g/cn?. This Fig. 10 of that reference is correct, for the parameters listed at the
yields end of the section “LIGO Interferometers and Their Noige”

~ B’ 6xX10°2%[10 Hz\?
hsedf )= 06 Jiz ( - ) : <0.2 Hz[29,30). Moreover, the measured anisotropy ratios
' Hz can fluctuate wildly from~0.2 to ~5 at noisy times, sug-
3 Hz=f<10 Hz, gesting a wildly fluctuating mixture of RF, RS, RP, and Love
modes. Scrutinizing not only Table | but also the rang@ of
B' 6x10 210 Hz\* shown in Figs. 7, 8, 10 and 11 which underlie that table, and
~06 \/H—z ( f ) ' keeping in mind that Love modes with vanishigj will
also be present, we estimate that the fluctuationg'ofat
10 Hz<f=30 Hz, (1.29 noisy times will be confined to the range
which we plotted for the indicated values 8f. Bret, noisy times=0-15—1.4. (1.30

At very quiet times, the ambient seismic spectrum near 10
Hz can be as much as a facterlO lower than the standard We have folded this estimate into the standard LIGO seismic
LIGO spectrum assumed in E€L.29 and Fig. 2, and cor- spectrum to obtain the upper and lower edges of the light
respondingly the quiet-time gravity gradient noise can be gray band in Fig. 2. The gray bands, light and gray taken
factor ~10 lower. together, are our best estimate of the range of seismic

At noisier times, there appear to be excitations of a vari-gravity-gradient noise at noisy times, assuming the standard
ety of RF, RS and RP modes. For example, at the LIGCLIGO seismic spectrum. Since, at noisy times, the seismic
sites, time delays in correlations between surface motions apectrum can be somewhat higher than the standard one, the
the corner and the end stations reveal horizontal propagatiogravity-gradient noise will be correspondingly higher.
speedscy~5000 m/s, corresponding to deeply seated RP- For the next few years, the most important application of
modes(although for the most part these modes are seen dhese estimates is as a guide for the development of seismic
frequencies too low to be of interest in this analysis— isolation systems and suspension systems for LIGO. There is
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not much point in pushing such systems so hard that the The RF mode propagates with a horizontal spegdhat
vibrational seismic or the suspension thermal noise is drivedepends solely on the Poisson ratio. It is a bit slower than the
far below our lowest estimates of the seismic gravity-speed of S-waves, and is much slower than P-waves. For the
gradient nois¢bottom of the black line in Fig. 2, lowered by above parameters,
the amount that the actual very quiet time spectrum falls _ -9 .

=0. = m 2.2
below the standard LIGO spectrufd.27)]—unless corre- Cr=0.9%s=205 mis; 22

sponding steps are taken to mitigate the seismic gravity gracf. Eq. (B1). Correspondingly, the waves' horizontal wave

dient noise; see Sec. V. _ o . numberk and horizontal reduced wavelength are

In Fig. 2 we compare our predicted seismic gravity gra- 1 10 H
dient noise to the projected noise in “advanced” LIGO in- L_ T rr( Z)_ 2.3
terferometers and to the standard quantum limit for an inter- 2wk f

ferometer with one tonne test mas$eSQL" ). Notice that .
our lower bound on the seismic gravity-gradient noise is ev- B€causeCy<cs<cp, RF waves are evislrlksscent verti-
erywhere smaller than the “advanced” interferometer noiseCally: the P'Wf‘g’lf’zs die out with depthase™ %, and the
but it is larger than the SQL at frequencies belev20 Hz. ~ SV-waves ag >, where

Our lower bound rises large enough belewl0 Hz to place q=1-(cy/cp)2=0.88,
limits on seismic-isolation and suspension-noise R&D that
one might contemplate doing at such frequencies. s= \/1—(CH/CS)2=O.36. (2.4

The remainder of this paper is organized as follows: we ) ) ) ]
begin in Sec. Il by discussing Rayleigh waves and seismid Nus, the verticab-folding lengths for compressiotwhich
gravity-gradient noise in the idealized case of a homogeProduces seismic gravity gradiehtand sheawhich does

neous half spacéot a bad idealization for some regions of oY are

some modes at Hanford and LivingsjoiThen we develop 1 10 Hz

multilayer geophysical models for Hanford and Livingston Zp= —k=3.7 IT( f )

and use them to derive the reduced transfer functions for the a

various Rayleigh mode&Secs. Il and 1. We conclude in 1 10 Hz

Sec. V with a discussion of the uncertainties in our analysis Zs= g~ 90 ”’( | (2.9

and research that could be undertaken to reduce the uncer-
tainties, and also a discussion of the physical interaction of These RF waves produce substantially larger vertical mo-
the seismic waves with the foundations of the LIGO facili- tions than horizontal at the Earth’s surface. For waves that

ties, and of ways to somewhat reduce the gravity gradiengre horizontally isotropic, the anisotropy ratio is
noise if it ever becomes a serious problem in LIGO interfer-

_ 2
ometers. Mathematical details of our analysis are confined to A=v2 M =2.2. (2.6
Appendices. Those Appendices may form a useful founda- 1+s°-2qs

tion for analyses of seismic gravity-gradient noise at other_ o

sites. This large ratio is indicative of the fact that RF waves con-

tain a large component of P-waves. As mentioned in the
Introduction, this is substantially larger than the values typi-
cally observed at the LIGO sites in the band 3z
=30 Hz—seismic measurements taken at those 21@21]

A. Fundamental Rayleigh mode show that, at quiet times4=1.0 at Hanford,A=0.6 at Liv-
As a first rough guide to seismic gravity-gradient noise,ingston. Thus, RF waves cannot alone be responsible for the

we idealize the LIGO sites as a homogeneous half space witfiSmic motions. To the extent that our homogeneous-half-
density p, Poisson ratior, S-wave speeds and P-wave SPace model is realistic, RF waves must be augmented by a
speedcp given by large amount of horizontally-polarized S-waveS8SH-

waves”), which haveA=0.
p=1.8 glent, »=0.33, cp=440 m/s, RF waves produce a reduced transfer function

II. HOMOGENEOUS HALF SPACE

- \/ 3(1+s2—-2q)2 ~
cs=220 mis. (2.1) B'= 2(1+Sz)[(1+82)(1+q2)_4qs]—0.86.
(2.7

(These are the measured parameters of the surface materialldtis 8’ is produced primarily by the surface sourég in
Livingston; for Hanford, the parameters are only a little dif- Eq. (1.24); if there were no surface source, the subsurface
ferent; cf. Sec. Il A below. term [R (arising solely from the P-wave compressipns

This homogeneous half space can only support the R®ould produce the far smaller valy =0.17. When the RF
mode, as mentioned in the Introduction. The theory of thewaves are augmented by enough Love waves to reduce the
RF mode and the seismic gravity-gradient noise that it pronet.A to 1.0 (Hanford or 0.6 (Livingston), they produce a
duces is sketched in Appendix B. Here we summarize theet reduced transfer functidieq. (1.16 with primes added
results. to the B's]
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B/ =0.59 (Hanford, 0.40 (Livingston). (2.9 5

As we shall see in the next two sections, the Earth is 4
strongly stratified over the relevant vertical length scales at
both Hanford and Livingston, and this gives rise to signifi- 5
cant differences from the homogeneous-half-space model.A
Nevertheless, as discussed in the Introduct®ec. | D 3, it
is likely that at quiet times the RF mode produces the domi-
nant gravity-gradient noise. Stratification modifies this RF
mode somewhat from the description given here; however, 1
as we shall se€Figs. 7 and 1§) these modifications typically -
alter its anisotropy ratio and reduced transfer function by =T Y .
only a few tens of percent. Thus, the homogeneous-half- 0.2 0.4 0.6 0.8 1
space model may be a reasonable indicator of seismic CP/cH or cS/cH
gravity-gradient noise in LIGO at quiet times. FIG. 3. Anisotropy ratio for waves that propagate upward in a

homogeneous half space, reflect off the Earth’s surface, and propa-
B. P-up and SV-up waves gate back downward. The curve “P” is for the case when the

o L _ upward propagating waves are pur¢fRPup wavey in which case
The principal effect of stratification is to produce a rich the abscissa i€p/Cy=sinap; “SV” is for SV-up waves, with

variety of normal-mode oscillations, in which mixtures of apscissacs/cy=sinas. It is assumed thatp=2cg; this is ap-
SV- and P-waves resonate in leaky cavities formed by theroximately the case for the surface layers at Hanford and Living-
strata. These oscillations are Rayleigh-mode overtoneston.
whose(rather complextheory is sketched in Appendices C
and D and discussed in Secs. Ill and IV. In this subsection For c,>cp the waves travel nearly vertically. Their P-
we will momentarily ignore that fact, and will seek insight components produce vertical motions, while the much
from a much simpler analysis that gives results which agregveaker SV-waves created on reflection produce horizontal
approximately, and in some cases quite well, with those ofnotions. As a resultA is large, diverging in the limitcy,
the Rayleigh-overtone theory. —oo, and decreasing gradually to near unitycas—cp. AS
If the top layer(labeled by a subscript) has a thickness we shall see below, this is typical: when P-waves predomi-
D, larger than half a vertical wavelength of the waves’ os-nate in a wave mixturéRP mode} A is typically somewhat
cillations, D;>(cpy/2 f )/\1—(cp1/cy)? for P-waves and larger than unity.
similarly for S-waves[cf. Eq. (3.2) below and associated For these P-up waves, the gravity gradients produced by
discussio, then the trapped modes can be thought of ashe surface source cancel those from the subsurface source in
propagating upward through the top layer, reflecting at thehe limit c,>cp, causingg’ to vanish. Ascy is reduced
earth’s surface, and then propagating back downward. Bymoving rightward in Fig. % the cancellation becomes im-
ignoring the effects of the interfaces below, these waves caperfect and3’ grows, though never to as large a valueGas
be idealized as traveling in a homogeneous half space.  would have in the absence of the surface term
The behavior of these waves depends on the mixture of R—~1.3-2.4). The surface-subsurface cancellation is easily
and SV-waves that composes them as they propagate upnderstood. In the limitc,>cp, the P-waves propagate
ward. Because these two components will superpose linearlyiearly vertically, with vertical reduced wavelength for their
we can decompose the mixture and treat the P-wave partfensity oscillations, k,=cp/w, that is small compared to
and SV-wave parts separately. We will call these compothe gravity-gradiene-folding length Zs,= 1K= ¢y / w, over
nents P-up and SV-up waves. In Appendix E, we derive

simple analytic formulas for the anisotropy ratib and re-

duced transfer functiog’ for P-up and SV-up waves, and in 14

Figs. 3 and 4 we graph those formulas. In these plots, for 1.2 sV e - -

concreteness, we have chosey cp/2. / >
Consider, first, the P-up wavésolid curves in Figs. 3 and 1 / S~

4). Due to Snell's law[cf. Eq. (3.1) below], these waves 0.8 /

propagate at an angle-= arcsin€p/cy) to the vertical. Such B’ /

propagating waves can therefore exist only fgy>cp; 0.6 /} P

whency<cp, P-waves are evanescent. For this reason, in 0.4 e

the figures we plot on the abscissa the ratjd/'cy running 0.2 Pl

from O to 1. When P-up waves hit the surface, some of their ™ g

energy is converted into SV-waves propagating downward at = /0 > 02 G 03 1

an angleas=arcsin€s/cy); the rest of the energy goes into
reflected P-waves. The resulting combination of upgoing P-
and downgoing P- and SV-waves gives rise to the anisotropy FIG. 4. Reduced transfer function for P-up and SV-up waves in
and reduced transfer functions shown in the figures. a homogeneous half space withb=2cs. Notation is as in Fig. 3.

cP/cH or cS/cH
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which the waves’ sources are integrated in 8924 to pro- TABLE Il. Velocity profiles at the Hanford LIGO site, as ex-
duce the gravitational force. Therefore, the gravity gradientdracted from Table 2.5-3, Fig. 2.5-10, and Sec. 2.5.2.5 of the Sk-
come from many vertical wavelengths, with adjacent one&dit Report[33]. These velocities are based G cross-hole mea-
weighted nearly equally. Because of mass conservation, thgirementgwaves exgited in one borehole and measured in another
surface source plus the top quarter wavelength of subsurfad@wn to 60 m depthiii) downhole measurementsaves excited at
source(multiplied by p) constitute the mass per unit area thatSurtace and arrivals measured in borehpigem z=60m to z
has been raised above a node of the mode’s displacemeﬁtl75 m; (|||)_ extrapolations of downhole measurements at other
eigenfunction; and correspondingly their sum vanishes. Bel€arby locations, and surface refraction measuremieviges ex-
low that node, alternate half wavelengths of the subsurfacgtfgsarzsﬁéwgem?g?hzgzzglrtegpa;zsgrr{fm?:: ch:va?hzitee’rnfg;ZEre-
Source_cance_l each Oth?';(zln a manner thaF geFS weighted €fients at one wel[Rattlesnake Hills No. JLhave gone into the
ponent!al!y with depthe ; their cancellation is excellent basalt to a depth of 3230 m. Depths are in meters, velocities are in
in the limit 1ky<<1k, i.e.,cy>cCp. m/s

Turn now to the SV-up waves. Upon reflection from the
surface, these produce a mixture of downgoing SV- and Ppepths

waves. This mixture gives rise to the anisotropy and reducee ° °s ”
transfer functions shown dashed in Figs. 3 and 4. Again byp—12 520 270 0.32
Snell's law, SV-up waves propagate at an anglg 12-24 820 460 0.27
=arcsings/cy) to the vertical; thus, propagation is possible 24-32 1000 520 0.31
only for cy>cg, and so we plot on the abscissg/c,, run-  32-40 1260 530 0.39
ning from 0 to 1. Whercy>2cg=cp (left half of graphg,  40-50 1980 560 0.46
the downgoing P-waves generated at the surface can propse—-80 2700 760 0.46
gate; wherc,<2cg=cp (right half of graphg the downgo- 80-110 2700 910 0.44
ing P-waves have imaginary propagation angjeand thus 110-160 1800 610 0.44
are evanescentdecay exponentially with depthThis is  160-210 2400 910 0.42
analogous to the phenomenon of total internal reflectiorp10-220 2900 1200 0.40
which one encounters in elementary optics. The downgoingg—_250 4900 2700 0.28
P-waves are the sole subsurface source of gravity-gradientg_3230 5000—5700 competent

noise, and since they are only a modest component of the basalt flows

SV-Up mode, the subsurface source is small. The SV-waves 4000—5500 interbeds

produce no subsurface sour@@ compressions but they
produce a large surface sourflarge surface vertical mo-
tions. This surface source is the dominant cause of theéuvium (220 m) to a depth of~4 km lies a sequence of
gravity-gradient noise and predominantly responsible for thecolumbia River basalts, and below that, bedrf8R,33.
rather large reduced transfer function shown in Fig. 4. Note The density of the alluvial material is=1.8 g/cn?, in-
that the maximum valugg’ =1.4, is the same as the largest dependent of layer. Velocity profiles# andcs as functions
B’ for RS modes in our 4-layer models of the LIGO sitesof depthz) have been measured at the site by contractors in
(Table ). connection with two projects: LIGQ32] and the Skagit
When propagating more or less verticallgy(>2cs),  nuclear power planit33] (which was never constructedVe
these SV-up waves produce small anisotropiéd  have relied primarily on the Skagit report because it contains
<0.4—large horizontal motions and small vertical motions more detailed information over the range of depths of con-
When they propagate more or less horizontallyjs large.  cern to us, and because there is a serious discrepancy be-
The divergence ofd atcs/cy=1~/2=0.707 (as=m/4) oc-  tween the two reports in the depth range 5-25 m, which
curs because the SV-up waves at this angle generate no Bentributes significantly to the seismic gravity gradients. The
waves upon reflection; they only generate downgoing SV-Skagit velocities there are more plausible than the LIGO
waves, and the combination of the equal-amplitude up andnes?
down SV-waves produces purely vertical motions at the Table Il shows velocity profiles as extracted from the Sk-
Earth’s surface. At frequencids=20 Hz, mode RS1 at Han- agit report. Notice the overall gradual increase in both wave

ford can be approximated as an SV-up mode and exhibitspeeds. This is due to compression of the alluvia by the
this behavior; cf. Sec. Ill B 3.

IIl. HANFORD “The report prepared for LIGQ32] claims cp=1400 m/s, cs

A. Hanford geophysical structure =370 m/s, corresponding to a Poisson ratio’ef0.46. This could

. . be appropriate for water-saturated materials at this depth, but is not
At the LIGO site near Hanford, Washington, the top 2204pprqpriate for the dry materials that actually lie there. The Skagit

m c_onsists Of a variety Of alluvial Iay_e(ﬁuvial and glacio-  report[33] shows two layers in this range of depths: one with
fluvial deposits of the Pliocene, Pleistocene, and Holocene 520 m/s, cs=270 m/s, for whichr=0.32; the other withcp

eras,; coarse sands and gravels, fine sands, silts, and clays =820 m/s,cs=460 m/s, for whichv=0.27. For dry alluvia, these

a variety of orders The upper 40 m are dry; below about 40 values are much more reasonable than0.46. We thank Alan
m the alluvium is water-saturated. From the base of the alRohay for bringing this point to our attention.
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TABLE lIl. Four-layer model for the velocity profiles at the However, they are coupled at layer interfaces and the Earth'’s
Hanford LIGO site. Notationn—layer numberD,—layer thick-  surface by the requirement that material displacement and
ness,cp;—P-wave speed in this layecs—S-wave speed in this normal stress be continuous across the interfacavith the
layer, v,—Poisson ratio in this layer. Depths and thicknesses are iratmosphere in the case of the Earth’s surfatle details of

meters, speeds are in m/s. this coupling and its consequences are worked out in Appen-
dix C.

n Depths Dn Cpn Csn n In each layer, the mode’s P- and SV-components propa-

1 0-12 12 520 270 032 Oate at different angles to the verticak, for the P-waves in

2 12-40 28 900 500 o028 layernandag,for the SV-waves. However, the components

3 40-220 180 2400 700 0.45 Must all move with the same horizontal speed

4 220-4000 3780 4900 2700 0.28 ®  Cpp Csn

k sinap, sinas,

weight of overlying material, with a consequent increase in(Snell's law), and they must all have the same horizontal
the areas of the contact surfaces between adjacent particlesave numbek and frequencyw=2f.
(silt, sand, or gravel[18]. Notice also the sudden increase of Each mode can be characterized by its dispersion relation
cp and v at 40 m depth, due to a transition from dry alluvia for horizontal motionw(k), or equivalentlycy(f ). It will
to water-saturation; the water contributes to the bulk modube helpful, in sorting out the properties of the modes, to
lus but not the shear modulus, and thencegdut notcsg. understand first what their dispersion relatiapgf ) would
Notice, finally, the large jump in botb, andcg at the 220 m  be if their SV-wave components were decoupled from their
deep transition from alluvial deposits to basalt. P-wave components. We shall do so in the next subsection,
We have been warned by geophysicist and seismic engand then examine the effects of coupling in the following
neer colleagues that we should not place great faith in all theubsection. Note that we shall ignore the effects of damping
details of measured velocity profiles such as this one; and the& these two subsections, since the lengthscales involved are
discrepancies between the Skagit and LIGO velocity-profildess than(or at most of the same order)athe dissipation
measurements have reinforced this caution. As a result, fronengthscales of both P- and SV-waye$. Eq. (1.5].
computations based on these velocity profilead similar
profiles at Livingstoln we can only expect to leari) the 1. P-SV decoupling approximation
general nature of the modes to be expected at each LIGO
site, (ii) how those modes’ characteristics are influenced b
the velocity profilesiii) the range of anisotropy ratiad
and reduced transfer functiogs to be expected at each site,
and(iv) how A and B8’ depend on the velocity profiles and
the modes’ characteristics. Wbannotexpect the computed, depth Dp where cp first exceedsc,. At that location, it

mode-by-mode details of(f ) andB’(f ) to be accurate— reflects and returns to the surface, and then is reflected back
except, perhaps, for the shallowly seated RF mode. NeveHownward. The mode’s dispersion relatiop(f ) is deter-

theless, the insights that v gain from such computations  ine g by the resonance condition that the reflected waves

Grrive at the surface in phase with the original downgoing

Recall that we denote by RPthe nth Rayleigh mode of
3f3—type and by R§thenth Rayleigh mode of SV-type. In the
approximation of P-SV decoupling, Mode R®ith horizon-

tal speedcy, propagates from the earth’s surface through se-
guences of strat@generating no SV-wavesintil it reaches a

gravity-gradient noise and future attemffsany) to mitigate
it.

In this spirit, we have simplified our calculations by ap- o
proximating the measured Hanford velocity profildable
II) with their twelve distinct layers by the simpler four-layer
model shown in Table Ill. Layers 1 and 2 are dry alluvia
layer 3 is water-saturated alluvium, and layer 4 is basalt.

This resonance condition is evaluated most easily by fol-
wing the (locally) planar waves vertically downward to
their reflection point(the locationz=Dp where cp first
reaches) and then back up, thereby returning precisely to
'the starting point. On this path, the vertical component of the
wave vector is

B. Hanford model results w w >
) - i . ky=—cosap=— \J1—(cp/cy)=k cotap, (3.2
The horizontally stratified geologies at Hanford and Liv- Cp Cp

ingston support a variety of Love and Rayleigh mod&sr )
the general character of Love and Rayleigh modeseee, Where we have used Snell's laf8.1) to infer cosap
Refs.[15,16 and the brief discussion in the introduction of =vV1—(cp/cy)®. The waves’ corresponding waves' total
this papen. We shall focus on Rayleigh modes in this sec-round-trip phase shift is
tion, since they are the sole producers of seismic gravity- be o
gradient noise. | a2 T (G Ten 2t P peees (33

In each geological layer, consider a specific Rayleigh o Cp
mode. It consists of a superposition of plane-fronted P- and
SV-waves. Because each layer is idealized as homogeneoutdere 6P eracesiS the total phase shift acquired at the inter-
the mode’s SV- and P-waves are decoupled within the layeffaces between strata and upon reflecting at the Earth’s sur-
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FIG. 5. Dispersion relations for the 4-layer Hanford model, as  FIG. 6. Dispersion relations for the 4-layer Hanford model, in-
computed using the P-SV decoupling approximation, E8&) and  cluding coupling between P- and SV-waves produced at boundaries
(3.9. between layers and at the Earth’s surface.

face. Settingo=27f and imposing the resonance condition
Ad=2n7, we obtain the following dispersion relation for
mode R:

nators of the dispersion relatioit3.4) and (3.5). Physically
they arise because the mode’'s waves “like” to propagate
horizontally in their deepest layer. At high frequencieg.,
n—(5q>imerface4277 f=10 Hz for cy=cg3=700 m/s), several modes propagate
(3.4  together nearly horizontally in that deepest layer.

\/CP —cy’d

Similarly, for mode R® the dispersion relation is 2. Effects of P-SV coupling on dispersion relations

Figure 6 shows the dispersion relatioos(f ) for the
. N— (6Pintertaceb27) g P 5T )

(3.5  lowest 8 modes of our 4-layer model at Hanford, with P-SV

- 2f§8\/cg2— c,]2dz' coupling included. These dispersion relations were computed
using the multilayer equations of Appendix C. We shall now
whereDg is the depth at whicleg first reaches, . discuss these various dispersion relations, beginning with

Figure 5 shows these decoupling-approximation disperthat for the fundamental mode, which is labeled RF in the
sion relations for our 4-layer model afp(z) and cg(z) figure.
(Table Ill). For the RS-waves, the total interface phase shift Mode RF was studied in Sec. Il A for an idealized homo-
has been set t6®;eraces 7, Which would be the value for geneous half space. It is vertically evanescent in both its P-
a single layer with a huge rise of at its base. For the sole and SV-componentgsexcept at low frequencies in the top

RP mode shown, RP1, it has been setdi,iertaces= 7/2, layen; for this reason, it did not show up in our idealized
which is a fit to the dispersion relation with P-SV coupling decoupling-approximation dispersion relati¢Rig. 5). At
(Fig. 6, to be discussed belpw frequenciesf =10 Hz, its verticale-folding lengthsZ, and

Notice that for fixed horizontal spee,, the lowest RP  Z5[Eqgs.(2.5] are both short enough that it hardly feels the
mode, RP1, occurs at a much higher frequehaphan the interface between layers 1 and 2, and the homogeneous-half-
lowest RS mode, RS1. This is because of the disparity irspace description is rather good. Below 10 Hz, interaction
propagation speedsp=severak cg. Notice also the long, with the interface and with layer 2 pushes up.
flat plateaus ircy(f ) nearcy=cs,=500 m/s and especially By contrast with the P-SV-decoupled Fig. 5, every Ray-
Cs3=700 m/s for the RB modes, and nearcy=cp, leigh overtone mode RPor RS in Fig. 6 now contains a
=900 m/s ancty =cp3=2400 m/s for RP1. Mathematically mixture of SV- and P-waves. This mixture varies with depth
these are caused by the vanishing square roots in the denoni-the strata and is generated by the same kind of interface
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modes are predominately of RP type; away from that vicinity A
they are predominately RS. The location of the RP1 band has
been inferred from the computed S- and P-wave amplitudes. I
Notice how well it agrees with the decoupling approxima-
tion’s RP1 dispersion relatiofFig. 5. Away from the RP1
band, the dispersion relation for eachrR®ode is reason-
ably close to its decoupling-approximation forffompare
Figs. 6 and h As each mode nears and crosses the RP1
band, its dispersion relation is distorted to approximately co- 10l
incide, for awhile, with the RP1 shape. Correspondingly, all
its other properties become, for awhile, those of an RP mode. 1r

B’ 0.8}

0.6}

reflection and refraction as we met in Sec. 1l B for SV-up 10 U Y
and P-up waves. In most regions of they,(f ) plane, the e‘PI :
mode mixtures are dominated either by SV- or P-waves—the 8 | 1 i7 % R
ratio of energy in one wave type to that in the otherig. H B e
In the vicinity of the wide gray band marked RP1, the 6 5 F§P1 b\
: 46

3. Anisotropy ratios and reduced transfer functions

Figure 7 shows the anisotropy ratib and reduced trans-
fer function 8’ for the lowest eight modes of our 4-layer 0.4
model of Hanford. These were computed using the ozl
multilayer equations of Appendix C, with dissipation ne-
glected. On the figure, the mode names ‘‘RShave been
shortened to ", and “RF” to “F.” The bottom set of
graphs is the valu@, that the net reduced transfer function 1
would have if the mode of interest were mixed with enough
Love waves to reduce the net anisotropy ratio to the value
Aner=1.0 typical of measured seismic spectra at Hanford
during quiet timeg21]. L -6f

Fundamental Mode RF. Above 10 Hz, mode RF has
A=2.2, B'=0.84, and /=058, in accord with our 045
homogeneous-half-space modskc. I). Below 10 Hz, cou- \/
pling of the RF mode to layer 2 produces a growth of the 0.2]
subsurface source to partially cancel the surface source, anc v ‘ \
a resulting fall ofg’ to 0.4 andg, to 0.35. 5 10 15 20 25 30

RS Overtones.In RS regiongaway from the RP1 band Frequency, f (Hz)
the overtone modes RS generally have A<1 so
B/ =p'—little or no admixed Love waves are needed to
bring the anisotropy down to 1.0. The value gf ranges
from ~0.4 to 1.4 in the RS regions; but when the RP1 mod
is nearby in thec,—f plane, its admixture drive8’ down to
=0.2.

0.8}

FIG. 7. Properties of the lowest 8 modes of the 4-layer Hanford
model, including coupling between P- and SV-waves produced at
eboundaries between layers and at the Earth’s surface.

Higher-order RP Modes. The higher-order RP modes
Mode RS1 shows characteristic “SV-up” behavior near(n=2,3,. ..)in oqrfrequency band will lie in the vicinity of
25 Hz (compare Fig. 7 with Figs. 3 and 4ts A has a very Sgwogiﬁgfaﬁgssﬁg}?zgﬁxg tergpr)\igrt?jr?;ions tc0>dtﬁzstg for
large resonance and its subsurface sognce shown in the RP1, but we have not attempted to compute them, with one

figureg has a sharp dip to nearly zero, resulting from 45 important exception: high-order RP modes that travel nearly

upward propagation of its SV-component in the top layer ang. " . . : i
no production of P-waves upon reflection. At frequenciejmr'zoma"y in Hanfprds~4 km thick ba_salt layer. We con
ider these modes in the next subsection.

above our range of interest, this same SV-Up behavior wilP
occur in successively higher RSnodes.

RP1 Mode.The region of RP1 behavior is shown as thick
gray bands in Fig. 7cf. the bands in Fig. 6 The RP1 As discussed in the Introductidi$ec. | D 3, the ground
reduced transfer function is smak0.15, due to the same motions at the Hanford corner and end stations sometimes
near-cancellation of its surface and subsurface sources as wbow time delays in correlated motion, corresponding to
met for P-Up waves in Sec. I B and Fig. 4. As each RSwave propagation speeds of5000-6000 m/s[21,29.
mode crosses the core of the RP1 regiongitshows a dip These motions must be due to wave modes that travel nearly
and its anisotropy shows a peak, revealing the temporarfiorizontally in the~4 km thick basalt layer at the base of
transition to RP behavior. the alluvium, or in the bedrock beneath the basalt. We have

4. RP modes that travel horizontally in the basalt
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0.14 both A and (less obviously B’ with frequency Af
0.12 =cp2/(2D2\/1—02P2/02H)=16 Hz are associated with reso-
nant P-wave excitations of layer 2.
0.10 Despite the complexity of these deeply seated RP modes,
0.08 with various types of resonant excitations of various layers,
BL and despite the fact that the seismic gravity gradients arise
0.06 from depthsZs,=1/k~25 to 250 m so great that the top
0.04 three layers all contribute, these modes exhibit the same
0.02 range of values o3’ as mode RP1: 0 to 0.15. Here, as for
\ a . RP1 and for P-up waves in a homogeneous half spacés
5 o - 15 '"‘-"0 \--""é;*--~—~-30 small because of near cancellation of the gravity gradients
Frequency, f (Hz) from the P-wave surface and subsurface sources.
FIG. 8. Properties of RP modes that propagate nearly horizon- 5. Summary of Hanford model results

tally in layer 4 (~4 km thick basalt laygrat Hanford €y slightly
larger thancp,=4900 m/s), including the effects of dissipation in
the alluvium above the basalt.

The most important of the above results are those for the
reduced transfer functions of the various modes at Hanford.
They are summarized in Table | and their implications are

computed the properties of such wave modes for the case gfscussed in the Introduction, Sec. | D 2.

horizontal propagation in the basalt layer—layer 4 of our

4-layer Hanford model. IV. LIVINGSTON
Because of the many closely spaced modes in the relevant

(cy,f) region cy a little larger thancp,=4900 m/s,

3 Hz=f=<30 Hz), it is not reasonable, or even of interest, to At the LIGO site near Livingston, Louisiana, the geologi-

compute their dispersion relations explicitly. Instead, wecal strata consist of alluvial deposits laid down by water
have assumed an idealized dispersion relatiog  flowing into the Gulf of Mexico. As the ocean level has risen

=4910 m/s independent of frequency. and fallen, alluvial terraces of varying thickness have been

The basalt layer is so thick that nearly horizontally propa-formed. This alluvium(layers of clay, silt, sand, and gravel
gating waves will be substantially damped in traveling fromin various orderg is of the Holocene, Pleistocene, and
its lower face to its upper face and back; and, the S-waveBliocene eras going down to a depth of about 700 m, and
will be much more strongly damped than the P-waves. Fofompacted alluvium of the upper Miocene and earlier eras
this reason, we idealize these waves as purely P-up as th&glow that. These sedimentary deposits extend down to a
impinge from the basalt layer 4 onto the layer 3—4 interfacedepth of about 3 knfi19] before reaching bedrock. _
These P-up waves at interface 3—4 are treated as a source for FOr our analysis the principal issue is the vertical velocity
other wave components in all 4 layers. profiles cp(z) and cg(z). The primary difference between

For these waves, dissipatidiEgs. (1.5 and associated Livingston and Hanford is the depth of the water table: it is
discussiof may be more important than for the RF, RS andonly abou 2 m down at Livingston, versus about 40 m at
RP1 modes, which were treated above as dissipationless. Weanford. This difference should causg to soar to about
therefore include it in our analysis. We do so in the 4-layerl600 m/s at depths of a few meters at Livingston; it only

equations of Appendix C by giving the sound speeds approdoes so roughly 40 m down at Hanford. _
priate imaginary parts, The only measurements of the Livingston velocity pro-

files that we have been able to find are those performed in a

A. Livingston geophysical structure

J(Cpn) — 00 site survey for LIGQ34]. Those measurements only include
R(cpy  2Qp 15, Cs, notcp, and only go down to a depth of 15 m. Accord-

ingly, we have had to estimate the velocity profiles from
J(csp) 1 these sparse data and from the lore accumulated by the geo-
R(Cs) - Z_Qs: —0.03, (3.6 physics and seismic engineering communities.

That lore suggests that should increase as about the 1/4
while keeping their real parts equal to the values shown ifPower of depttj18]. (This increase is due to the fact that the

Table I1l. We have solved the resulting multilayer equationsShear restoring force must be carried by the small-area inter-

numerically, obtaining the anisotropy ratios and reducedaces between the grains of gravel, sand, silt, or clay; the
transfer functions shown in Fig. 8. weight of overlying material compacts the grains, increasing

The peaks ind at f=3, 11, 19, and 27 Hifrequency the areas of their interfaceaVe have fit the measurexi(z)

separationAf=cp3/(2D3\/ma)=8 Hz] are associ- in the top 15 m({7 ft, 700 ft/s, {21 ft, 810 ft/g, {50 ft, 960

ated with resonant P-wave excitations of layer 3 and theiFt/S.}) (_Ref. [34].' Appendix B, pllate Y10 a 1/4 power law, :
influence on layer 2 and thence on layer df. the adjusting the fit somewhat to give speeds at greater depths in

decoupling-approximation dispersion relatio@.4). The rough accord with measurements at a similar sedimentary

slightly smaller peaks af=6, 14, and 23 Hz are due to site in Tennessek85]. Our resulting fit is
resonant S-wave excitations of layer 2. The oscillations in cs=185 m/g1+2/2.9 mY4 (4.139
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TABLE IV. Four-layer model for the velocity profiles at the 1000 —;

Livingston LIGO site. Notation and units are as in Table III. @

£ -

£ 8o0f .
n Depths D, Cpn Csn vy °

g 600
1 0-5 5 440 220 0.33 &
2 5-105 100 1660 400 0.47 g 400
3 105-905 800 1700 700 0.40 8
4 905-3005 2100 1900 1000 0.31 £ 200

5 10 15 20 25 30

A combination of theory and phenomenoloffgs. (6.24), Frequenoy, f (Hz)

(6.26 of [18] and associated discussidglis us that in these FIG. 9. Dispersion relations for 4-layer Livingston model, in-

water-saturated alluvia, the material’'s Poisson ratio shoulgIuoling coupling between P- and SV-waves produced at boundaries
be about between layers, for the fundamental mode and the lowest 10 RS

1 cs |2 modes.
these lowest RS modes and the RP modes. The RS modes
(The Poisson ratio goes down gradually with increasing’@ve purely RS character, with no significant RP admixture.
compaction and increasings because water is playing a !N the next section we shall study the lowest 10 RS modes

decreasing role compared to the grairEhe standard rela- along with the_fundamental mode. In the following section,
tion we shall examine the lowest RP mode.

. (4.1b

2—2v 2. RF and RS modes
o (449

We have computed the dispersion relations, anisotropy
. . . ratios, and reduced transfer functions for modes RF and
combined with Eqs(4.19 and(4.1b), then gives us the ver- RS1-10 in our 4-layer Livingston model, using the

tical profile fo_rcp : . . . _multilayer equations of Appendix C. The dispersion relations
These profiles are valid only in the water-saturated region, .« <hown in Fig. 9. Because of the separation in the { )

Although the water table is at-2m, measurements else- ,,ne of these modes from the RP mode, we expect the P-SV
where[35] suggest that one may have to go downward arye .o njing approximation to work quite well here. Indeed,
add|t_|onal several meters .before the effects of thg water ofho RS modes have the form one would expect from the
cp will be fully felt. Accordingly, we expectp~2csinthe  yocqypling approximatiofEgs. (3.5)]. The anisotropy ratios
top ~5m at Livingston, followed by a sharp rise to the 5nq reqyced transfer functions are shown in Fig. 10.
values dictated by Eqg4.13—(4.19, though in our final RF Mode. Because the top layer is 2.5 times thinner in
concIusions(Sec_. IV C 2, we shall allow for the possibility Livingston model than at Hanford, the frequency at
that the sharp rise occurs at anywhere from3tm depth. hich the RF mode becomes like that of a homogeneous half
space is 2.5 times higher: 25 Hz compared to-10 Hz.
B. Livingston 4-layer model Only above~ 25 Hz do the mode’s properties asymptote to-
We have fit a four-layer model to these estimated Living-Ward their homogeneous-half-space values;pf 205 m/s,
ston velocity profiles. Our fit is shown in Table IV. This “A=2.2, 8'=0.86 andB =0.40. At lower frequencies, in-
model is the primary foundation for our exploration of seis-teraction with layer 2 pushgs’ into the range 0.65-0.9, and
mic gravity gradients at Livingston. As discussed above, it3| into the range 0.35-0.45.
principally differs from the 4-layer Hanford model by the Itis possible that the effects of water saturation will cause
rapid increase otp at 5 m depth at Livingston, due to the Cp to shoot up at depths shallower thae th m assumed in
higher water table. All other differences have a much moreour model; a transition anywhere in the range Zm=5m

minor influence on the seismic gravity-gradient noise. must be considered reasonable. If the transition in fact occurs
at depths shallower than 5 m, the peakgo6fand 8| will be
C. Livingston model results pushed to correspondingly higher frequencies. Thus, we
) must be prepared for the RF mode to hgg/eanywhere in
1. Mode overview the range 0.65-0.9, anfl! in the range 0.35—0.45 at just

Because the top, unsaturated layer is so thin, RP modexbout any frequency in our band of interest.
cannot resonate in it in our frequency band; and because RS Modes.In our frequency band, the RS modes have
water makescp so large just below the top layer, the RP negligible excitation in layers 3 and 4, and their P-waves are
modes in our band can only propagate at a correspondinglgvanescent in layers 2, 3 and 4. As a result, these modes can
high speed,c,;>1660 m/s. The lowest 10 RS modes, by be well approximated by SV-up waves in layer 2, impinging
contrast, are confined to speeds, <1000 m/s. As a on the layer 1-2 interface. We have verified this by comput-
result—in contrast to Hanford—there is no mixing betweening their anisotropies and reduced transfer functions in this
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FIG. 11. Upper panel: dispersion relation for mode RP1 in the
4-layer Livingston model. Also shown for comparison are the dis-
persion relations for the fundamental Rayleigh mode RF and the
lowest few RS mode&f. Fig. 9. Lower panel: properties of mode
RP1.

By contrast, modes RS6—RS10 show a phenomenon not
exhibited at Hanford: a broad dip i’ to a value<1. This
dip is caused by a significant excitation of P-waves in Liv-
ingston’s 5-meter thick top layer: the vertical surface mo-
tions in the dip are largely due to the P-waves, and mass
conservation guarantees that the gravity gradients they pro-
duce will be nearly cancelled by those from the subsurface,
Frequency, f (Hz) P-wave compressional source. These surface-layer excita-
) tions arenotassociated with any RP mode; as we shall see in
FIG. 10. Properties of the lowest 10 RS modes and the RF modgye next subsection, the lowest RP mode at these frequencies
of the 4-layer Livingston model(Modes RS8 and RS9 are not pasc . about twice as high as for these modes. It seems that
shown; their curves are sandwiched between 7 angd 10. the close proximity of the two very sharp geophysical dis-
continuities (the earth’s surface and the sharp rise cpf
2-layer SV-up approximation by the method outlined at thecaused by watgrforces the modes’ S-waves to generate a
beginning of Appendix E. The results fot and 8’, which  sizable component of P-waves even moderately far from P-
relied on the 4-layer dispersion relations of Fig. 9, agree tovave resonance. No such phenomenon was observed in our
within a few per cent with those of our 4-layer modeig.  Hanford 4-layer model.
10) except at frequencies below 5 Hz where the differences
become somewhat larger. 3. Mode RP1
Throughout our frequency band these RS modes have ver- Figure 11 shows the dispersion relation for the lowest RP
tical seismic-gravity-gradiene-folding lengths Zg,=1/k mode, RP1, at Livingston, along with the RF and lowest 10
=D,=5m. Thus, the upper parts of layer 2 contribute sig-RS modes. As noted earlier, RP1 does not overlap the other
nificantly to the reduced transfer functigh, along with all modes[by contrast with HanfordFigs. 5 and &|.
of layer 1. At frequenciesf <22.8 Hz, the RP1 mode has horizontal
For modes RS1-RS5, the gravity gradients are largelgpeedcy>cp,=1660 m/s and thus its P-waves can propa-
due to the S-waves’ vertical surface motions, and corregate in layers 1 and @nd also in layer 3 below 11.3 Han
spondingly the reduced transfer functions have the familiathis region we have evaluateg(f ) using the P-SV decou-
range 8'=0.6— 1.2 that we encountered for RS modes atpling approximatiofEq. (3.4)].
Hanford (Sec. Ill B 3 and for SV-Up modes in a homoge- At frequenciesf>22.8 Hz, the horizontal speed &
neous half spacéFig. 4). <Cp,, SO the mode’s P-waves are evanescent in layers 2, 3,
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and 4. In this regime we have adopted an approximation thahgston, Louisiana LIGO sites. Our final noise strengths, as
is much more accurate than the decoupling one. We havshown in Fig. 2, are close to Saulson’s previous rough esti-
idealized the material as two-layered5 mthick upper layer ~mate. At noisy times and near 10 Hz, the seismic gravity-
with the properties of layer 1 of Table 1V, and below that agradient noise is likely to be more serious than vibrational
homogeneous half space with the properties of layer 2. Foand thermal seismic noise in advanced interferometers. Un-
this layer-plus-half-space model we have used an analytiless means are found to combat gravity-gradient n(sse
dispersion relation due to Ld86] (Appendix D). Because below for possible methogisthe hard-won gains in sensitiv-
the mode’s SV-waves can leak out of layer 1 into layer 2ty due to R&D on vibration isolation and thermal noise may
(and then propagate away to “infinity”—or, more realisti- be compromised by seismic gravity gradients, at least at

cally, dissipatg Lee’s dispersion relation predicts a complex noisy times.
frequencyf if cy is chosen real, and a compley if f is

chosen real. The predicted losses are stalhlity factorsQ B. Effects of topography and of LIGO construction

decreasing from=50 atf=24 Hz to =15 at 30 Hz. The In our analysis we have idealized the Earth’s surface near
real part of the dispersion relation is shown in the uppetthe LIGO test masses as perfectly planar and as undisturbed
panel of Fig. 11. by LIGO construction. Irregularities in topography will sig-

The lower panel of Fig. 11 shows the anisotropies andificantly disturb the waves’ propagation and their vertical
reduced transfer functions for this RP1 mode. At Structure only if the surface height varies by amounts as large
<22.8 Hz, where the P-waves are propagating nearly horias ~2 m{f/10H2=(~1/2 the shortest verticaé- folding
zontally in layer 2, these properties were computed using th€ngth Zp for RF waves, on horizontal lengthscales as short
P-up approximation in the above two-layéayer-plus-half- as~8 m/(f/10H2)=(~2 times the horizontal reduced wave-
space model; cf. the introduction to Appendix E. More spe- length 1k of those RF waves W|th|_n distances of the test
cifically, the dispersion relatiowith both ¢,y and f rea) ~ Masses~25mAf/10 Ha=(the horizontal wavelength of

was taken from the P-SV decoupling approximation, the pthose RF waves for frequencies~3—30 Hz. (Of all the
waves with thisc,, and f were regarded as impinging from modes we have studied, the RF modes hug the surface most

layer 2 onto the top of layer 1 at a glancing angle, and thdightly and thus will be most influenced by the topography.
reflected P- and SV-waves were regarded as propagating off Variations on these scales were rare at the two LIGO sites
to “infinity” (or, more realistically, dissipating before any P€fore construction. However, the grading that made the
return to the interfade This is the approximation that was so &rms flat produced topographic variations in the vicinity of
successful for the RS modes when combined with the corre§PMe Of the test masses that are marginally large enough to
4-layer dispersion relation, but we don't have a good handI&iSturb the propagation. Examples are the long pits dug

on its accuracy here, with the less reliable P-SV-decoupIin@longSide the arms at Livingston to get material for building

dispersion relation. We are much more confident of our ap!P the arms’ heights, and excavation at Hanford to lower the

proximation forf>22.8 Hz. There we used the exact two- &'MS below the level of the surrounding land near the south-
layer equationAppendix O, together with Lee's exact west arm’s midstation and the northwest arm’s endstation.

complex dispersion relatioo,(f ). We speculate that these topographic modifications will

These computations produced an anisotropy that peaks glter the seismic gravity gradient noise by a few tens of per-
f=22.8 Hz wherey =Cp,, with a peak value ofi~8 (Fig. cent, but probabl_y not _by_ as much as a factor 2. Future stud-
11). This is smaller than the peak anisotropies for mode RP1€S Should examine this issue. -
at Hanford(Fig. 7), but comparable to those for the higher- The 1 m deep concrete foundatlons of the bu|Id|n_gs that
order RP modes that propagate nearly horizontally in th ouse the test masses Wl!l likely also influence the noise by a
Hanford basaltFig. 8. ew tens of per.cent, partlcu.larly at20—30 Hz where.the

The reduced transfer functig8f lies in the same range, 0 RF waves’ vemcal penetration is short. The foundat!on ex-
to 0.15, as for all the Hanford RP modes that we studie&ends apprOX|ma§er 10 meter_s by 25 meters at the interfer-
(Figs. 7 and ® This adds to our conviction that this low CMeter's end station@nd also, in the case of Hanford, at the
range of 3’ is a general characteristic of RP modes. mid station). The f_oundatl_on is approximately “X" Shap?d

for the corner stations, with each arm of the “X” extending
roughly 100 meters by 20 meter37]. The sound speeds in
the concrete will be a factor of several higher than the sur-

The most important of the above results are those for theounding ground, so the foundations will form very sharp
reduced transfer functiong’ of the various modes at Liv- ‘“geophysical” interfaces in the ground, causing diffraction
ingston. They are summarized in Table | and their implica-of impinging waves and altering their vertical structure. Be-
tions are discussed in the Introduction, Sec. I D 2. cause the foundations are so shallow, we doubt that their net

effect on the seismic gravity gradient noise can be as large as
a factor 2, but future studies should examine it.

4. Summary of Livingston model results

V. CONCLUDING REMARKS

A. Summary C. Measurements that could firm up our understanding

In this paper, we have used the theory of seismic surface of seismic gravity gradients

waves to calculate the seismic gravity-gradient noise spectra Our analysis is plagued by a large number of uncertainties
that are to be expected at the Hanford, Washington and Livregarding the true make-up of the ambient seismic back-
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ground at the LIGO sites. We made extensive use of mearemely good vibration isolation and thermal noise control at
surements of ground motion which functioned as constraintfrequenciesf <10 Hz. At this time, the detectors may well
on what modes could be present. These measurements wdre plagued by seismic gravity-gradient noise, at least at
helpful, but certain other measurements would be considemoisy times; and there may be a strong need to try to mitigate
ably more helpful. We suggest that, to the extent that reit.
sources permit, these measurements be included in future We see two possibilities for modest amounts of mitiga-
seismic surveys for gravitational-wave interferometer sitestion: (i) monitoring the noise and removing it from the LIGO
including future surveys at the LIGO sites. data, and(ii) building moats to impede the propagation of
First, we recommend careful measurements of the sounBF-mode seismic waves into the vicinities of the test masses.
speeds and dynamical Poisson ratios of the ground as a func- Monitoring and correction: By using dedicated 3-
tion of depth, especially in the top few tens of meters and ifdimensional arrays of vertical surface seismometers and
possible down to the bedrock. At Hanford, we had reasonborehole-mounted dilatometers in the vicinities of all test
ably complete dat@33], thanks to earlier plans to build a masses, one might be able to determine both the surface and
nuclear power plant in the vicinity. As discussed in this pa-subsurface components ép/p with sufficient spatial and
per, we encountered serious discrepancies between those ¢&mporal resolution for computing the seismic gravity gradi-
data and data from the LIGO geotechnical survey. At Liv-€nt noise and then removing it from the data. This paper’s
ingston, we had no P-wave speed or Poisson ratio profilednsights into the modes at the two LIGO sites and the gravity
and the S-wave speed profiles available only went down to gradients they produce may provide a foundation for future
depth of 15 meters. As a result, we had to use a mixture oXplorations of monitoring-and-correction strategies.
theory, profiles from other sites, and phenomenological fit- Moats: By constructing a narrow, evacuated moat around
ting to obtain a plausible velocity profile. Velocity profiles €ach test mass, one might succeed in shielding out a signifi-
are of crucial importance in determining how the variouscant portion of the RF waves that we suspect are the domi-
modes behave in the ground. nant source of quiet-time seismic gravity gradients. Since the
Second, we recommend measurements that more nea mode contains substantial S-waves and they are the
directly determine the modes that characterize the seismigominant contributors to the gravity-gradient noise, such
motion. In this paper, as discussed above, we were able f§0oats may have to be at least as deep as the S-waves’ ver-
put together very rough estimates of the modes that actualffcal e-folding length, Zs=9—15m(10Hzf ) [Eq. (2.5
characterize the seismic background by using surface motiofodified for an increase in the RF spegg due to stratifi-
data as constraints, particularly anisotropy ratios measured &&tion as shown in Figs. 6 and. Since Zs=2.52Zp, moats
the sites, and by appealing to more detailed measurements @it this depth would strongly shield out the RF mode’s P-
other sites. However, other techniques could provide muckvaves.
more useful and restrictive constraints, thereby more sharply The radius of the moats should be=\~20
differentiating among the various modes. In particular. —35m(10Hzf ). Itis not clear to us whether such moats at
Surface seismic array28,38 allow one to measure the Livingston would be effective if filled with water, or whether
phase relationships of ground motion at appropriately sepahey would have to be kept pumped out. The water would
rated points, from which one can infer the excited modesshield out the RF mode’s S-waves but transmit its P-waves.
wave numbersk(f ) and horizontal propagation speeds If, after transmission, the waves remain mostly of P-type,
cu(f). then a significant reduction ¢’ could result; but it is not at
Borehole measuremen{g8] allow one to measure the all obvious how much regeneration of S-waves would occur
phase correlation of motion at the surface and at some deptfA the moat-surrounded cavity. Detailed modeling would be
z underground, and the variation of amplitudes with depthfequired to sort out such issues.
thereby introducing additional constraints on the back- Although moats may be well-suited to reduce gravity gra-
ground. dients generated by the RF mode, they are probably not so
Specialty seismic instruments called “dilatometers” Well-suited to reduce gravity gradients generated by Ray-
[39,40 measure directly the fractional density perturbationleigh overtones. The overtones can be visualized as seismic
Splp that is the subsurface source of seismic gravity gradiwaves that propagate by bouncing between layer interfaces
ents. Measurements down boreholes with such devices cound the Earth’s surface; they could propagate right under the
place further constraints on the mode mixtures present, an@oat and into the region under the test mass. Conceivably,
could show howsp/p varies with depth, at fixed frequency. they could even resonantly “ring” the earth under the mass,
When correlated with vertical surface seismic measurement¥/orseningthe seismic gravity-gradient noise.

they could give information about the cancellation of gravity ~ If seismic gravity gradients become a problem in the fu-
gradients from the surface and subsurface sources. ture, ideas such as moats and monltorlng—and-correctlng will
have to explored.

D. Mitigation of seismic gravity gradient noise
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APPENDIX A: GENERAL EXPRESSION FOR REDUCED Z5(f )M_Eﬁ | §vl®=1&v|*Nak- (A6)
TRANSFER FUNCTION

In this Appendix we derive Eqs(1.17—(1.24 for the  The mode’s anisotropy ratiod=Z/X is therefore
reduced transfer function and anisotropy ratio of an arbitrary

Rayleigh mode. In the text the mode is label&din this
Appendix we shall omit the subscrigt

The mode has frequendy angular frequency =27f,
horizontal wave numberk, horizontal phase speedy cf. Eq. (1.23; and the direction-averaged pow®7V2Af
= w/k, and horizontal propagation directién At the earth’s =(2X2Af+Z2Af )13 is
surface its displacement vector is

A=V2|&|l|&nl, (AT)

|Eul2+ &y

E(z=0)=(£k—£,8,) o0 (A1) N

Nak - (A8)

[Eqg. (1.2D)]; and on and beneath the surface it produces a

fractional density perturbation By analogy with Eq(A3), the isotropically excited mode
produces a fractional perturbation in density on and beneath

5 oD - ’ H
7,)=[§V5(z)+72(z)]e'<k‘x‘“‘t) (A2) the earth’s surface given by

d I

[Eq. (1.22]; herek=kk is the horizontal wave vector and 2L _m > [&yd(2)+R]e'kxev); (A9)
8(2) is the Dirac delta function. P K

Since the ambient seismic motions are horizontally isotro-
pic, this mode is excited equally strongly for all horizontal cf. Ed.(A2). As an aid in computing the gravitational accel-
directionsk, and also for all wave numbers in sorterbi- eration produc_ed on one qf the mterferometer’s_ test masses
trarily chosen small bandAk aroundk—i.e., in the annulus  PY these density perturbations, we place the origin of coor-
Cae Of width Ak in wave-vector space. Correspondingly dinates(temporarily on the earth’s surface, immediately be- .
(with an arbitrary choice for the strength of the excitation neath the test mass. Then the location of the test mass is

the net displacement along some horizontal direcfiprin E?—(AezhwhereH Is its lheigh;[] allaove tge surfﬁce: We dgnqte
the frequency band f = c,Ak/27, is y M the unit vector along the laser beam that is monitoring

the test mass’s position. Then the gravitational acceleration
R . along ther direction is
X()=% 2 &u(k-nyelxen], (A3)
k SN S
(X"-mM)Gp(X',t)
N - _ 3y
ax(t) fd X KTHE (A10)

and the power of this random procesé) in the frequency
bandAf is

N Invoking Eg. (A9) and introducing Cartesian coordinates
X2(f )Af:z |§H|2(R. ﬁ)2:|§H|2%, (A4) (x_’,y’,z’) insidg the sum withk along thex’-direction, we
K bring Eq.(A10) into the form
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ag=—> e “'Gp

k
(X'me+y'm)eR[£,8(2')+R(Z')]
XJ f j [X12+y12+(zr+H)2]3/2

xXdz'dx'dy’. (A11)

Integrating out the horizontal direction$ andy’ from —o
to +« at fixed z’, and integrating out thé function, we

obtain our final expression for the gravitational acceleration ’4\1
on the test mass 2
o [
R , . 2
an=—2, (M-k)27iGpe “le ¥ }/7\11 }%3
k
/7 — <—
* INa—kZ' 45 —>
X §V+J R(z')e **dz ) (A12) X1
0
= >
We next solve the pendular equation of motion for the 3
displacementsx; -y of the test mass in response to this .
gravitational acceleratiotwhere the labej=1, 2, 3, or 4 FIG. 12. The geometry of the interferometer.
indicates which of the interferometer’s four test masses we
are discussing the result is signal x(t) [Egs. (A13) and (A14)] exhibits the following
noise power in the frequency bad:
k- )27 G pei k- Xj—ovg=kit
SX: M= — > (- m;) i N (2wGp)? _
e 4 wh—w’—iolT X2(f )Af= 3 2kt
(wz—w0)2+ w?l 7
x| &g+ | R@2Ye dz|. A13 ” G
gV JO ( ) ) ( ) XE §V+f R(Zr)esz dz' ‘]k1
Ak 0
Here wo and 7 are the angular eigenfrequency and damping (A15)

time of the test mass’s pendular motion. After completing
the calculation we have moved the origin of coordinates tovhere
the interferometer's beam splitter, thereby producing the
term ilZ-)?J- in the exponential, wherg; is the test mass’s
location; cf. Fig. 12.

The interferometer’s displacement signdt) =Lh(t) is
its difference in arm lengths, (Al6)

3= [[k- frye®Fit ke el |24 (K- ig) 2+ (k- hy)2].
k

Here we have broken up the sum oveinto one over all

directionsk and one over its lengtk in the rangeAk. Each
of the last two terms id, (the uncorrelated contributions of

R ) ~ masses 3 and)4daverage to 1/2, and the first term can be
We have chosem; to point away from the test mass’s mir- rewritten in terms of<; — X,

ror on the first arm and toward the mirror on the second arm
as shown in Fig. 12. The seismic gravity-gradient noise is
gfttzﬁgigutr)){egts;rgggegxpreSS|c§A13) into (A14) for each szz [k el i) 4 k. m,|2+1].  (AL7)
: k

The contributions to this noise coming from the two end
massesj =3 and 4, are not correlated with those coming
from any other test mass in our 3—30 Hz frequency band ) o a A )
since 3 and 4 are each so far from the corner and each Othg}asses_(ﬁg. 12), %=X =1(fy +My)/v2, wherel is the
(4 kms>)\ = 2m/k). However, there is a significant correla- Separation b?tween those masses. Inserting this into Eq.
tion between the two corner test masses, 1 and 2. Taking?17), settingk-f, =cos¢ andk-m,=sin ¢, and averaging
account of this correlation, the interferometer’s displacementhe quantity inside the sum over(i.e., over¢), we obtain

4
()=, 8%-m. (A14)

By virtue of the geometry of the interferometer’s corner test
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J=22 vA(kl), (A18)
k

_\/ 1 (2= _ cos ¢+sin ¢ B [ 1
v(y)= 1+Efo Ccos ¢ sin ¢ co yT do= 1—§Jz(y) (A19)

where

[Eq. (1.19]. This function is graphed in Fig. 1. Inserting Eq. ¢, /cs= /¢, where{ is the real root, in the range<0;< 1, of
(A18) into Eq. (A15) and noting thats,, Z;=2¢=N,x is  the equation
the number of allowed wave vectors in the annwWlyg, we

obtain our final expression for the interferometer’s displace- 3—872+8 2- V) r— 8 -0. (B1)
ment noise power: 1-v (1-v»)
R2(f )Af= (47Gp)? The Rayleigh waves’ horizontal wave numberkis w/cy,
(0?—w)?+ w?l 72 and their wavelength is=2#/k. The P-wave of the funda-
mental Rayleigh mode decays with degtlase™ 9% where
X y2 “’_l) e &M £+ JmR(z’) the dimensionless ratiq of vertical e-folding rate to hori-
H V' o zontal wave number is
. I2N q=v1-(cu/cp). (B2)
xe k' dz’ TAk (A20)

Similarly, the SV-wave part decays with depth @s*?
where the dimensionless ratioof vertical e-folding rate to

The transfer functionT(f ) for the seismic gravity- (ﬁmrizontal wave number is

gradient noise is obtained by dividing the direction-average
ground displacement noise pow@8) into the interferom- s=V1—(cy/ce)’=1-¢. (B3)
eter displacement noise powgk20) and taking the square
root. The result is expressiqi.8) with the reduced transfer
function 8 given by B=+9I'8" [Eqg. (1.17], where I’
=e X" [Eq. (1.20 in which w/cy;=k] and

More specifically, the mode’s displacement eigenveétor
can be decomposed into a P-wave which is the gradient of a
scalar potential plus an SV-wave which is the curl of a vector

3/2 o , potential. We shall denote hythe complex amplitude of the
B'(f)= BT [Eo §V+J R(z')e ¥ dz|; scalar potential. The normal components of elastodynamic
En &v 0 stress produced by this wave must vaniahthe earth’s sur-
(A21) face. Upon imposing these boundary conditions, a standard
calculation[13,14] gives the following expression for the
[Eq. (1.24]. displacement vector:
£ —qgkz 2qs —skz
APPENDIX B: FUNDAMENTAL RAYLEIGH MODE §—|kl/f(e arz— 1+52e )
IN HOMOGENEOUS HALF SPACE
In this appendix we briefly review the theory of Rayleigh x gl (k- X—otf qkw( g akz_ Lzes"z)
waves propagating in a homogeneous half sgaeg a ho- 1+s

mogeneous, planar model of the Eastand then we derive
the anisotropy ratiod and reduced transfer functig8’ for
sucAh I\wl\(/)?xgz.eneous half space can support only the fundaHere’éz Is the unit vector poi[lting in the—di_rection, Whi(.:h
mental Rayleigh mode, since the overtones all require inho’" take Eo be dowrt, is t|me.,x denotes horizontal location,
mogeneities to confine them in the vicinity of the Earth’s@ndk=Kkkis the mode’s horizontal wave vector. By compar-
surface. The theory of this mode is developed in a variety oi"d this displacement vector with E(L.21), we read off the
standard text§13—16. According to that theory, the waves following expressions for the horizontal and vertical dis-
propagate with a horizontal speer), which is slighty —Placement amplitudes at the Earth’s surface0:

slower than the S-wave speed (which in turn is slower

than cp). The ratiocy/cg is a function of the material's

Poisson ratior, varying from c,/cs=0.904 for »=0.16 SMore accurately, they must be continuous with the stress pro-
(fused quartgto ¢y /cs=0.955 fory=0.5 (fluids and other duced by the Earth’s atmosphere, which we approximate as
easily sheared materiglsMore generically, it is given by vacuum.

x glkx-atg, (B4)
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_ 1+s?-2qs —g? they are coupled at the interfaces by continuous-
En=iky <t &v=—aqky 1<) (B5)  displacement and continuous-normal-stress boundary condi-

tions.

The wave displacemertB4) produces a fractional perturba- We have already introduced much of our notation in the

tion Sp/p of the earth’s density beneath the surface given byP?dY of the paper; to make this appendix self-contained, we
reiterate some of it here, along with some new notation:

—Re‘(‘z"z“‘"), (B6) ‘i’:%ﬂ: A.ngular frequency of waves. .
p k=kk: Horizontal wave vector, with its magnitude and
k the unit vector in its direction.
cy= w/k: Horizontal phase velocity of waves.
R(z)=(1—g*)k?ye 9% (B7) é,: Downward pointing unit vector.
D,: Thickness of layen.
Inserting Eqs(B5) into Eq. (1.23, we obtain the anisot- z,: Depth below the top of layen.
ropy ratio for the RF mode of a homogeneous half space, gn: Displacement vector for waves in layer

q(1—s?) K,: Bulk modulus in layem.
T+ 57— 2qs’ (B8) iy Shear modulus in layar.
pn - Density in layem.
and inserting(B5) and (B7) into (1.24 and integrating, we Cpn: Speed of propagation of P-waves in layer

Il

|
<
ey

|

where

A=V2

obtain the mode’s reduced transfer function Cs,: Speed of propagation of S-waves in layer
31+ - 20)2 ap,: Angle to vgrtical of P-wave propagation direction
B = \/ 5 . 5 . (B9) (between O andr/2 if real, by conventioh If P-waves are
2(1+s9)[(1+s%)(1+9°) —4qs] evanescent in the layess,, will be complex.
ag,: Angle to vertical of SV-wave propagation vector
APPENDIX C: MULTILAYER MODEL (between 0 andr/2 if real, by convention If SV-waves are

evanescent in the layetyg, will be complex.

In this appendix we derive the equations governing Ray- P, : Complex amplitude of upgoing P-waves at the top of
leigh overtones and the reduced transfer function in ‘?ayern.

multilayer model of geophysical strata. P/, : Complex amplitude of downgoing P-waves at the top

of layern.
S, i Complex amplitude of upgoing SV-waves at the top
Our model consists dl homogeneous layers labeled by of layern.
the indexn=1,2,3,..,N. Layer 1 is at the surface, laybris S,,: Complex amplitude of downgoing SV-waves at the
a homogeneous half space at the bottom, and the interfacésp of layern.
between layers are horizontal. The Rayleigh modes propdn accord with this notation, the displacement vector in layer
gate as decoupled planar SV- and P-waves in each layen; has the following form:

1. Model and notation

én: ei(k~xfwt)[(73rr]eikzn Cotapp ’Pne*ikzn cotapn)sin aPnR+ (Pr/]eikzn cotapp__ Pnefikzn cotapn)cos aPnéz

+ (Srqeikzn cot aSn_Snefian cot aS”)COS aSnR_ (Sr,]eikzn cot aSn_’_Sne*ian cot aSn)Sin aSnéZ]' (Cl)

Since the waves are generated at the Earth’s surface, the upward propagating waves are absent in the lowermost layer:

Pnv=0, Sy=0. (C2
Consequently, the waves havdl4 2 complex amplitudes.

2. Equations for the dispersion relation, the propagation angles, and the amplitudes

Once one has specified the Rayleigh mode of interest, its horizontal propagation dikectiwh one of its amplitudes, say
P, then all its other properties are uniquely determined as a function of frequency. To evaluate its properties one first
computes its horizontal dispersion relatiar{k) [or equivalentlyc,(f )] by a procedure to be outlined below. Then one
computes all the waves’ propagation angles by imposing Snell's(ilawy by demanding that all components of the wave
propagate with the same horizontal spegd:

Cpn Csn
T = =Cy. (CS)
Sin app sSin g
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At the Earth’s surface, thérimed amplitudes of the reflected waves are related to(thgorimed amplitudes of the
incident waves by the following two standard equatiph3-16:

2 sin gy Ccos apl(Pi—'Pl) +cos 2131(81"'81) =0
Sin ap; €OS vg (P;+Py) —Sin ag Sin 2w (S;—Sp)=0. (C9
These equations can be derived by setting the vertical-vertical and vertical-horizontal components of the stress to zero at the
Earth’s surface, and by expressing the ratio of bulk to shear modulus in terms of the propagation angles:
Kn Chn 4 sifap, 4 5
un €%, 3 sirfag, 3
The junction conditions at the interface between layemd layem+ 1 take the following forn{15,16:

('Pr/]eikD“ cotapn+73ne—ian cotapn)sin apnt (Sr/]eian cot aSn_Sne—ian cot *sn) cOS sy
= (P11 Por1)Sin apny1+(Shp1— 8+ 1)COSaspy 1, (C6a

(zPrr]eian Cotapn_Pne_ian cotapn)COSaPn_ (Srr]eian cot a5n+8ne—ian cotaSn)Sin s,
=(Prs1= Pnr1)COS apps1— (Spy1+ Spr1)Sin @gpi1, (C6b
,un[(l—COt2 aSn)(prr]eian cotapp anefian cotapn)sin apnt Z(Srr]eian cot aSn_Snefian cot aS”)COS aSn]
= ptn+1[ (1=C0F agn1)(Phig+ Pas1)SiN @pny1+2(Shi 1~ Sns1)COS asne 1], (C69

Mn[z(zprqeian cotapn_Pnefian COtaP")COSapn— (1_ Colz aSn)(Srr]eian cot aSn_i_Snefian cot “Sn)sin O‘Sn]

= 0+ 1[2(Pps1— Pai1)COS appy 1~ (1= 00 agni 1) (Shu 1t Spi1)Sin agneq]. (C60

Equation(C6a is continuity of the horizontal displacemef€6b) is continuity of the vertical displacemenrt;6¢ is conti-

nuity of the vertical-vertical component of the stress, @D6ld) is continuity of the vertical-horizontal component of the stress.
Equations(C4) and (C6a—(C6d) are 4N—2 homogeneous linear equations fdd4 3 independent ratios of amplitudes,

and for the horizontal dispersion relatiar{k) [or equivalentlyc(f )]. It is convenient to evaluate the dispersion relation by

setting to zero the determinant of the coefficients of the amplitudes in(Ed$.and (C6a—(C6d). The remaining 4—3

amplitudes can then be computed in term$Ppfusing any N — 3 of these equations. This was the procedure used to derive

the 4-layer results quoted in the text. Once the dispersion relation and the amplitudes have been evaluated as functions of

frequency, the anisotropy ratio and reduced transfer function can be computed using the equations derived in the following

subsection.

3. Anisotropy ratio, and reduced transfer function

By comparing Eq(1.21) with the displacement eigenfunctid@l) for layern=1, we read off the horizontal and vertical
displacement amplitudes at the Earth’s surface:

&y=(P1+Py)sin apy+(S;—S1)cos agy, ((oy)]
§V= —(’Pi—Pl)COSapl-i—(Si-f—Sl)Sin dgg . (C8)

The wave displacemer{C1) produces a fractional density perturbatiép,/p,= —ﬁ-éann(zn)ei(E‘i*“t) in layer n,
with amplitude given by

Rn(zn) — ('Pr/]eikzn cotapn+73ne—ikzn cotapn)’ (C9)

S|n pp

By inserting Eqs(C7) and(C8) into Eqg.(1.23, we obtain the anisotropy ratio
(Pi_Pl)COS ap1— (S:,L"‘SJ_)S"] CYS]_‘

=v2 i : C10
A (P;+Py)sin ap;+(S;— S;)cos ag| (C10
By inserting Eqs(C7), (C8), (C9), and the relation
n—-1
z=7z,+ >, D, (C1)
n=1
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into Eq. (1.24), integrating, and summing over all four layers, we obtain the reduced transfer function

Mf
B'(f ):—DEf ; (C12a

where
N

. n-1 .
(Py—P))cosap+(Si+8))sin agt 3, 8 [—Pel@rne (K 2 P](1 — g~ [KDy(1+i ot )]
n=1 P1

3

+Pjeiare Ik il (1— g [KPA(L-i cotap )y ]| (C12p

Dz(f ): |('Pi+'Pl)Sln ap1+(Si—Sl)COSa31|2+|(Pi—Pl)COSapl—(Si-l—Sl)Sin a51|2. (ClZQ

In Eq. (C12b for M(f ), we have inserted the factpy,/p; to allow for the possibility(ignored in the textthat the different
layers have different densities.

APPENDIX D: LEE’'S DISPERSION RELATION that appear in what follows. In terms ¢f Q, andR, we
FOR 2-LAYER MODEL define
When there are only two layers, a top layer with thickness X=Q{=2(Q-1), (D4)
D and a bottom layer with infinite thickness, the dispersion Y=QR{+2(Q-1), (D5)
relation w(k) [or equivalently cy(f )] of the multilayer
model (Appendix Q can be brought into an explicit form Z=Q(1-R){—2(Q-1), (D6)
that permits rapid numerical solutions. This form was de-
rived by Lee[36] by manipulating the & 6 determinant of W=2(Q—-1). (D7)

the coefficients of the amplitudes in Eq€4) and (C6a-
(C6d). The standard textbook by Eringen andh8bi[16] In this dispersion relation and only hexeY,Z,W represent
presents and discusses Lee’s dispersion rel@fiages 547— these functions instead of representing Earth displacements.
550; note that on the first line of their E(f.7.49 v, should In terms of the above quantities we define

bewv;]. The dispersion relation consists of the following pre-

scription: —(1—o2) X koD
The unknown to be solved for is é1=(1~0y)| X costtka,D)
{=(cylee)® (D1) Q. _
+ —Y sinh(kq;D) |+20| q,W sin(ka1D)
At low propagation speedsy (high frequenciesthe SV- REl
waves in layer 1 will typically propagate rather than decay, 1
with vertical wave number divided by horizontal wave num- — —Z cogkoD)|, (D8)
ber given by 71
=\{(cglCg)?—1=1(cylcg)?—1
71=V{(Cs/Cs1) V(cy/cs) £, (1— 02 s,W costika,D)
=cot ag, (D2a)
while the other waves will typically be evanescent with ra- + iz sinh(kq,D) |+ 204| X sin(ka,D)
tios of e-folding rate to horizontal wave number given by 41
=V1—{(cg/cpy)?=\1—(cylcp)?, (D2b s
U1=V1—{(Csp/Cp1)*= 1~ (Cy/Cp1) (D2b) —U—ZYCOS(ka'lD) , (DY)
U2=V1-{(Csp/Cpp)*=V1—(Ch/Cpp)?, !
(D20)
— _ 2
8= 1= {= V1 (culCe)’. (D2d) m=(1-01)| GW cogkosD)

Regardless of the magnitude gf and thence regardless of .

whether these quantities are real or imaginary, we regard +—-Z sin(kayD)

them all as functions ofy given by the above expressions. !
We define two quantities

Q=puzl/py, R=p1/p; (D3)

+ 2q1[ —X sinh(kg;D)

: (D10)

_% Y coshkqg;D)
41
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4 sin ap COS ap SiN ag COS g

_ _ 2 r_
72=(1=07)| X cogke,D) =3 coSap SiM ag COS ag+sin ap cog 2ag
(E1lb
S2, . :
+ U_lY sin(ke;D) 1 +2dy) —s,W sinh(kq, D) Inserting these into Eq.C10 we obtain the following an-
L isotropy ratio:
% Z costikq;D) |. (D1Y A=v2 cot 2ug, (E2

In terms of these four quantities, Lee’s dispersion relatiorvhere, by Snell's lawEq. (3.1,
takes the form

F({,kD)=£&17m,—£27:=0. (D12

ag=arcsincg/cy). (E3)

Inserting expression&l) into the one-layer version of equa-

In the language of Lee’s dispersion relation, finding mul-tions (C12), we obtain the following reduced transfer func-
tiple Rayleigh modes is a matter of finding multiple curvestion:
{(kD) that satisfy(D12). Each suchi(kD) can be translated , ]
into a correspondingcy(f ), since cy=+{cg, and f B = V6 sirf Us- (E4)
=cyk/27. Overtone modes undergo a transition in layer 2 i _ )
from propagating and lossigo that seismic wave energy is The anisotropies and reduped trgnsfer functions of EER.
lost from layer 1 into layer 2 to evanescent and confinesb ~ and (E4) are shown graphically in Figs. 3 and 4 fog/cs
the waves are restricted to the vicinity of the top layat =_2_ (approximately appropriate to the surface materials at
speedcy(f )=cs,, which is equivalent toa¢=1. Thus, to  Livingston and Hanfory
produce dispersion relations for overtone modes, one can
look for solutions to(D12) in the vicinity of {=1, and then, 2. SV-up modes in a homogeneous half space

depending on whether one wants confined modes or lossy For SV-up modes, as for P-up modes, the displacement

modes, trace them frong=1 to higher frequencies and function is given by Eq(C1) with the subscript’s deleted.

lower horizontal speeds, or to lower frequencies and highe‘f’he primed (down) amplitudes are given in terms of the

horizontal speeds. . . . . .
In Sec. IV C 3 we use Lee’s dispersion relation to studyunp”med (up) amplitude5 by the surface junction cond

the RP1 mode at Livingston in the lossy regime. tions (C4); in particular
sin ag Sin 4ag

P, = - n3 " § S,
APPENDIX E: P-UP AND SV-UP MODES 4 cosap SIN® as COSagtsin ap COS 2ag (59
E5
In the text we encounter situations in which one can ap-
proximate an overtone mode as P- or SV-waves that propa- 4 cosap Si® ag CoS ag—sin ap COF 2ag
gate upward through a homogeneous half space until they < = 4 cosap SIP ag COSag+sin ap COF 2ag
encounter the Earth’s surface or one or more layers near the (E5b)

surface, and thefexciting the layergreflect back downward

with accompanying production of the other type of wave.|nserting these into EqC10), we obtain the following an-
Such “P-up” and “SV-up” modes can be described by the jsotropy ratio

multilayer equations of Appendix C, with the @pnprimed

amplitudes in the bottom layéhomogeneous half spacé, cot ap
set to{P,#0, S,=0} for P-up modes, an{P,=0,S,+ 0} A=2v2 m‘ (E6)
for SV-up modes.
We can derive simple formulas for the anisotropy rafio where, by Snell’s law,
and reduced transfer functig®f of such modes for the case
of no surface layerga pure homogeneous half space ag=arcsincg/cy),ap=arcsir(cp/cy). (E7)

Inserting expression&b) into the one-layer version of equa-

] o ) tions (C12), we obtain the following reduced transfer func-
The displacement function is given by BE@€1) with the  jgn:

subscriptn’s deleted since there is only one layer. The
primed (down) amplitudes are given in terms of the \J6 sir? ag|1—2i cot ap Sir? ag sec 2vg|

V1+(2|cot ap|sir? ag sec &g)?

1. P-up modes in a homogeneous half space

unprimed (up) amplitude by the surface junction condi- B'=

tions (C4); in particular ES)

, 4 cosap SiN® as €OS as—sin ap coS 2as
~ 4cosap SIMT® ag cosag+Sin ap cos 2ag "’ The anisotropies and reduced transfer functions of Egs.
(El1a (E6) and (E8) are shown in Figs. 3 and 4, fap/cs=2.
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