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The complete next-to-next-to-leading order@i.e.,O(v2), O(vas), andO(as
2)] relativistic corrections to the

total photon mediatedt t̄ production cross section at threshold are presented in the framework of nonrelativistic
quantum chromodynamics. The results are obtained using semianalytic methods and ‘‘direct matching.’’ The
size of the next-to-next-to-leading order relativistic corrections is found to be comparable to the size of the
next-to-leading order ones.@S0556-2821~98!05621-5#

PACS number~s!: 14.65.Ha, 12.38.Bx, 13.65.1i, 13.85.Lg

Because of its large mass the top quark decays domi-
nantly through the weak channelt→b W resulting in a par-
tial width G(t→b W)'1.5 GeV which is much larger than
the typical hadronization scale. As a consequence the weak
decay of the top quark provides a natural infrared cutoff
which almost entirely suppresses hadronization effects in top
quark production and decay processes. This particular feature

makes is possible to studyt t̄ production close to threshold in
lepton pair collisions using perturbative QCD@1#. With this
motivation in mind a considerable number of studies have

been carried out in the past in order to calculatet t̄ produc-
tion observables@2–6# and explore their potential for mea-
surements of the top quark mass1 Mt and the strong coupling
as at future experiments such as the LC~Linear Collider! @7#
or the FMC ~First Muon Collider! @8#. In view of the high
precision which might be achieved for the QCD calculations
as well as fort t̄ production measurements even relatively
small effects coming from a light Higgs boson@2,9# have
been investigated. However, the present day analyses only
include QCD effects up to next-to-leading order~NLO! in
form of the one-loop corrections to the QCD potential
@10,11# and variousO(as) short-distance corrections. A
complete next-to-next-to-leading order~NNLO! calculation,
which would be necessary to study the reliability of the
present day analyses and to make the consideration of small
effects from beyond QCD at all feasible, has been missing so
far.

In this work we present the complete NNLO relativistic
corrections to the total photon mediatedt t̄ production cross
section. As NNLO we count all corrections of orderv2, vas

and as
2 relative to the cross section in the nonrelativistic

limit, v being the c.m. velocity of the top quarks. As relativ-

istic, on the other hand, we count the corrections coming
from the top quark kinetic energy, thet t̄ production and
annihilation process including the short-distance corrections,
and thet t̄ interaction potentials. We use nonrelativistic QCD
~NRQCD! @12,13# to conveniently parametrize calculations
and results in a systematic manner following the approach
proposed in Ref.@14#. The calculations are carried out using
semianalytic methods and the ‘‘direct matching’’ procedure
introduced in Ref.@15#. We would like to point out that
NNLO corrections involving the top quark decay are not
determined here. The latter effects would includeO(as

2)
two-loop corrections to the free top quark width and a con-
sistent treatment of the effects from the off-shellness of the
decaying top quarks, the time dilatation, and the interactions
among the decay products and the other top quark~if it is not
decayed yet!. Although the size and the interplay of all these
effects have been studied at various places in the literature
~see, e.g., Refs.@5,16,17#!, their consistent treatment at
NNLO still remains an open problem. As far as the NNLO
relativistic corrections discussed in this work are concerned
we will use the naive replacement

E[As22Mt → Ẽ5E1 i G t ~1!

in the spirit of Ref.@1# in order to examine their size and
properties, whereG t represents a constant which is not nec-
essarily the decay width of a free top quark. We also would
like to emphasize that we treatall interactionspurely pertur-
batively and that nowhere in this work the confining long-
range contributions to the QCD potential or other nonpertur-
bative effects are taken into account. This is somewhat
contrary to the standard present day approach used to de-
scribe t t̄ production at threshold~see Refs.@2–5#!, but we
take the position that nonperturbative effects might be added
later as a correction.

1Throughout this paperMt is understood as the top quark pole
mass.

PHYSICAL REVIEW D, VOLUME 58, 114023

0556-2821/98/58~11!/114023~6!/$15.00 ©1998 The American Physical Society58 114023-1



We start from the NRQCD Lagrangian

LNRQCD5 2
1

2
Tr GmnGmn1 (

q5u,d,s,c,b
q̄ iD” q

1 c† F iD t1a1

D2

2 Mt
1a2

D4

8 Mt
3 G c1•••

1 c† F a3 gs

2 Mt
s•B1

a4 gs

8 Mt
2 ~ D•E2E•D !

1
a5 gs

8 Mt
2

i s ~ D3E2E3D ! G c1••• . ~2!

The gluonic and light quark degrees of freedom are de-
scribed by the conventional relativistic Lagrangian, whereas
the top and antitop quark are described by the Pauli spinors
c andx, respectively. For convenience all color indices are
suppressed. The straightforward antitop bilinears are omitted
and only those terms relevant for the NNLO cross section are
displayed.Dt and D are the time and space components of
the gauge covariant derivativeDm , and Ei5G0i and Bi

5 1
2 e i jkGjk the electric and magnetic components of the

gluon field strength tensor~in Coulomb gauge!. The short-
distance coefficientsa1 , . . . ,a5 are normalized to one at the
Born level. Because we use ‘‘direct matching’’@15# the ac-
tual form of their higher order contributions is irrelevant for
this work.

To formulate the normalized totalt t̄ production cross sec-

tion ~via a virtual photon! R5s(m1m2
e1e2

→g*→t t̄ )/spt (spt

54pa2/3s) in the nonrelativistic region at NNLO in
NRQCD we start from the fully covariant expression for the
cross section

R~q2! 5
4 p Qt

2

q2
Im@2 i ^ 0 u T j̃m~q! j̃ m~2q! u 0 & # , ~3!

whereQt52/3 is the top quark electric charge. We then ex-
pand the electromagnetic current~in momentum space!
j̃ m(6q)5(t!gm t̃ )(6q) which produces or annihilates at t̄
pair with c.m. energyAq2 in terms of 3S1 NRQCD currents
up to dimension 8 (i 51,2,3)

j̃ i~q!5b1 ~ c̃†s i x̃ !~q!2
b2

6Mt
2 F c̃†s i S 2

i

2
DI D 2

x̃G~q!1••• ,

~4!

where the constantsb1 andb2 are short-distance coefficients
normalized to one at the Born level. The expansion of
j̃ i(2q) is obtained from Eq.~4! via charge conjugation sym-
metry. It should be noted that only the spatial components of
the currents contribute at NNLO. Inserting expansion~4!
back into Eq.~3! leads to the NRQCD expression of the
nonrelativistic cross section at the NNLO level

RNNLO
thr ~Ẽ!5

p Qt
2

Mt
2

C1~mhard,m fac!Im@ A1~Ẽ,msoft,m fac! #

2
4 p Qt

2

3Mt
4

C2~mhard,m fac!

3Im@ A2~Ẽ,msoft,m fac! #1••• , ~5!

where

A15 i ^ 0 u ~ c̃†sW x̃ ! ~ x̃†sW c̃ ! u 0 & , ~6!

A25 1
2 i K 0 U ~ c̃†sW x̃ ! F x̃†sW S 2

i

2
DI D 2

c̃ G 1H.c.U 0 L .

~7!

Using the equations of motion for the top quark fields one
can show that

A25Mt ẼA1 . ~8!

We have used relation~8! to obtain the factor24/3 in the
second line of Eq.~5!.

The right-hand side of Eq.~5! represents just an applica-
tion of the factorization formalism proposed in Ref.@13#.
The cross section is expanded in terms of a sum of absorp-
tive parts of nonrelativistic current correlators~containing
long-distance physics2! multiplied by short-distance coeffi-
cientsCi ( i 51,2, . . . ). In Eq.~5! we have also shown the
dependences on the various renormalization scales: the soft
scalemsoft and the hard scalemhard are governing the pertur-
bative expansions of the correlators and the short-distance
coefficients, respectively, and arise from the light degrees of
freedom inLNRQCD,3 whereas the factorization scalem fac
essentially represents the boundary between hard~i.e., of or-
der Mt) and soft momenta. This boundary is not uniquely
defined and therefore both, the correlators and the short-
distance coefficients, in general depend onm fac. ~This leads
to anomalous dimensions of the NRQCD currents@13#.
However, in this paper this fact is not used to carry out any
resummation of logarithms involving the factorization scale.!
Because the term in the second line in Eq.~5! is already of
NNLO ~i.e., suppressed byv2) we can setC251. It should
be noted that the short-distance coefficients and the correla-
tors are individually invariant~up to terms beyond NNLO
order! with respect to changes in the hard and the soft scale,
respectively. The calculation of all terms in expression~5!
proceeds in two basic steps.

Step 1: Calculation of the nonrelativistic correlators.The
nonrelativistic correlators are calculated in Coulomb gauge
using tools known from QED bound state calculations
@12,18#. In Coulomb gauge the gluon propagator is split into

2In the context of this paper ‘‘long distance’’ is not equivalent to
‘‘nonperturbative.’’

3Throughout this work we use the conventionas5as
(nl55) in the

modified minimal subtraction MS̄scheme.
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a longitudinal and a transverse piece. The longitudinal gluon
propagator is energy independent and can be written as an
instantaneous potential if the longitudinal gluon is exchanged

between thet t̄ pair. ~For production through a virtual photon

or Z only t t̄ in a color singlet state needs to be considered.!

The longitudinal gluon exchange between thet t̄ pair leads to
the Coulomb interaction at LO in the nonrelativistic expan-
sion and the Darwin and spin-orbit interactions at NNLO
@see all interactions involving the top quarks and theE field
in Eq. ~2!#. For the transverse gluon the situation is more
subtle because its propagator has an energy dependence and
represents, in general, a temporally retarded interaction. At
NNLO the transverse gluon leads to one- and two-loop cor-
rections to the instantaneous Coulomb interaction~if at least
one side of the transverse gluon is connected to another
gluon! and to the ‘‘hyperfine’’ interactions~if the transverse

gluon is exchanged directly between thet t̄ pair!. In the first
case the full energy dependence of the transverse gluons has
to be taken into account in the loop integrations, whereas in
the second case the energy dependence can be neglected.
This can be understood from the fact that the typical energy
flowing through a transverse gluon which is exchanged be-

tween thet t̄ pair is of orderMtv
2, the kinetic energy of the

t t̄ pair in the c.m. frame. The three momentum can either be

of orderMtv, the relative three momentum of thet t̄ pair, or
also of orderMtv

2. For the energy-momentum configuration
(Mtv

2,Mtv
2) the transverse gluon is essentially real and,

therefore, needs an additional phase space factorv to exist.
Because the coupling of transverse gluons to the top quark is
suppressed byv @see all interactions involving the top quarks
and theB field in Eq. ~2!# this configuration does not con-
tribute at NNLO.4 For the energy-momentum configuration
(Mtv

2,Mtv), on the other hand, the transverse gluon is far
off-shell and the energy dependence can be neglected at
NNLO. In the case of hydrogen it is this energy-momentum
configuration for transverse photons which constitutes the

hyperfine interactions. Fort t̄ production it leads to instanta-
neous interactions at NNLO. In fact, this feature is well
known from classic positronium calculations@19,20# and has
been shown recently from formal NRQCD/NRQED counting
rules@21–23#. In other words, as far as the calculation of the
nonrelativistic correlators in Eq.~5! at NNLO is concerned,
NRQCD reduces to a two-body~top-quark–top-antiquark!
Schrödinger theory where retardation~Lamb-shift type! ef-
fects can be ignored and all interactions can be expressed in
terms of instantaneous potentials. The potentials in the re-
sulting Schro¨dinger equation are determined by considering
color singlett t̄→t t̄ one gluon exchanget-channel scattering
amplitudes in NRQCD. To NNLO~i.e., including potentials
suppressed by at mostas

2 , as /Mt , or 1/Mt
2 relative to the

Coulomb potential! the relevant potentials read [as

[as(msoft), CA53, CF54/3, T51/2, m̃[eg msoft, r[urWu]

Vc~rW !52
CF as

r H 11S as

4 p D @ 2 b0ln~m̃ r !1a1 #

1S as

4 p D 2 F b0
2 S 4 ln2~m̃ r !1

p2

3 D
12 ~2 b0 a11b1!ln~m̃ r !1a2 G J , ~9!

VBF~rW !5
CF as p

Mt
2 F 11

8

3
SW t SW t̄ G d~3!~rW !

1
CF as

2 Mt
2r

F ¹W 21
1

r 2
rW ~rW ¹W !¹W G

2
3 CF as

Mt
2 r 3 F 1

3
SW t SW t̄2

1

r 2
~SW t rW ! ~SW t̄ rW ! G

1
3 CF as

2 Mt
2 r 3

LW ~SW t1SW t̄ ! , ~10!

VNA~rW !52
CA CF as

2

2 Mt r 2
, ~11!

where SW t and SW t̄ are the top quark and top antiquark spin
operators andLW is the angular momentum operator and (nl
55)

b05
11

3
CA2

4

3
T nl ,

b15
34

3
CA

22
20

3
CA T nl24 CF T nl ,

a15
31

9
CA2

20

9
T nl ,

~12!

a25S 4343

162
16 p22

p4

4
1

22

3
z3 D CA

2

2S 1798

81
1

56

3
z3 D CA T nl

2S 55

3
216z3 D CF T nl1S 20

9
T nl D 2

.

The constantsb0 and b1 are the one- and two-loop coeffi-
cients of the QCD beta function andg50.577216 . . . is the
Euler constant.Vc is the Coulomb~static! potential. Its
O(as) andO(as

2) corrections have been determined in Refs.
@10#, @11# and @24#, respectively.VBF is the Breit-Fermi po-
tential known from positronium. It describes the Darwin and
the spin-orbit interactions mediated by longitudinal gluons
and the hyperfine interactions mediated by transverse gluons
in the instantaneous approximation.VNA is a purely non-

4We would like to note that this argument only holds for the case

of t t̄ production because the large quark top width, through replace-
ment ~1!, ensures that the scaleMtv

2 remains perturbative.
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Abelian potential generated through non-analytic terms in
the one-loop vertex corrections to the Coulomb potential in-
volving the triple gluon vertex~see, e.g., Refs.@25,26#!. The
nonrelativistic correlators are directly related to the Green
function of the Schro¨dinger equation

S 2
¹W 2

Mt
2

¹W 4

4Mt
3

1Vc~rW !1VBF~rW !

1VNA~rW !2Ẽ D G~rW,rW8,Ẽ! 5 d~3!~rW2rW8! , ~13!

whereVBF is evaluated for the3S1 configuration only. The
correlatorA1 reads

A156 Nc @ lim
ur uW ,urW8u→0

G~rW,rW8,Ẽ! # . ~14!

Relation ~14! can be easily inferred by taking into account
that the Green functionG(rW,rW8,Ẽ) describes the propagation
of a top-quark–top-antiquark pair which is produced and an-
nihilated at distancesurWu andurW8u, respectively@1,2#. Because
the exact solution of Eq.~13! seems to be an impossible task,
we rely on a numerical solution of the equation

S 2
¹W 2

Mt
1Vc~rW !2Ẽ D Gc~rW,rW8,Ẽ! 5 d~3!~rW2rW8! ~15!

using techniques developed in Refs.@2,4#. The result for
Gc(0,0,Ẽ) is then combined with the corrections to the lead-
ing order~LO! Coulomb Green functionGc

(0) @27# @defined

through Eq.~15! for Vc(rW)52CFas /r ] coming from the
kinetic energy correction and the potentialsVBF and VNA .
These corrections are calculated analytically using Rayleigh-
Schrödinger time-independent perturbation theory,

dG~rW,rW8,Ẽ!5E dxW3 Gc
~0!~rW,xW ,Ẽ! F ¹W 4

4Mt
3

2VBF~xW !

2VNA~xW ! G Gc
~0!~xW ,rW8,Ẽ! . ~16!

For the calculation of Eq.~16! we use techniques employed
in Ref. @28#, where the Abelian NNLO contributions have
already been determined.~See also Ref.@29# for a more de-
tailed presentation.! The final result forA1 at NNLO reads

A156 Nc @Gc~0,0,Ẽ!2Gc
~0!~0,0,Ẽ!#1

Nc CF as Mt
2

2p S 11
3

2

CA

CF
D H i ṽ2CF as F lnS 2 i

M t ṽ
m fac

D 1g1CS 12 i
CF as

2 ṽ
D G J 2

1
3 Nc Mt

2

2 p H i ṽ S 11
5

8
ṽ2D2CF as ~112 ṽ2!F lnS 2 i

M t ṽ
m fac

D 1g1CS 12 i
CF as~11 ~11/8! ṽ2!

2 ṽ
D G J , ~17!

where

ṽ [A Ẽ

Mt
, ~18!

andC is the digamma function,C(z)[ (d/dz) lnG(z). In the first line of Eq.~17! the LO Green function has been subtracted
to avoid double counting of the LO contribution contained in the third line. It should be noted that the limiturW u,urW8u→0 in
expression~16! causes UV divergences which are regulated using the short-distance cutoffm fac. Further, all power diver-
gences}m fac/Mt are subtracted@13# andm fac is defined in a way that between the brackets in expression~17! all constants
except the Euler number are absorbed. We also note that we have suppressed the factorization scale dependence in the first line
of Eq. ~17! because it is contained entirely in the real part which is irrelevant for the cross section in Eq.~5! @1,27#. The
corresponding result in any other regularization scheme which suppresses power divergences could be obtained from the one
presented here through a redefinition of the factorization scale. ForA2 only the LO contribution in Eq.~17! is relevant and we
arrive at

A25 ṽ2
3 Nc Mt

4

2 p H i ṽ2CF as F lnS 2 i
M t ṽ
m fac

D 1g1CS 12 i
CF as

2 ṽ
D G J . ~19!

There are no non-Abelian contributions toA2 .
Step 2: Matching calculation.The contributions toC1 up toO(as

2) are determined by carrying out the direct matching
procedure@15#. For that we extract the Born, one- and two-loop contributions from Eq.~5! through an expansion inas up to
orderas

2 for stable quarks (G t50), and we setmsoft5mhard.
5 To obtain the corresponding contributions}as

2 originating from

5For as!v!1, i.e., far away from the threshold regime, a distinction between the soft and hard scale is irrelevant.
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the one-loop corrections to the potentialVc we employ time-independent perturbation theory in analogy to Eq.~16!. For the
resulting expression we demand, for positiveE, equality to the two-loop cross section calculated in full QCD and expanded
in the velocity up to NNLO. Because the cross sections in NRQCD and in full QCD have the same infrared behavior, we can
use this equality to determineC1 atO(as

2). The cross section in full QCD and expanded up to NNLO in the velocity reads
[ah[as(mhard), v[(E/Mt)

1/2]

R2 loop QCD
NNLO 5NcQt

2SF32 v2
17

16
v3G1

CFah

p F3p2

4
26v1

p2

2
v2G

1ah
2 H CF

2 p2

8 v
1

3

2
CF F22CF1CAS 2

11

24
ln

4v2Mt
2

mhard
2

1
31

72D 1T nl S 1

6
ln

4 v2 Mt
2

mhard
2

2
5

18D G
1F49CF

2 p2

192
1

3

2
k1

CF

p2 S 11

2
CA22 T nl D ln

Mt
2

mhard
2

2CFS CF1
3

2
CAD ln vGvJ D , ~20!

where

k5CF
2 F 1

p2 S 39

4
2z3 D1

4

3
ln 22

35

18G
2CA CF F 1

p2 S 151

36
1

13

2
z3 D1

8

3
ln 22

179

72 G
1CF T F 4

9 S 11

p2
21 D G1CF T nl F 11

9 p2 G . ~21!

The Born andO(as) @30# contributions are standard. The
O(as

2) contributions are sorted according to the SU~3! group
theoretical factorsCF

2 @31#, CACF @32#, CFTn @33,34#, and
CFT @33,35#, respectively. The result forC1 reads

C1 5 124 CF

ah

p
1ah

2 F k1
CF

p2 S 11

3
CA2

4

3
T nl D ln

Mt
2

mhard
2

1CF S 1

3
CF1

1

2
CA D ln

Mt
2

m fac
2 G . ~22!

The consistency of the direct matching procedure ensures
that C1 does not contain any energy-dependent terms. We
would like to point out that the factorization scale depen-
dence of Im@A1# is cancelled by the factorization scale de-
pendence in C1 up to a small term proportional to
CF as (G t /Mt) ln(Mt /mfac) ~see also Ref.@28#!. This term re-
mains as a consequence of our ignorance of a consistent
treatment of the finite width effects at the NNLO level. Due
to the small size of this contribution, however, the corre-
sponding ambiguity can be ignored for the examination of
the relativistic NNLO corrections determined in this paper.
The LO cross section can be recovered from the NNLO one
in Eq. ~5! by taking into account only the dominant contri-
butions in the third line of Eq.~17! and settingC151, C2
50, whereas the NLO cross section can be obtained by in-
corporating also theO(as) corrections to the Coulomb po-
tential and to the constantC1 .

In Fig. 1~a! the LO ~dotted lines!, NLO ~dashed lines!,
and NNLO~solid lines! normalized cross sections are plotted
versusE in the range25 GeV,E,5 GeV for Mt5175
GeV, as(Mz)50.118, andG t51.43 GeV. For the scales the
choices msoft550 ~upper lines!, 75 and 100 GeV~lower

FIG. 1. ~a! The total normalized photon-mediatedt t̄ cross section at LO~dotted lines!, NLO ~dashed lines!, and NNLO~solid lines! for
the soft scalesmsoft550 ~upper lines!, 75 and 100 GeV~lower lines!. ~b! The NNLO cross section foras(Mz)50.115 ~solid line!, 0.118
~dashed line!, and 0.121~dotted line!. More details and the other parameters are given in the text.
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lines!, and mhard5m fac5Mt have been made and two-loop
running of the strong coupling has been used. It is evident
that the NNLO corrections are large. Compared to the NLO
cross section, the 1S peak is shifted towards smaller energies
by several hundred MeV and the large negative NLO correc-
tions for positive energies are compensated to some extent.
Whereas the location of the 1S peak is quite insensitive to
changes in the soft scale, the residual dependence of the
normalization of the NNLO cross section on the soft scale
msoft is not improved at all compared to the NLO cross sec-
tion. In fact, for energies above the 1S peak it is worse for
the NNLO cross section than for the NLO one. The depen-
dence of the NNLO cross section on the hard scalemhard and
the factorization scalem fac are, on the other hand, much
smaller and, therefore, not displayed here. The behavior of

the NNLO corrections clearly indicates that the convergence

of the perturbative series for thet t̄ cross section is much
worse than expected from the general arguments given by
Fadin and Khoze@1#. For the normalization of the cross sec-
tion we estimate, at least at the present stage, a theoretical
uncertainty at the level of five to ten percent. For compari-
son, in Fig. 1~b! the NNLO cross section is displayed for
as(Mz)50.115 ~solid line!, 0.118 ~dashed line! and 0.121
~dotted line!, and msoft575 GeV. The other parameters are
chosen as before. A more detailed examination of the NNLO
contributions will be carried out in a future publication.
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