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Starting from an effective quark level Lagrangian forb→sg and b→sgg, we calculate the processBs

→gg using the bound state model of Holdom and Sutherland. We discuss this model and its limitations. We
calculate the contributions from the well-knownb→sg magnetic-moment operator. There is also a non-
negligible contribution coming from operators that vanish on the free-quark mass shell. We find a branching
ratio of the order of 1027. @S0556-2821~98!02621-6#

PACS number~s!: 13.25.Hw, 12.39.2x, 13.40.Hq

I. INTRODUCTION

Much attention has been devoted to the decay mode
B→gK* @1–4#. Recently Holdom and Sutherland@3,5# have
invented a model for a heavy-light system of quarks such as
theB mesons. In this model matrix elements of quark opera-
tors are obtained in terms of loop integrals. The model in-
volves vertices where quarks couple to mesons, essentially as
in the chiral quark model@6#. The difference is that, in the
present case, the meson-quark vertex includes a form factor
such that the effect of high momenta flowing into a light
quark is damped. Holdom and Sutherland calculatedB
→K* g within this model with a reasonable result. In this
paper we calculateBs→gg within the same framework.

In the processb→sg and its hadronicB→K* g counter-
part, the light quark is merely a spectator. However, addi-
tional effects from the motion of the light quark might be
expected in flavor-changing two-photon decays, such asb
→sgg and its hadronicBs→gg version, where the light and
heavy quarks fuse together.

In a previous paper@7#, one of us made an estimate of
Bs→gg. In that paper the model was not exploited in
detail—just the general idea of the model was used. The
underlying quark processesb→sg andb→sgg are studied
in many papers and are established@7–16#. To calculate the
physical processBs→gg various model dependent assump-
tions are used@7,8,10,12,13#. The purpose of the present pa-
per is to study this process using the bound state model of
@3,5#. Operators for the electroweak flavor change inb
→sgg transitions contain a genuine off-shell piece, which
vanishes on the free-quark mass shell@8#, but they are ex-
pected to give non-negligible contributions in a bound state
calculation@7,17,18#.

The parameters of the bound state model@3,5# are deter-
mined by certain requirements for theBs→Bs amplitude
(Bs-meson self-energy! calculated within the model. Unfor-
tunately, these requirements lead to imaginary parts for this
amplitude and most amplitudes in general. Because of con-
finement effects, such imaginary parts should not be there,
and we follow the procedure of@3,5# and ignore these imagi-
nary parts. This is of course a drawback of the model. An-

other drawback is that the obtained value forf B is of order
1/3 of the measured value.

The outline of the paper is as follows: In Sec. II we
present the effective Lagrangian at the quark level. In Sec. III
the bound state model is presented, and in Sec. IV the cal-
culation of theBs→2g decay amplitude is performed. Fi-
nally, Sec. V contains our conclusions.

II. QUARK EFFECTIVE LAGRANGIAN FOR RADIATIVE
b˜s TRANSITIONS

The effective Lagrangian for radiativeb→s transitions
are presented in@7–9,17#, and we will keep the notation of
@7,17#. The one-loop level electroweak transitionsb→sg
and b→sgg, related by the Ward identities, can be com-
bined into an effective Lagrangian

L~b→s!g5B~MW!emnlrFmn~ s̄LiDJ lgrbL!, ~1!

where the coefficientB(MW);eGFlKM contains the result
of the relevant loop diagrams, andlKM is the relevant KM
factor forb→s transitions. The covariant derivative contains
both the gluon and photon fields. One can decompose this
expression into two piecesL(s→d)g5LF1Ls , whereLs

is the well-known off-diagonal magnetic moment term:

Ls5Bss̄~mbsmnFmnR1mssmnFmnL !b, ~2!

which is obtained fromL(b→s)g in Eq. ~1! when going on
shell with thes andb quarks~or using the equations of mo-
tion!. Then there is a remaining piece

LF5BFs̄@~ ig•D2ms!smnFmnL1smnFmnR~ ig•D2mb!#b,

~3!

which vanish by applying the~perturbative! equation of mo-
tion ~or in momentum space, for on-shell free quarks!, i.e.,
for ( ig•D2mb,s)→0. @In Eq. ~3! it is understood that the
covariant derivative acts on the nearest fermion field to the
left or right.#In this caseL(b→s)g reduces to its on-shell
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remnantLs in Eq. ~2!. In @7# it was shown that the genuine
off-shellLF in Eq. ~3! term gives a nonzero contribution for
the bound state case.

The expressions~2! and ~3! take into account that the
coefficientsBF of LF and Bs of Ls , both being equal to
B(MW) at the W scale, evolve differently down to them
5mb scale. This difference betweenBF and Bs is due to
different anomalous dimensions of the operators in Eqs.~2!
and ~3!. TheB’s will have the form@7,9,11#

Bs,F5
4GF

A2
lKM

e

16p2
C7

s,F , ~4!

where@11# C7
s520.28 and@7#

C7
F

C7
s

.4/3, ~5!

at the scalem5mb . Bound state models often involve the
constituent quark mass instead of the current one. Therefore,
we make another decomposition of the total radiative-decay
Lagrangian

L~b→s!g5L̃F1L̃s , ~6!

whereL̃F is obtained fromLF simply by replacing the cur-
rent masses (mq) by the constituent ones (Mq),

L̃F5LF~mq→Mq!, ~7!

and L̃s is the remainder:

L̃s5 s̄~B̃RsmnFmnR1B̃LsmnFmnL !b, ~8!

where

B̃L5BF~Ms2ms!1Bsms , B̃R5BF~Mb2mb!1Bsmb .
~9!

To calculate theBs→2g amplitude from the Lagrangian
L(b→s)g in Eq. ~1! one needs some bound state model. Let
us in this section be quite general, and just assume that a
bound state model involving a meson-quark vertex exists.
Moreover, we find it suitable to split the generically off-shell
operatorL̃F into the one- and two-photon pieces,L̃F5L̃F

1g

1L̃F
2g , in an obvious notation.

The pieceL̃F
2g gives rise to the first quark loop diagrams

in Fig. 1. Further, the pieceL̃F
1g gives rise to the second and

third diagrams in Fig. 1.~This interaction is represented by
the cross within the circle.! In @7# it is shown in detail that

even if there is a cancellation between the contributions from
L̃F

2g and a part ofL̃F
1g , there is a remaining nonzero genuine

off-shell contribution which has been neglected in the litera-
ture by appealing to the~perturbative! equations of motion.
This result iscompletely general, and doesnot depend on the
details of the bound state dynamics.

The diagrams for the magnetic moment termL̃s are the
same as forL̃F

1g . It turns out that the magnetic moment term
is the most important numerically forBs→2g, in contrast
with the caseK→2g where the off-shell contribution was
most important@17#. This reflects the fact that bound state
effects are more inportant inK mesons compared toB me-
sons.

III. BOUND STATE MODEL

The flavor-changing radiative vertices at the quark level
presented in the previous section have to be supplemented by
a quark-meson interaction in order to obtain the amplitude
for the physical processB→2g. Here the heavyB meson
cannot be treated as a Goldstone boson like in the chiral
quark model adopted earlier for the analogousK→gg decay
@17#.

However, the pseudoscalar character ofB mesons allows
us to parametrize this interaction in a simple way, replacing
the term used in chiral quark model calculations@6,17# by

Lmod5GBs̄g5bBs. ~10!

We use a model of this type proposed by Holdom and Suth-
erland@3,5#. This is a relativistic model of mesons containing
a heavy quark and a light antiquark, and where transition
amplitudes are represented by attaching theBs meson to a
loop involving the two constituent quarks. Note that theBs
field is considered as external, such thatBs is not propagat-
ing before the quarks are integrated out. The effect of the
quarks being confined within the meson is modeled in the
meson-quark vertex, and the quarks are technically consid-
ered as free in the loop~although they are assigned effective
masses which differs from the current masses!.

In a meson containing a heavy and a light quark, the
heavy quark carries most of the energy and momentum in the
system. This means that contributions with large momentum
flowing through the light-quark line have to be suppressed
@5#. One reproduces this effect by including factors in the
vertices which damp the loop integral when the light-quark
momentum exceeds some scaleLB . The vertex which con-
nects the meson line to the loop is written as

GB5
ZB

2

LB
22q2

, ~11!

whereq is the light-quark momentum. The light and heavy
quarks in the loop are represented by standard fermion
propagators with effective massesMs andMb , respectively.
The effective masses are of order the constituent masses of
the quarks, which are expected to differ from the current
ones by 2–300 MeV. They are in principle free parameters

FIG. 1. The two-photon contribution and the one-photon contri-
butions toBs→2g. The cross within the circle denotes the effective

vertex corresponding toL̃F or L̃s in the last two diagrams.
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of the model. One advantage of this model is that the meson-
quark vertex contains a factor ofq22 in the denominator,
which will make the loop diagrams convergent. These dia-
grams would be divergent if we had used vertices with no
momentum dependence.

The parametersZB andLB are different for different me-
son flavor and spin. Our first task is to find the parameters of
this model for theBs meson.

A. Determining the parameters of the model

As mentioned in the previous section, the quark masses,
in our caseMb andMs , are in principle free parameters, and
should strictly speaking be determined from some physical
requirements. We know, however, that in order to have a
realistic model, the quark masses cannot be completely arbi-
trary, and we know approximately within what range they
should be. In@3#, where the processBd→K* g is studied, the
effective massesMb andMs are found to be@3#

Mb54830 MeV, Ms5400 MeV. ~12!

In our paper the relevant meson isBs ; so we must in addi-
tion find the parametersZB , LB for this meson, having the
physical massMB55375 MeV @4#.

To find LB , we first calculate the Feynman diagram rep-
resenting theBs→Bs amplitude, i.e., the meson self-energy
S(k2), given by

2 iS~k!5~21!NcE d4q

~2p!4

3Tr$ ig5GBiSFs
~q!ig5GBiSFb

~q1k!%,

~13!

whereGB corresponds to Eq.~11! for the Bs meson,Nc is
the number of color, andq is the s-quark momentum. This
self-energy is now required to vanish at theBs-meson mass
shell:

S~k25MB
2 !50, ~14!

where k is the Bs-meson momentum. Now we insertk2

5MB
2 ~for MB55375 MeV) and the values for the quark

masses~12! in the expression forS(k). There is now only
one variable inS, namely,LB . (ZB only enters as an overall
factor.! When we now plotS(LB) with respect toLB , we
want to determine the value ofLB which givesS(LB)50
according to the requirement in Eq.~14!. When plotting
S(LB), however, we observe that there arises an imaginary
part becauseMs1Mb,MB . This imaginary part will be ig-
nored@3,5#. The value ofLB is then determined by the re-
quirement that Re@S(LB)#50.

Figure 2 shows the graph for Re@S(L)#. In this plot, we
have usedk25MB

2 , and the quarks masses of Eq.~12!. We
observe that Re@S(LB)#50 for LB'655 MeV.

We now want to determine the last unknown parameter of
the model, namely,ZB . To do this, we write the meson
self-energyS(k2) in Eq. ~13! as

S~k2!5S~k25MB
2 !1~k22MB

2 !Ŝ~k2!, ~15!

and we use the requirement

Ŝ~k25MB
2 !51, ~16!

which will determine ZB . The model assumes that the
Bs-meson field is only present in the Lagrangian density term
Lmod of Eq. ~10!, and that there are no terms for propagating
mesons. The requirement~16! garantees that the one-loop
diagram forBs→Bs , obtained from using Eq.~10! twice,
gives the Klein-Gordon equation forBs with no extra wave
function renormalization.

Our numerical analysis shows that Eq.~16! is satisfied for
the value ofZB5904 MeV. The values of the parameters
are summarized in Table I.

B. Decay constantf B within the model

Because we consider a system of a quark and an anti-
quark, we want to check if the obtained values of the param-
eters give us a physically reasonable value for theBs decay
constantf B . We calculate the Feynman diagram for the ma-

FIG. 2. Re@S(L)#. We have
used k25MB

2 , Mb54830 MeV,
andMs5400 MeV, and we have
plotted Re(S) as a function ofL.
We find LB to be the value ofL
corresponding to Re@S(L)#50.
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trix element of the axial vector current between the meson
and hadronic vacuum, and compare this with the physically
measurable decay constantf B , defined by

^0us̄gmg5buBs&5 i f Bpm. ~17!

Within our modelf B is given by the following expression:

i f Bpm52NcE d4q

~2p!4
Tr$ ig5GBiSFs

~q!gmg5iSFb
~q1p!%,

~18!

giving the numerical valuef B567 MeV, which is of order
1/3 of the physical value. Thus the model only reproducesf B
within an order of magnitude.

IV. QUARK-LOOP Bs˜gg AMPLITUDE

Having determined the parameters of the model, we are in
position to calculate theBs→2g amplitude. Using the verti-
ces obtained from the effective LagrangiansL̃F and L̃s ,
containing the relevant KM factors for theb→s transition,
we obtain an amplitude of the form

M~Bs→gg!5Mmnem~k1!e~k2!n , ~19!

where thee ’s are the photon polarization vectors and

M mn5
NcZB

2e

8p2
$A1i ~gmnk1•k22k1

nk2
m!

1A2«manb~k1!a~k2!b%, ~20!

where the quantitiesA6 are obtained from the diagram in
Fig. 1 and given in Table II.

The numbers in the coloums named ‘‘numerically’’ are
the result of the numerical integration. These numbers are
very sensitive to the explicit choice of the quark masses and
LB . In the coloumn named ‘‘analytically’’ we have written
down the result of the rough approximationMs.L!MB
.Mb . This approximation gives amplitudesA6 almost one
order of magnitude below the exact numerical evaluation,
showing the sensitivity of the involved mass parameters.

The decay rate is given by

G~Bs→2g!5
Nc

2ZB
4e2MB

3

2048 p5
~ uA1u21uA2u2!. ~21!

Using the numbers in Table II~from the coloumn named
‘‘numerically’’ ! combined with the values ofBs,F we find
the branching rate

B~Bs→2g!5~1.4–2.3!31027. ~22!

V. CONCLUSIONS

Within the model invented in Refs.@3,5#, we have calcu-
lated the branching ratio for the processBs→2g which we
find to have a branching ratio of order;1027. This is the
same order of magnitude as obtained by other groups, using
different assumptions@7,10,12–14#.

The model, which works well forBd→gK* @3#, has some
drawbacks and does not work so well forBs→2g, when a
heavy and a light quark annihilate:~i! The obtained value for
f B is only 1/3 of the physical one;~ii ! the results are sensitive
to variations of the involved parameters;~iii ! the require-
ments ~14!,~16! lead to unphysical imaginary parts. These
might be simply dropped, but mathematically, the real parts
are also influenced by the unphysical imaginary parts~espe-
cially near the threshholds!.

Nevertheless, the value in Eq.~22! is what we find if we
calculate the branching ratio forBs→2g within the frame-
work of this model. Moreover, in spite of the drawbacks of

TABLE I. The parameters of the model.

Ms5400 MeV

Mb54830 MeV
LB5655 MeV
ZB5904 MeV

TABLE II. A1 andA2 .

Numerically Analytically

2
3

LB
2 @0.2966#~B̃R2B̃L!

Bs

M F2
3

2
2

M

m

p

2
12 lnS M

mD1
3p

4

m

M G
A1

1
BF

LB
2 (0.9137Ms20.03004Mb) 1

BF

2 F1

m
2

p2

3MG
2

3

LB
2 @0.2966#(B̃R1B̃L)

Bs

M F2 3

2
2

M

m

p

2
12 lnS M

mD1
3p

4

m

M G
A2

1
BF

LB
2 (0.9137Ms10.03004Mb) 1

BF

2 F1

m
1

p2

3MG
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the model, the amplitude is of the right order of magnitude.
There is also an irredicible contribution@8,10,13–16# to b
→sgg of fourth order in the photon momenta which has to
be taken into account, in order to obtain a precise value of
the amplitude. This contribution is directly proportional to
matrix element of the axial current, and thus proportional to
f B . Still, the contributions we have considered give the cor-
rect order of magnitude.

The bound state model we have considered may of course
be modified by dropping or relaxing the requirements~14!
and ~16!. One possibillity is to raise the quark masses in
order to avoid unphysical imaginary parts. However, then the
requirement~14! cannot be met by any value ofLB . Still,
for some chosen value ofLB , we could determineZB to fit
the physical value off B at the expence of a renormalizing

constantAŜ(k25MB
2) to multiply each physicalBs-meson

field. But then there is some arbitrariness present, and the
idea of the model is to a large extent lost.

In some recent papers, the processb→sgg has been con-
sidered@12–16#. There is now wide agreement@7,8,10,13–
15# that the rate forBs→gg is of order 1027 in the standard
model, although the estimate in@12# is slightly higher. The
decay modeBs→gg is also a natural place to look for new
physics@15,16#. In @10,12,13# one calculates the free-quark
amplitude and uses Eq.~17! and the corresponding relation
for the matrix element of the axial densitys̄g5b. Still the
amplitude depends on the quark momentum of the lights
quark. Appealing to the heavy-quark limit, this momentum is
neglected with respect to the heavy-b-quark mass. If thes
quark is not neglected, it has to be integrated out, as we have
done in this paper. It should be noted that the off-shell La-
grangianL̃F gives a zero contribution in the heavy-quark

limit ~and MB5Mb). However, it can be shown that the
off-shell piece still gives a nonzero contribution by using
@10,12,13# relations such as Eq.~17!, and some averaging
over thes-quark momentum.

The model we have used@3,5# does not use the formalism
of heavy-quark effective field theory~HQEFT!, where results
are obtained in terms of expansions in inverse powers of
heavy (c andb) quark masses and, in addition, some bound
state parameters@19#. The inclusive processBs→gXs ,
which is also to a large extent determined by the effective
Lagrangian in Eq.~2! and thereby related to the processBs
→gg, has been extensively studied in terms of HQEFT@20#.
It is therefore natural to try to studyBs→gg within the same
framework. And in@16# some ideas from HQEFT are used to
estimate the relevant hadronic matrix elements. A fruitful
way to handle the hadronized version of quark processes
such asb→sg and b→sgg might be to use some heavy-
light model where HQEFT is combined with Nambu-type
models and/or the chiral quark model@6#. The latter is
known to work well for theK→gg decay@17,18# and for
decays ofK mesons in general@21#. Such a heavy-light
model, where the light-quark momenta are integrated out in a
consistent way, is proposed by various groups@22#. How-
ever, a systematic study ofBs→gg will meet some difficul-
ties which must be overcome: Usually, when HQEFT is
used, there is a heavy quark going through the process, as in
B→D transitions or in the calculations of theinclusive rate
for Bs→gXs . In the case of the exclusive processBs
→gg, there are no heavy particles in the final state, and the
energy release is big compared to the hadronic scale of
strong interactions (.1 GeV). Still, models of the type of
@22# should be able to tell us something about the decay
modeBs→gg.

@1# R. Casalbuoni, A. Deandrea, N. Di Bartolomeo, R. Gatto, and
G. Nardulli, Phys. Lett. B299, 139 ~1993!.

@2# S. Narison, Phys. Lett. B327, 354 ~1994!; A. Ali, V. M.
Braun, and H. Simma, Z. Phys. C63, 437 ~1994!.

@3# B. Holdom and M. Sutherland, Phys. Rev. D49, 2356~1994!.
@4# Particle Data Group, R. M. Barnettet al., Phys. Rev. D54, 1

~1996!.
@5# B. Holdom and M. Sutherland, Phys. Rev. D47, 5067~1993!;

48, 5196~1993!; Phys. Lett. B313, 447 ~1993!.
@6# A. Manohar and H. Georgi, Nucl. Phys.B234, 189 ~1984!; D.

Espriu, E. de Rafael, and J. Taron,ibid. B345, 22 ~1990!; V.
Antonelli, S. Bertolini, J. O. Eeg, M. Fabbrichesi, and E. I.
Lashin, ibid. B469, 143 ~1996!.

@7# J. O. Eeg and I. Picek, Phys. Lett. B336, 549 ~1994!.
@8# G. J. Lin, J. Liu, and Y.-P. Yao, Phys. Rev. Lett.61, 1498

~1990!; H. Simma and D. Wyler, Nucl. Phys.B344, 283
~1990!; H. Simma, Z. Phys. C61, 67 ~1994!; S. Herrlich and J.
Kalinowski, Nucl. Phys.B381, 501 ~1992!.

@9# B. Grinstein, R. Springer, and M. B. Wise, Nucl. Phys.B339,
269 ~1990!.

@10# G.-L. Lin, J. Liu, and Y.-P. Yao, Phys. Rev. D42, 2314

~1990!; T. M. Aliev and G. Turan,ibid. 48, 1176 ~1994!; P.
Singer,ibid. 49, R7 ~1994!.

@11# A. J. Buras, M. Misiak, M. Mu¨nz, and S. Pokorski, Nucl. Phys.
B424, 374 ~1994!.

@12# G. Hiller and E. O. Iltan, Phys. Lett. B409, 425 ~1997!.
@13# C.-H. V. Chang, G.-L. Lin, and Y.-P. Yao, Phys. Lett. B415,

395 ~1997!; G. G. Devidze, G. R. Dzhibuti, and A. G. Liparte-
liani, Nucl. Phys.B468, 241 ~1996!.

@14# L. Reina, G. Riccardi, and A. Soni, Phys. Rev. D56, 5805
~1997!.

@15# S. Bertolini and J. Matias, Phys. Rev. D57, 4197~1998!.
@16# T. M. Aliev and E. O. Iltan, hep-ph/9803459.
@17# J. O. Eeg and I. Picek, Phys. Lett. B301, 423~1993!; 323, 193

~1994!.
@18# D. Kekez, D. Klabucˇar, K. Kumerički, and I. Picek, Phys. Lett.
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