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We propose a newh -h8 mixing scheme where we start from the quark flavor basis and assume that the
decay constants in that basis follow the pattern of particle state mixing. On exploiting the divergences of the
axial vector currents — which embody the axial vector anomaly — all basic parameters are fixed to first order
of flavor symmetry breaking. That approach naturally leads to a mass matrix, quadratic in the masses, with
specified elements. We also test our mixing scheme against experiment and determine corrections to the first
order values of the basic parameters from phenomenology. Finally, we generalize the mixing scheme to include
the hc . Again the divergences of the axial vector currents fix the mass matrix and, hence, mixing angles and
the charm content of theh andh8. @S0556-2821~98!08919-X#

PACS number~s!: 14.40.Aq, 11.30.Hv, 11.40.Ha

I. INTRODUCTION

h -h8 mixing is a subject of considerable interest that has
been examined in many investigations, see, e.g.,@1–4# and
references therein. As is well known@5#, the U(1)A anomaly
plays a decisive role. For the octet-singlet mixing angleu of
these pseudoscalar mesons values in the range of210° to
223° have been obtained depending on details of the analy-
sis, see, e.g.,@3#. The phenomenological analysis often in-
volves decay processes where, in addition to state mixing,
also weak decay constants appear. The decay constants are
defined by

^0uJm5
i uP~p!&5ı f P

i pm , ~ i 58,1; P5h,h8!, ~1.1!

where Jm5
8 denotes the SU(3)F octet andJm5

1 the SU(3)F
singlet axial-vector current, respectively. Frequently, it is as-
sumed that the decay constants follow the pattern of state
mixing

f h
85 f 8 cosu, f h

152 f 1 sinu,

f h8
8

5 f 8 sinu, f h8
1

5 f 1 cosu. ~1.2!

However, recent theoretical@6# as well as phenomenological
@7# investigations have shown that Eq.~1.2! cannot be cor-
rect. Adopting the new and general parametrization@6#

f h
85 f 8 cosu8 , f h

152 f 1 sinu1 ,

f h8
8

5 f 8 sinu8 , f h8
1

5 f 1 cosu1 , ~1.3!

u1 andu8 turned out to differ considerably. The phenomeno-
logical analysis@7#, which involved the combined analysis of
the two-photon decay widths of theh and h8, the hg and
h8g transition form factors, and the additional constraint
from the radiativeJ/c decays, allowed us to determine the
four quantities occurring in Eq.~1.3!. Most importantly, the
values obtained satisfy the constraints@6# from chiral pertur-
bation theory~ChPT!.

The appearance of the four parametersf 8 , f 1 ,u8 ,u1 raises
anew the problem of their mutual relations and their connec-
tion with the mixing angle of the particle states. This angle is
necessarily a single one since mixing with higher states —
the hc for instance — can be neglected at this stage. The
relation of this angle with the four parameters in Eq.~1.3!
does not need to be simple: in parton language@8# the decay
constants are controlled by specific Fock state wave func-
tions at zero spatial separation of the quarks while state mix-
ing refers to the mixing in the overall wave functions.

In this work we expressh andh8 as linear combinations
of orthogonal stateshq andhs which can be generated by the
axial vector currents with the flavor structureqq̄5(uū

1dd̄)/A2 andss̄, respectively. They are chosen in such a
way that both states have vanishing vacuum-particle matrix
elements with the opposite currents, i.e., their lowest Fock
space components have the compositionsqq̄ andss̄, respec-
tively. Our motivation for choosing this specific basis comes
from the fact that the breaking of SU(3)F by the quark
masses influences the two parts differently, and from the
observation that vector and tensor mesons — where the axial
vector anomaly plays no role — have state mixing angles
very close to the ideal mixing angleu ideal5arctanA2. We
will demonstrate that the proper use of this quark flavor basis
provides for new insights and successful predictions. We
point out that we employ fixed~momentum-independent! ba-
sis states. Thus, our state mixing angle is momentum inde-
pendent and well-defined also in any other basis obtained by
an orthogonal transformation. This differs from other pos-
sible approaches in which momentum dependent mass ma-
trices are introduced~see, for instance,@9#!. The decay con-
stants, on the other hand, will in general depend onq2, i.e.,
the particle states and masses, and will thus require a param-
etrization by two different mixing angles as in Eq.~1.3!.
These angles depend on the basis that is used for the defini-
tion of the decay constants. As described below, the basic
assumption that we will use in this paper is that the decay
constants follow the state mixing if and only if they are
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defined with respect to the quark basis. In this circumstance
the two angles for the decay constants obtained in this basis
and the corresponding state mixing angle coincide and are
thus momentum independent.

Defining now decay constants analogous to Eq.~1.1! but
with i 5q,s and denoting theh -h8 mixing angle that de-
scribes the deviation from ideal mixing, byf, we propose

f h
q5 f q cosf, f h

s 52 f s sinf,

f h8
q

5 f q sinf, f h8
s

5 f s cosf. ~1.4!

Our central assumption is that the decay constants in the
quark flavor basis follow in this way the pattern of particle
state mixing. It is equivalent to the requirement that the con-
tribution f q ( f s) to the decay constants obtained from the
hq (hs) components of the wave functions is independent of
the meson involved. This assumption appears plausible but
we have no rigorous justification for it and have to test it. It
is certainly restrictive as will be shown in Sec. II: first, it
reduces the number of parameters again to three. Secondly,
by invoking the divergences of the currents, the anglef is
connected tof q / f s . Finally, flavor symmetry fixesf q and f s
to first order of SU(3)F breaking, leaving us — to this order
— with no free parameter. Mass mixing of the pseudoscalar
mesons is also discussed in this section. Numerous phenom-
enological checks are possible and performed in Sec. III. We
determine phenomenological values for the three parameters
from the data and check for consistency with ChPT and the
earlier determination@7# of the four quantitiesf 8 , f 1 ,u8 ,u1 .
Our scheme will then be generalized to include thehc in
Sec. IV. The generalized approach allows us to estimate the
quark content of the three pseudoscalar mesons, the mixing
angles, and the charm decay constantsf h

c and f h8
c which

attracted much interest in the current discussion@10–13# of
the rather large branching ratio for the processB→Kh8 as
measured by CLEO@14#. Our summary is presented in Sec.
V.

II. THE qq̄-ss̄ MIXING SCHEME

The two stateshq andhs are related to the physical states
by the transformation

S h

h8
D 5U~f!S hq

hs
D , ~2.1!

whereU is a unitary matrix defined by

U~a!5S cosa 2sina

sina cosa D . ~2.2!

We assume that the physical states are orthogonal, i.e., that
mixing with heavier pseudoscalar mesons~e.g., thehc) can
be ignored, see, however, Sec. IV. We stress that as long as
state mixing is considered, one may freely transform from
one orthogonal basis to the other. For example, the standard
octet-singlet mixing angle is given byu5f2u ideal. Accord-
ing to our central assumption described in Sec. I, we take

S f h
q f h

s

f h8
q f h8

s D 5U~f!F, F5S f q 0

0 f s
D . ~2.3!

Transforming the nonstrange and strange axial-vector cur-
rents into octet and singlet currents, one can also connect the
decay constants defined in Eq.~1.1! to f q and f s ,

S f h
8 f h

1

f h8
8 f h8

1 D 5U~f!F U†~u ideal! ~2.4!

with the result

f 85A1/3 f q
212/3 f s

2, u85f2arctan~A2 f s / f q!,

f 15A2/3 f q
211/3 f s

2, u15f2arctan~A2 f q / f s!
~2.5!

and thus

tan~u12u8!5A2/3 ~ f s / f q2 f q / f s!. ~2.6!

These results clearly show that, as a consequence of SU(3)F
breaking, at most for a single choice of the basis states the
matrix of the decay constants follows the particle state mix-
ing as in Eq.~2.3!. For the reasons mentioned in the Intro-
duction we assume Eq.~2.3! to hold in theqq̄-ss̄ basis. It
implies that the decay constants of the mesons are mass in-
dependent superpositions off q and f s . The difference be-
tween our ansatz for the decay constants and the customary
ones lies in the treatment of SU(3)F breaking effects, which
naturally manifest themselves in the ratiof q / f sÞ1. In order
to proceed we consider the divergences of the axial vector
currents. They embody the well-known axial vector
anomaly: for instance,

]mJm5
s 5]m~ s̄gmg5s!52ms~ s̄ig5s!1

as

4p
GG̃. ~2.7!

G denotes the gluon field strength tensor andG̃ its dual;mi
denote the current quark masses. The vacuum-meson transi-
tion matrix elements of the axial vector current divergences
are given by the product of the square of the meson mass
M P

2 and the appropriate decay constant. For instance,

^0u]mJm5
s uh&5Mh

2 f h
s . ~2.8!

The mass factors, that necessarily appear quadratically here,
can be considered as the elements of the particle mass matrix

M 25S Mh
2 0

0 Mh8
2 D . ~2.9!

With the help of Eq.~2.3! the matrix elements of]mJm5
i ( i

5q,s) can then be identified as those of the matrix product
M 2U(f)F. Transforming it to the quark flavor basis and
solving for the mass matrix

M qs
2 5U†~f!M 2U~f!, ~2.10!

one easily finds
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M qs
2 5S mqq

2 1
A2

f q
^0u

as

4p
GG̃uhq&

1

f s
^0u

as

4p
GG̃uhq&

A2

f q
^0u

as

4p
GG̃uhs& mss

2 1
1

f s
^0u

as

4p
GG̃uhs&

D , ~2.11!

where we use the abbreviations

mqq
2 5

A2

f q
^0umuūig5u1mdd̄ig5duhq&;

mss
2 5

2

f s
^0umss̄ig5suhs& ~2.12!

for the quark mass contributions toM qs
2 . As expected, the

anomaly is the only source of the nondiagonal elements. The
symmetry of the mass matrix forces an important connection
between the ratio of couplings of our basis states to the
anomaly

y5A2

^0u
as

4p
GG̃uhs&

^0u
as

4p
GG̃uhq&

5
f q

f s
. ~2.13!

For later use it is also convenient to introduce the abbrevia-
tion

a25
1

A2 f q

^0u
as

4p
GG̃uhq& ~2.14!

for the anomaly contribution to the mass matrix. On account
of Eqs.~2.10! and~2.11! both,a2 andy, can be expressed in
terms of the masses and the mixing anglef:

a25
Mh

2 cos2f1Mh8
2 sin2f2mqq

2

2
, ~2.15!

y5
~Mh8

2
2Mh

2 !sin 2f

2A2a2
. ~2.16!

The combination of Eqs.~2.13! and~2.16! provides an inter-
esting relation betweenf q / f s and the mixing anglef. Also
worth noting is the relation betweenf and u8 that is ob-
tained by combining Eq.~2.5! with Eqs.~2.13! and ~2.16!:

cotu852
Mh8

2

Mh
2

tanf. ~2.17!

This relation holds up to corrections of ordermqq
2 /M P

2 .
Flavor symmetry allows us to relatemqq

2 andmss
2 , defined

in Eq. ~2.12!, to the pion and kaon masses. To the order we
are working, one gets

mqq
2 5Mp

2 , mss
2 52MK

2 2Mp
2 . ~2.18!

These relations allow for a first and — to the given order —
parameter-free application of our scheme for the determina-
tion of all quantities relevant forh -h8 mixing provided the
values of the physical particle masses are given. Using Eqs.
~2.15! and~2.16! as well as Eq.~2.18! for the corresponding
elements of the mass matrix~2.11!, we evaluatef, a2, and
y, and henceu. The results for these quantities are listed in
Table I.

For a theoretical estimate off q and f s we take over their
particle independence which was necessary for Eq.~1.4! to
hold, to thep and theK meson. We retain the difference
between the pion and kaon decay constants as a first order
correction due to flavor symmetry breaking:

f q5 f p , f s5A2 f K
2 2 f p

2 . ~2.19!

Note thatV-spin considerations provide a linear relation be-
tween the decay constantsf s , f p , and f K which, to the con-
sidered order of flavor symmetry breaking, can be replaced
by the above quadratic relation. As can be seen from Eq.
~2.6!, these theoretical results forf q and f s lead to a substan-
tial difference betweenu1 andu8 . Only in the strict SU(3)F
limit where f q5 f s ~or, equivalently,f K5 f p or f 85 f 1) one
would haveu15u85u, with u being the octet-singlet mix-
ing angle. According to Leutwyler@6#, ChPT provides two
relations~up to 1/Nc corrections! among the decay constants:

f 85A4

3
f K

2 2
1

3
f p

2 , f h
8 f h

11 f h8
8 f h8

1
52

2A2

3
~ f K

2 2 f p
2 !.

~2.20!

TABLE I. Theoretical ~to first order of flavor symmetry breaking! and phenomenological values of
mixing parameters. The parametery is calculated using Eqs.~2.15! and ~2.16!.

Source f q / f p f s / f p f u y a2 @GeV2#

theory ~Sec. II! 1.00 1.41 42.4° 212.3° 0.78 0.281
phenomenology~Sec. III! 1.07 1.34 39.3° 215.4° 0.81 0.265

60.02 60.06 61.0° 61.0° 60.03 60.010
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It can easily be verified that, on using Eq.~2.19!, these rela-
tions are satisfied in our approach. By means of Eq.~2.5! the
theoretical values off 8 , f 1 , u8 , and u1 are determined by
the decay constants presented in Eq.~2.19! and the mixing
anglef computed from the mass matrix~see Table II!. The
numerical values of the mixing parameters, resulting from
Eqs.~2.18!,~2.19!, may, of course, be subject to sizeable cor-
rections~of O(1/Nc) in the language of ChPT!. As an ex-
ample of the size of such corrections we note that from Eqs.
~2.19! and ~2.13! y50.71 follows which differs from the
value obtained from the mass matrix, see Table I. The cor-
rections to the mixing parameters will phenomenologically
be estimated in the next section.

The considerations presented in this section nicely dem-
onstrate that our approach is indeed very restrictive. To the
order of flavor symmetry breaking we are working, there is
no free parameter left. As is to be emphasized this interesting
outcome crucially depends on the central assumption~1.4!.
If, in analogy to Eq.~1.3!, we allowed for two angles in the
quark flavor basis for the parametrization of the decay con-
stants, our approach would loose its predictive power
completely.1 In the next section we will confront our ap-
proach with experiment. We determine the mixing anglef
and the basic decay constantsf q and f s phenomenologically
and look for consistency and for deviations from the first
order of SU(3)F breaking.

III. THE PHENOMENOLOGICAL VALUES OF f, f q , f s

Several possibilities to extract the value of the mixing
angle from experiment have been discussed in the literature,
see, for instance,@1,3,15,16#. We can profit from these pa-
pers by properly adapting them to theqq̄-ss̄mixing scheme.
We note that in phenomenological analyses@1,3,15,16# some
additional simplifying assumptions had to be made. Thus, for
instance, Okubo-Zweig-Iizuka-~OZI! suppressed contribu-
tions or mass dependencies of form factors and coupling
constants are ignored. We start by first discussing processes
that are independent~or insensitive! to the decay constants

and allow a one parameter fit of the particle state mixing
anglef.

The decay J/c→Pr. We consider the ratio of the decay
widths G@J/c→h8r# andG@J/c→hr#. In these processes
G parity is not conserved, they proceed through a virtual
photon @see Fig. 1~a!#. Contributions from the isospin-
violating part of QCD are supposedly very small as can be
inferred from the smallness of theJ/c→fp width and will
be neglected. The calculation of the decay widths requires
the knowledge of ther –P transition form factors at momen-
tum transferq25MJ/c

2 . On account of the flavor content of
the r meson, this transition form factor only probes thehq

components of theh andh8 if OZI suppressed contributions
are neglected. Hence,

Frh~q2!5cosf Frhq
~q2!,

Frh8~q2!5sinf Frhq
~q2!. ~3.1!

and therefore

G@J/c→h8r#

G@J/c→hr#
5tan2f S kh8r

khr
D 3

, ~3.2!

where

kPV5MJ/c @12~M P
2 1MV

2 !/MJ/c
2 #/2. ~3.3!

From the experimental value 0.5460.11 for this ratio of de-
cay widths@17# we obtainf539.9°62.9°. Almost the same
value for f has been found in an analysis of all isospin-1
J/c→PV decays~including pions! @16#. A global fit to all
J/c→PV decay modes on the basis of a particular model,
yields f537.8°61.7° @16#. Because of its model depen-
dence we will not use the latter result in evaluating the av-
erage of the mixing angle. Since in the derivation of Eq.
~3.2! only the mixing angle of the particle states enters, one
may freely transform from theqq̄-ss̄ basis to the octet-
singlet basis as was done, for instance, in@16#. Nevertheless,
the simple relation between the ratio of decay widths and the
mixing angle, independent of the dynamics, is an advantage
of the qq̄-ss̄ basis used here. In the octet-singlet mixing
scheme one would have to deal with a linear combination of
two a priori different form factors. We will profit from this
advantage also in the following five processes.

The decaysh8→rg and r→hg. The transition matrix
elements controlling these processes can be decomposed co-
variantly @18#,

1Using the phenomenological parameters found in@7#, and trans-
lating them into the quark flavor basis with the admission of two
mixing angles,fq and fs , defined in analogy to Eq.~1.3!, one
finds f q51.09 f p ; f s51.38 f p ; fq539.4° and fs538.5°. The
fact that the two angles nearly coincide give direct support to the
validity of Eq. ~1.4!.

TABLE II. Comparison of various theoretical and phenomeno-
logical results for the decay parameters defined in Eq.~1.3!, see
text.

Source f 8 / f p f 1 / f p u8 u1

theory ~Sec. II! 1.28 1.15 221.0° 22.7°
@6# 1.28 1.25 220.5° 24°
@7# 1.28 1.20 222.2° 29.1°

phenomenology 1.26 1.17 221.2° 29.2°

FIG. 1. ~a! Electromagnetic contribution toJ/c→rh,h8. ~b!
Pole ansatz for theDs→Pl n semileptonic decay.
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^gP~pP!uTur~pr!&52egrPgemnlspP
m«g

~* !npr
l«r

s , ~3.4!

leading to the following expressions for the decay widths:

G@h8→rg#5agrh8g
2 kr

3, G@r→hg#5
a

3
grhg

2 kh
3 , ~3.5!

where

kf5Mi @12M f
2/Mi

2#/2 ~3.6!

is the 3-momenta of the final state mesonf . Mi denotes the
mass of the decaying meson.a is the fine structure constant.
Using state mixing~2.1!, one finds

grh8g

grhg
5tanf. ~3.7!

From the measured decay widths@17# we obtain for the ratio
of the rh(h8)g coupling constants the value 1.4160.29
from which f535.3°65.5° follows.2

The decays T→P1P2. HereT denotes a 211 tensor me-
son andPi refers to a pseudoscalar meson. Most suitable for
a rather model-independent determination off are the
h(h8)p decay modes of thea2 . Using the same assump-
tions as before one gets

G@a2→h8p#

G@a2→hp#
5tan2fS kh8p

khp
D 5

, ~3.8!

where kPp is defined analogously to Eq.~3.3!. From the
experimental value for that ratio, 0.03960.008@17#, we ob-
tain f543.1°63.0°. In @16# the whole class ofT→P1P2
decays has been analyzed in a model-dependent way
recently. An overall fit to the data is consistent withf.39°.

The decay Ds→Pen. The ratio of decay widthsG@Ds
→h8en#/G@Ds→hen# is determined by theDs→h8, h

form factors f 1
h8(q2) and f 1

h (q2). Using a pole ansatz for
their q2 dependence@19# one can extract from the decay
rates the form factor ratio atq25 0 which — in our scheme
— is simply equal to cotf. The analysis@15# using a mono-
pole behavior with theDs* pole, see Fig. 1~b! and CLEO data
@20# gives the value of 1.1460.1760.13 and, hence,f
541.3°65.3°.

The scattering processesp2p→Pn. At high energies the
ratio of the cross sections should be independent of phase-
space corrections and is given by@3,16#

s~p2p→h8n!

s~p2p→hn!
5tan2f, ~s@M P

2 !. ~3.9!

The two experiments lead tof536.5°61.4° @21# and
39.3°61.2° @22#. Since the two results are not fully consis-
tent with each other we will double the errors in the evalua-
tion of the averaged valuef̄.

Annihilation processes pp→̄PM (M5p0,h,v). The
Crystal Barrel Collaboration@23# measured the ratios for an-
nihilation into hM and h8M and quoted a value off
537.4°61.8° for the mixing angle. However, since the ex-
periment was carried through at low energies, the result for
f is rather sensitive to phase space factors and to the mo-
mentum dependence of the annihilation amplitudes. We
therefore discard that value off in the determination of the
averaged mixing angle although it will turn out to be consis-
tent with it.

The decay J/c→Pg. According to@24,15# the photon is
emitted by thec quarks which then annihilate into lighter
quark pairs through the effect of the anomaly. Thus, the cre-
ation of the corresponding light mesons is controlled by the
matrix element

^0u
as

4p
GG̃uP&.

The photon emission from light quarks is negligibly small as
seen from the smallness of thepg decay branching ratio.
Using Eqs.~2.11!, ~2.13!, and~2.17! as well as settingmu,d
50, we have

RJ/c5
G@J/c→h8g#

G@J/c→hg#
5tan2f

Mh8
4

Mh
4 S kh8

kh
D 3

5cot2u8S kh8
kh

D 3

.

~3.10!

From the measured value@17# RJ/c55.060.6 the mixing
anglef becomes 39.0°61.6°. Obviously, Eq.~3.10! is not
equivalent to the naive singlet dominance prediction for
which the factor cotu8 would have to be replaced by cotu.
As we learned in Sec. II,u8 markedly differs from the octet-
singlet mixing angle.

A weighted average of the above seven highlighted values
yields

f̄539.3°61.0°. ~3.11!

Quite remarkably, the values forf obtained from very dif-
ferent physical processes are all compatible with each other
within the errors. This is not the case in the octet-singlet
scheme (u85u15u), where values varying from210° to
223° have been found foru @3,15,16#. The phenomenologi-
cal value off does not differ substantially from the leading
order value, i.e., the higher order flavor symmetry breaking
corrections, absorbed in the phenomenological value, are ap-
parently not large~see Table I!.

Having fixed the mixing angle, we are in the position to
determine phenomenologically the ratio of the decay con-
stants f q and f s by combining Eqs.~2.13! and ~2.16!. We
find, with mqq

2 5Mp
2 ,

f q / f s5y50.8160.03. ~3.12!

2One may extend this analysis to thev andf cases. Ignoring the
small effect due to thev-f mixing, one derivesgvh8g /gvhg

.tanf and gfh8g /gfhg.cotf, respectively. From the measured
values and bounds@17# we obtainf.37°68° and f.21°, re-
spectively.
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It is amusing to note that the replacement of the kaon mass
by an effective mass of 508 MeV in the mass matrix intro-
duced in Sec. II reproduces the phenomenological values of
f, a2, andy exactly.

The decay P→gg. The two-photon decays of theh and
the h8 provide independent information on the two decay
constants. Expressing the partially conserved axial-vector
current ~PCAC! results, see@7# and references therein, for
the two-photon decay widths of theh and h8 in terms of
f, f q , and f s (Cq55/9A2, Cs51/9),

G@h→gg#5
9a2

16p3
Mh

3 FCqcosf

f q
2

Cssinf

f s
G2

,

G@h8→gg#5
9a2

16p3
Mh8

3 FCqsinf

f q
1

Cscosf

f s
G2

,

~3.13!

and solving forf q and f s , we arrive at

f q5
3Cqa

4p3/2
@cosfAG@h→gg#/Mh

3

1sinfAG@h8→gg#/Mh8
3

#21,

f s5
3Csa

4p3/2
@2sinfAG@h→gg#/Mh

3

1cosfAG@h8→gg#/Mh8
3

#21. ~3.14!

We evaluate Eq.~3.14! with the mixing angle according to
Eq. ~3.11! and the following experimental values for the de-
cay widths G@h→gg#5(0.5160.026) keV and G@h8
→gg#5(4.2660.19) keV @17#. The value of 0.32460.046
keV, obtained from the Primakoff production measurement
of h→gg, is not included. It turns out thatf s is not well
determined this way, it acquires a rather large errorf s
5(1.4260.16)f p . We therefore evaluatef s also from f q
and the phenomenological value of the ratioy and form the
weighted average of both values to find a more precise value
for f s . By this means we obtain

f q5~1.0760.02! f p , f s5~1.3460.06! f p . ~3.15!

These values for the basic decay constants differ from the
theoretical values~2.19! only mildly. Since, within the er-
rors, both the values off s determined here agree with each
other, the experimental values of the two-photon decay
widths are well reproduced by the parameter set~3.11!,
~3.15!.

As an immediate test of the parameters~3.11! and ~3.15!
we compute thePg transition form factors along the lines
described in detail in@7#. We find excellent agreement be-
tween theory and experiment@25#. The new results are prac-
tically indistinguishable from the fit performed in@7#
(x2/NDF is 28/34, whereNDF represents degree of freedom,
as compared to 26/33 in@7#!. The form factor analysis is

based on a parton Fock state decomposition of the physical
mesons. The wave functions of the valence Fock states, pro-
viding the leading contribution to the form factor aboveQ2

51 GeV2, are assumed to have the asymptotic form. The
values of these wave functions at the origin of configuration
space are related to the decay constants@7#.

A comparison between the theoretical and phenomeno-
logical values of the mixing parameters is made in Table I.
As can be noticed there is no substantial deviation between
both set of values, i.e., higher order 1/Nc corrections, ab-
sorbed in the phenomenological values, seem to be reason-
ably small. In Table II we list the values of the parameters
defined in Eq.~1.3!, i.e., in the parametrization introduced by
Leutwyler @6#, as obtained from various sources. The theo-
retical values off 8 , f 1 , u8 , u1 are computed from the decay
constants given in Eq.~2.19! and the theoretical mixing
angle listed in Table I while the phenomenological values
follow from Eqs. ~3.11! and ~3.15!. As can be seen the re-
sults obtained from the analyses performed in this work and
in @6,7# agree rather well with each other. The conventional
analyses, e.g.,@3,15#, are not included in the table because
the difference betweenu8 andu1 is not considered.

IV. GENERALIZING TO h-h8-hc MIXING

From the previous sections we learned that our central
assumption~1.4! combined with the divergences of the axial
vector currents leads to a variety of interesting predictions
which compare well with experiment. The reason for this
success is likely the rather large difference between the cur-
rent masses of the strange and the up and down quarks. Since
the charm quark mass is even heavier than the strange one, it
is tempting to generalize to theqq̄-ss̄-cc̄ basis and to as-
sume a similar behavior for the decay constants of the
h -h8-hc system in that basis. Then we can write

S f h
q f h

s f h
c

f h8
q f h8

s f h8
c

f hc

q f hc

s f hc

c
D 5U~f,uy ,uc! diag~ f q , f s , f c!

~4.1!

with the following parametrization of the transformation ma-
trix which now involve three angles

U~f,uy ,uc!:

5S cosf 2sinf 2uc sinuy

sinf cosf uc cosuy

2uc sin~f2uy! 2uc cos~f2uy! 1
D .

~4.2!

We neglect terms of orderuc
2 since the mixing betweenh -h8

andhc is an effect of the order of the inversehc mass,Mhc
,

squared; therefore we haveUU†511O(uc
2). The two new

mixing anglesuc anduy are related to the ratiosf h8
c / f c and

f h
c / f h8

c . We have f h
c 52 f cuc sinuy, f h8

c
5 f cuc cosuy, and

f hc

c [ f hc
5 f c , in accord with the definition utilized in@12#.
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f hc
is the usualhc decay constant; for its value we use the

approximationf hc
. f J/c and double the experimental error

of f J/c for numerical calculations (f hc
5405630 MeV, see

@26#!. Accordingly, the mass matrix in theqq̄-ss̄-cc̄ basis
reads (i , j 5q,s,c),

M qsc
2 5U†~f,uy ,uc!diag~Mh

2 ,Mh8
2 ,Mhc

2 !U~f,uy ,uc!.

~4.3!

On the other hand, generalizing Eq.~2.11! and using the
abbreviations~2.12!, ~2.13!, and~2.14! introduced in Sec. II,
we may write the mass matrix as follows:

M qsc
2 5S mqq

2 0 0

0 mss
2 0

0 0 mcc
2
D

1S 2a2 yA2a2 zA2a2

yA2a2 y2a2 yza2

zA2a2 yza2 z2a2
D . ~4.4!

On exploiting again the divergences of the axial vector cur-
rents and the properties of the mass matrix a number of con-
sequences follows from which all new parameters appearing
in Eq. ~4.4! can be fixed

z5 f q / f c , uy5u8 , Mhc

2 5mcc
2 1z2a2 ~4.5!

and

uc52zA21y2
a2

Mhc

2
~4.6!

with a2 as given in Eq.~2.15!. Using the phenomenological
parameter values quoted in Table I, we find the following
numerical results:z50.3560.03;uc521.0°60.1°. Since

z2a250.03 GeV2 we haveMhc

2 5mcc
2 to a very good ap-

proximation. The charm decay constants of theh and theh8
take the values

f h
c 52~2.460.2! MeV, f h8

c
52~6.360.6! MeV.

~4.7!

Their values are in rough agreement with the results pre-
sented in@13,27,28# but in dramatic conflict with the values
quoted in@10,11#. f h8

c lies well within the bound estimated in
@7#. Our analysis supports the conclusions drawn in@13# that
the charm content of theh8 is not the solution for the abnor-
mally largeB→Kh8 decay width, the explanation of which
remains an open problem.

Using the above values for the mixing anglesf, uy , and
uc , we find for the quark content of the physical mesons

uh&50.77uhq&20.63uhs&20.006uhc0&,

uh8&50.63uhq&10.77uhs&20.016uhc0&,

uhc&50.015uhq&10.008uhs&1uhc0&. ~4.8!

The charm admixtures to theh andh8 are somewhat smaller
than estimated in@1# but slightly larger than quoted in@28#.
A possible test for thehc0 content is provided by the radia-
tive J/c decays. For the decaysJ/c→hg,h8g we used al-
ready the action of the gluons as described by the matrix
elements of the anomaly~note thatu85uy). Since theh8 has
thehc0 contentuc cosu8 while thehc0 content ofhc is prac-
tically one, we expect

G@J/c→h8g#

G@J/c→hcg#
5uc

2cos2u8S kh8
khc

D 3

5S ^0u
as

4p
GG̃uh8&

A2 f hc
Mhc

2
D 2

S kh8
khc

D 3

. ~4.9!

The experimental number for this ratio, 0.3360.10 @17#,
gives us another — admittedly less reliable — determination
of the charm admixture inh8. The resultuuccosu8u50.014
60.002 is in good agreement with the number contained in
Eq. ~4.8!.

V. SUMMARY

In the description ofh -h8 mixing there are five param-
eters involved, the mixing angle of the particle states and
four decay constants. Motivated by the observation of nearly
ideal mixing in vector and tensor particles we take as our
basis the states according to their quark flavor compositions.
Our central assumption is then that in this particular basis the
mixing of the decay constants follows that of state mixing.
This new mixing scheme is very restrictive. It fixes the struc-
ture of the mass matrix and predicts the mixing angle and the
four decay constants up to first order in flavor symmetry
breaking:

~i! The four decay constants are immediately reduced to
two constantsf q and f s and a single anglef that is identical
to the state mixing angle and describes the deviation from
ideal mixing.

~ii ! The divergences of the axial vector currents provide
us with a mass matrix quadratic in the particle masses with
off diagonal elements entirely determined by the anomaly.
The old problem of quadratic versus linear mass matrices has
found its answer.

~iii ! The ratio of matrix elements of the anomaly are equal
to the inverse ratio of the corresponding decay constants cor-
responding to the states of our basis. Using this result the
mixing anglef can be calculated fromf q / f s .

~iv! SU(3)F relations fix f q and f s in terms of f p and f K
to first order in flavor symmetry breaking, and fix those parts
of the mass matrix which contain the current quark masses in
terms of Mp

2 and MK
2 . The decay constants obtained this
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way obey the requirements of chiral perturbation theory
which are known up to order 1/Nc corrections.

~v! With these ingredients and by using the known masses
of the physical states the mass matrix is overdetermined.
Although sizeable corrections to the flavor symmetry results
could have been expected, the resulting parameter-free deter-
mination of the mixing angle and the decay constants is in
reasonable agreement with a previous phenomenological
analysis with unconstrained parameters.

~vi! We performed a new analysis and determined phe-
nomenologicallyf and f q and f s from several independent
experiments. All results were consistent with each other.
Thus, the weighted average value for the mixing angle is
rather precise: we obtainedf539.3°61° which gives a
single-octet mixing angle ofu5215.4°. For the angleu8
which is responsible for theh, h8 ratio in radiativeJ/c de-

cays we found a value of221.2°. The values forf q and for
f s differ from the theoretical predictions~to first order of
flavor symmetry breaking! only mildly.

~vii ! It is straightforward to generalize the new mixing
scheme to include the mixing with thehc which is of par-
ticular recent interest. Here the decay constantf c enters
which we take equal tof J/c . With this ingredient thecc̄
admixture ofh andh8 could be determined in magnitude and
sign. For the magnitude nearly the same number follows
from the observed ratio ofJ/c decays toh8 andhc without
invoking f c . For the decay constantf h8

c we find a value of
2(6.360.6) MeV.
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