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No-boundary wave function of the anti-de Sitter space-time and the quantization ofA

G. Oliveira-Netd
Department of Physics, The University, Newcastle-Upon-Tyne, NE1 7RU, United Kingdom
and Departamento de Fisica Teorica, Instituto de Fisica, UERJ, Rua Sao Francisco Xavier 524, Maracana,
CEP 20550-013, Rio de Janeiro, Brdzil
(Received 16 June 1998; published 2 October 1998

The application of the “no-boundary” condition to space-times with initially open spatial sections may lead
to extra conditions on physical quantities of these space-times. In the present Brief Report, we verify the above
statement in a model where we compute the semi-classical approximation to the “no-boundary” wave function
of the anti—de Sitter space-time. For this model the “no-boundary” conditions impose a well defined, discrete
spectrum for the cosmological constant. As a by-product of our investigations we also find that among the
space-times contributing to the above wave function there are two complex conjugate ones that show a new
type of signature changgS0556-282(98)03820-X]

PACS numbd(s): 04.60.Kz, 98.80.Hw

The “no-boundary” condition is a very successful set of ¥,,,,, there are two complex conjugate ones that show a new
boundary conditiong1]. Since its introduction it has been type of signature chandé,7].
shown to fix uniquely the wave function of several space- The anti—de Sitter space-time represents an homoge-
times of cosmological as well as astrophysical interest. Imeous, isotropic, constant negatively curved, universe, which
addition to that, it also produced some important prediction®nly source of stress energy is a negative cosmological con-
on the physical behavior of these space-times. stant (A). In addition to this, it is also foliated by open,
For a given model, the “no-boundary” conditions specify constant negatively curved, spacelike hypersurfaces.
the set of four-geometries which must be summed over, so We start by writing down the appropriate Euclidean met-
that a wave function may be derived through the path intefic ansatz in its Arnowitt-Deser-MisnéADM) form [8]
gral formalism. These four-geometries should be compact,
regular, with a single three-dimensional, spacelike boundary ds?= + N2(t)dt2+a2(t)[dy2+ sintexd 2], (1)
hypersurface. Therefore, if one foliates these four-geometries

in three-dimensional, spacelike hypersurfaces plus a timelike . : .
line, the hypersurfaces must necessarily be closed. whereN(t) is the lapse functiora(t) is the scale factor, and

Most of the cases studied so far dealt with space—timegjchoordir?atf_’S varly over tEeirlusuaI dom[‘;ﬁﬂl H al
whose spacelike hypersurfaces are naturally cldde€B], rom the line edemer;]t q )'h\.’vi see that t ispanah
and very few considered the possibility of initially open, sections are pseu o—sp“eres whic zire open. AS we have
spacelike hypersurfaceg]. Of course, in the last case a mentioned above, the “no-boundary” conditions restrict

mathematical technique of compactification had to be use{!eS€ spatial sections to be closed therefore we must com-
[5] pactify the pseudospheres.

In Ref. [4], the space-times contributing, in the semiclas- There are several works in the literature where the explicit
sical approximation, to a specific “no-boundary” wave process of compactification of the pseudospheré8y is

5.
function, were foliated by flat, compactified, spacelike hy-Performed. Here, we shall follow Ref9], where theH* is
persurfaces. There, it was shown that the requirement th ransformed into a double torus. Then, the spatial sections of

these space-times were regular resulted in extra conditiorf€ line element Eq(1), will be double tori. Because of the
upon them. In particular, their actions were labeled by or-compactification process the coordinagewill vary, now,
dered pairs of coprime integers. over a finite domain. .

In this Brief Report we would like to show another ex- N Order to obtain¥,,, we must solve the Einstein’s
ample of the application of the regularity and compactnes§duations8], for Eq. (1), subjected to the “no-boundary
conditions from the “no-boundary” proposal, upon SIOaC(__,_condltlons. For our case these conditions are given in Ref.

times whose spacelike hypersurfaces are initially open. w&L0]: and result in the following choices. _
shall see that it will lead to extra conditions upon physical e shall choose the point where the scale factor vanishes
quantities. to be the zero value of the time scale. With this choice we

We shall compute the semiclassical approximation to th&hall be able to picture our universe startingt&t0, from
“no-boundary” wave function ®,,), Ref. [2], of the this surface of zero volume and evolving urititt,, where

anti—de Sitter space-time. As a matter of simplicity we shall’ve shall furnish the other required value of the scale factor,
restrict our attention to 21 dimensions. As a by-product, S&,a(t1)=a;. Introducing those quantities in the Einstein

we shall see that among the space-times contributing t§duations, and rescaling the time in order that1, we get
the four solutions given below.

The Lorentzian solutions
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where

N|:C(

o
Et arccosa; /a)
and

a(t)=asin(N;t/a), a2=ﬁ 3

valid for a;<a. These space-times, Eq®) and (3), are
known in the literature as anti—de Sitter space-tifiel.
The complex solutions

N=Ng+iN,, (4)

where

N|=az, Ng=*«aarcsinhB, pB= (ﬁy-l

: 5

and
a(t)=ar(t)+ia(1), (6)

where
agr(t)=asin(N,t/a)cosi{Ngt/ ), (7)
a,(t)=—a cogN,t/a)sinh(Ngt/ @), (8)

and this solution holds foa,> .

In order to identify the signature change nature of thes

complex solutions Eq94) and (6), we follow closely Ref.

[6].

First, we rewrite the general expression of the Euclidea

action[12] for the metric ansatz Eq1):

I[N,a1]=—.Af [éz(t)—N2+a2(t)N2|A|]$dt, 9

where A is a finite, defined number proportional to the vol-

ume of the compact, spacelike hypersurfaces.

Then, we introduce a complex variabledefined as the

product
(10)

and rewrite the action Eq9) in terms ofT.

n
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running along the imaginary axis from 0 toT=iN, where
it turns abruptly to run parallel to the realaxis up toT; Eq.
(11).

If we rewrite the complex scale factor Eq€)—(8) in
terms of T Eq. (10), we obtain the following expressions for
ag(T) anda(T):

ag(T)=asin(T,/a)coskTr/a), (12)

a,(T)=—acogT,/a)sinh(Tx/a), (13

where T and T, are, respectively, the real and imaginary

parts ofT. In terms ofag(T), a,(T), and the contou€’, it
is easy to identify the signature change nature of the complex
solution.

Along C’, a,(T) Eq.(13) is nil. This happens because on
the first part of the circuit we havazo, and on the second
partf:aq-rlz. aR(?) is initially nil, as demanded by the
“no-boundary” proposal for minisuperspace modg¢k],
for T,=0. Then, it behaves as

ar(T))=asin(T)/a), (14)
until reaching the value, forfz am/2. From there onward
it goes as
ar(Tr)=a coshTg/a), (15)
up to the final surface where it &, .
Observing the transformation E¢LO), one can see that
on the first part of£’, N is imaginary. Therefore, the metric

G\Eq. (1) has a Lorentzian signature there. On the other hand,

on the second part d&’, it has an Euclidean signaturé (
—E).

One may verify the correctness of the above contour
choice by proving that the extrinsic curvature at the bound-
ary surface whereT=iaw/2 (3) between the Lorentzian
and Euclidean sectors is ni]. For our model, this junction

condition translates to the condﬂ(mra(?)/dT=0 aty,.
Along the first part ofC’, a(T) is given by Eq.(14),
therefore,

da(T) =
9T =coq T/ a).

(16)

The junction condition is then easily seen to be satisfied at
3.. As a by-product of the above analysis we obtain that next

The contoulC along which we must evaluate the action in to t=0, the complex solutions are anti—de Sitter space-times.

the complex? plane is a straight line. Its initial and final

points are given with the aid of Eq#&4), (5), and (10), re-
spectively, by
T;=0 and T;=Ng+iN,. (11)
Next, for the present case of a negativewe deform the
above contourC producing a new contou€’. C’ starts

The regularity of the Lorentzian and complex solutions,
the final requirement of the “no-boundary” conditions, may
be studied together because from Eds, (3), (6)—(8), we
notice that all of them have singularities onlytat0. As a
matter of fact this regularity investigation has already been
done in Ref[9], where a systematic procedure to identify the
presence of conical singularities, called the holonomy
method[13], was used in the above space-times.
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The solutions of the following equation, derived in Ref. Eq.(18), and of associate® S ry » EG. (20) [V 5y my EQ-
[9], guarantee the absence of conical singularities in th¢19)], one for each pairr(,m). So, for a givera, the state of
eventt=0 of the space-times above with compactified,the universe in the present model is specified by the pair

spacelike hypersurfaces:

Np=2mn, (17

wherep is the period of a compactified direction ands a
nonzero, positive integer.
For the complex solutions we learned that neaf, N is

given byN,, Eq.(5), and for the Lorentzian solution by Eq.
(2). Therefore, if we demand that these space-times be reg

lar by solving Eq.(17) for the appropriatdN and impose by
simplicity that the resulting spectra oA | be identical, we
find
2,2
|A|n,m:[n+(_ 1)ma1]2

- (19
This equation, givegA| as a function ofa;, n, and m,
which is a nonzero, positive integer.

We are now in position to write down th&,,, Ref.[2],

(n,m).

We may try to obtain some information about the model
universe by studying the wave-functions, E¢k9) and(20)
and their suitability to describe the classical anti—de Sitter
space-time at the semi-classical level. Let us describe the
behavior of the two wave functions above in terms of the
variable x. Note that for fixed values of the cosmological
onstant this variable gives a direct measure of the scale
actor for final hypersurfaces.

We notice that each of the wave functions above corre-
spond to distinct regions, whetheis smaller or greater than
1. \I’hb(n’m), is an oscillatory function ok, and is defined in
the region wherex<<1. So, this is the classically allowed
region.\lfﬁb(n]m), is a decreasing exponential function>qf
and is defined in the region whexe>1. So, this is the clas-
sically forbidden region.

The universe has a probability proportional to
Wk nm Yinnm 0 be in the classically allowed region.

for the present model. As a matter of simplicity we shall notThis probability varies with cdsfrom Eq.(19). On the other
introduce any extra condition but convergence in order to fixhand, the universe has an exponentially decreasing probabil-

the integration contour fo¥ ,;, [6].

For the case where;y|A|, <1, the Lorentzian solu-
tions Egs.(2) and (3), will give the following ¥, (up to
renormalizatiof, with the aid of the expression forEq. (9),
for a fixed pair Q,m):

L 1A 7
\I’nb(nym)=2 ex W?
n,m

X 004 ﬁn’m[x\/l—xz— arccosx)]] ,

(19
where we introduced the new variabte=a;/|A|, . For

the case whera; | A, > 1, the complex solutions Eq&})
and (6), give for a fixed pair f,m) (up to renormalization

1A 7 A
ve =exp(——>exp{—[—x\/x2—1
b VA Tom 2] VAT
+arcsinh/x*— 1]] . (20

It is clear then, that for a given value af greater(smalle)
than 1A/|A|, m, we shall have an infinite number pk|, ,,

ity, proportional toW 5 W Sonm -
in the classically forbidden region.

The properties of the quantum density probabilities men-
tioned above derived from the wave functions Ed®) and
(20), are those one would expect to be semiclassically asso-
ciated with the anti—de Sitter space-time. From Rggand
[11], we know that the scale factaft) for the anti—de Sitter
space-time is a sine or cosine function of the time coordinate
t. It varies from zero up to a maximum valueyiA[, and
then decreases back to zero. Therefore, classicg(ty,can-
not be greater than {JA].

Finally, it is important to mention that the papers in Ref.
[14] were the first ones to compute the “no-boundary”
wave-function for a negatively curved space-time. One may
not compare the results derived here with the ones derived
there because first, and most importantly, they have not con-
sidered contributions to the wave function from space-times
foliated by spacelike hypersurfaces. Secondly, they have not
restricted their attention to the anti—de Sitter space-time.

Eq. (20), to be found
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