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In this paper we explore some of the features of lakgeupersymmetric and nonsupersymmetric gauge
theories using Maldacena’s duality conjectures. We show that the resulting strong coupling behavior of the
gauge theories is consistent with our qualitative expectations of these theories. Some of these consistency
checks are highly nontrivial and give additional evidence for the validity of the proposed dualities.
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I. INTRODUCTION In [7,8], it was shown that the strong coupling limit of the
large Wilson loop for largeN can be evaluated using semi-
The newest, and perhaps most interesting, of the dualitieslassical string theory, thereby obtaining the interaction en-
of string theory is that conjectured by Maldacena, which re-ergy between infinitely massive quarks and anti-quieks
lates the largeN expansion of conformal field theory i ternal sources in the fundamental representation ofNgJ(
dimensions to string theory in a AgS; XM spacetime separated by distand® as
backgroundwhere AdS. ; is (d+1)-dimensional anti—de

Sitter space anil is a compact spag¢¢1]. The dictionary an? \2n
that relates these dual descriptions identifies tine éXpan- E—=— _am NeA (1)
sion of the field theory to the perturbative expansion of the aa r/4* R

string theory, and the strong coupling expansion of the field

theory to thea” expansion of the string theory. This conjec- a result that is completely consistent with our limited under-
ture offers the exciting possibility of using perturbative standing of the gauge theory, wherein th& Behavior is
string theory to explore the larde limit of field theory. _dictated by conformal invariance. The proportionality\te

The simplest case of Maldacena’s conjecture is the dualitgggests that the Coulomb force is somewhat reduced from
between largeN supersymmetric, conformally mvgmant, the weakly coupled value of. Similar calculations have
SU(N) gauge theory in four dimensior&ith couplinggyw)  been performed for the monopole-monopole and monopole-
and type IIB string theory expanded about an A8S®  quark potential, yielding, as expecteS;dual expressions
background. Here the string coupling, is proportional to  [9].
97w N equals, in string theory, the magnitude of the five- One can regard Maldacena’s duality as realizing the long
form flux on the five-sphere; and‘:ji,\,lN)l’4 is proportional  sought goal of finding the master field representation of large
to the radius of curvature of the background Ad$pace. N gauge theory correlation functions. What is most surpris-
One can therefore hope to calculate gauge theory correlatiang from this point of view is that the master field lives in a
functions, for largeN and large §=g2,N), in terms of compactified ten-dimensional space-time, and corresponds to
weak coupling string theory in the semiclassical supersymmetric type IIB string theory. That there should ex-
approximation—i.e. supergravity. ist a string representation of thé=4 conformally invariant

The precise relation between the gauge theory correlatiolarge N gauge theory is somewhat surprising, since the tra-
functions and the supergravity effective action has beeulitional arguments for such a representation have been for
given by[2,3], following earlier workg4]. In particular this  confining theories, whereas here we have a string theory for
prescription determines the dimensions of operators in corthe Coulomb phase of the gauge theory. Thus, even though
formal field theory in terms of the masses of particle in thethe Wilson loop is given by the minimal area classical string
string theory. This correspondence has been checked for tre®nfiguration spanning the loop, the fact that the loop can
duality between SUY{) gauge theory in four dimensions and meander into the extra dimensions and the nature of the ge-
type 1IB string theory expanded about an AdSS® back- ometry of AdS space lead to aRLpotential in this case.
ground, where it was shown that there is a precise correspon- Although the duality between SN gauge theory in four
dence between the chiral fields of the conformal gaugelimensions and type IIB string theory expanded about an
theory and the finite mass string states in the above limitAdSsx S® background is of great academic interest, the most
including the complete infinite tower of massive Kaluza-exciting extension of Maldacena’s conjecture is to non-
Klein states of ten-dimensional supergravity on the 5-sphersupersymmetric gauge theories, especially to the physically
[5,6]. relevant case of four-dimensional, non-supersymmetric
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gauge theory—namely QGDAs Witten has showh10], it tion of the five dimensional theory at high temperature, with
is reasonable to extend the conjecture to cases where sup&pupling g%y =gZT, wheregs is the five dimensional cou-
symmetry is broken, thereby obtaining properties of nonJling andT the temperaturéinverse radiusof the circle.
supersymmetric gauge theories in the laMydimit. For ex- Witten has argued that Wilson loops exhibit a confining
ample, one can easily extend the duality to discuss the finitarea law behavior in this geometry for large and large
temperature behavior of th¥=4 gauge theory, by compac- 9ywN.- However, as he points out, this does not establish that
tifying the (Euclidean time direction of the background QCD is a confining theory. The gauge theory so constructed
space time of AdS on a circle of radiusl/temperaturgin ~ has an ultraviolet cutoff€T) and the couplingyyy should
which case supersymmetry is broken by the boundary corPe thought of as the bare coupling at distances corresponding
ditions on the circle. One can argue that, since supersymméo 1/T. The string tension will turn out, for large= g% yN

try is broken, the fermions and the scalars acquire a mag@s we shall show belowto be proportional to\T?. To
and, at least for large temperature decouple, thus yielding eonstruct four dimensional QCD we must take

duality to high temperature QCD. Witten showed that in this

case one derives many of the expected features of high tem- b
perature gauge theory; including a non-zero expectation T—o and )\_>—-|- ' )
value of temporalPolyakoy loops, an area law for spatial In A )

QCD

Wilson loops and a mass gdjpe. a magnetic mags

Finally, Witten has proposed a strategy to study ordinary )
four dimensional QCD at zero temperature using stringVh€reéAqcp is the QCD mass scale. Presumably we would
theory[10]. This can be done by using Maldacena’s conjec-f'”da were we able to calculate the smallbehavior of the
ture to relate the largd\ limit of the SU(N)-type (2,0) tension, that the tension behaves as[egb/\]T?~A%cp.
theory inR® to M theory on Ad$XxS, and dimensionally This calculation is beyond our control at the moment. For
reducing these to four dimension@hroughout this paper, small\ the background geometry develops singular behavior
we consider theories on Euclidean signature spaces, ar@hd the supergravity approximation surely breaks down. To
AdS; here means its Euclideanized versjofio do this and deal with this continuum limit one would have to be able to
to break the supersymmetry one sets the (2,0) theorg'on calculate the properties of string theory with background
x Stx R* with supersymmetry breaking boundary condition Ramond-RamondR-R) charge in a rather singular back-
on the fermions around one of tig’s. ground. . _ _ .

An obvious candidate for itd1 theory dual would be ~ Thus, for the time being, the Maldacena-Witten conjec-
obtained by periodically identifying points on AgdSorre-  ture only informs us about the behavior of larbeQCD,
sponding to the periodicity’s of the!x St and by imposing  With afixed ultraviolet cutoff in the strong coupliriarge)) .
the supersymmetry breaking boundary condition on the fert€gime. The resulting physics should be compared best with
mions by hand. There is, however, another candidate whicftrong coupling lattice gauge theory, where the lattice spac-
obeys the same boundary condition. It is the anti—de Sitte}?d @ is analogous to T, the radius of the fifth dimension.
Schwarzschild solution constructed by Hawking and PagdVhat is remarkable here is that the short distance cutoff,
(for AdS, case [15]. The supersymmetry breaking boundary unlike in the case of lattice, does not destroy the rota_nonal or
condition is automatically imposed by the Schwarzschild gel-orentz symmetry of the theory. Indeed, at short distances
ometry. It turned out that the classical action for the AdSWe See a higher dimensional theory with more symmetry,
Schwarzschild solution is smaller than that of the vacuunindeed enough symmetry to render the theory finite. We are
AdS,, and therefore is dominant in the lartyelimit [10]. using the six d|m¢n5|onal, uItraonet fl'nltéfz,O) theory to '

To make contact with four dimensional QCD we must define the theo_ry in the ultraviolet, yet its infrared behavior
shrink the radii of the two circles to zero in a certain limit. In Should be qualitatively the same as QCD.
this construction, the six-dimension&2,0 theory is re- In this paper we shall explore some of the features of
garded as a regularization of the four-dimensional QCD. ThéargeN supersymmetric and nonsupersymmetric gauge theo-
ultraviolet cut-off scale is therefore set by the size of thefi€S using the above duality conjectures. We shall show that
compact spac&lx St the resulting strong coupling behavior of the gauge theories

Denote the radius of the supersymmetry preserving circldS: in all cases, consistent with our qualitative expectations of
by R, and that of the supersymmetry breaking oneRy these theories. Some of these consistency checks are highly
The gauge coupling constagt,, of QCD; is given by the Nontrivial and give additional evidence for the validity of the

ratio of the radiig2,,= Ry /R,. In the 't Hooft limit, where ~Proposed dualities.

_ . : First we shall explore, in the next section, the connected
one keepg? N to be finite, the circleSy_shrinks to zero as . : ¥ AN .
PYym 1 correlation function of Wilson loops. This kind of calculation

one takesl}l—foo. This corresponds to the IA limit oM ¢an pe used for many purposes among which are the evalu-
theory asS; is the supersymmetry preserving circle. There-ation of the electric mas@r screening lengthof high tem-

fore one could have started with the theoryNrD4 branes perature QCD, the glue ball spectrum of confining gauge
in the 1A theory, wrapped around a circle with nonsuper-theories and the demonstration that in the confining phase of
symmetric boundary conditions, rather than the six-QCD monopoles are condensed. In particular we outline how
dimensional theory. We will take this approach throughoutthe glueball spectrum of this version of strong coupling QCD
the paper. QCD is then regarded as the dimensional reducould be calculated.
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In Sec. Ill, we generalize the discussion of QCD to theln particular, forp= 3, the near horizon geomet(g) is AdS
case where th@ parameter is non-zero and argue that weand the dilator{4) is constant, corresponding to the fact that
can demonstrate oblique confinement. the theory on D3 brane is conformal.

In Sec. IV we generalize the evaluation of Wilson loops ~ Witten[10] proposed to study non-supersymmetric QCD
in the fundamental representation to higher representationby compactifying the supersymmetric theory ip+1) di-
Here we find that the string theory naturally produces themensions on a circle and break the supersymmetry by impos-
behavior of higher representations that we would expect in #ng anti-periodic boundary conditions on the fermions. In the
confining theory—a result that depends critically on the masdual type |l theory this corresponds to considering the AdS

ter field being described by fermionic strings. Schwarzschild geometry
In Sec. V we argue that one can also use the duality to
discuss heavy quark baryonic states and determine the effec- gN du?

tive energy ofN fundamental representation quarks in a sin- | 2ds?=

. . 7— Py T-
glet state for largé\. The construction of the baryon is pos- uPl-ug PP

sible because of the Chern-Simons term in the action for p 75 P
supergravity on AdS. The same arguments allow us to show + ! (1—ud PIu""P)d 72+ A /Y > dx
that the interaction energy between any finite number of gN gN =1
quarks is zero for the conformally invariant supersymmetric — 2

four dimensional gauge theory and infinite for the confining +VONW™"dQg_p, ®
theory.

Finally, we conclude with a discussion of the possibility With the dilaton ¢ given by Eq. (4). We can regard
of a largeN phase transition. If such a phase transition existd 7:X1,-+Xp) as_coordinates for the pf+1)-dimensional

the power of the conjectured duality would be significantly 9ug€ theory. To make the horizon @t u, regular, the
coordinater has to be periodically identified as— 7+ 1/T

weaker. X )
While this paper was being typed, we learned of the workVith T being related taip by
[11] where a similar construction of baryons is given. _
Up=(gNT?)M>7P), (6)
IIl. CONFINEMENT, MONOPOLE CONDENSATION AND Since the circle in the direction is contractible at= u,, the
GLUEBALL boundary condition on the fermions around the circle is au-

In this section, we first review the workgl0,12—14 tomatically anti-periodic, breaking the supersymmetry. For
where it was shown how confinement in strong coupling!2r9e T, the (p+1)-dimensional theory becomes effectively
QCD, can be seen in the dual description based on AdP-dimensional, the fermions and s_calars decouple, and the
supergravity. In particular, they demonstrated the area laf€ory should resemble QGDn the infra-red.
behavior of the Wilson loop expectation value. We then dis- If QCDj is confining, the vacuum expectation value of the
cuss implications of this result and clarify an issue that wag/Vilson loop operatoiV(C) should exhibit area law behav-
raised in[12—14 on the apparent divergence of the electricior- In [10,12,13 this was shown to be the case, for large
and magnetic masses. It turns out that this is related to th@N, by evaluating the classical action of string world sheet
computation of the mass gap suggestedlid]. We discuss Pounded by a loop ofR” located atu=c. Because of the
how one can compute glueball masses in this description. u-dependent factog/u”~P/gN in front of =;dx in the met-

According to Maldacena’s conjecturd1,16], the ric (5), it is energetically favorable for the world sheet to
(p+1)-dimensional maximally supersymmetric gaugedrop near the horizon=u, before spreading out in thP
theory realized as the low energy dynamics\oDp branes direction. At the horizon, the-dependent factor becomes
(p=<b) is dual to type Il string theory on the near horizon

eometry of the P brane, as given b /u7*p
9 y P 9 y gON :(gN)ll(S*p)T(Fp)/(sfp), (7)
I oN o VTP
|;2ds?= u7_pdu + 9 240 dx; where we used Ed6). Therefore the area dependent part of

the Wilson loop expectation value becomes

+VgNWwP3dQ 3

wherel; is the string lengthd(Qg_, is the line element of
SP7P, andg is related to the Yang- Mills coupling constant.
We have neglected numerical factors that are not relevant
the following discussion. Fqo+ 3, the dilaton¢ depends on
u and is given by

(W(C))=exp(— (gN) "> PITTPIE=PIAC)),  (8)
where A(C) is the area bounded by the lo@ Since the
{CD;, coupling constangy, is related tog by g%Mng,
the string tension derived from the above formula is

(tension ,= (g3 yN) V- PITE-PIE=P), 9)

(4) For p=3,4, this agrees with the formulas derived i2,13.
(See Fig. 1.

gN ) (3-p)/4

¢:
e g(u7_p
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string %
) W N AYA)
u j S L\ A u
R’ L <Ly
horizon horizon
D2 brane

FIG. 1. The string drops to the horizon first before spreading in \
the RP direction. - -

In four dimensions, it is expected that confinement is as- \ i \ \ ]
sociated with magnetic monopole condensation. It is interest- ' ; ,
ing to see that this in fact happens in this constructidio.
discuss QCIp, we start with the five-dimensional theory on = oL = =

> Lo

D4 branes. The magnetic monopole in five dimensions is a
string which is realized as a D2 brane ending on a D4 brane

! ; . : - FIG. 2. ForL>Lg, there is no volume-minimizing D2 brane
[17,18. The monopole in four dimensions is obtained by

wrapping the string around the compactifyigg. It is now

straightforward to compute the potential between a mono-

pole (m) and an anti-monopolenf). Consider a pair ofn
andm traveling along thec;-axis in R* and separated iR,

direction by distancé.. In the largegN limit, the force be-

tween them is mediated by a D2 brane bounde®btimes
the trajectories ofm and m, which are located ati=.

configuration connecting to the-m pair.

_1de\/du
“oT)o P2 Vlax,

and it gives the potential energy for them pair.
The next task would be to minimize this action. In fact,
essentially the same problem has already appearg®it3]

2 1 5
(18—
+gN(u up), (12

Away from the boundaries, the D2 brane can spread iuthe \yhere the correlation function of temporal Wilson loops in

direction. In its classical configuration,would be a function

five dimensions was studied. There one considers a string,

of X, only because of the symmetry of the problem. If.we US€ather than the D2 brane, wrapping in thedirection and
(7,X1,X5) as the coordinates on the D2 brane, the '”duce%preading in the, direction. Because of Eq10) and(11),

metric on the brane is then
[ud ud
GT,T: g_N 1—- E
u3
Gu= \/ g_N’
[gN (du/dx,)? [ud
622: g—s%‘l‘ —_—.
u® 1—ug/u gN
By taking into account the dilaton configurati¢f), which in
this case is
u3 1/4
¢—ql —
© g(gN) ’

the D2 brane action per unit length in tke direction be-
comes

(10

11

L
Emm= f drdxe”?VG,,G11G2
0

while this work was in progress, we receivEt#] where a re-
lated issue was discussed.

we have

1
e "VG,,G11Go= a\/GTTGzz- 13

Therefore the classical action of the string is equaj tomes
that of the D2 brane discussed in the above paragraph.
Therefore, we can borrow the result[d2,13 to discuss the

m-m correlation.
The new feature of this problem is a classical instability
of the D2-brane world volume. When the distahcbetween

m andm is less than a certain critical distancg;, which is
equal to 1T times some numerical factor, there is a D2 brane
configuration minimizing the actiofil2) and connectingn

andm. If L exceeds this critical distance, there is no con-
nected D2 brane configuration minimizing the actidng.

2). This happens because tBe, component of the induced
metric (10) can be made arbitrary small by going near the
horizon u=u, reflecting the fact that the compactification
circle alongr is contractible in the AdS Schwarzschild ge-
ometry. Since the circle is contractible, the D2 brane can
split into two pieces each of which has a topology of a disk

and is bounded by the trajectory of or m. Therefore, for
L>Ly, the potential betweem and m becomes constant
and the force between them vanishes. This suggests that the
magnetic monopole is completely screened. In this construc-
tion, therefore, confinement is in fact accompanied by mono-
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\ T Rim cosh(L/2R ;)
i \_/ \j { §\\ L=1.3525R,
. " .
. et \ R AN 2
hor<0n string worldsheet
:” Rmim
j FIG. 4. For 0<L<1.352R, the solid curve R
=Rpminc0shL/2R.,;,) intersects twice with the dotted line=R,,
L>Le determining the minimum radiu®,,, of the catenoid. ForL

>Lit, there is no intersection, indicating that a catenoid solution

FIG. 3. ForL>L;, there is no area-minimizing string world 4505 ot exist.

sheet connecting the two Wilson loops. The critical distanggis

determined by the size of the loop. to Eq.(15). There the only minimal surface is a pair of disks
bounded by the two circles, called the Goldschmit discon-

pole condensation. If we view this system as finite temperasinyous solution. AL =L, the catenoid becomes unstable.

ture QCOy; 4, such a complete screening indicates that thea small perturbation would make the surface to pinch and
magnetic mass is infinite. This is somewhat puzzling and wepjit into the two disks.

will address this issue later in this section.
A. similar cla_ssmal |n_stab|l|ty "’?'SO shows up when ON€ihan that of the Goldschmit solution and therefore the
studies correlation functions of Wilson loops. If one consid- L ~
ers two Wilson loops ilR* and repeats the above analysis to atenoid is absolutely stable. At=L., the areas of the
compute their correlation function, one finds that, beyond gwo solutions coincide and, fdr;<L<L;, the catenoid
certain critical distance determined by the size of the loopspecomes more voluminous than the Goldschmit solution.
the correlation function vanishes identically. Once again, this'herefore the transition from the catenoid to the Goldschmit
is because the loops are contractible and the string stretch&@lution atL =L .;; is of the first order.
between the loops becomes classically unstable beyond the What does this mean for the Wilson loop correlation func-
critical distance(Fig. 3). This result is again somewhat puz- tion? When the distance between the lo@@sandC, is less
zling since one would expect that the Wilson loops correlathan the critical distancé <L, the main contribution to
tion for large distance would be characterized by gluebalthe connected part of the correlation function
exchange. This result seems to indicate that the glueba{W(C;1)W(C,)) comes from the classical string connecting
mass in QCR is infinite. To address this issue, it is useful to C; andC,. At L=L, the string world sheet becomes un-
look into the nature of the classical instability and discussstable and starts to collapse. Before the surface becomes dis-
what happens at the critical distance and beyond. joint, however, the supergravity approximation breaks down
The instability of minimal surfaces has been known for awhen the radius of the cylinder becomes of the order of the
long time. It was Euler who showed that a minimal surfacestring lengthlg. After that, quantum fluctuations of the sur-
bounded by a two concentric circle RS is given by a face start to support the world sheet against the total col-
catenoid. Let us put the two circles of radi& at z= lapse, and the two disks would be connected by a thin tube of
+L/2. Euler's catenoid is given by a string scalé. For largeL, the thin tube is represented by
the supergraviton exchange between the two disks. Therefore
the correlation between the Wilson loops does not com-
pletely vanish, but are mediated by the supergraviton ex-
change between the diskEig. 5. This indicates that the
whereR,, is the minimum radius of the catenoid, which is a supergravitons in the A¢S, Schwarzschild blackhole ge-
function of the distancé between the circles and the radius ometry should be identified with the glueballs of QCD
Ry determined by the relation Another way to obtain glueball masses would be to com-
pute correlation functions of local operators in QCBnd
L look for particle poles. According tf2,3], a two-point cor-
Ro= Rmincosr( 2Rmm)' (15 relation  function of local operators in the
(p+1)-dimensional supersymmetric gauge theory is ob-
When the two loops coincideL=0), obviously this formula tained by computing the Green'’s function of the correspond-
gives Ryin=Ry. As one increase&, the minimum radius ing supergravitor(or its Kaluza-Klein cousinon AdS, ,.
Rmin decreases. As shown in Fig. 4, however, there is a critiSimilarly acorrelation function in QCPshould be related to
cal value ofL oy=1.32R,. ForL>L;, there is no solution a Green’s function on the A¢S, Schwarzschild geometry.

At L<L 4= 1.056R,, the area of the catenoid is smaller

: 14

VXP+y2= Rmincos?(

I:emin
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L< Lcrit ::
\b collapse atL =L HE/ EE
L T
I

FIG. 6. The glueball in the strong coupling lattice QCD.

glueball mass, for strong coupling is given byg,e
= 4/alog(g’N)[1+O(1/g?>N)]. To make contact with the real
supergraviton world, one would have to sum the strong coupling expansion
to obtain my.e=4/af(g’N), and then let g°N
FIG. 5. The string world sheet connecting the Wilson Ioops—>b/|og(1/AQCDa) as a—0, obtaining(hopefully) a finite
collapses at =L ;; and is replaced by the supergraviton exchange result proportional to the QCD scalegcp . In the AdS pic-
ture 1T plays the role ofa, and as the string shrinks to
The glueball masses computed in this way would be thejistances of order T/ the fluctuations in the extra dimen-
same as the one that appeared in the Wilson loop correlatoggons produce a finite mass gap proportionalTto Thus
in the above paragraph as they are both extracted from the oTf()). As in the case of the string tension discussed
supergraviton propagator. above, the computation of thed4glueball spectrum would

Si?ce the bulk geometry is invariant under translation inrequire control of the string theory in a singular background
the S* X RP direction, we can expand the supergraviton waveyith R-R charge.

¢(u,7,X) in the Fourier modes as

dPk _ ) ) I1l. @ PARAMETER AND OBLIQUE CONFINEMENT
¢(u,r,x)=; f(zT)p%k(U)e'“”'kx- (16)

It is interesting to generalize the discussion of the previ-
ous section to the case of QZWith non-zerof parameter.
Each Fourier mode corresponds to a particle pole of the coits M theory dual can be constructed as follows. Thpa-
relation function onRP with massk®. Those withn#0 are  rameter couples t§trF/\F in four dimensions, which is the
Kaluza-Klein modes 08" and are not of interest for QGD DO brane charge on the D4 brane. Therefore, if we view
For a givenk?, the Fourier modéﬁn,k(u) obeys the second QCD, as the high temperature theory of the theory in five
order ordinary differential equation far. Witten showed in  dimensions,f# can be interpreted as the chemical potential
[10] that the equation has a regular solution only for discretdor DO branes. IrM theory, this is geometrically realized as
values ofk?, suggesting the mass gap in QED a rotation of the supersymmetric circle lsyas ones goes

In order to actually compute the glueball masses, one haground the supersymmetry breaking circle once. As shown in
to solve the differential equation. In the AdS geometry, [10], the M theory dual of QCIR with §=0 is the Ad$
the differential equation for the supergraviton has three reguSchwarzschild solution timeS*, given by
lar singularities and therefore can be solved analytically us-
ing the hypergeometric functidd,2]. For the Schwarzschild du?
geometry, the differential equation has four regular singulari- N~ ds?= (u?— 1u*)d 72+ g§u?dp®+ = o a
ties (for QCD3), with the additional singularity coming from u®—1fu
the horizon, and requires numerical work. Various aspects of
the glueball spectrum are currently under study using this +u22 dx?+d03, ()
technique19]. :

The glueball masses computed in this way are quantized N
in the unit of the temperatur®. One might have worried that With periodicities
in the effective largeN string theory of glueballs the mass
gap (the lowest mass of glueballswould vanish—
corresponding to the massless mode of the string. In strong
coupling lattice QCD, the leading contribution to the Wilson B cycle: (7,p)—(7+2m,p). (kS)
loop correlator comes from a thin rectangular tube of the size
of the minimum lattice spacing, as shown in Fig. 6. There- We can turn or¢ in this geometry by introducing a twist as
fore the glueball masses are of the order @f ity the strong
coupling. Indeed, with the standard Wilson lattice action, the a cycle: (7,p)—(7,p+2m)

a cycle: (7,p)—(7,p+2m)
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P It would be instructive to look at some examples. For
=2, there are symmetricSj and anti-symmetricA) repre-
sentations. Their quadratic Casimirs are

contractible  ---1---

contractible

4
Co(S)=2N+2-

FIG. 7. When#/2= is a rational number, one can find a con- C,(A)=2N—2— i (23
tractible cycle on the torus. N
B cycle: (7,p)—(r+2m,p+0). (199  The Frobenius formula20) gives

For non-zero#, the B cycle is not contractible. Corre-
spondingly the monopole condensation does not take place.

In fact the m-m potential would obey the area law in this

case. If@=2mp/q for some co-prime integer9(q), how- 1

ever, the cycle B3—pa) becomes contractible in the xa(U)= 5[(th)2—th2], (24)
Schwarzschild geometryFig. 7). A membrane ending on

this cycle gives a dyon of an electric charge and a mag- which can be inverted as

netic chargey, and this dyon is screened since the membrane

1
xs(U)=5[(r0)?+trU?]

world volume can collapse. In this case, confinement is as- (trU?) = yg(U) — ya(U)
sociated with the condensation of this p,q) dyon, corre- s A
sponding to oblique confinement. — N2e~295\NAC)

IV. HIGHER REPRESENTATIONS

X . (25

, 1
—AgiAt St

Another interesting generalization is to consider Wilson
loops for higher representations of U Using the Frobe-

. In general, Eq(21) combined with the Frobenius formula
nius formula,

gives

A"1+0

1 Ko
U)=— tr Uk, 20 1
Xr(Y) n!ggshXR(o)iHl (20 —Nn<tru”>=(—1)”’193"»/?2

Q\Z(MN)
one can relate the characpgg(U) of a representatioR to a
product of traces in the fundamental representation oN§U( x exp(—ngguNA(C)). (26)
as expressed in the right-hand side of the equation. Hése
the number of boxes of the Young tableau Ry yg(o) is  The factor 1)"*A"1is closely related to the presence of
the character of the permutatian in the representation of the quadratic Casimir in the string tension and it is reason-
the symmetric grous, associated to the same Young tab- able to expect that this factor would appear in other confin-
leau. A permutationos can be expressed as a product ofing theories as well.
cycles, andky, ... kg are lengths of the cycles. Therefore,  The prefactor in Eq(26) has the form of thex" expan-
the Wilson loops exSectation values for higher representa§i0n of the string theory. One might hope therefore to be able

tions are related to multiply wound loops in the fundamentall® derive the leading term~(1)""*A""* without detailed
representation. The latter are computable by studying strin§oWledge of string theory on AdS,. Let us see how far
world sheet ending on such loops. Wwe can go. To _evaIuat(atrU ") using Maldace_:na’s duall_ty,
Let us summarize what we expect for the Wilson loopsOne Sets the Wilson looft at u=cc and considers a string
for higher representations from the field theory analysis. Ivorld sheet whose boundary winds aroudch times. With

QCD,, they are all computed exactf@0] as this boundary condition, the minimal surface in the AdS
Schwarzschild geometrgs) should look as follows. As in

(XR(U)>=(dimR)exp(—g\Z,MCZ(R)A(C)), (2D the case oh=1 in Sec. Il, because of thedependent factor
in front of Eidxiz, the world sheet quickly drops to the ho-

whereC,(R) is the quadratic Casimir dR given by rizon. After that, the world sheet is allowed to spread in the
RP direction. For fixedu, the metric in theRP direction is

flat, so that we can use flat space intuition. It is possible to
construct a smooth surface whose boundary winds around a
circle n times, but one can always reduce an area of such a
with r; andc; being the lengths of the rows and the columnssurface by shrinking a part of the surface and creating branch
of the Young tableau foR. points. The minimal surface constructed in this way should

2
CZ(R)anJrZ rf—}i: ciz—nﬁ, (22)
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then have a form ofi disks on the top of each other con- whethern is odd or even. Therefore, the closed string emit-
nected by 1— 1)Z,-branch point€. The classical action for ted from the Wilson loofC is in the NS-NS or in the R-R
the minimal surface is then sector depending on the parity of
It is known that the GSO projection requires that ampli-
tudes in the R-R sector in this case should be multiplied by
Sh winding=N(gN)¥E-PTT-PIE=PIA(C).  (27) the sign factor {-1) relative to that in the NS-NS sector.
This was observed, for example,[i22] and was found to be
AN responsible for the cancellation between the exchange forces
To understand the prefactor-(L)" A", we have to go of the NS-NS and the R-R fields. The string world sheet in

beyond the supergravity approximation. In general, string){he AdS Schwarzschild geometry has a quasi-cylindrical re-
corrections are difficult to control since we know little about

the formulation of string theory in a background with gion where the world sheet quickly drops fram = to the

Ramond:RamondR-R) charges. Fortunately, we only need y IE00T e 228 8 SR RO TR S GO0 2
to study the 0-th order in the’ expansion to understand the b 9 ' P y

prefactor, consequently we can neglect the R-R charges (%)ndition for evem, one has to insert the fermion number
! y arity operator ¢ 1)F as one goes around the lo@p It is

well as the spacetime curvature. Therefore, we can treat ﬂ{%en clear that the GSO projection require the sign factor

string world sheet as described by the free fields of the(_l) for the corresponding amplitude. It is interesting to

lgl;r\éetiic{;]v;a;ziéll:li%stﬂzgéAglf vf\:eéehz;\t/reinto t?\tc)ect?er:/vli:mt(z note that this result depends critically on the fact that the

~ 1)pbranch oints T(E) the 0-th order in t%é ex Znsion master field is described by fermionic string. This confirms a

this simol gmouﬁts to computin determina%ts of ’thelong-standing conjecture as to the fermionic nature of the
Pl computing . largeN string theory that describes a confining gauge theory

Laplace operators on the disk with{ 1) branch points and [23.20]

summing over all possible locations of the branch points: éo fér we have discussed the confining case, but the same

The factorA” ™ is then easy to explain as it corresponds to rgument should be applicable to the conformall case as well

the entropy factor associated to the positions of the branc . : N1 " '

oints eading to the sign factor1) in (trU"). In order to see
P ' whether this is what one naturally expects, it is useful to first

The sign factor £ 1)"" is more interesting. It cannot . ; ; X
. . oint out some puzzling feature of Maldacena’s computation
come from the determinant factor since the world sheet do . .
of the Wilson loop in the conformal ca$@&]. For a rectan-

not have obvious unstable modes. We claim that it is a con- : . .
sequence of the Gliozi-Scherk-Oliv€SO) projection of the ?hu;i: Vi\gl?ggr Idoicrfe:;sr'gegﬁeii?%sR(L>R) in the N=4
superstring theory. To the 0-th order i, the R-R back- y '

ground does not affect the world sheet theory and the dis-

tinction between NS and R states is well defined.

Whenn=1 (no branch point the fermions around the 1 4w \2g5uNL
contourC obey NS-NS boundary conditions. Let us remind NirU)=exg + r(14* R
ourselves why this is the case. As a function of a coordinate
z on the disk {z|<1), the fermiony(z) in this case is single
valued since there is no singularity in the interior of the disk
To study the boundary condition around the cont@uiat
|z|=1, it is appropriate to use another coordinateefined

(28)

‘for the fundamental representation. Siti¢as a unitary ma-
trix, there is an upper bound on its expectation value
(1/N){trU)=<1 which contradicts with the sign in the expo-

by z=¢€'?. Since the fermion is a spin-1/2 field, we have to - ; - ;
. . _ ' - nent in the right-hand side of E28). One possible resolu-
multiply the transition function/dz=e(2\/d6. This means o1 of this puzzle would be that the unitarity bound is vio-

that a fermion obeys anti-periodic boundary conditions|ated due to a renormalization of the operatdr The

aroundG, i.e. itis in the NS.'NS sector. renormalization ofU corresponds to the mass renormaliza-
Forn>1, we must take into account the presence of thg;,n of the quark going around the loop, and we expect it to
branch points. Negz| =1, we can use the covering coordi- pe ;614 in the\'=4 theory. However the nonrenormalization
natew which is related t@ by z=w". To change coordinates haqrem assumes a supersymmetric regularization, which
from z to_\{v;zwe have to multiply the transition function 4,1 typically violate the inequality of this type. With an
Vdz=w"" D2 dw. To study the boundary condition around gypjicit ultraviolet cutoff,A , which may break the supersym-
C, we use the coordinaté defined byw=e'’, and multiply metry but preserves the inequality, the Wilson loop expecta-
the transition functiorw"~V2,[dw=¢/("2?,/d¢ to the fer-  tion value would be
mions. It is then clear that a fermion will obey anti-periodic

or periodic boundary conditions arourd depending on
P y P g 1 Uy — N 47?2 \2g5uNL -
N{tr y=ex c +F(1/4)4 R (29

2In R®, it is known that a minimal surface bounded by any regular B o
curve is smooth without branch poii1]. The boundary contour in  for some positive constaut If the mass renormalizatiooA

our problem does not satisfy an assumption of this theorem as fior a representatiorR is proportional to its quadratic Ca-
winds around the identical circlé n times. simir, which is reasonable, one would find
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quark sible because of the conservation of the NS-NS two-form

T charge. A quark and an anti-quark can be connected by a
[\/\ \ string since the NS-NS charge is canceled at the two end
/ \//\\& points. It is not obvious how this can be done withend
.

points with the same charges. It is an amazing consequence
of supergravity that it is possible to do so in the AdS space.
In the conformal case, the dual supergravity on Atd8s the
Chern-Simons term for the SL@), doublet two-forms
Bf‘w (a=NSNSRR)

FIG. 8. In the Schwarzschild geometry, there is no point where
the open string attached to the quark can end.

horizon string

N
== B2/\dBP. 31
Scs, 2€abfAd% (31

-1 -1
(UMD~ (=D (LY - -)ex;{ —NNgLA This comes from the fact that the equation of motionB8r
in ten dimensions contains a coupling to the 5-fd@¥] as
47n 295 uNL
Ta* T R

, (30 D#dy,, B2 )= — GearF P70, 85, (32

A Lagrangian density which gives such an equation of mo-

obtaining the sign factor{1)" " again. The factot" "1, as
9 9 t1) 9 tion would bé

opposed toA"" ! in the confining case, indicates that the

twist operators are constrained to stay along the miniraum

point in the string world sheet. It would be interesting to £B=i|dBa|2+@F/\Ba/\de. (33)

understand this phenomenon better from the point of view of 29 2

the string theory in the AdS background.

On AdS;x S, the 5-formF carriesN units of flux onS°.

Thus, forB®s which are constant 08°, the ten-dimensional

Lagrangian(33) implies the Chern-Simons ter31) in five
TheM theory dual of QCI can also be used to construct dimensions. Similarly the 3-formC,,, in the eleven-

hadrons with heavy quarks and study their properties. Télimensional supergravity has the Chern-Simons tgi@

obtain mesons, one simply starts with a pair of quark and\dC/\dC, which upon compactification 08, gives the

anti-quark represented by Wilson lines of opposite orientaseven-dimensional Chern-Simons term on AdS

tions on a D4 brane separated frivrD4 branes. The quark

anti-quark pair is then connected by a string extended N

through the AdS geometrithe Schwarzschild solution or Scs, = EfAdS]C/\dC' (34)

AdS depending on whether one studies the pure QCD or the

superconformal theojy The string generates a potential be- oq \we now explain, these Chern-Simons terms make it pos-

tween the quarks, which is either line@onfining caseoris  gjye for theN strings to combine together and end on a point
inversely proportional to the distance between the quarks, the bulk AdS geometry.

(conformal casg Qne can then stqdy t.he non-r.elativistic Before explaining why thé\ strings can join together in
quantum mechanics of the quarks in this potential to COmAdS, it would be instructive to review a similar but more

pute the meson spectrum. This is essentially the same analf’aimiliar phenomenon in the three-dimensional gauge theory

sis as the. bag model. - . .. with the Chern-Simons term:
There is no free quark of finite energy in the confining

case; whereas in the conformal case finite mass colored N

states exist. How do we see this in the supergravity picture? SC%: _f AdA (35)

Both are a consequence of the fact that the string attached to 2

the quark must end somewhere. In the conformal case, the

String can end at=0. The energy of such a String is S|mp|y for an Abelian gauge field\. Suppose the electric Charge of
equal to the BPS mass of the quék. In the confining case, the theory is quantized so that we allow a gauge transforma-
the bulk geometry has the topology of a solid cylinder withtion A—A+dé with ¢ defined modulo integer. Let us per-
the horizonu=uj as its axis as shown in Fig. 8. In this case form a gauge transformation b which has a discontinuity
there is no point where the open string can end and the string

has to stretch ta=c in the RP direction, costing an infinite

amount of energy. 3Although the complete Lagrangian for the 11B supergravity in ten

This raises the interesting question of how one could congimensions is not known, for the purpose of the discussion here, we
struct a baryon, a SU) singlet bound state dfl quarks, in  only need a Lagrangian for the two-form. Since we are only con-
this picture. We have to find a way to tie togetieistrings  sidering the classical supergravity, any Lagrangian which gives Eq.
emerging from the quarks. In the flat space this is not pos¢32) should be good enough.

V. BARYONS AND STRINGY EXCLUSION PRINCIPLE
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86=1 across a two-dimensional surfabg with the topol- 1 2 3 N _
ogy of disk. The variation of the Chern-Simons term under T
this gauge transformation is / \
ascsssz d(6dA)=N| dA=N f# A, (36 j \J<\ - v
AdS; D, c )
horizon string

FIG. 9. Baryon is constructed & strings joining together at a

whereC is the boundary of the disk,. Thus, if there is a point in the bulk.
Wilson loop C carryingN units of charge, we can absorb it
into the Chern-Simons term by the gauge transformation. For
the same reason, if we pbt particles of unit charge on the couple fromB(NSN% suggests that one can construct a super-
top of each other, the composite particle decouples from thgravity solution in whichN strings join together at a point in
gauge fieldA. AdS;.* This defines a baryon in the conformal case. The

The above story can be immediately generalized to thdaryon in QCL is obtained by simply compactifying this
case of string with the Chern-Simons te(B1). The super- picture onSt. Because of the Chern-Simons tef8i), N
gravity action is invariant under the gauge transformationstrings can end on a point in the Schwarzschild geometry.
B,.,—B.,t .\, . Since theB-field charges are quantized The resulting string configuration is very similar to the one
with the unit charges carried by the fundamental string ancguggested much earlier [26].
the D string, the gauge transformation paramatetoes not It is obvious that this phenomenon also holds for closed
have to be a single-valued vector field on AdBut its inte-  strings—N closed strings can join together and disappear in
gral §c\ around a closed contod®@ can jump by an integer AdSs. This may be viewed as a higher dimensional generali-
amount. Suppose such a discontinuitydobccurs across a zation of the stringy exclusion principle pointed out by Mal-
four-dimensional subspadd, of AdSs. Since the disconti- dacena and Stroming¢27]. They showed that there is an
nuity S\ has to be such th&i: S\ is an integer and therefore upper bound on the number of BPS particles in Ad&l-
is invariant under smooth deformation of the cont@yrsx  though they derived this result by studying the spectrum of
is closeddé\=0 on M, and it can locally be written as chiral primary fields in the dual conformal field theory in two
SA=d@ with @ is defined modulo integers. Under such adimensions, it is also possible to show this using the Chern-
gauge transformation, the Chern-Simons tdB1) changes Simons term for the SU(2x SU(2) gauge field in Ad$
as [28]. The mechanism we described in the above is a natural

generalization of this to AdSwith the gauge field being
replaced byB(NSN9,
Let us turn to the case of QGDTo construct baryons in
550552 Nfabf d(\2dBP) this case, we have to start with a membrane of the supergrav-
AdS ity in AdS;. Wrapping the membrane on the supersymmetry
preserving circle gives a string on the AdSchwarzschild
= NeabJ S\adBP= NeabJ d(62dBP). (37 geometry. The membrane carries a charge with respect to the
My My 3-form C, and the Chern-Simons terif34) can create a
membrane wittN units of charges. Therefore, once again,
N ) open strings can join together in the bulk.
Suppose further thal, has the topology 06™xM; with Thus, in both the conformal and confining cases, a baryon
M3 being a three-dimensional space bounded by a twors constructed abl heavy quarks joined together By open
dimensional surfac& and that6®" jumps by 1 across a strings ending at a point in the AdS geometi$ee Fig. 9.
point on S' (times M) while 6SN9 is continuous. The The total energy of the baryon is the sum of the geodesic
gauge variation o6cg, can then be written as an integral of |ength of the strings. In the confining case, it is proportional
B overy, to a sum of four-dimensional distances between the quarks
and the location of the string junctidrprojelcted toR%). In
_ NSN the conformal case, it is a sum @fistance ™ *. Although the
5SC55_NLB( e (38) location of the string junction is dynamical, in the larye
limit, we can use the Born-Oppenheimer approximation and
ThereforeN string world sheets wrapping on a contractible regard it as a fixed point in the AdS geometry. Thejuarks
surfaces in AdS; can be absorbed into the Chern-Simons
term (31) by the gauge transformation. This also means that,

if we put N strings on the top of each other, it decouples 4while this paper was being typed, we learned of the wdrK
from B(NSNS, where it is shown thall strings can end on the 5-brane wrapping on

The string can be viewed as a soliton of the supergravitys® and localized on Ad$ This verifies our claim that such a su-
with the B(NSN9 charge[25]. The fact thatN strings de-  pergravity solution should exist in AdS
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q q 9 g q q

%—

12 - N2 \ / ________________ \
u=0 horizon

FIG. 10. It is energetically favorable to move tNestring junc- o ] o .
tion to u=0, leaving the two separate strings. FIG. 11. A similar configuration in the confining case costs

infinite energy, as expected from the quark confinement.

then move independently under the potential given by the . ) )
string stretched between them and the junction. The masf the gauge theory, or in the asymptotiéNléxpansion.
spectrum of the baryon can then be obtained by solving a Here one is on firmer ground since the weak coupling
one-body problem of the quark in the potential. expansion of theN=cc conformally invariant gauge theory

It would perhaps be worthwhile to point out that the ex- Might very well convergé29,3Q and there is no reason to
istence of theN string junction does not contradict with the expect the I~ curvature expansion of string theory to di-
vanishing of theg-q potential in the conformal case. If you Verge. If so, one could then imagine, in principle, using the
have ag-q pair, in addition to the obvious string configura- large\ expansion(or even better the exact solutioof clas-
tion where a string stretched from each quark endsuon Sical string theory to define the gauge theory for all coupling.
=0, one may consider joining them at a point from which If one could do this for the compactified non-supersymmetric
(N—2) strings come out. This may seem to give a non-theory as well, then one could construct continuum QCD, by
trivial potential between the quarks. However tH¢—(2)  taking\ to zero in the manner of asymptotic freedom, as one
strings should end somewhere, and the only place they cdftS the compactification radii vanish. So far there is no
end is atu=0. ForN>4, it is clear that it costs less energy S'ong evidence for even this form of the conjecture; since
if we move theN string junction towardu=0. We then end the calculations of quantities in string theory can only be
up recovering the obvious configuration where the twodone for largex and in the gauge theory only for small
strings separately end at=0, without a non-trivial potential There is, however, a possibility that the conjecture has to
betweeng-q (Fig. 10. be weakened even fu_rther._ Namely, it is po_53|ble that_the

A similar configuration can be considered in the confiningdauge theory picture is valid for weak coupling, the string
case. In this case, however, there is no place whereNhe (th€ory for strong coupling, and there is no region where they
—2) strings can end, except &t in RP costing infinite &€ bot_h vglld—l.e. there is a phase transition &t . This
energy to creatéFig. 11, as expected from the quark con- IS @ ubiquitous phenomenon in largetheories31], includ-

finement. The same discussion holds for any non-singlef’d the one-plaquette modgB2], QCD, on the sphere
combination of quarks. [33,34 and is believed to be the cageven for finiteN) for

lattice QCD. In the case of lattice QCD such a transition

leads one to suspect that the effective string theory that can
be deduced from the strong coupling expansion cannot be
extended to the continuum theory. If this were the case here
as well, it would mean, unfortunately, that these dualities are

In the previous sections we have discussed many aspedi®t as powerful as one might hope, and in particular one
of the dynamics of larg&l gauge theory for strong coupling, might not be able to use them to construct the master field,
as calculated using the dual supergravity, strintylotheory.  string theory, of QCD. On the other hand, the existence of
In all cases the results are remarkably consistent with ouguch a phase transition would make the conjectured duality
intuition and expectations. This strengthens our faith in theseem more reasonable, by eliminating some of the paradoxi-
validity of the duality between these pictures. However,cal aspects of the dualify35].
there is no strong evidence to date that these pictures actually
overlap—they could be descriptions of two quite different
phases of the same theory.

Consider the duality between the conformally invariant We would like to thank Tom Banks, Gary Horowitz, Emil
N=4 gauge theory in four dimensions and string theory inMartinec, Yaron Oz, John Schwarz and many other partici-
the AdS;x S° background. The strongest form of this duality pants of ITP Program, Duality in String Theory, for useful
is to claim that these two are equivalent for all values of Ndiscussions. The work of D.G. was supported in part by NSF
and\. However, perturbative string theory is defined as angrants NSF-PHY-94-07194 and NSF-PHY-97-22022. The
asymptotic expansion igs= g\z,,\,I =A/N. So perhaps a safer work of H.O. was supported in part by NSF grant NSF-PHY-
conjecture is the equivalence of these two formulations foB5-14797 and by DOE grant DE-AC03-76SF00098, and also
N =<0, the classical limit of string theory and the planar limit by NSF grant NSF-PHY-94-07194.

VI. DISCUSSION
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