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Role of fixed scalars in scattering off a 5D black hole
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We discuss the role of fixed scalars (n,l) in scattering off a five-dimensional black hole. The issue is to
explain the disagreement of the greybody factor forl between the semiclassical and effective string calcula-
tions. In the effective string approach, this is related to the operators with dimension~3,1! and ~1,3!. In the
semiclassical calculation, this originates from a complicated mixing betweenl and other fields. Hence it may
depend on the decoupling procedure. It is shown thatl depends on gauge choices such as the harmonic, dilaton
gauges, and the Krasnitz-Klebanov setting forhmn . It turns out thatn plays a role of test field well, while the
role of l is obscure.@S0556-2821~98!03920-4#

PACS number~s!: 04.70.Bw, 11.25.Mj
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I. INTRODUCTION

Recently there has been great progress in a certain cla
five-dimensional~5D! black holes with three U~1! charges.
This progress was achieved in both the Bekenstein-Hawk
entropy (SB H) and absorption cross section (sabs). The
semiclassical calculations of the cross section~greybody fac-
tor! in extremal and near extremal black holes are import
to compare them with the result ofD-branes.

Apart from counting the microstates@1# of a black hole
through D-brane physics, a dynamical consideration b
comes an important issue@2–6#. This is so because the grey
body factor for the black hole arises as a consequence o
gravitational potential barrier surrounding the horizon. Th
is, this is an effect of spacetime curvature. In the strin
description, their origin comes from the thermal distributi
for excitations of theD1-D5 bound state. Together with th
Bekenstein-Hawking entropy, this seems to be a strong
of a deep and mysterious connection between curvature
statistical mechanics@7#. The cross section calculation for
minimally coupled scalar is straightforward in both semicla
sical and effective string models. Thes-wave cross section is
not sensitive to the moduli and energy (v). This depends on
the area of horizon@3#. However, this is true when the are
of the horizon is not zero, e.g., for a 5D black hole with thr
charges. When a 5D black hole has only two charges,
absorption cross section depends on both moduli and en
@7#.

A better test of the agreement between semiclassical
effective string calculations is provided by the fixed scala
The effective string calculation is well performed in the d
lute gas approximation. However, the semiclassical calc
tions are difficult even for the dilute gas limit, because o
complicated mixing between fixed scalars and other fie
~metric and gauge fields!. One of fixed scalars (n) is coupled
to an operator of dimension~2,2! in the effective string
model. When theD1-brane charge (Q1) is equal to the
D5-brane charge (Q5), the string calculation ofsabs yields
precise agreement with the semiclassical greybody factor@4#.
But the greybody factor for the other (l) is not in agreemen
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for Q15Q5 . This disagreement is related to the presence
the chiral operators with~3,1! and~1,3! in the effective string
approach. On the other hand, this originates from a com
cated mixing betweenl and other fields in the semiclassic
calculation. Thus it may depend on the decoupling pro
dure. Here we deal mainly with this problem.

In this paper, we shall perform a complete, semiclass
analysis for a 5D black hole with three U~1! charges. This is
similar to the 4DN54 black hole with two U~1! charges@8#,
which provides us a simple model for getting thes-wave
cross section of the fixed scalar@9#. Here we consider all
perturbing equations around a 5D black hole to find the c
sistent solution. In thes-wave calculation two fixed scalar
are physically propagating modes, whereas other fields
come the redundant ones. Hence our main task is to deco
the fixed scalars from all other fields. In order to achieve th
we first consider the general perturbation for the gravi
hmn . We choose either the harmonic gauge (¹mĥmn50,
ĥmn5hmn21/2gmnh) or the dilaton gauge (¹mĥmr

5hmnGmn
r ). It turns out that forQ15Q5, n is independent of

the gauge fixing, whilel depends on the gauge choice. Th
may explain the agreement of greybody factor forn and the
disagreement forl. For an explicit calculation we choose th
Krasnitz-Klebanov~K-K ! setting forhmn as in Ref.@5#. This
is not suitable for studying the higher angular moment
modes (l>1) @10#. In order to study higher modes, we nee
to consider the general perturbation as in Refs.@11,12#.

The organization of our paper is as follows. In Sec. II, w
review the revelant part of a 5D black hole briefly. We set
the perturbation for all fields around 5D black hole solutio
in Sec. III. Thes-wave absorption cross section is calculat
in Sec. IV. Finally, we discuss the role of fixed scalars as
test fields in Sec. V.

II. 5D BLACK HOLES

Here we consider a class of 5D black holes represen
the bound state ofn1(5VQ1 /g)D1 strings and n5
(5Q5 /g)D5-branes compactified onT5(5T43S1). This
©1998 The American Physical Society06-1
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black hole can also be obtained as a solution to the semic
sical action of a type-IIB superstring compactified onT5.
The effective action for a 5D black hole with three charges
given by @4,5#

S5
1

2k5
2E d5xA2gH R2

4

3
~¹l!224~¹n!22

1

4
e8/3lF ~K !2

2
1

4
e24/3l14nF22

1

4
e24/3l24nH2J , ~1!

whereFmn
(K) is the Kaluza-Klein~KK ! field strength along the

string direction (S1), Fmn is the electric components of th
Ramond-Ramond~RR! two-form, andHmn is dual to the
magnetic components of the RR two-form. Here we omit
analysis of the 6D dilatonf6 , since it is just a minimally
decoupled scalar. On the other hand, the scalarsn and
l interact with the gauge fields and are examples of
fixed scalar.n is related to the scale of the internal tor
(T4), while l is related to the scale of the KK circle (S1). k5

2

is the 5D gravitational coupling constant (k5
258pGN

5 , GN
5

55D Newtonian constant!. This can be determined
by GN

5 5GN
10/V558p6g2/(2p)5VR5pg2/4VR with V

5R5R6R7R8 ~volume of T4), R5R9 ~radius of S1), a8
51, andg(510D string coupling constant!. We wish to fol-
low the Misner-Thorne-Wheeler~MTW! conventions@13#.

The equations for action~1! is given by

Rmn2
4

3
]ml]nl24]m]nn2e8/3lS 1

2
Fmr

~K !F ~K !
n

r

2
1

12
F ~K !2gmnDe24/3l14nS 1

2
FmrFn

r2
1

12
F2gmnD

2e24/3l24nS 1

2
HmrHn

r2
1

12
H2gmnD50, ~2!

8¹2n2e24/3l14nF21e24/3l24nH250, ~3!

8¹2l22e8/3lF ~K !21e24/3l14nF21e24/3l24nH250,
~4!

¹m~e8/3lF ~K !mn!50, ~5!

¹m~e24/3l14nFmn!50, ~6!

¹m~e24/3l24nHmn!50. ~7!

In addition, we need the remaining Maxwell equations
three Bianchi identities@12,14#

] [mF ~K !
rs]5] [mFrs]5] [mHrs]50. ~8!

The black hole solution is given by the background me
10400
s-

s

e

e

s

c

ds252d f22/3dt21d21f 1/3dr21r 2f 1/3dV3
2 ~9!

and

e2l̄5
f K

Af 1f 5

, e4n̄5
f 1

f 5
, f 5 f 1f 5f K , ~10!

F̄ tr
~K !5

2QK

r 3f K
2 , F̄ tr5

2Q1

r 3f 1
2 , H̄tr5

2Q5

r 3f 5
2 . ~11!

Here four harmonic functions are defined by

f 1511
r 1

2

r 2 , f 5511
r 5

2

r 2 , f K511
r K

2

r 2 , d512
r 0

2

r 2 ,

~12!

with r i
25r 0

2sinh2si , i51,5,K. Q1 , Q5 , andQK are related
to the characteristic radiir 1 , r 5 , r K , and the radius of
horizon r 0 as

Qi5
1

2
r 0

2sinh2s i , Qi
25r i

2~r i
21r 0

2!,

r i
25AQi

21
r 0

4

4
2

r 0
2

2
. ~13!

The background metric~9! is just a 5D Schwarzschild on
with time and space components rescaled by different p
ers of f . The event horizon~outer horizon! is clearly atr
5r 0 . When all three charges are nonzero, the surfacer
50 becomes a smooth inner horizon~Cauchy horizon!. If
one of the charges is zero, the surface ofr 50 becomes sin-
gular. The extremal case corresponds to the limit ofr 0→0
with the boost parameterss i→6` keepingQi fixed. Here
one hasQ15r 1

2 , Q55r 5
2 , and QK5r K

2 . In this work we
are very interested in the limit ofr 0 ,r K!r 1 ,r 5 , which is
called the dilute gas approximation. This corresponds to
near-extremal black hole and its thermodynamic quanti
are given by

Mnext5
2p2

k5
2 F r 1

21r 5
21

1

2
r 0

2cosh 2sKG , ~14!

Snext5
4p3r 0

k5
2 r 1r 5coshsK , ~15!

1

TH,next
5

2p

r 0
r 1r 5coshsK . ~16!

The above energy and entropy are actually those of a ga
massless 1D particles. In this case the effective temperat
of the left and right moving string modes are given by
6-2
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TL5
1

2pS r 0

r 1r 5
DesK, TR5

1

2pS r 0

r 1r 5
De2sK. ~17!

The Hawking temperature is given by their harmonic av
age

2

TH
5

1

TL
1

1

TR
. ~18!

III. PERTURBATION ANALYSIS

Here we start with the perturbation around the black h
background@15#

Ftr
~K !5F̄ tr

~K !1F tr
~K !5F̄ tr

~K !@11F ~K !~ t,r ,x,u,f!#, ~19!

Ftr5F̄ tr1Ftr5F̄ tr@11F~ t,r ,x,u,f!#, ~20!

Htr5H̄tr1Htr5H̄tr@11H~ t,r ,x,u,f!#, ~21!
10400
-

e

l5l̄1dl~ t,r ,x,u,f!, ~22!

n5 n̄1dn~ t,r ,x,u,f!, ~23!

gmn5ḡmn1hmn . ~24!

Herehmn is given by

hm
n5F h1 h3 0 0 0

2d2h3 / f h2 0 0 0

0 0 hx
x hx

u hx
f

0 0 hu
x hu

u hu
f

0 0 hf
x hf

u hf
f

G . ~25!

This seems to be general for thes-wave calculation.
One has to linearize Eqs.~2!–~7! in order to obtain the

equations governing the perturbations as
dRmn~h!2
4

3
~]ml]̄ndl1]mdl]nl̄ !24~]mn̄]ndn1]mdn]nn̄ !1

1

2
e8/3l̄F̄mr

~K !F̄na
~K !hra2e8/3l̄F̄mr

~K !F ~K !
n

r

2
4

3
e8/3l̄F̄mr

~K !F̄ ~K !
n

rdl1
1

6
e8/3l̄F̄rs

~K !F ~K !rsḡmn2
1

6
e8/3l̄F̄rk

~K !F̄ ~K !
h

khrhḡmn1
2

9
e8/3l̄F̄ ~K !2ḡmndl1

1

12
e8/3l̄F̄ ~K !2hmn

1
1

2
e24/3l̄14n̄F̄mrF̄nahra2e24/3l̄14n̄F̄mrF n

r2e24/3l̄14n̄F̄mrF̄n
rS 2

2

3
dl12dn D1

1

6
e24/3l̄14n̄F̄rsF rsḡmn

2
1

6
e24/3l̄14n̄F̄rkF̄h

khrhḡmn1e24/3l̄14n̄F̄2ḡmnS 2
1

9
dl1

1

3
dn D1

1

12
e24/3l̄14n̄F̄2hmn1

1

2
e24/3l̄24n̄H̄mrH̄nahra

2e24/3l̄24n̄H̄mrH n
r1e24/3l̄24n̄H̄mrH̄n

rS 2

3
dl12dn D1

1

6
e24/3l̄24n̄H̄rsH rsḡmn2

1

6
e24/3l̄24n̄H̄rkH̄h

khrhḡmn

2e24/3l̄24n̄H̄2ḡmnS 1

9
dl1

1

3
dn D1

1

12
e24/3l̄24n̄H̄2hmn50, ~26!

¹̄2dn2hmn¹̄m¹̄nn̄2ḡmndGmn
r ~h!]rn̄2

1

4
e24/3l̄14n̄F̄mnF mn1

1

4
e24/3l̄14n̄F̄mnF̄r

nhmr2
1

8
e24/3l̄14n̄F̄2S 2

4

3
dl14dn D

1
1

4
e24/3l̄24n̄H̄mnH mn2

1

4
e24/3l̄24n̄H̄mnH̄r

nhmr2
1

8
e24/3l̄24n̄H̄2S 4

3
dl14dn D50, ~27!

¹̄2dl2hmn¹̄m¹̄nl̄2ḡmndGmn
r ~h!]rl̄2

1

2
e8/3l̄F̄mn

~K !F ~K !mn1
1

2
e8/3l̄F̄mn

~K !F̄r
~K !nhmr2

2

3
e8/3l̄F̄ ~K !2dl1

1

4
e24/3l̄14n̄F̄mnF mn

2
1

4
e24/3l̄14n̄F̄mnF̄r

nhmr1e24/3l̄14n̄F̄2S 2
1

6
dl1

1

2
dn D1

1

4
e24/3l̄24n̄H̄mnH mn2

1

4
e24/3l̄24n̄H̄mnH̄r

nhmr

2e24/3l̄24n̄H̄2S 1

6
dl1

1

2
dn D50, ~28!
6-3
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S ¹̄m1
8

3
]ml̄ D ~F ~K !mn2F̄ ~K !

a
nham2F̄ ~K !

b
mhbn!1F̄ ~K !mnS dGsm

s ~h!1
8

3
]mdl D50, ~29!

S ¹̄m2
4

3
]ml̄14]mn̄ D ~F mn2F̄a

nham2F̄m
bhbn!1F̄mnS dGsm

s ~h!2
4

3
]mdl14]mdn D50, ~30!

S ¹̄m2
4

3
]ml̄24]mn̄ D ~H mn2H̄a

nham2H̄m
bhbn!1H̄mnS dGsm

s ~h!2
4

3
]mdl24]mdn D50, ~31!
os
to

o

,

-

o-

this
where

dRmn~h!52
1

2
¹̄2hmn2

1

2
¹̄m¹̄nhr

r1
1

2
¹̄r¹̄nhrm

1
1

2
¹̄r¹̄mhnr , ~32!

dGmn
r ~h!5

1

2
ḡrs~¹̄nhms1¹̄mhns2¹̄shmn!. ~33!

Since we start with full degrees of freedom~25!, we choose
a gauge to study the propagation of fields. For this purp
dRmn can be transformed into the Lichnerowicz opera
@16#

dRmn52
1

2
¹̄2hmn1R̄s~nhs

m)2R̄smrnhsr1¹̄~n¹̄ uruĥ
r

m) .

~34!

We have to examine whether there exists any choice
gauge which can simplify Eqs.~27! and~28!. Conventionally

we choose the harmonic~transverse! gauge (¹̄mĥmr

5ḡmndGmn
r 50) if one concentrates on the propagation

gravitons.

A. Harmonic gauge

Considering the harmonic gauge andQ15Q5 case, Eqs.
~27! and ~28! lead to

¹̄2dn1
Q1

2

r 6f 1
2f 1/3

~2F22H18dn!50, ~35!

¹̄2dl2
d

f 1/3
hrr ] r

2l̄1
d

f 1/3
hmnGmn

r ] r l̄2
2QK

2

r 6f K
2 f 1/3

3S h11h222F ~K !2
8

3
dl D1

2Q1
2

r 6f 1
2f 1/3

3S h11h22F2H1
4

3
dl D50. ~36!
10400
e
r

of

f

Now we attempt to disentangle the mixing between (dn,dl)
and other fields by using both the harmonic gauge and U~1!
field equations in Eqs.~29!–~31!. After some calculations
one finds the relations

2F ~K !5h11h22hu i
u i

2
16

3
dl, ~37!

2F5h11h22hu i
u i

1
8

3
dl28dn, ~38!

2H5h11h22hu i
u i

1
8

3
dl18dn, ~39!

wherehu i
u i

5hx
x1hu

u1hf
f . Using Eqs.~37!–~39!, one ob-

tains the linearized equation fordn anddl,

¹̄2dn2
8Q1

2

r 6f 1
2f 1/3

dn50, ~40!

¹̄2dl2
d

f 1/3
hrr ] r

2l̄1
d

f 1/3
hmnGmn

r ] r l̄1
2

r 6f 1/3FQ1
2

f 1
2 2

QK
2

f K
2 Ghu i

u i

2
8

3r 6f 1/3FQ1
2

f 1
2 12

QK
2

f K
2 Gdl50. ~41!

We wish to point out that thedn equation is decoupled com
pletely but thedl equation still remains a coupled form.

B. Dilaton gauge

We recognize that it is not enough to decoupledl equa-
tion from the harmonic gauge condition. But if one intr

duces the dilaton gauge (¹̄mĥmr5hmnGmn
r ) @17#, the dl

equation can be reduced to a better simple form. Under
6-4
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gauge, one finds the same relations as those in Eqs.~37!–
~39! and the same equation fordn as in Eq.~40!. One finds
the dl equation

¹̄2dl2
d

f 1/3
hrr ] r

2l̄1
2

r 6f 1/3FQ1
2

f 1
2 2

QK
2

f K
2 Ghu i

u i
2

8

3r 6f 1/3

3FQ1
2

f 1
2 12

QK
2

f K
2 Gdl50. ~42!

In order to decouple the second term (hrr ) in Eq. ~42!, one
use the Einstein equation. However, it seems to be a n
trivial task. This is because the (t,r ) component of Eq.~26!
gives rise to the second order differential equation forh2 .
Instead, one may chooseh25hu i

u i
50, which is compatible

with the dilaton gauge. Then, in the dilute gas limit, we fi
a new equation fordl,

¹̄2dl2
8Q1

2

3r 6f 1
2f 1/3

dl50, ~43!

which is similar to Eq.~40!. The situation may be getting
better when one introduces the simplest choice such as
K-K setting @5#.

C. Krasnitz-Klebanov setting

In this case, the metric perturbationhmn takes the form

hm
n5diag@h1 ,h2 ,0,0,0#. ~44!

Under this setting, the harmonic gauge condition leads t

1

2
~h12h2!85S 1

2

d8

d
1

3

r
1

1

6

f 8

f Dh22S 1

2

d8

d
2

1

3

f 8

f Dh1 ,

~45!

where the prime means the differentiation with respect tor .
On the other hand, the dilaton gauge condition gives us
relation

1

2
~h12h2!85S d8

d
1

3

r Dh2 . ~46!

From now on our calculation will be performed witho
any gauge choice forhmn and restriction on charges. Solvin
Eqs.~29!–~31!, one can express the three U~1! fields in terms
of dl,dn,h1 ,h2 as

2F ~K !5h11h22
16

3
dl, ~47!

2F5h11h21
8

3
dl28dn, ~48!
10400
n-

he

e

2H5h11h21
8

3
dl18dn. ~49!

These are consistent with Eqs.~37!–~39! whenhu i
u i

50. The
ten off-diagonal elements of Einstein equation~26! are given
by

~ t,r !:
1

4S f 8

f
1

6

r D ] th21
1

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D ] tdl

2S f 18

f 1
2

f 58

f 5
D ] tdn50, ~50!

~ t,x!: ] t]xh250, ~51!

~ t,u!: ] t]uh250, ~52!

~ t,f!: ] t]fh250, ~53!

~r ,x!: 2
1

2
~] r23G rx

x !]xh12S 1

4

d8

d
1

1

r D ]x~h12h2!

1
1

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D ]xdl2S f 18

f 1
2

f 58

f 5
D ]xdn50,

~54!

~r ,u!: 2
1

2
~] r23G ru

u !]uh12S 1

4

d8

d
1

1

r D ]u~h12h2!

1
1

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D ]udl2S f 18

f 1
2

f 58

f 5
D ]udn50,

~55!

~r ,f!: 2
1

2
~] r23G rf

f !]fh12S 1

4

d8

d
1

1

r D ]f~h12h2!

1
1

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D ]fdl2S f 18

f 1
2

f 58

f 5
D ]fdn50,

~56!

~x,u!: ~]x2Gxu
u !]u~h11h2!50, ~57!

~x,f!: ~]x2Gxf
f !]f~h11h2!50, ~58!

~u,f!: ~]u2Guf
f !]f~h11h2!50. ~59!

The five diagonal elements of Eq.~26! take the form
6-5
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~ t,t !: 2
1

2

f

d2 ] t
2h21

1

2
] r

2h11
3

2

1

r
h181

1

2

1

d

1

r 2F]x
212cotx]x1

1

sin2xS ]u
21cotu]u1

1

sin2u
]f

2 D Gh11
1

6S f 18

f 1
1

f 58

f 5
1

f K8

f K
D

3~h282h18!1
1

3

d8

d S f 18

f 1
1

f 58

f 5
1

f K8

f K
D ~h22h1!2

1

3S f 18
2

f 1
2

1
f 58

2

f 5
2

1
f K8

2

f K
2 D ~h22h1!2

1

4

d8

d
~h2823h18!1

4

3

QK
2

r 6f K
2

1

d

3S h222F ~K !2
8

3
dl D1

4

3

Q1
2

r 6f 1
2

1

dS h222F1
4

3
dl24dn D1

4

3

Q5
2

r 6f 5
2

1

dS h222H1
4

3
dl14dn D50, ~60!

~r ,r !: 2
1

2

f

d2 ] t
2h21

1

2
] r

2h12
3

2

1

r
h281

1

2

1

d

1

r 2F]x
212cotx]x1

1

sin2xS ]u
21cotu]u1

1

sin2u
]f

2 D Gh22
1

12S f 18

f 1
1

f 58

f 5
1

f K8

f K
D

3~5h181h28!2
2

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D dl812S f 18

f 1
2

f 58

f 5
D dn82

1

4

d8

d
~h2823h18!1

4

3

QK
2

r 6f K
2

1

dS h122F ~K !2
8

3
dl D1

4

3

Q1
2

r 6f 1
2

1

d

3S h122F1
4

3
dl24dn D1

4

3

Q5
2

r 6f 5
2

1

dS h122H1
4

3
dl14dn D50, ~61!

~x,x!:
1

r 2

1

d
]x

2~h11h2!2
2

r S 2

r
1

d8

d Dh22
1

3

d8

d

f 8

f
h22

1

6S f 8

f
1

6

r D ~h282h18!1
1

3S f 18
2

f 1
2

1
f 58

2

f 5
2

1
f K8

2

f K
2 D h22

4

3

QK
2

r 6f K
2

1

d

3S h11h222F ~K !2
8

3
dl D2

4

3

Q1
2

r 6f 1
2

1

dS h11h222F1
4

3
dl24dn D2

4

3

Q5
2

r 6f 5
2

1

dS h11h222H1
4

3
dl14dn D50,

~62!

~u,u!:
1

r 2 sin2x

1

d
]u

2~h11h2!1
1

r 2d
cotx]x~h11h2!2

2

r S 2

r
1

d8

d Dh22
1

3

d8

d

f 8

f
h22

1

6S f 8

f
1

6

r D ~h282h18!

1
1

3S f 18
2

f 1
2

1
f 58

2

f 5
2

1
f K8

2

f K
2 D h22

4

3

QK
2

r 6f K
2

1

dS h11h222F ~K !2
8

3
dl D2

4

3

Q1
2

r 6f 1
2

1

dS h11h222F1
4

3
dl24dn D

2
4

3

Q5
2

r 6f 5
2

1

dS h11h222H1
4

3
dl14dn D50, ~63!

~f,f!:
1

r 2sin2x sin2u

1

d
]f

2 ~h11h2!1
1

r 2d
cotx]x~h11h2!1

1

r 2d

1

sin2x
cotu]u~h11h2!2

2

r S 2

r
1

d8

d Dh22
1

3

d8

d

f 8

f
h2

2
1

6S f 8

f
1

6

r D ~h282h18!1
1

3S f 18
2

f 1
2

1
f 58

2

f 5
2

1
f K8

2

f K
2 D h22

4

3

QK
2

r 6f K
2

1

dS h11h222F ~K !2
8

3
dl D

2
4

3

Q1
2

r 6f 1
2

1

dS h11h222F1
4

3
dl24dn D2

4

3

Q5
2

r 6f 5
2

1

dS h11h222H1
4

3
dl14dn D50. ~64!

The fixed scalar equations~27! and ~28! lead to
104006-6
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2
f

d2 ] t
2dn1F] r

21S d8

d
1

3

r D ] r Gdn1
1

d

1

r 2F]x
212cotx]x1

1

sin2xS ]u
21cotu]u1

1

sin2u
]f

2 D Gdn2
1

4

d8

d S f 18

f 1
2

f 58

f 5
Dh2

2
1

8S f 18

f 1
2

f 58

f 5
D ~h282h18!1

1

4S f 18
2

f 1
2

2
f 58

2

f 5
2 D h22

Q1
2

r 6f 1
2

1

dS h11h222F1
4

3
dl24dn D

1
Q5

2

r 6f 5
2

1

dS h11h222H1
4

3
dl14dn D50, ~65!

2
f

d2 ] t
2dl1F] r

21S d8

d
1

3

r D ] r Gdl1
1

d

1

r 2F]x
212cotx]x1

1

sin2xS ]u
21cotu]u1

1

sin2u
]f

2 D Gdl1
1

4

d8

d S f 18

f 1
1

f 58

f 5
22

f K8

f K
Dh2

1
1

8S f 18

f 1
1

f 58

f 5
22

f K8

f K
D ~h282h18!2

1

4S f 18
2

f 1
2

1
f 58

2

f 5
2

22
f K8

2

f K
2 D h222

QK
2

r 6f K
2

1

dS h11h222F ~K !2
8

3
dl D

1
Q1

2

r 6f 1
2

1

dS h11h222F1
4

3
dl24dn D1

Q5
2

r 6f 5
2

1

dS h11h222H1
4

3
dl14dn D50. ~66!
.

n

ob-

s
5D
act

ing

se
IV. s-WAVE PROPAGATIONS

From the Bianchi identities~8! one has

]xF ~K !5]uF ~K !5]fF ~K !50,

]xF5]uF5]fF50,

]xH5]uH5]fH50. ~67!

This implies either F (K)5F (K)(t,r ), F5F(t,r ), H
5H(t,r ) or F (K)5F5H50. The latter together with Eqs
~47!–~49! means that all higher modes ofl>1 are forbidden
in this scheme. We wish to study thes-wave propagation
with the first case. This case dominates in the absorptio
low energies. The important one can be derived from (t,r )
component of the Einstein equation. By integrating Eq.~50!
over time, we can obtain the relation

S f 8

f
1

6

r Dh252
4

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D dl14S f 18

f 1
2

f 58

f 5
D dn.

~68!

From three angular equations~62!–~64!, one finds the rela-
tion

S f 8

f
1

6

r D ~h182h28!5F2
d8

d

f 8

f
1

12

r S 2

r
1

d8

d D
22S f 18

2

f 1
2

1
f 58

2

f 5
2

1
f K8

2

f K
2 D Gh21

32

3

1

r 6d

3S 2
QK

2

f K
2 2

Q1
2

f 1
2 2

Q5
2

f 5
2 D dl

132
1

r 6dS Q1
2

f 1
2 2

Q5
2

f 5
2 D dn. ~69!
10400
of

Equations~60! and ~61! lead to another relation

S f 8

f
1

6

r D ~h181h28!52
8

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D dl8

18S f 18

f 1
2

f 58

f 5
D dn8. ~70!

From Eqs.~69! and ~70!, one can obtain

S f 8

f
1

6

r Dh2852
4

3S f 18

f 1
1

f 58

f 5
22

f K8

f K
D dl814S f 18

f 1
2

f 58

f 5
D dn8

2Fd8

d

f 8

f
1

6

r S 2

r
1

d8

d D2S f 18
2

f 1
2

1
f 58

2

f 5
2

1
f K8

2

f K
2 D G

3h22
16

3

1

r 6dS 2
QK

2

f K
2 2

Q1
2

f 1
2 2

Q5
2

f 5
2 D dl

216
1

r 6dS Q1
2

f 1
2 2

Q5
2

f 5
2 D dn. ~71!

However, this equation is redundant because it can be
tained by differentiating Eq.~68! with respect tor . All in-
formation for h1 and h2 are thus encoded in Eq.~68! and
~69!, which say thath1 andh2 are not the independent mode
and thus only two fixed scalars are propagating in the
black hole background. This can be confirmed from the f
that the relevant value ofl should be determined byl>uSu,
S5spin. Since the gravitons have spin 2, it is not surpris
that they are redundant with thel 50 (s-wave! case. Simi-
larly, three U~1! modes withl 50 are also redundant becau
the photon has spin 1. This was clearly shown in Eqs.~47!–
~49!. Inserting Eqs.~68!, ~69! into Eqs.~65!, ~66!, we obtain
6-7
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the following equations:

@r 23] rdr3] r2d21f ] t
21 f nn~r !#dn1 f nl~r !dl50,

~72!
e-

ra

10400
@r 23] rdr3] r2d21f ] t
21 f ll~r !#dl1 f ln~r !dn50,

~73!

where f nn(r ), f nl(r ), f ll(r ), f ln(r ) are given by
f nn~r !52
8

r 2@3r 412r 2~r 1
21r 5

21r K
2 !1r 1

2r K
2 1r 1

2r 5
21r 5

2r K
2 #2F3r 4H r 1

41r 5
41r 1

2r 5
21

3

2
r 0

2~r 1
21r 5

2!J 13r 2$r 5
4r K

2 1r 1
4r K

2 1r 1
4r 5

2

1r 5
4r 1

212~r 1r 5r K!212r 0
2~r 1

2r K
2 1r 1

2r 5
21r 5

2r K
2 !%1r 1

4r 5
41r 5

4r K
4 1r 1

4r K
4 12r 1

2r 5
2r K

2 ~r 1
21r 5

21r K
2 !1r 0

2H 3r 1
2r 5

2r K
2

1
1

2
r 1

4~r 5
21r K

2 !1
1

2
r 5

4~r 1
21r K

2 !12r K
4 ~r 1

21r 5
2!J G , ~74!

f nl~r !5
8

r 2@3r 412r 2~r 1
21r 5

21r K
2 !1r 1

2r K
2 1r 1

2r 5
21r 5

2r K
2 #2F r 4H r 1

42r 5
42r 5

2r K
2 1r 1

2r K
2 1

3

2
r 0

2~r 1
22r 5

2!J
1r 2$r 1

4~r 5
21r K

2 !2r 1
2r 5

42r 5
4r K

2 %1
1

2
r 0

2$r 1
2r 5

2~r 5
22r 1

2!1r K
2 ~r 5

42r 1
4!%G , ~75!

f ln~r !53 f nl , ~76!

f ll~r !52
8

r 2@3r 412r 2~r 1
21r 5

21r K
2 !1r 1

2r K
2 1r 1

2r 5
21r 5

2r K
2 #2F r 4H r 1

41r 5
42r 1

2r 5
214r K

4 12r K
2 ~r 1

11r 5
2!1

3

2
r 0

2~r 1
21r 5

214r K
2 !J

1r 2$r 5
4r K

2 1r 1
4r K

2 1r 1
4r 5

21r 1
2r 5

414r K
4 ~r 1

21r 5
2!16~r 1r 5r K!216r 0

2~r 1
2r K

2 1r 1
2r 5

21r 5
2r K

2 !%1r 1
4r 5

41r 5
4r K

4 1r 1
4r K

4

12r 1
2r 5

2r K
2 ~r 1

21r 5
21r K

2 !1r 0
2H 3r 1

2r 5
2r K

2 1
3

2
r 1

4~r 5
21r K

2 !1
3

2
r 5

4~r 1
21r K

2 !J G . ~77!
Note that forr 15r 5[R, one findsf nl5 f ln50. Then Eqs.
~72! and ~73! reduce to

F r 23] rdr3] r2d21f ] t
22

8R4

r 2~r 21R2!2S 11
r 0

2

R2D Gdn50,

~78!

F r 23] rdr3] r2d21f ] t
22

8~R212r K
2 !2

r 2@3r 21~R212r K
2 !#2

3S 11
3r 0

2

R212r K
2 D Gdl50. ~79!

We note that Eq.~78! is exactly the same form as Eq.~40!.
This is so because forr 15r 5 , there is no mixing between
graviton and fixed scalar (dn). However, a mixing between
graviton anddl is still present and thus we obtain the d
coupled equation~79! by using Eqs.~68! and ~69!. We
would like to find the fixed scalar equations for the gene
 l

(r 1Þr 5Þr K) case. Equations~72! and~73! can be modified
with 3 f nl(r )5 f ln(r ) anddl̃[dl/A3 to

@r 23] rdr3] r2d21f ] t
21 f nn~r !#dn1A3 f nl~r !dl̃50,

~80!

@r 23] rdr3] r2d21f ] t
21 f ll~r !#dl̃1A3 f nl~r !dn50.

~81!

The above can be decoupled by a rotation of the fields,

dl̃5~cosa!f11~sina!f2 , ~82!

dn52~sina!f11~cosa!f2 , ~83!

where the rotation angle (a) satisfies the relation

tana2
1

tana
5

1

A3

f ll~r !2 f nn~r !

f nl~r !
5

2

A3

r 1
21r 5

222r K
2

r 1
22r 5

2 .

~84!
6-8



or

r

ll
er-
g
e

-

t
n

-

ton
(

ROLE OF FIXED SCALARS IN SCATTERING OFF A . . . PHYSICAL REVIEW D58 104006
From Eq.~84! one obtains

cos2a5
1

2
6

1

4

r 1
21r 5

222r K
2

Ar 1
41r 5

41r K
4 2r 1

2r 5
22r 1

2r K
2 2r 5

2r K
2

. ~85!

Then Eqs.~80! and~81! lead to the decoupled equations f
f6 ,

@r 23] rdr3] r2d21f ] t
21sin2a f nn1cos2a f ll

22A3cosa sina f nl#f150, ~86!

@r 23] rdr3] r2d21f ] t
21cos2a f nn1sin2a f ll

12A3cosa sina f nl]f250. ~87!

Here we considerf6(r ,t)5f̃6(r )e2 ivt as a mode with en-
ergyv. Inserting Eqs.~85!, ~74!–~77! into Eqs.~86!,~87!, we
obtain the equations

F ~dr3] r !
21v2r 6f 2

8dr4r 6
4

~r 21r 6
2 !2S 11

r 0
2

r 6
2 D G f̃650, ~88!

where the effective radiir 6 are defined as

r 6
2 5

1

3
@r 1

21r 5
21r K

2 6Ar 1
41r 5

41r K
4 2r 1

2r 5
22r 1

2r K
2 2r 5

2r K
2 #.

~89!

Equation~88! takes the same form as in Eq.~78!. Since it is
difficult to find an analytic solution to~88!, we patch to-
gether a solution between the near region~region I, r
!r 1 ,r 5), the intermediate region~region II, r 0!r !v21),
and the far region~region III, r @r 1 ,r 5). Region II overlaps
each of the other two because ofr 0!r 1 , r 5!v21. In the
dilute gas regime (r 0 ,r K!r 1 ,r 5), we write down the domi-
nant terms and their approximate solutions in the three
gions as

I: @~dr3] r !
21r 1

2r 5
2~r 21r K

2 !v228r 4d#f̃6
I 50,

f̃6
I 5E

r 2

r 0
2 1G, ~90!

II: F ~r 3] r !
228

r 6
4

~11r 6
2 /r 2!2G f̃6

II 50,

f̃6
II 5

C6

~11r 6
2 /r 2!

1D6S 11
r 6

2

r 2 D 2

, ~91!
10400
e-

III: @~r 3] r !
21r 6v2#f̃6

III 50,

f̃6
III 5a6

J1~vr !

vr
1b6

N1~vr !

vr
, ~92!

whereC6 ,D6 ,a6 ,b6 are the unknown constants. The fu
solution in region I can be expressed in terms of the hyp
geometric functions@4#, and we present here the limitin
form for r @r 0 . E is obtained by the requirement that th
solution be purely ingoing at the horizon as

E5
2G~12 ia2 ib !

G~22 ia !G~22 ib !
. ~93!

Here a and b are related to the left and right moving tem
peratures as

a5
v

4pTL
, b5

v

4pTR
. ~94!

The quantityG may be similarly fixed, but its value is no
relevant to us. A matching procedure leads to the relatio

a652C652E
r 6

2

r 0
2 . ~95!

The absorption probability is given by the ratio of the incom
ing fluxes at the horizon (r 5r 0) and at spatial infinity
(r 5`) @2#. The flux per unit solid angle for a fieldf is given
by

F5
1

2i
~ f * dr3] r f 2c.c.!. ~96!

The absorption probability off6 is given by

Pabs
f65

Fr 0

F`
52pr 1r 5Ar 0

21r K
2 v3

r 0
4

4uEu2r 6
4 . ~97!

Then the absorption cross section is given by

sabs
f65

4p

v3 Pabs
f65

p3r 1
6r 5

6

64r 6
4 v~v2116p2TL

2!

3~v2116p2TR
2 !

ev/TH21

~ev/TL21!~ev/TR21!
, ~98!

which is the same form as in Ref.@5#. When r 15r 55r 1

5R, one finds the absorption cross section forn. For r 1

5r 55R, r 2
2 5R2/3, one gets the cross section forl.

V. DISCUSSIONS

Let us first discuss the role of a fixed scalarn. Althoughn
is related to the scale ofT4, it turns out to be the 10D dilaton
(f10) when f65f1022n50. For the Q15Q5 case, one
finds the same linearized equation for the harmonic, dila
gauge, and K-K setting. This means that the fixed scalarn)
6-9
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gives us a gauge-invariant result. In the low energy lim
(v→0), thes-wave absorption cross section takes the fo

sabs
n 5CAHS r 0

R D 4

, ~99!

whereC51/4 for the semiclassical approach from Eq.~98!,
1/4 for the effective string method@4#, 1/12 for the three-
dimensional anti–de Sitter space (AdS3) calculation @18#,
and 1/4 for the boundary conformal field theory~CFT! cal-
culation@19#. This means that all calculation methods lead
the same result, upto the numerical factors. In the dilute
limit ( R!r 0), one findssabs

n →0, whereassabs
F 5AH for a

minimally decoupled scalarF.
On the other hand,l(5n52f6/2) is entirely determined

by the scale (n5) of the KK circle (S1) when f6 is turned
off. The semiclassical result~98! with r 2

2 5R2/3 takes the
form

sabs
l 5

9

4
AHS r 0

R D 4

. ~100!

On the effective string side, thel coupling is@5#

2
Teff

8
l@]1X]2X$~]1X!21~]2X!2%1~]1X!2~]2X!2#

~101!

plus the fermionic terms. HereTeff(51/2p2R2) is the effec-
tive string tension. The last term is an operator of dimens
~2,2! which also couples ton-fixed scalar. This givessabs

l

5(AH/16)(r 0 /R)4. Also there are additional contribution
to the cross section which arise from the first two term
ys
.

n,
lin

10400
t

s

n

.

They have dimensions~3,1! and~1,3!. The presence of thes
gives rise to some disagreement between the semiclas
and effective string cross sections even forQ15Q5 .

On the semiclassical calculation, this discrepancy or
nates from a complicated mixing betweenl and other fields.
Hence it may depend on the decoupling procedure. In
work we find thatl depends on the gauge choice. For e
ample, one obtains Eq.~41! for the harmonic gauge, Eq.~43!
for the dilaton gauge together withh25hu i

u i
50, and Eq.

~79! for K-K setting. Furthermore, substituting Eq.~68! into
Eq. ~69! leads to

1

2
~h12h2!85Fd8

d
1

12/r 22~2 f 81
2/ f 1

21 f 8K
2 / f K

2 !

f 8/ f 16/r

2
4

r 6d

QK
2 / f K

2 2Q5
2/ f 1

2

f 18/ f 12 f K8 / f K
Gh2 . ~102!

This is a result purely from the Einstein’s equation. Ho
ever, it is shown that Eq.~102! is not compatible with either
the harmonic gauge condition Eq.~45! or the dilaton gauge
condition Eq.~46!. Although the K-K setting is a convenien
choice for obtaining the decoupled equations, it does
always guarantee a consistent solution.

In conclusion, the fixed scalarn is clearly understood to
be a good test field. However, the role ofl as a test field is
obscure because it is a gauge-dependent field and gives
to some disagreement for the cross section.
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