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Gödel universes in string theory
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We show that homogeneous Go¨del spacetimes need not contain closed timelike curves in low-energy-
effective string theories. We find exact solutions for the Go¨del metric in string theory for the fullO(a8) action
including both dilaton and axion fields. The results are valid for bosonic, heterotic and super-strings. To first
order in the inverse string tensiona8, these solutions display a simple relation between the angular velocity of
the Gödel universe,V, and the inverse string tension of the forma851/V2 in the absence of the axion field.
The generalization of this relationship is also found when the axion field is present.@S0556-2821~98!07920-X#

PACS number~s!: 98.80.Hw, 04.50.1h, 11.25.Mj, 98.80.Cq
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I. INTRODUCTION

The relationship between micro and macrophysics is m
commonly sought within a framework of unified descriptio
of the fundamental forces of nature that is provided by
perstring theories or someM theory believed to underlie
them @1#, @2–4#. The most frequently investigated theory
the bosonic effective action leading to the pre-big-bang
perinflationary scenario@5#, although some type IIB super
string models@6# and M -theory solutions have also bee
found @7#. However, the cosmological solutions of low
energy string theory have been confined to solutions of
zero-order equations,@8#, @9#. In this paper, we give som
new solutions of string theories, including terms up to fi
order in the inverse string tensiona8 and both dilaton and
axion fields, for homogeneous spacetimes of the form fi
investigated in general relativity by Go¨del in 1949@10#. We
recall that Go¨del’s solutions attracted considerable inter
because they described rotating universes that possesse
completely unexpected property of closed timelike curv
~CTC’s!.1 This discovery led to a reappraisal of thinkin
about Mach’s ‘‘principle’’ @11#, inspired the rigorous inves
tigation of the possibility of time travel in relativistic theorie
of gravity @14#, and stimulated the serious investigation
the global structure of spacetimes@15#. However, we find
that in string theory, unlike in general relativity, Go¨del uni-
verses need not contain CTC’s. Previously, causal Go¨del
universes have been found in general relativity in the pr
ence of massless scalar fields by Rebouc¸as and Tiomno@16#,

1It is interesting to note that Weyl, in his bookSpace, Time and
Matter @12#, foresaw that Einstein’s theory might permit time trav
to occur, remarking that[in general relativity] it is not impossible
for a world-line (in particular, that of my body), although it has
timelike direction at every point, to return to the neighborhood o
point which it has already passed through . . ..[but] the very con-
siderable fluctuations of the [spacetime metric] would be necess
to produce this effect do not occur in the region of the world
which we live@12#, @13#.
0556-2821/98/58~10!/103502~5!/$15.00 58 1035
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and in gravity theories derived from an action containi
terms quadratic in the Ricci curvature invariants by Accio
@17#. We find that CTC’s need not occur in the Go¨del uni-
verses in heterotic and bosonic string theories containing
full bosonic particle spectrum of axion, dilaton, and gravito

II. LOW-ENERGY-EFFECTIVE O„a8… ACTION
FOR STRINGS

We write the general form of the string effective action
a8 order in the string frame as,@4#,

S5E dnxA2ge2fH R22L1~]f!22
1

12
H2

2a8l0FRmnsrRmnsr2
1

2
RmnsrHmnaHsr

a

1
1

24
HmnlHn

raHrslHs
ma

2
1

8
HmrlHn

rlHmsaHn
saG1O~a82!J , ~2.1!

wherel052 1
8 for heterotic strings,2 1

4 for bosonic strings
and 0 for superstrings;n is the number of spacetime dimen
sions, a8 is the inverse string tension parameter, and
action is truncated at first order. Thus, in the case of sup
strings the leading corrections after the zero-order terms
enter at fourth order and will not be investigated in this p
per. These higher-order terms lead to a significant increas
algebraic complexity. In Eq.~2.1! f is the dilaton,g is the
determinant of the metric,L is the cosmological constant,R
is the Ricci scalar,Rmnrs the Riemann tensor, andHmnr

5] [mBnr] is the axion withH25HmnrHmnr whereBmn is the
antisymmetric tensor potential. The field equations
bosonic strings then take the following form:
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Rmb1]m]bf2
1

4
HmnlHb

nl

1
1

2
a8FRmnsrRb

nsr2Rm
nsrHbnaHsr

a

1
1

8
HmnlHn

raHrslHsb
a

2
3

8
HmrlHn

rlHb
saHn

saG50, ~2.2!

R22L12]m]mf2]mf]mf2
1

12
H2

1
1

4
a8FRmnsrRmnsr2

1

2
RmnsrHmnaHsr

a

1
1

24
HmnlHn

raHrslHs
ma

2
1

8
HmrlHn

rlHmsaHn
saG50. ~2.3!

These equations are completed by the axion equation of
tion

]m„dS/d~]mBnl!…5@e2f~Hmnl1a8Mmnl!# ;m50,
~2.4!

where

Mmnl5
3

2
RmnsrHsr

l1
1

4
Hs

maHn
raHrsl

2
3

4
HmsaHr

nlHr
sa . ~2.5!

To zeroth order ina8, Eq.~2.4! is just (e2fHmnl) ;n50 ~see,
e.g.,@9#! where the semicolon denotes a covariant deriva
with respect to the metric. The cosmological constant termL
is related to the dimension of space and the inverse st
tension by@3,5#

L5
n226

3a8
. ~2.6!

The relation~2.6! holds for bosonic strings; for superstring
L is proportional ton210.

III. EXACT STRINGY GO¨ DEL UNIVERSES

The Gödel metric describes a homogeneous spacet
@10#. Its line element in cylindrical coordinates (t,r ,z,c) is
usually given by either of the two forms@16#

ds252@dt1C~r !dc#21D2~r !dc21dr21dz2,
~3.1!

or
10350
o-

e

g

e

ds252dt222C~r !dtdc1G~r !dc21dr21dz2,

where the radial functions have the form

C~r !5
4V

m2 sinh2S mr

2 D , ~3.2!

D~r !5
1

m2 sinh~mr!, ~3.3!

G~r !5
4

m2 sinh2S mr

2 D F11S 12
4V2

m2 D sinh2S mr

2 D G , ~3.4!

with m and V constants. In order toavoid the existence of
CTC’s in these spacetimes we require

G~r !5D2~r !2C2~r !.0. ~3.5!

This is consistent with the ‘‘chronology protection conje
ture’’ of Hawking @18#. In a Gödel universe, the four velocity
of matter is ua5d0

a and the rotation vector isVa5Vd0
3,

while the vorticity scalar is given byv5V/&. The original
Gödel metric of general relativity,@10#, hasm252V2 and
obviously contradicts Eq.~3.5!. There has been extensiv
discussion of the generality and significance of the prese
of CTC’s in the Go¨del metric in general relativity@14#, @15#.

The only nonvanishing components of the Riemann t
sor in an orthonormal frame permitted by the spacetime
mogeneity of the Go¨del universe are constant,@17#, with

R01015R02025
1

4 S C8

D D 2

5V2,

R12125
3

4 S C8

D D 2

2
D9

D
53V22m2,

~3.6!

and the prime means the derivative with respect tor . It is
interesting to note that with Eq.~3.6! the Gauss-Bonnet term
RGB

2 [RmnsrRmnsr24RmnRmn1R2 vanishes. This term ap
pears in redefinedO(a8) actions~2.1! ~see, e.g.,@19#!. Be-
cause of the metric symmetry we assume that the dila
depends only on the coordinate along the axis of rotationz,
so

f5f~z!5 f z1f0 , ~3.7!

wheref andf0 are constants. For the axion, a short analy
similar to that given in@9# shows that the only possibleAn-
satzwhich is consistent with the form~3.7! for the dilaton is

H01252H0125E, ~3.8!

with E constant. This can also be expressed in terms of
pseudoscalar axion field,h, @20,9#, by

h~z!5
E

f
exp~2 f z2f0!1h0 . ~3.9!
2-2
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TheAnsätzeof Eqs.~3.7! and~3.8! guarantee that the axion’
equation of motion is satisfied to zeroth order ina8. Since
the axion field’s three-form strength is defined by an exter
derivative of the antisymmetric tensor potential,Bmn , one
can easily show that the only nonvanishing component of
potential is time dependent

B12~ t !5Et1t0 . ~3.10!

This is expected from the discussion of@9,20# since this re-
striction occurs in every case where the spacetime posse
a distinguished direction. It should then possessO(n21,n
21) symmetry~despite the fact the metric is not time d
pendent!, which is an example ofT duality.

Note the generality of action~2.1!: it is given for any
spacetime dimensionn, and it contains the full spectrum o
graviton, axion, and dilaton. It also possesses a gen
O(n21,n21) symmetry@19#. Since this manifests itself in
complicated forms in individual solutions, we first discu
two special cases before giving the general Go¨del solution
for this string theory.

A. Zeroth order in a8

The field equations~2.2! and~2.3! ~which are in the string
frame! to zeroth order ina8, together with Eqs.~3.6!–~3.8!
with n54, possess a Go¨del solution with metric~3.1!–~3.4!
if the following relations hold between the constantsV, m,
E, f , andL:

V25
m2

4
5

E2

4
5

22L2 f 2

4
. ~3.11!

When L50 the relation~3.11! has no meaning form2.0,
but it can be applied form2[2m2,0, in which case there
exists an infinite sequence of both causal and acausal reg
~see@16#!. We do not consider such solutions here.

From the relations~3.11! one can easily deduce that th
axion field must not vanish if a solution is to exist and act
a source of rotation. This is consistent with the known rep
sive behavior of the axion acting as a torsion field, wh
leads to bouncing solutions within the string theory~e.g.,
Ref. @21#!. However, from Eq.~3.11!, there is another con
straint,

L,2
f 2

2
, ~3.12!

which shows that the cosmological term has to be negat
Formally, the dilaton can vanish without disrupting th
causal structure of the solution~3.1!, but in that case the
axion plays the role of a scalar field minimally coupled
gravity—the case already studied in Ref.@16#.

These results are quite different from the situation in g
eral relativity with both a scalar field and electromagne
field present@16#. It is known @20# that the action~2.1! can
be transformed to the Einstein frame where the field eq
tions resemble Einstein gravity with source terms given
10350
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axion and dilaton fields@20#. Using theAnsätze ~3.7!–~3.9!
we checked the validity of the formulas~6.8!, ~6.9! of Ref.
@16#, to obtain

V25
m2

4
5

f 2

4
522L. ~3.13!

We see also that~in analogy to the electromagnetic field th
is present there!, we cannot admit the axion and obtain
causal model~3.1! in the Einstein frame because there is
way to fulfill the dilaton equation of motion. This might b
an artifact of choosing Go¨del geometry as a model of th
universe and may disappear once one considers diffe
background geometries~see, e.g., Ref.@22#!. Note thatL has
to be negative in both frames. Forl050 in Eq. ~2.1!, these
conclusions also hold for superstrings.

B. First order in a8, non-zero dilaton and zero axion

Now we add thea8 terms to the Eqs.~2.2!, ~2.3!, but
neglect the axion. The resulting equations are reduced
three polynomial constraints:

2V222a8V450, ~3.14!

2V22m21a8~10V426V2m21m4!50, ~3.15!

2V222m222L2 f 21a8~11V426V2m21m4!50.
~3.16!

We have three equations and five constants and so two~say,
L and f ! can be chosen arbitrarily.

From Eq.~3.14! we immediately have the simple relatio

a85
1

V2 , ~3.17!

which gives the velocity of rotation of the Go¨del universe in
terms of the inverse string tension. This relation gives
simple connection between micro- and macrophysics in
spacetime, with a balance between string tension and r
tion. Using Eq.~3.17!, subtracting Eqs.~3.15! and~3.16!, we
find

m212L1 f 25V2. ~3.18!

From Eqs.~3.15! and~3.17! we calculate the possible value
of V in terms ofm to be

V1
2 5

1

3
m2, ~3.19!

or

V1
2 5

1

4
m2. ~3.20!

The case~3.19! allows CTC’s@G(r ),0 in Eq.~3.5!#, just as
in general relativity. For the case~3.20!, after using Eq.
~3.16!, we obtain the relations
2-3
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V25
1

a8
5

m2

4
5

22L2 f 2

3
, ~3.21!

and the condition~3.12! must still hold. This can also be
related to the number of dimensionsn54, using Eq.~2.6! to
removeL from the relation~3.21!, so

V25
1

a8
5

m2

4
5

3

35
f 2, ~3.22!

and the cosmological constant~2.6! must be negative, in
agreement with@17#.

C. First order in a8, non-zero axion and dilaton

In the case of the bosonic string (l0521/4), using Eqs.
~2.5!, ~2.6!, the field equations~2.2!, ~2.3! for the Gödel met-
ric reduce to the three polynomials,

2V22
1

2
E21

1

2
a8F24V414V2E21

5

4
E4G50,

~3.23!

2V22m21
1

2
E21

1

2
a8F20V4212V2m2

12m422E2~m222V2!2
5

4
E4G50, ~3.24!

2V222m222L2 f 21
1

2
E2

1
1

4
a8F44V4224V2m214m4

22E2~m22V2!2
5

4
E4G50. ~3.25!

The axion equation of motion~2.4! is also fulfilled in this
general case. We now have three equations and six cons
leaving three~say,L, f andE) arbitrary.

From Eqs.~3.23! and ~3.24! we obtain

V25
m2

4
. ~3.26!

This confirms that it is possible to obtain a Go¨del solution
with no CTC’s which fulfills Eq.~3.5! in the general case
The value ofa8 can now be expressed in terms of the v
locity of rotation of the universe,V, and the strength o
axion field,E, from Eq. ~3.23!, which gives,

a85
4V22E2

~4V21E2!@V2E2~5/4!E2#
. ~3.27!

The relation between other constants can be obtained f
Eq. ~3.25!. Similar calculations can also be performed f
heterotic strings@with l052 1

8 in Eq. ~2.1!# which demon-
strate the existence of Go¨del solutions without CTC’s within
that theory also. The superstring case (l050) does not gen-
10350
nts,

-

m

erate a solution of this type to this order ina8 because the
quadratic correction term vanishes in the action~2.1! and the
dominating term in the action is quartic in the Riemann c
vature tensor@23#.

IV. DISCUSSION

We have found a class of Go¨del universes without closed
timelike curves within the framework of low-energy
effective string theories. First, to zeroth order in the inve
string tensiona8, we investigated the situation in both th
Einstein frame~as studied already in general relativity
@16#! and in the string frame. We found that the axion cann
be introduced in the Einstein frame but plays a crucial role
the string frame, where it cannot be neglected. Then we
tended the analysis to include the fullO(a8) action with
both dilaton and axion taken into account. By includin
terms of the first order ina8 in the field equations, we found
that Gödel universes without closed timelike curves are a
possible in the general case. Our solutions display a sim
relation between the inverse string tension parametera8 and
the velocity of rotation of the universe@Eq. ~3.17!# which
provides a direct link between micro and macrophysics. T
is the first class of exact solutions that has been found fo
string theory where terms of first order ina8 are admitted in
the field equations~a method for generating exact solution
in Bianchi type I universes was given by Mueller in Re
@4#!. All the Gödel universes we have found require negat
cosmological constant which, in general, can be related
the number of spacetime dimensions if multidimensio
cases are also investigated. Our results, obtained for bos
strings, are also valid for heterotic and superstrings, a
evident from the form of the action, although the numeric
values of the constants will change with the value of t
parameterl0 . The simplicity of the final forms of the solu
tions we have found for Go¨del universes suggests that th
symmetries of string theory have the power to exclude
wanted peculiarities in the causal structure of spacetime
are permitted by general relativity. They also suggest a p
towards finding further exact solutions at higher order in
string tension parameter. Although the Go¨del universe does
not describe our universe, it does isolate a general fea
that rotation can introduce into relativistic spacetimes. In t
sense it is physically relevant. Historically, the Go¨del uni-
verse revealed the possibility of time travel in general re
tivity. Our analysis does not prove that there cannot be ti
travel in string theory. However, its absence from Go¨del
metrics at the order we have examined should act as a st
lus to further investigations at higher order.
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