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CP-odd tadpole renormalization of Higgs scalar-pseudoscalar mixing

Apostolos Pilaftsis*
Max-Planck-Institut fu¨r Physik, Föhringer Ring 6, 80805 Munich, Germany

~Received 2 March 1998; published 6 October 1998!

We consider an Abelian model with aCP-conserving Higgs potential spanned by two complex Higgs fields.
The CP invariance of the Higgs potential is then broken explicitly beyond the Born approximation by intro-
ducing soft-CP-violating Yukawa interactions. Based on the non-renormalization theorem, we derive the
consistency conditions under which aCP-odd counterterm exists and, at the same time, renders the one-loop-
induced mixing of aCP-even Higgs boson with aCP-odd Higgs scalar ultra-violet finite. The novelCP-odd
tadpole renormalization is uniquely determined from the minimization constraints on the Higgs potential. The
main phenomenological consequences of the so-generatedCP-violating scalar-pseudoscalar mixing are briefly
discussed.@S0556-2821~98!03821-1#

PACS number~s!: 11.30.Er, 13.10.1q, 14.80.Bn, 14.80.Cp
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I. INTRODUCTION

Despite physicists’ continuous effort since the discov

of CP violation in the K0K̄0 system in 1964@1#, a deep
understanding of the origin ofCP asymmetry in nature re
mains still elusive thus far. This fact has rendered the wh
issue ofCP nonconservation from the theoretical point
view even more challenging. In the existing literature, tw
generically different scenarios have been proposed at the
grangian level to explain the observedCP asymmetry. In the
first scenario, complex parameters, such as complex Yuk
couplings, are introduced in the Lagrangian which break
plicitly CP invariance. Such a scenario of explicitCP vio-
lation is realized by the well-known standard model~SM!
and many of its minimal extensions. Another appeal
scheme arises when the ground state of the Higgs potent
not invariant underCP. To make such a scheme work, on
needs to extend the Higgs sector of the SM by adding m
than one Higgs field. In addition, one requires that the co
plete tree-level Lagrangian beCP symmetric. After the
spontaneous symmetry breaking~SSB! of the Higgs poten-
tial, the resulting vacuum state is no longer aCP eigenstate,
thereby leading to aCP-noninvariant theory. Such a mech
nism is called spontaneousCP violation. Technically, this is
manifested by the fact that one of the vacuum expecta
values~VEV’s! of the Higgs fields becomes complex@2#. In
this context, it is also worth mentioning the variant, in whi
the spontaneous breakdown of theCP symmetry occurs be
yond the Born approximation of the Higgs potential throu
quantum mechanical effects. This mechanism is known
radiativeCP violation @3#.

Here, we shall study another very interesting possibi
of explicit CP violation which may naturally take place i
models with an extended Higgs sector, such as the t
Higgs-doublet model~2HDM! and/or the minimal supersym
metric SM ~MSSM!. For our illustrations, we consider a
Abelian model with aCP-conserving Higgs potential forme
by two complex Higgs fields. It is worth emphasizing th
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such a scenario coincides with theneutral sector of the re-
spective two-Higgs-doublet model. The Abelian two-Higg
doublet model predicts four neutral~real! scalars: two physi-
cal CP-even Higgs bosons, denoted asH and h, one
physical CP-odd Higgs boson,A, and theCP-odd Gold-
stone bosonG0 which becomes the longitudinal compone
of the massive gauge bosonZ. In this model, all the
CP-violating mixingsHA, hA, HG0 andhG0 are absent at
the tree level and to all orders in perturbation theory, ifCP is
an exact symmetry of the Lagrangian. However, comp
Yukawa couplings of the Higgs fields to fermions or charg
scalars may explicitly breakCP invariance. Depending on
the detailed form of Yukawa interactions, one finds in ge
eral that Higgs scalar-pseudoscalar transitions induced
one-loop Feynman graphs arenot ultra-violet ~UV! finite. In
a sense this may appear paradoxical, since one would ex
that theHA-type transitions should be UV safe by them
selves, as the tree-levelCP-invariant form of the Higgs po-
tential cannot produce the necessaryCP-odd counterterms
~CT’s! to cancel the UV divergences. The latter may ev
thwart the whole renormalization program of the model.
this paper, we offer a field-theoretic solution to the afo
mentioned problem, for which we believe that a discussion
a satisfactory level is still missing in the existing literatur
By examining carefully the minimization constraints on t
Higgs potential, we observe that newCP-odd tadpole CT’s
do exist which may absorb the above loop-induced UV
vergences. Nevertheless, this is not always the case.
non-renormalization theorem dictates the admissible dim
sional forms ofCP-violating operators which can be intro
duced in the Lagrangian to breakCP without spoiling the
renormalizability of the model itself. Based on that theore
we derive the consistency conditions, such that so
CP-violating Yukawa couplings together with a Higgs p
tential invariant underCP at the tree level can co-exist.

Apart from the theoretical interest in providing a se
consistent solution to the problem mentioned above, Hi
scalar-pseudoscalar transitions may directly be probed
present and planned high-energy machines@4,6#. In the SM,
HZ mixing is expected to occur at the three-loop level@6#, as
shown in Fig. 1, and hence must be considered to be
©1998 The American Physical Society10-1
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APOSTOLOS PILAFTSIS PHYSICAL REVIEW D58 096010
phenomenologically viable. In contrast,HA mixing may be
large within our scheme ofCP violation, as it can be gener
ated at the one-loop electroweak order. Futuree1e2, pp and
m1m2 colliders have the physics capabilities to search
CP-violating signals due to a non-vanishingHA mixing @6#.
On the other hand, the chirality enhanced two-loop Barr-Z
mechanism may give rise to a large contribution to the e
tric dipole moments~EDM’s! of neutrons, electrons an
muons through a sizableHA mixing. As a consequence, ex
perimental limits on the above EDM’s place severe bou
on the size of possibleCP-violating HA-type operators.

The paper is organized as follows: In Sec. II we descr
the Lagrangian of an Abelian model with two complex Hig
fields, in which the Higgs potential respectsCP symmetry,
and establish the connection between this scenario and
respective model of phenomenological interest with t
Higgs doublets. In the discussion, we also include typi
soft-CP-breaking operators which are in agreement with
non-renormalization theorem. In Sec. III we examine
minimization conditions of the Higgs potential and identi
the crucialCP-odd tadpole CT’s. In Sec. IV we calculate th
one-loop induced scalar-pseudoscalar self-energies with
scenario of Yukawa interactions, favored by supersymme
and then show how the UV divergences of the self-ene
graphs drop out when theCP-odd tadpole renormalization
are taken into account. Finally, in Sec. V we conclude wit
short discussion on the phenomenological implications
HA-type mixings for the EDM’s of neutrons, electrons a
muons.

II. ABELIAN TWO-HIGGS-BOSON MODEL

We will consider a U(1)Y model with two complex Higgs
fields F1 andF2 , and require that its complete Lagrangia
beCP invariant. As for the discussion ofCP symmetry, the
results obtained in the Abelian model are also valid for
respective 2HDM. Based on the non-renormalization th
rem, we will then investigate the admissible forms of so
CP-breaking terms which can be added in the Lagrang
without inducing radiatively new local operators that viola
the CP invariance of the Higgs potential and hence t
renormalizability of the model itself.

FIG. 1. Typical three-loop graph giving rise to a non-vanishi
HZ mixing in the SM. The remaining graphs may be obtained
attachingH andZ in all possible ways to the quark andW-boson
lines.
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The Lagrangian of the Abelian two-Higgs-boson mod
may conveniently be expressed as follows:

LH5 (
i 51,2

~DmF i !* ~DmF i !1LV , ~2.1!

where

Dm5]m2 igŶZm ~2.2!

is the covariant derivative, withg and Ŷ being the gauge
coupling and the hypercharge operator of the U(1)Y , respec-
tively. Furthermore,LV is the part of the Lagrangian contain
ing the Higgs potential. The complex fieldsF1 andF2 carry
the hyperchargesY(F1)5Y(F2)521/2.

It is not very difficult to see that the U(1)Y two-Higgs-
doublet model is a subgroup of the 2HDM based
SU(2)L ^ U(1)Y8 , whereY8 is the usual SM hypercharge
i.e., Y8(F1)5Y8(F2)51/2. In particular, we have

SU~2!L ^ U~1!Y8.U~1!Tz^ U~1!Y8.U~1!Y , ~2.3!

where Tz is the third component of the weak isospin wi
Tz(F1)5Tz(F2)521/2. The covariant derivative for the
gauge subgroup U(1)Tz^ U(1)Y8 is

]m2 igLTzWm
z 2 ig8Ŷ8Bm , ~2.4!

wheregL is the gauge coupling of the groups SU(2)L and
U(1)Tz , and g8 is the corresponding one for U(1)Y8 . In
terms of the physical gauge fields

Am5
1

AgL
21g82

~g8Wm
z 1gLBm!,

Zm5
1

AgL
21g82

~gLWm
z 2g8Bm!, ~2.5!

the covariant derivative~2.4! takes on the form

Dm5]m2 igŶZm2 ieQ̂emAm , ~2.6!

with g5AgL
21g82, e5gLg8/g and

Q̂em5Tz1Ŷ8, Ŷ5Tz2
g82

g2 Q̂em. ~2.7!

In Eq. ~2.6!, Am and Q̂em may be identified with the known
electromagnetic field and the charge generator associate
it, while Zm represents the SMZ boson mediating neutra
currents withY quantum charges. The latter gauge field m
be related to theZm gauge field of the U(1)Y model. It is
then obvious that for neutral fields, i.e.,Qem50, the covari-
ant derivative~2.6! coincides with that given in Eq.~2.2!.
Consequently, the Abelian two-Higgs-boson model un
consideration is a realistic scenario of highly phenome
logical interest, as it can be realized by the neutral secto
the respective model with two Higgs doublets.

y
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CP-ODD TADPOLE RENORMALIZATION OF HIGGS . . . PHYSICAL REVIEW D 58 096010
The complex scalarsF1 and F2 are responsible for en
dowing the observedZ boson and fermions with masse
through the Higgs mechanism. By the same token, howe
they also lead to potentially large flavor-changing neu
current couplings at the tree level. Glashow and Weinb
@7# suggested that natural flavor conservation may be
tained if the whole Lagrangian, including the Yukawa sec
LY , is invariant under the discrete symmetry D:F1→F1 ,
F2→2F2 and dR→2dR , where dR collectively denotes
right-handed down-type quarks and leptons. Under the
symmetry, the fieldF1 couples to the up-type familyu,
whereasF2 couples to the down-type oned only.

Imposing the discrete symmetry D on the general form
a U(1)Y-invariant Higgs potential yields

LV5m1
2~F1* F1!1m2

2~F2* F2!1l1~F1* F1!2

1l2~F2* F2!21l34~F1* F1F2* F2!

1l5~F1* F2!21l5* ~F2* F1!2. ~2.8!

Note that the term proportional tol34 also comprises the
D-symmetric combination (F1* F2)(F2* F1). In addition, we
readily see thatLV remains invariant under the generaliz
CP transformations compatible with D symmetry,

F1→eif1F1* , F2→eif2F2* , ~2.9!

provided the phasesf1 andf2 are chosen in a way such th
f12f25argl5. As a consequence, the potentialLV is CP
invariant.

We should now notice that the D symmetry of the Hig
potential cannot be promoted to a continuous one of
Peccei-Quinn type@8#, unlessl550. To be specific, for van-
ishing l5 , one may choose theQ quantum numbers for the
fields

Q~F1!52, Q~F2!521, Q~uL!5Q~dL!52,

Q~uR!50, q~dR!51, ~2.10!

and then show that in addition to the gauge symme
U(1)Y , the total LagrangianL5LH1LY is invariant under
U(1)Q , with

2LY5F1ūLhuuR1F2* d̄LhddR1H.c. ~2.11!

D symmetry is obtained for the choice of the global~phase!
parameterf5p. In Eq. ~2.11!, hu and hd are in general
~dimensionless! complex Yukawa matrices for the up-typ
and down-type families, respectively. However, using
freedom of a re-definition of the fermionic fields, one c
make both matriceshu andhd diagonal with positive entries
without spoiling U(1)Q and D symmetries. In fact, afte
SSB, the Yukawa couplingshu andhd get directly related to
the observed fermion masses. Obviously, the LagrangiaL
is exactlyCP invariant, and so the absence ofCP-violating
mixing terms of the kindR(F1)I(F1) is guaranteed to al
orders in perturbation theory. Also, the above local opera
being proportional toI(F1)2 is forbidden because of U(1)Y
invariance. We reach the same conclusion ifl5Þ0. Notwith-
09601
r,
l
g
b-
r

D

f

e

y

e

r

standing the fact that U(1)Q is broken hard by (F1* F2)2, it
is however the only four-dimensional operator that can
generated at high orders which is simultaneously invari
under D and U(1)Y . As it should, the effective potential i
CP invariant. In general, this result will hold true even aft
SSB.1

We now examine the consequences for the effec
Higgs potential if CP-violating Yukawa interactions are
added to the Lagrangian which are invariant under D
U(1)Q symmetries. Again, U(1)Y invariance forbids the
presence of theCP-violating operatorR(F1)I(F1). How-
ever, after the SSB of the gauge and global symmetr
CP-violating HA-type transitions may become possible. O
the other hand, the non-renormalization theorem@9# dictates
the form of CT’s for a spontaneously broken theory. Acco
ing to the theorem, the CT’s are entirely determined fro
those given in the symmetric phase of the theory. As a c
sequence, the loop-inducedHA mixings must be UV finite.
A scenario of this type has been discussed in the recen
erature@6#. Specifically, in addition to the Higgs scalars, th
model contains two iso-singlet neutrinos, denoted asN1 and
N2 , and one sequential left-handed neutrinonL . Thus, the
Yukawa sector of the model allows for the simultaneo
presence of Dirac and Majorana mass terms, i.e.,

2L Y
M5F1n̄L~h1N11h2N2!1M1N1

TCN1

1M2N2
TCN21H.c., ~2.12!

whereC is the operator of charge conjugation. Lagrangi
L Y

M has been written in the weak basis, in whichM1 andM2

are real, whileh1 andh2 are complex numbers. The mod
predicts three heavy Majorana neutrinos, which may h
masses as low as hundreds of GeV; they may be discov
in the next generation of colliders. For the general case
non-degenerate heavy Majorana neutrinos, the non-vanis
of the rephasing-invariant quantityI(h1h2* )2 signifies CP
violation @5#. Notice thatL Y

M is invariant under the symme
tries D and U(1)Q . Figure 2 shows the flavor diagrams r
sponsible for generating theCP-violating operator
R(F1)I(F1) after SSB. As can also be seen by doing
naive power counting in Fig. 2, the resultingHA-type self-
energies are UV finite. For more details the reader is refer
to @6#. Finally, we should remark that theHZ mixing in the
minimal SM is very analogous to the aforementioned case
explicit CP violation ~see Fig. 1!.

In the following, we will focus our attention on scenario
of explicit CP violation, in which the symmetries D and/o
U(1)Q are softly broken. Our main interest is to find th
consistency conditions of renormalization which ensure
co-existence of atree-level CP-invariant Higgs potential to-
gether with soft-CP-breaking Yukawa interactions. The firs
soft-breaking term one may think of adding to the poten

1Exceptions to this case are scenarios of spontaneous or radi
CP violation. Here, we shall not consider such alternatives. M
details may be found in@3#.
0-3
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FIG. 2. One-loop flavor graphs responsible for a non-vanishingHA mixing in the Majorana-neutrino model.
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LV in Eq. ~2.8! is m2F1* F2 , wherem is in general a complex
parameter. However, the inclusion of such a tw
dimensional operator would lead to aCP-violating Higgs
potential already at the tree-level, unless

I~m4l5* !50. ~2.13!

Besides the option of fine-tuning, the most natural way
satisfyCP-invariance condition~2.13! is to assume that the
Higgs potential has originally a global U(1)Q symmetry
which is softly broken afterwards by the abovem2-dependent
mass term. In this case, the quartic couplingl5 is absent
from the potential. There is also another reason advoca
for the naturality of the latter scenario. If we had brok
U(1)Q by trilinear Yukawa operators of dimension 3, w
would have been compelled, as a consequence of the
renormalization theorem, to include all possible operators
lower dimensions, i.e., the two-dimensional mass termm2.
Again, for l5Þ0, this would have led to aCP-violating
Higgs potential at the tree level. For the Abelian two-Higg
boson model, we can therefore conclude that in order to h
a consistent CP-invariant Higgs potential at the tree level,
is sufficient to require for all operators of dimensio
09601
-
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g
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f
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4 to be U(1)Q symmetric in the complete Lagrangian an
allow only for soft-breaking of U(1)Q by mass and trilinear
Yukawa terms.

Motivated by the MSSM, we now present a specific sc
nario, in which both symmetries U(1)Q and CP are softly
broken on the same footing. The model includes
~hyper-!charged scalarsxL

6 andxR
6 , such as left-handed an

right-handed scalar quarks, which have trilinear Yuka
couplings to the Higgs fields. To be precise, the interacti
of the charged scalars are governed by the Lagrangian

2L Y
x5mL

2xL
1xL

21mR
2xR

1xR
21~ f F11hF2!xL

1xR
21H.c.,

~2.14!

where f and h are in general complex mass paramete
while mL andmR are real. We assign to the newly introduce
charged scalars the following hypercharge andQ quantum
numbers: Y(xL

1)51, Y(xR
1)51/2, and Q(xL

2)52 and
Q(xR

6)50. It is then clear that bothCP and U(1)Q symme-
tries are softly broken by the operatorF2xL

1xR
2 of dimen-

sion 3. In fact, the model admitsCP violation, unless the
rephasing-invariant constraintI(m2f h* )50 holds true.

As we will see in Sec. IV, the above scalar model leads
Higgs scalar-pseudoscalar self-energies which arenot UV
0-4
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finite. In the next section, we shall show how aCP-invariant
Higgs potential can still produce the necessaryCP-odd
CT’s, which can cancel the loop-induced UV divergence

III. CP-ODD TADPOLE RENORMALIZATION

In this section, we shall examine the minimization con
tions imposed on a Higgs potential which is invariant und
CP at the tree level. We shall then show thatCP-odd tad-
pole CT’s do exist which are relevant for the renormalizat
of Higgs scalar-pseudoscalar mixings. Following the disc
sion given in Sec. II, we consider the Higgs potential

L V
m5m1

2~F1* F1!1m2
2~F2* F2!1m2~F1* F2!

1m* 2~F2* F1!1l1~F1* F1!2

1l2~F2* F2!21l34~F1* F1F2* F2!1¯ . ~3.1!

Unlike the mass termm2, the Higgs potentialL V
m is symmet-

ric under U(1)Q ; m2 breaks only softly U(1)Q . The ellipsis
in Eq. ~3.1! denotes possible new quartic interactions of
type F1* F1xL

1xL
2 , (xL

1xL
2)2, etc., which are allowed by

U(1)Q and U(1)Y . Since the charged scalarsxL
6 andxR

6 do
not develop VEV’s, the presence of these additional qua
operators will not affect the minimization constraints on t
Higgs potential. For phenomenological simplicity, we m
assume that these extra quartic couplings are rather
pressed. Finally, it is very interesting to notice that the Hig
potential in Eq.~3.1! is analogous to that predicted in th
MSSM @10#. So the discussion presented in this section
easily carry over to the latter case as well.

Without any loss of generality, it proves more convenie
to perform the minimization of the Higgs potential in th
weak basis, in which both VEV’s of the Higgs fields a
positive. As usual, we use the linear parametrizations

F15
1

&
~v11H11 iA1!, F25

1

&
~v21H21 iA2!,

~3.2!

wherev1 andv2 are the VEV’s of the unbroken Higgs fields
H1 and H2 are CP-even Higgs bosons, andA1 and A2 are
CP-odd scalars. The minimization constraints may then
determined by demanding the vanishing of the following ta
pole parameters:

TH1
[

]L V
m

]H1
U

^Hi &5^Ai &50

5v1S m1
21Rm2

v2

v1
1l1v1

21
1

2
l34v2

2D , ~3.3!

TH2
[

]L V
m

]H2
U

^Hi &5^Ai &50

5v2S m2
21Rm2

v1

v2
1l2v2

21
1

2
l34v1

2D , ~3.4!
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TA1
[

]L V
m

]A1
U

^Hi &5^Ai &50

5v2Im2, ~3.5!

TA2
[

]L V
m

]A2
U

^Hi &5^Ai &50

52v1Im2. ~3.6!

Clearly, in the Born approximation one has thatIm250 and
CP is a good symmetry of the Higgs potential. However,
high ordersIm2 no longer vanishes due toCP-violating
Yukawa interactions. In fact, theCP-odd tadpolesTA1

and

TA2
depend explicitly onIm2 and are therefore very crucia

to render theHiAj self-energies UV finite.
It is now important to identify the true Goldstone boso

G0, of the theory, which is associated with the SSB
U(1)Y . According to the Goldstone theorem,G0 should re-
main massless and have a pure pseudoscalar coupling to
flavor fermions to all orders in perturbation theory. If th
Abelian U(1)Y symmetry is gauged,G0 becomes the longi-
tudinal degree of freedom of the gauge bosonZ. Apart from
obtaining the massless eigenstate from the Higgs boson m
matrix, the easiest way to findG0 is to look for the flat
direction of the Higgs potential. This amounts to finding t
field configurationG0 for which

]L V
m

]G0 U
^Hi &5^Ai &50

[TG050. ~3.7!

SinceG0 is CP-odd, it must be a linear combination of th
CP-odd fieldsA1 andA2 . Thus, we are seeking a solution
the equation

TG05
]A1

]G0 TA1
1

]A2

]G0 TA2

5cbTA1
1sbTA2

50, ~3.8!

where the usual shorthand notationsx5sinx andcx5cosx is
employed. Equation~3.8! implies that

tan b52
TA1

TA2

5
v2

v1
. ~3.9!

As a result, the two physicalCP-odd statesG0 and A are
related toA1 andA2 through the orthogonal transformation

S A1

A2
D5S cb 2sb

sb cb
D S G0

A D . ~3.10!

The very same result would have been obtained if we
diagonalized the mass matrix for the pseudoscalar bos
Likewise, the Higgs scalarsH1 and H2 are related to the
physical CP-even Higgs particles, denoted ash and H,
through an analogous orthogonal rotation of angleu, i.e.,

S H1

H2
D5S cu 2su

su cu
D S h

H D . ~3.11!
0-5
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Details on the diagonalization of the Higgs boson mass
trices and a discussion of stability conditions for the Hig
potential are given in the Appendix.

Because of the above orthogonal transformation of
CP-odd fields, it is obvious that the number of independ
tadpole parameters in Eqs.~3.3!–~3.6! has been reduced to 3
However, there still exists one non-trivialCP-odd tadpole
CT, given by

TA5
]A1

]A
TA1

1
]A2

]A
TA2

52sbTA1
1cbTA2

52vIm2, ~3.12!

with v5Av1
21v2

2. In particular, we find that all Higgs
scalar-pseudoscalar mixings in the Higgs potential are p
portional to the tadpole renormalization constantTA of the
pseudoscalarA. More explicitly, we obtain theHA-type
CT’s

L V
HA5

TA

v
@~cuh2suH !~sbG01cbA!

2~suh1cuH !~cbG02sbA!#. ~3.13!

From the above discussion, it became clear thatCP-violating
quantum effects will shift the Higgs ground states to
CP-odd direction which should be re-adjusted by requiri
that theCTTA should cancel the loop-induced tadpole gra
of theA boson. In this way, a novelCP-odd renormalization
is obtained which must be included in the calculation
HA-type self-energies. In the next section, we will illumina
this point further.

IV. LOOP-INDUCED SCALAR-PSEUDOSCALAR MIXING

To elucidate the necessity of aCP-odd tadpole renormal
ization, we shall calculateHA-type self-energies within an
extension of the two-Higgs-doublet model, in which t
charged scalarsxL

6 andxR
6 are introduced. As has been di

cussed in Sec. II, such a scenario can consistently accom
date aCP-invariant Higgs potential at the tree level togeth
09601
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s

e
t

o-

f

o-
r

with a CP-violating Yukawa sector described by the L
grangianL Y

x in Eq. ~2.14!.
From Eq.~2.14!, we may now determine the mass eige

statesx1
6 andx2

6 for the charged scalars, i.e.,

2Lmass
x 5~xL

1 ,xR
1!S mL

2 a2

a* 2 mR
2 D S xL

2

xR
2D

5~x1
1 ,x2

1!S M1
2 0

0 M2
2D S x1

2

x2
2D , ~4.1!

with a25( f v11hv2)/& and

S xL
2

xR
2D 5S cf sfeid

2sfe2 id cf
D S x1

2

x2
2D . ~4.2!

The requirement of having positive masses for charged
lars leads to the inequalitymLmR2uau2.0. In Eq.~4.2!, the
phased is trivial, since it can always be eliminated by th
judicious phase re-definition of the fieldxR

2 , e.g., xR
2

→e2 idxR
2 . In this weak basis,a2 is a real parameter. The

other mass parameters in Eq.~4.1! are related to the physica
masses of the charged scalars,M1 andM2 , and the mixing
anglef as follows:

mL
25M1

2cf
2 1M2

2sf
2 ,

mR
25M1

2sf
2 1M2

2cf
2 ,

a25~M2
22M1

2!sfcf . ~4.3!

As has been mentioned in Sec. II, the model violatesCP
through trilinear Yukawa interactions inL Y

x for I(m2f h* )
Þ0. In particular, one finds that theCP-even Higgs bosons
H1 and H2 ~or equivalentlyh and H) couple to the same
bilinear operators of charged scalars as theCP-odd bosons
G0 and A do. These couplings are precisely those wh
induceHA-type transitions at the one-loop level. To be sp
cific, the interaction Lagrangian of interest, obtained fro
L Y

x , reads
L int
x 52

i

v
a2G0x1

1x2
21

2sfcf

vsbcb
Ib2A~x1

1x1
22x2

1x2
2!2

i

vsbcb
~a2cb

22b2cf
2 2b* 2sf

2 !Ax1
1x2

2

1
2sfcf

vcb
Rb2H1~x1

1x1
22x2

1x2
2!1

2sfcf

vsb
~a22Rb2!H2~x1

1x1
22x2

1x2
2!2

1

vcb
~b2cf

2 2b* 2sf
2 !H1x1

1x2
2

2
1

vsb
@a2~cf

2 2sf
2 !2b2cf

2 1b* 2sf
2 #H2x1

1x2
21H.c., ~4.4!
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FIG. 3. Diagrams pertinent to theG0h mixing: ~a! one-loop self-energy graph,~b! CP-odd tadpole renormalization,~c! tadpole graph of
the A boson.
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where the mass parameterb25 f v1 /& may take complex
values. To avoid double counting in Eq.~4.4!, the Hermitian
conjugate~H.c.! term is understood to be included only fo
couplings which are not self-conjugate by themselves. Mo
over, the weak eigenstatesH1 andH2 may be expressed in
terms of the physical statesh andH by virtue of Eq.~3.11!.
Nevertheless, we can simplify our calculations by assum
that the unknown Higgs-scalar mixingu is very small. In the
limit of u→0, we then haveh[H1 andH[H2 .

Since our interest is to study the UV behavior of scal
pseudoscalar transitions, we calculate the loop-indu
HA-type self-energies at vanishing external momentum,
q→0. This may also be justified by the effective potent
formalism @11#, in which the charged scalars are integrat
out as being heavy degrees of freedom. As an example, le
consider the one-particle-irreducible~1PI! self-energy graph
shown in Fig. 3~a!, which gives rise to theG0h mixing at the
one-loop level. It is then straightforward to obtain

P~a!
G0h~q250!522

sfcf

cb

Ib2

v2 ~M1
22M2

2!I ~M1 ,M2!,

~4.5!

where the loop function

I ~M1 ,M2!5m42nE dnk

~2p!ni

1

~k22M1
2!~k22M2

2!

5
1

16p2 F1

«
2gE111 ln 4p2 lnS M1M2

m2 D
1

M1
21M2

2

2~M1
22M2

2!
lnS M2

2

M1
2D G , ~4.6!

is defined inn5422« dimensions. The parameterm in Eq.
~4.6! denotes the ’t Hooft mass. As a consequence of
Goldstone theorem mentioned above, theG0h self-energy
must vanish for zero momentum transfer. Otherwise,
would find that the true Goldstone bosonG0 receives a non-
zero radiative mass in contradiction with the Goldstone th

rem, since PG0G0
(0)5@P (a)

G0h(0)#2/Mh
2Þ0 through G0h
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mixing at two loops. In fact, for non-degenerate charged s

lars, the self-energyP (a)
G0h does not vanish; it is even plague

by an UV infinity.
Evidently, one is faced with the fact that someCP-odd

CT must be included in the calculation, as shown in F
3~b!, so as to render theG0h self-energy UV finite. Fortu-
nately, LagrangianL Y

HA in Eq. ~3.13! provides the necessar
renormalization constant for that purpose. Indeed, for z
Higgs-scalar mixing (u50), we have

P~b!
G0h~0!5

sbTA

v
. ~4.7!

TheCP-odd tadpole parameterTA may be determined by the
usual renormalization condition

GA~0!1TA50; ~4.8!

i.e., quantum corrections must not shift the true ground s
of the effective potential. In Eq.~4.8!, GA(0) is the 1PI tad-
pole graph of theCP-odd Higgs scalarA, which is also
depicted in Fig. 3~c!. In this way, we find

TA52
sfcf

sbcb

Ib2

v
~M1

22M2
2!I ~M1 ,M2!. ~4.9!

It is now easy to verify that

P~a!
G0h~0!1P~b!

G0h~0!50, ~4.10!

as it should on account of the Goldstone theorem.
By analogy, we can calculate thehA self-energy. The

diagrams contributing to such aCP-violating Higgs-scalar
transition are displayed in Fig. 4. The crucial difference w
the G0h mixing in Fig. 3 is that in addition to the off-
diagonal couplingshx1

6x2
7 and Ax1

6x2
7 , the transitionhA

can also proceed via the diagonal couplingshx1(2)
1 x1(2)

2 and
Ax1(2)

1 x1(2)
2 . The individual contributions shown in Figs

4~a!–4~c! are given by
0-7
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FIG. 4. Diagrams pertinent to thehA mixing.
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P~a!
hA~0!522Fsfcf

sb

Ib2

v2 ~M1
22M2

2!

14
sf

2 cf
2

sbcb
2

Ib2Rb2

v2 G I ~M1 ,M2!, ~4.11!

P~b!
hA~0!54

sf
2 cf

2

sbcb
2

Ib2Rb2

v2

3@ I ~M1 ,M1!1I ~M2 ,M2!#, ~4.12!

P~c!
hA~0!5

cbTA

v
52

sfcf

sb

Ib2

v2 ~M1
2

2M2
2!I ~M1 ,M2!. ~4.13!

Adding the self-energy expressions in Eqs.~4.11!–~4.13!, we
find

PhA~0!54
sf

2 cf
2

sbcb
2

Ib2Rb2

v2

3@ I ~M1 ,M1! 1 I ~M2 ,M2!22I ~M1 ,M2!#

5
sf

2 cf
2

sbcb
2

Ib2Rb2

2p2v2 F M1
21M2

2

2~M1
22M2

2!
lnS M1

2

M2
2D 21G .

~4.14!

It is obvious that thehA self-energy becomes UV finite onl
after theCP-odd tadpole graph in Fig. 4~c! has been in-
cluded. Similarly, one may calculate theCP-violating HA
transition and arrive at an analogous UV-safe analytic
pression. Finally, we should emphasize thatPhA(0) exhibits
a strong non-decoupling behavior for large mass differen
of the charged scalarsx1

6 and x2
6 , i.e., PhA(0)

}If 2ln(M2 /M1) for M2 /M1@1 @12#. The phenomenologica
consequences of the Abelian two-Higgs-boson model will
discussed in the next section.

V. DISCUSSION

The existence of a sizable Higgs scalar-pseudoscalar
ing may have profound implications for experiments ofCP
violation both at collider and lower energies. In particular
09601
-

es

e

ix-

large CP-violating hA mixing may give rise to substantia
contributions to the EDM’s of neutron, electron and muo
The experimental upper bounds on the EDM’s of these li
fermions are very tight2 @13#: dn51.1310225 e cm,
de5(20.360.8)310226 e cm and dm5(3.763.4)
310219 e cm. On the theoretical side, Barr and Zee su
gested a mechanism@15# which is found to play a key role in
enhancing the EDM prediction in models withCP violation
in the Higgs sector. Even though the Barr-Zee mechan
occurs at two loops, it is still very sensitive to the mixing
scalar and pseudoscalar Higgs particles. Shortly afterwa
Gunion and Wyler extended this idea by contemplating
analogous quark chromo-EDM operator@16#, which may
dominate in the neutron EDM over otherCP-violating op-
erators such as theCP-odd three-gluon moment introduce
by Weinberg@17#.

Taking the aforementioned contributions into accou
Hayashiet al. @18# have constrained the parameter space o
two-Higgs-doublet model with maximalCP violation @17#.
They found that the mass splittingDM between a scalar an
a pseudoscalar Higgs boson due to a tree-levelhA or HA
mixing should not be too large. Adapting their results to t
Abelian two-Higgs-boson model, we may estimate the up
limits

DM

M
,0.10, 0.13, 0.24, ~5.1!

for M5(Mh1MA)/25200, 400, and 600 GeV, respectivel
In the above estimate, we have assumed that (Mh

2

2MA
2)/M2!1, and Mh ,MA!MH . The proposed

Brookhaven experiment searching for the muon EDM@14#
might lower further the upper bounds in Eq.~5.1!, even up to
one order of magnitude.

Since we are interested in confronting our theoretical p
dictions with the phenomenological limits on ahA mixing in
Eq. ~5.1!, it is more convenient to do so by reducing the lar
number of independent parameters present in the Abe

2There has been a recent proposal that next-round experimen
the Brookhaven National Laboratory may improve the accuracy
present measurements on the muon EDM by six orders of ma
tude @14#.
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two-Higgs-boson model. As we have made explicit in S
II, the results obtained in this model for the scala
pseudoscalar mixing apply equally well to the respect
2HDM. For definiteness, we choose

tan b5tan f51, Rm2522l1v1
252

1

2
l34v

2. ~5.2!

With the above choice of parameters, we have a degene
hA system, namely MA

25Mh
2522l1v2, whereas the

H-boson mass is in general not fixed, i.e.,MH
2 52(l1

1l2)v2. The mass degeneracy ofh andA is then lifted after
integrating out the charged scalar statesx1

6 and x2
6 . The

self-energyPhA(0) in Eq.~4.14! will then quantify the loop-
induced mass differenceDM betweenh and A. To a good
approximation, we obtain

DM

M
'

PhA~0!

M2 5~0.56,2.05,3.20,4.10,4.83!

310223S Ib2Rb2

v2M2 D , ~5.3!

for ratios of charged scalar massesM2 /M152, 4, 6, 8, and
10, respectively. Furthermore, in order to retain the per
bative nature of the Higgs potential, the mass parameterubu
should be of orderv and the quartic couplings should not b
much larger than unity. These two facts allow us to ded
the qualitative limit uIb2Rb2/(v2M2)u,10. We then find
that the parameterDM /M measuring the radiative mas
splitting betweenh andA may adequately reach the obser
able level of 10% for modest values ofubu and charged-
scalar-mass ratios, e.g., foruIb2Rb2/(v2M2)u55 and
M2 /M154. Clearly, more accurate constraints on the Ab
lian model may be derived if a global analysis of all sensit
low-energy observables, such as the electroweak oblique
rametersS, T and U @19#, is performed. For the case of
2HDM, such an analysis will also depend on further mo
details in the gauge sector. We shall not embark upon
topic here. Instead, it may be worth stressing that scena
with Mh'MA may lead to spectacular phenomena of re
nant CP violation through scalar-pseudoscalar mixing
high-energypp, e1e2 and m1m2 colliders. More details
may be found in@6#.

It appears rather difficult to determine experimentally t
origin of a non-vanishing Higgs scalar-pseudoscalar mix
which generically occurs in models with extended Higgs s
tors. A CP-violating Higgs-scalar mixing could arise eithe
spontaneously, due to the spontaneous breakdown ofCP ei-
ther at the tree level or through quantum mechanical effe
or explicitly due toCP-violating Yukawa interactions. Here
we have concentrated on the latter alternative. Within
framework of an Abelian two-Higgs-boson model whic
constitutes a realistic and phenomenologically relevant s
09601
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group of the 2HDM, we have examined the conditions un
which a tree-levelCP-invariant Higgs potential can consis
tently co-exist with otherCP-violating couplings, without
spoiling renormalizability at high orders. Based on the no
renormalization theorem, we have reached the conclus
that for a tree-level Higgs potential,CP invariance can be
enforced by a global U(1)Q symmetry of the Peccei-Quinn
type, which can only be broken softly, namely b
CP-violating operators having dimensionality less than
Within such aCP-violating scenario, theCP-odd tadpole
renormalization induced by the tadpole graph of the pseu
scalar Higgs bosonA has been found to be very important
render the radiatively generatedhA andHA transitions UV
finite. The formalism developed in this paper may app
equally well to more elaborate theories, such as the MSS
We defer the study of scalar-pseudoscalar mixing in
MSSM to a forthcoming communication@20#.
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APPENDIX: HIGGS-BOSON MASS MATRIX

Here, we will discuss the diagonalization of the Higg
boson mass matrix and the stability conditions for the Hig
potential in Eq.~3.1!. In general, the Higgs-boson masses
this Abelian model are obtained by diagonalizing the 434
matrix

M H
2 5S MS

2 MSP
2

M PS
2 M P

2 D , ~A1!

whereMS
2 , M P

2 and MSP
2 are all 232 sub-matrices. In Eq

~A1!, the general mass matrixM H
2 is written in the weak

basis spanned by the fieldsH1 , H2 , A1 and A2 . Thus, the
matricesMS

2 andM P
2 describe theCP-conserving mass tran

sitionsHi→H j andAi→Aj , respectively, whereasMSP
2 and

M PS
2 contain theCP-violating Hi→Aj and Ai→H j transi-

tions. SinceMH
2 is symmetric, the matricesMS

2 and M P
2

must be symmetric as well, whileMSP
2 5(M PS

2 )T. As we
have seen in Sec. III, all entries ofMSP

2 are proportional to
theCP-odd tadpole parameterTA . At the tree level or in the
CP-invariant limit of the theory, we haveTA50 and the
diagonalization ofMS

2 andM P
2 then proceeds independentl

To leading order, we adopt the limit ofTA→0 in the
mass-matrix diagonalization. We start considering the m
matrix for theCP-even Higgs scalars:
0-9
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MS
25S 22l1v1

21tan bRm22TH1
/v1 2l34v1v22Rm2

2l34v1v22Rm2 22l2v2
21cot bRm22TH2

/v2
D , ~A2!

where the tadpole parametersTH1
andTH2

are defined in Eqs.~3.3! and~3.4!, respectively. After diagonalizingMS
2 through the

orthogonal transformation in Eq.~3.11!, we obtain the mass eigenstatesh andH. Their physical masses and the respect
Higgs-scalar mixing are related to the weak parameters of the Higgs potential as follows:

22l1v1
21tan bRm22TH1

/v15Mh
2cu

21MH
2 su

2,

22l2v2
21cot bRm22TH2

/v25Mh
2su

21MH
2 cu

2,

2l34v1v22Rm25~MH
2 2Mh

2!sucu . ~A3!

From Eq. ~A3!, we see that stability of the Higgs potential can naturally be achieved for negative values of the
couplingsl1 and l2 , whereasl34 may have either sign in compliance with the constraint detMS

2 .0. From an analogous
analysis ofM P

2 , we find that the parameterRm2 must always be positive. More explicitly, we have, for the mass matrix
pseudoscalars,

M P
2 5S tan bRm22TH1

/v1 2Rm2

2Rm2 cot bRm22TH2
/v2

D . ~A4!

The mass matrixM P
2 can be diagonalized via the orthogonal transformation of the weak fieldsA1 andA2 given in Eq.~3.10!.

In the mass basis,M P
2 reads

M̂ P
2 5S 2

cbTH1
1sbTH2

v

sbTH1
2cbTH2

v

sbTH1
2cbTH2

v
Rm2

sbcb
2

sb tan bTH1
1cb cot bTH2

v

D . ~A5!

It is now easy to see that at the tree level,M̂ P
2 has a massless eigenvalue corresponding to the true Goldstone bosonG0 and

a massive one related to theCP-odd Higgs bosonA, i.e.,

MA
25

Rm2

sbcb
. ~A6!

SinceMA
2 should always be positive for a stable theory, the latter implies thatRm2.0.
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