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We make a model-independent analysis of all available data that indicate neutrino oscillations. Using
probability diagrams, we confirm that a mass spectrum with two nearly degenerate pairs of neutrinos separated
by a mass gap of 1 eV is preferred over a spectrum with one mass eigenstate separated from the others. We
derive some new relations among the four-neutrino mixing matrix elements. We design four-neutrino mass
matrices with three active neutrinos and one sterile neutrino that naturally incorporate maximal oscillations of
atmosphericv,, and explain the solar neutrino and LSND results. The models allow either a large or small
angle MSW or vacuum oscillation description of the solar neutrino deficit. The models pfigdistillations
of eitherv,— v, Or vo— vy in long-baseline experiments BfE>1 km/GeV, with amplitude determined by
the LSND oscillation amplitude and argument given by the atmospl&eni; and i) the equality of thev,
disappearance probability, the, disappearance probability, and the LSMD— v, appearance probability in
short-baseline experimen{s$0556-282(198)06921-3

PACS numbegps): 14.60.Pq

I. INTRODUCTION If all of the existing positive observations are confirmed, a
viable solution is to invoke one or more additional species of
. . sterile light neutrind 14], thereby introducing another inde-
spheric neutrino anomaly3—6|, and the results from the pendentgmass scale to the thgory. The a%ditional neutrino
Liquid Scintillation Neutrino DetectofLSND) experiment st pe sterile, i.e. without standard model gauge interac-
on v, neutrinos fromu™ decay andv, neutrinos fromm™  tions, to be consistent with CERBI e~ collider LEP mea-
decay[7] can each be understood in terms of oscillationssyrements oz — v» [15]. The introduction of a sterile neu-
between two neutrino speci¢8]. Interestingly, the solar, trino to complement the three active neutrinos has had some
atmospheric, and terrestridL. SND) neutrino oscillations phenomenological succefss).

have differentL/E and therefore require different neutrino  |n this paper we propose and study mass matrices for
mass-squared difference®n? to properly describe all fea- four—neutrino modeléthree active plus one sterjl¢hat can
tures of the data. For example, if the atmospheric and LSNaiccommodate all the data presently suggesting neutrino os-
5m? scales are the san{®], one forfeits the recently re- cillations. Once a fourth neutrino is admitted to the spectrum,
ported zenith-angle dependence and up/down asymmetry d@fis no longer mandatory that the, mix with the v, at the

the atmospheric neutrino flux%,5]. Alternatively, if the solar ~ atmospheric scale. The, may instead mix with the sterile
and atmospheriém? scaleq 10] are the same, the reduction v, or with some linear combination of andv . Similarly,

in the solar neutrino flux is energy-independent, contrary tdhe v, may mix with a linear combination ofs andv.,.

the three solar experiments which infer different oscillation At first sight the mixing of a sterile neutrino with active
probabilities in different neutrino energy regiofisl]. Since  flavor neutrinos seems to be stringently constrained by big
three distinct mass-squared differences cannot be constructbeng nucleosynthesi®BN) physics. The bound

from just three neutrino masses, the collective data thus ar-

gue provocatively for more than three oscillating flavors. Sm?sirf20<10 7 eV? (1)
One alternative but less compelling possibility is to introduce

new lepton—flavor changing operators with coefficients smalbn the mass-squared differené? and the mixing angle of
enough to evade present exclusion limits, but large enough tihe sterile neutrino was inferred to avoid thermal overpopu-
explain the small LSND amplitudgl2]. Another alternative lation of the “extra” sterile neutrino specid¢47]. However,

is to dismiss one or more data sets. In particular, much of th¢éhere are significant caveats to this bound. One is the fact
region allowed for oscillations by the LSND experiment is that some recent estimatesif using higher abundances of
disfavored by the KARMEN experimentL3], although at “He yield considerably weaker boundss]. Another is that a
present KARMEN does not invalidate the LSND signal. ~ small asymmetryf,—n;)/n,=7X 10" ° of flavor neutrinos

The long—standing solar neutrino defitit,2], the atmo-
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(but large compared to the present baryon asymmetry

1
Ang/n,~10"19 at t>0.1s is enough to suppress,-vs . Adn. e = \/i(y”iyr) Hot DM
oscillations and then the bound of E() does not apply m 2 LSND
[19]. Such asymmetries, in fact, can be generated with the =
kind of model parameters considered herés shown in Vo v,
Refs.[20, 21)). In light of this observation that BBN may Solar —=————= .,

allow sizeable mixing between sterile and active neutrinos,

we consider both the small and large mixing with sterile FIG. 1. Neutrino mass spectrum, showing a possible flavor as-
neutrinos in this work. signment for each mass eigenstate, and showing which mass split-

We review all existing data that indicate neutrino oscilla-t!ngs are responsible for the LSND, atmospheric, and solar oscilla-

tions, and then perform a model-independent analysis of thEons:

data using four-neutrino unitarity constraints. A very useful

tool for this unitarity analysis is the set of probability rect- Ve v, OF v« v Oscillations forL/E>1 km/GeV, depend-
angles, which we explain and exploit. We draw severaling on whether the atmospheric oscillations are— v, or
model-independent conclusions for the four-neutrino uni-v,— v, respectively. Section VIII contains some discus-
verse. sion, and a summary.

We design a five-parameter neutrino mass matrix which
can account for each of the three viable solar solutions and
accommodate the atmospheric and LSND observations. The
three solar possibilities are the small-angle matter-enhanced A. Oscillation amplitudes
(SAM) [22-29, large-angle matter-enhancédAM ) [26]
and large-angle vacuum long-wavelength.W) [27,28 ex-
planations of the solar neutrino deficit. Our mass matri
yields maximal oscillations of atmospherig, . We consider
the possibility that the solar data is explained iy v or
ve— v, 0scillations, in which case the atmospheric neutrino P(v,—vp)=08,5—4
data is explained by either,— v, or v,— v oscillations,
respectively. We also consider the possibility that both atmo- _
spheric and solar neutrino oscillations haweand v, com- sz_ U U iU o U gy SinPA V)
ponents. Lack ofvs- v discrimination in the present data is -
the major source of ambiguity in the four-neutrino model. o 2 n
We discuss how future experiments can resolve this ambigyhere A= émj L/AE=1.27(5mj./eV")(L/km)/(E/GeV),
ity. smi=m:—m;, and the sum is over ajl andk subject to

In Sec. Il we summarize the oscillation probability formu- K<j.
las and utilize a probability formalism, based on unitarity of ~ For oscillations of two neutrinos, the oscillation amplitude
the mixing matrix, which permits a simple visual represen-(i.e., the coefficient of the st term) is given by sik26,
tation of mixing. In Sec. Il we begin with a brief discussion Where# is the mixing angle between the two neutrino states.
of the three classes of experiments and the neutrino mass ahpre generally, for a particular experiment, the amplitude of
mixing parameters needed to explain them. We then uste v, to vz oscillation in the absence of CP violation and
probability rectangles to display the inferences from the dat&or an arbitrary number of neutrinos is seen to be
for any four-neutrino scheme. In Sec. IV we employ the
probability rectangles to argue against a neutrino mass spec- B
trum with one eigenstate separated from three other nearly- A= _4k2. UajUgiUaUp,  a# B, ©)
degenerate statdwhich we will refer to as the 43 spec- .

trum) in favor of two nearly degenerate mass pdinich .
we will refer to as the 2 2 spectrur We also derive some where the sum is over those mass states whose mass-squared

new relations among elements of the mixing matrix that re_differences§mj2k are discernible by the particular experiment
sult from data and unitarity which are satisfied in a four-(@S determined by the oscillation phasg), and indistin-
neutrino model for certain ranges of the parameters. Then iguishable within the resolution of the particular experiment.
Sec. V we present a mass matrix whose eigenvalues considfe WI||' use sul:_)scrlpt labels on the amplitudes to dlstanU|$h
of a nearly degenerate neutrino pair-at.4 eV and another the variougk<j] sums relevant to the three types of experi-
nearly degenerate pair at low mass, as illustrated in Fig. 1M1€Nts: "sbl” will denote short—baseline experiments such as
We show how the existing data almost uniquely fixes the-SND, “atm™ will ‘(‘jenofe atmospheric and long—baseline
model parameteréonce a solar scenario is specifieahd experiments, .and sun vylll denote ext.raterrestrllal' experi-
strictly determines what new phenomenology the model preMents, especially those with solar neutrinos. Explicielf;,
dicts. In Sec. VI we derive expressions for the oscillationresults from a sum of ak<j such thatémy is ~om3,,,
probabilities in our models in terms of the current neutrinowhere sm3, is the scale of the mass—squared difference
experimental observables. We present the model predictiordeduced from solar dat@iscussed in Sec. I the ampli-

in Sec. VII. The new observable signature for the model isudesA2f and A% are analogously defined.

Il. FORMALISM

To simplify the analysis of the available data, we will
ignore possible CP violation and work with a real-valued
Xmixing matrix U. Accordingly, the general formula for the
vacuum oscillation probabilities becomg9]
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We will use superscripts on the amplitude to identify the

oscillation flavors. In the absence of CP violatioht?
=AR*. With four neutrino stated) is a 4xX4 mixing ma-

trix. We also define the amplitudes for, disappearance
A= AT, @
B#+a

where & represents a sum over neutrino flavor eigenstates

other thanv,, and A again labels the threém? scales
“shbl,” “atm,” and “sun.” (Equivalently, one may define

persistence amplitudeAg‘“:—Agé‘ associated with each
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FIG. 2. Typical probability rectangles for at2 model where

scaleA; we find this less intuitive since in the absence of ¥2 andvs generate the atmospheric oscillations andind v, gen-

oscillationsAR*= —Agé‘:o, and in the presence of oscilla-
tions A3“= —Ag“f'<0.) As defined here, all oscillation am-

erate the solar oscillations. For the non-dominant probabilities
=2 or 3 andk=1 or 0.

plitudes carry two sup_erscripts and a subscript; occf';lsionalléiveS an example of the probability rectangles for a four—
superscripts or subscripts will be dropped when their value§ s trino model. An inverted 22 mass spectrum, where the

are clear from the context, or are not needed. The mixing—

matrix elementdJ, and therefore the amplitudés depend
on the environment, e.g., matter vs. vacuum. Throughout th
paper we will quote values for the oscillation amplitudies
vacuum

B. Probability rectangles and a theorem

The “probability rectangles” used by Liu and Smirnov
[21] visually illustrate the mixing of the flavor eigenstates
among the mass eigenstates. To construct the probabili
rectangles, we introduce the notation

PajE|Uaj|21 (5)
such thatP,; is the probability that thex!" flavor state is
found in thej!" mass state, or, alternatively, the probability
that thej™" mass state is contained in thd" flavor state.
Therefore, when CP violation is neglected, the real mixing
matrix elements are determined by the probabilities up to
sign: U,;j=*P,;. In principle, these signs may be deter-
mined by arranging for orthogonality of the rows, and col-
umns, in the unitary mixing matriiJ.

By unitarity of U we have

2 Pyi=1 (6)
for each mass stafe and
2 Py=1 )

solarv,
two states and the atmospherig oscillation is driven by the
'Separation of the lighter two states, may also be possible, but
is not considered.

The following mini-theorem will prove to be useful:
In the absence of matter effects, the amplitud”é /S inde-
pendent of how the p probabilities are partitioned among
the mass eigenstates.

oscillation is driven by the separation of the heavier

The proof of this statement relies on the in-
sertion of 5., UgUg=—U,U, into Ag‘“:
—425¢a2k<jUajUakUBjUBk, to get
AL =43 PuiPa, ()
k<j

where, as in Eq(3), the sum in Eq(8) is over all mass states

é/vith mass-squared differences appropriate for the particular
experiment. In Eq(8), AZ& is manifestly independent of the
partitioning of theP; probabilities since it involves only the
P,;j. This theorem demonstrates the limitations on informa-
tion derivable from disappearance experiments.

The mini-theorem fails in the presence of matter effects
because the partitioning of the flavor probabilities including
P,; are altered. That is, with matter effects the amplitude
Ag‘f’ doesdepend on how th®,; are partitioned among the
mass states. Matter will also alter the oscillation wavelength,
causing further changes in the phenomenology of experi-
ments sensitive to the oscillations rather than their averages.
Matter effects have the potential to resolve the v, ambi-
guity, as do some other measurements. We discuss these pos-

for each flavor state. Thus, if each mass state is representedPilities in Sec. VII.

as a rectangle of unit area, then the fractional area assign

to P,; within the rectangle is a graphical representation of

the value ofP,;. The probabilitiesP ,; depend on whether
the environment is vacuum or matter. For consistency, w

will always display vacuum probabilities in the rectangles.

When the probability rectangles are displayed along a vert
cal axis labeled with mass—squared, #ne® values relevant

ed
I1l. EXPERIMENTAL CONSTRAINTS

o A. Short baseline: LSND, reactors, and accelerators

The LSND experimenf7] reports positive appearance re-
— v, oscillations fromu™ decay at restDAR)

isults forv,
and for v,— v, oscillations from=™" decay in flight(DIF).

for the various experiments are readily visualized. Figure 2Z'he DAR data has higher statistics, but the allowed regions
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for the two processes are in agreement. There are exclusioegpected from detailed theoretical calculations of the flux
above 6m?~10 e\ from the NOMAD experiment{30] [41]. The Super-KamiokandéSuperK experiment has col-
which limits v,— v, and the CDHS[31] and CCFR[32] lected the most data and analyp# indicates that their re-
experiments which set bounds er) disappearance, and an sults for contained events can be explained as» v . oscil-

exclusion belowsm?~0.3 e\? from the Bugey reactor ex- lations with[4,6,42

periment which searches fo;e disappearanc¢33]. The

4\ 2 -3 a\/2 b
combined data suggest,— v, vacuum oscillation param- 3X107" eVisomyp=7x10"" eV,  0.8<Ag{p=<10.

atm

eters that lie approximately along the line segment described (10
by The high end of each range is favored.
0.030 e\ Independent of flux normalization considerations, the
0.3 e\P< 5m§b|:—eo7< 2.0 e\ 9) — v, 0Oscillation channel is strongly disfavored by the zenith
(Ap)™ angle distributions of the dafd] and by the up/down asym-

metry separated into “muon-like”x,) and “electron-like”
or in the 5m§b|~2 to 10 eV region with small amplitude (v,) events [5], which yield an up-to-down ratio of
Al=.0025. Values above 3 évare disfavored by the r- 0.52'30¢+0.01 for u-like events and 0.84)15+0.02 for
process mechanism of heavy element nucleosynthesis in sa-like events(the expected values are close to uhitlyur-

pernovae when only active neutrinos are pre$ddl. How-  thermore, the recent CHOOZ, disappearance experiment

ever, with the inclusion of one or more sterile species th - P . e ek
P %xcludesve— v, oscillations with large mixingAS,=0.2

larger mass-squared values may even be favi@8d It may 2 -3\ 2 am=
also be the case that the dynamics which enhances successfﬁjrl OMy=10 * eV"[43].

r-process nucleosynthesis has nothing to do with neutrinos In a fo_ur-neut_rmo Cor_1tex}, angther pOSSIbII!ty for the at-
[36]. mospheric neutrino oscillations ig,— vs. Oscillations of

There are also restrictions from the null results of thethls type in principle could be affected by matter due to the

BNL E-776 [37] and KARMEN [13] v, v, oscilation different neutral current interactions of, andvs. However,

search experiments. In particular, the KARMEN experiment]cor the contained eventsiith lower energy these effects are

H 2 .
has very recently analyzed new data obtained with their im_small, especially for larger values 6" [21,44]; hence, the

_ — — allowed regions forv,— v¢ should be similar to those for
proved detector system. They find zerp— v, events, and

. 2 5 v,—v,.. For events at higher energies the matter effects
thus cast doubt on the LSND signal f@m 2~fe\_/v eV"  could begin to be appreciable; a definitive test requires more
(KARMEN is not very sensitive to the highém region; in  j5i4.

fact, for theL/E value of the KARMEN experimentdm?
~6 e\ is a node. However, the nonobservation of even the
expected background signal makes a statistical inference
from the KARMEN data difficult. Moreover, the KARMEN The solar neutrino experimenit8] measurev,, created in
experiment reports its own anomaly in the time-profile of thethe sun. There are three types of experiments;apture in
pulse; presumably this is a systematic effect not yet under€l in the Homestake miney.-e scattering at Kamiokande
stood. Further complicating the comparison between LSNEand Super-Kamiokande, ang capture in Ga at SAGE and
and other experiments is the fact that LSND presents theiGALLEX; each is sensitive to different ranges of the solar
data in log-likelihood rather than gaussian probability con-neutrino spectrum and measures a suppression from the ex-
tours[38]. The conservative conclusidB9] is that some of pectations of the standard solar mo@®EM) [1].
the LSND signal remains viable throughout the entire range For v.— v oscillations in the suriin which case atmo-
0.3 e\VP=<6m?,<10 e\2. The need for the fourth neutrino spheric neutrino oscillations are,— v, in our mode] the
(sterile) rests on the validity of the LSND signal, so future allowed parameter ranges at 95% C[45] for the small-
reports from the KARMEN experiment, and eventually from angle matter-enhanced solution are given in Table I. The
the proposed mini—-BooNE experimgd], are of great im-  solution is based on the SSM fluxes in Réf|. Approximate
portance. parameters for the large-angle matter-enhangé&s and

The combined short baseline data setAGf,, A%, and ~ vacuum long-wavelength solutioid6] for ve— s oscilla-
AL will be used in Sec. IV to argue against a hierarchicaltions of solar neutrinos are also shown in Table I. If the solar
neutrino mass spectrum in favor of two pairs of nearly de-neutrino deficit is caused instead by— v oscillations(and

generate masses in the four—neutrino spectrum. the atmospheric oscillations ag,—v), then the allowed
solar parameter ranges for the three solar cases are slightly

different [45]; see Table |. The exact values of the param-

eters may change as new data from Supf#K] become
The atmospheric neutrino experiments measyrandv,  available and when fits are made with the new solar flux

(and their antineutringscreated when cosmic rays interact calculations.

with the Earth’s atmosphere. One expects roughly twice as In any of the matter-enhanced scenarios it is also neces-

many muon neutrinos as electron neutrinos from the resultsary that the eigenmass; associated predominantly with,

ing cascade of pion and other meson decays. Several expekie lighter than the eigenmasg, associated predominantly

ments[3,4] obtain av,, / v ratio that is about 0.6 of the value with the neutrino into which the is oscillating(i.e., v or

C. Solar data

B. Atmospheric data
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TABLE I. Ranges of mass-squared differences and amplitudes that provide oscillation solutions to the
solar neutrino data within 95% C.L. in the small-angle MSW, large-angle MSW and vacuum long-
wavelength scenarios whan— v or v,.— v, [45]. The new SuperK data and new solar flux calculations
give slightly different oscillation parameters than those quoted here; in particulasnihesalues for the

VLW solution are higher, of order %101 eV? [47].

Ve— Vg SAM LAM VLW
sm? (eV?) 3.5x10 6-7.5x10°¢ =9x10°° =5x10"1
ASS 2.5x103-1.6x10 2 =0.7 =1

Ve— U, SAM LAM VLW

om? (eV?) 4x10°6-9%x10°° 8x10°%-3x10°° 5x10 1-gx 10"
ASin 3.5x10 3-1.3x10 2 0.4-0.8 0.6—1.0

v,), so that it isv, rather thar;e that is resonant in the sun. :(mﬁun\/l_Agﬁr{(Z\/QGFEv), the critical density where
For the vacuum solutions the orderingmo§ andm; does not  maximal oscillationsresonanceoccur. For the large-angle

matter. Alternate scenarios where thg is predominantly matter-enhanced case, the neutrino propagation is adiabatic

associated with the heavier two states andis predomi-  and

nantly associated with the lighter two states are also viable.

For vo— v, oscillations in the two-neutrino approxima-
tion the propagation equation for the neutrino states in the
charge-current basis [22,48,49

) assuming the neutrinos are created where the electron density
o d (v 1 [4V2GEEN, dm<sin29 |/, is well above the critical density. For the vacuum long-
dt ' wavelength solution the oscillation probability is just given

' at v,) T 4E\ sm%sin20 26mPcos D)\ v,

1
P(ve— ve)= 5[1_ V1-AS (15)

(12) by the usual vacuum expressions.

whereN, is the electron number density. Fog— v oscil-
lations the propagation equation is inst¢&0|

.d (Ve)_ 1
Vat v T 2E

X ( Ve) , (12)

Sm?sin 260 28m2cos 2

whereN,, is the neutron number density. For the small-angle
matter-enhanced case the non-adiabatic approximate solution
for neutrino propagation is appropriate and the oscillation
probability for a neutrino of energl,, is

1
P(ve—ve)= §A§Sn+ Py(1— Agﬁn) (13

where in this case labels eitherr or s, and

2 ek
7 OMg, Asun

4E,\1— A% (d log N/dL),

is the Landau-Zener transition probability ahdis either
Ne (for ve—wv, oscillationd or Ng—3N, (for ve— v

P,=ex (14)

D. Oscillation lengths and amplitudes summarized

In neutrino oscillation descriptions of the solar, atmo-
spheric, and LSND data, a distinct oscillation wavelength
AVIGLE(No— N.) Sm2sin 20 ) and oscillation amplitude is req_uir_ed for each of the three

data sets. Experimental uncertainties allow for some latitude

1% |
LSND
1 | !ii!tim!ﬂ!!i!m!imsmomoss;snm
107 |
ATM
dm? ok
(eV?2) SAM LAM il
Py i
10"
108 F
10_10 B VLV]m!!!!!'“
| | :
107 1072 1
A =sin? 20

FIG. 3. The three allowed two-neutrino solar solutions fQr

oscillations. The quantity ¢ log N/dL). is the appropriate — v_ oscillations[51]. The corresponding region for,— v oscil-
logarithmic  density gradient in the sun aN°®'' Jations are similar to the,— v, case.
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mt rized in Table Il. The chosen neutrino energies are typical for
) solar, and reactor sourcd® MeV), pion facilities (100
------------ Pis | Pu+Ps [t~ small py MeV), for contained2 GeV), partially-contained10 GeV),
OMam | mp Paz | Pt Py |‘/ possible and throughgoing100 GeVj neutrino events in underground
detectors, and for astrophysical sour¢&sTeV). Although
full oscillation wavelengths are also listed in Table I, oscil-
1 2 Iatiqn gffects may well be measurable for a fraction of an
PN - ‘2’--_ Poo + Pro + P |\ small Py oscillation wavelength or as an average over many oscilla-
OMen | My __ Port P+ Por |4/ possible tion Wavglengthg. Throughgoing and partially contamed at-
mospheric neutrinos may show nodes as a functioh/&f.
Further possibilities arise when the matter effect of the earth
(@ is included in the oscillation physics. We consider earth-
matter effects in Sec. VII F.

m3 E. Inferences from data
“““““““ Feo Peo

———————————— Pel P¢1

We consider first the probability rectangles for the atmo-
spheric and CHOOZ data. The atmospheric data indicate
5m§tm~5>< 103 and nearly maximal flavor-changing mix-
ing of v, with v¢. The present data do not distinguish be-
tweenv, or v as the dominant state into whiaf), mixes.

m? The probability rectangles for the atmospheric scale are dis-
2 played in Fig. 4a). We label the two masses defining the
I oo P | Peo atmospheric scale as, and v, with émZ,,= ém3,. Be-
——— P | Py cause of the ¥_-v.” ambiguity we show the unionP,

+ P, rather than the partitions int8,. and P5. For maximal

© v, v¢ Mixing, one must choosP ,,,~P,3~P,+Px~P 3
+Pg~1/2.

Next we consider the pair of mass eigenstates whose
5nass-squared difference is fixed by the solar scale. We pro-
data, withv,, lying predominantly in the’, andv; states with large V'S'O’?a”y mvestlg_ate a four-neutrino mass SPECtrum that
mixing with eitherv, and/orv,. TheP , andP,; probabilities are consists of two pairs of nearly degenerz?\te neutrinos separated
small, but theP ,, and P, probabiliies are not yet determined. by the LSND scaleSmg,,~eV? (to explain the LSND result

, 40 41 probabilities are not ye : -ale ’

The partitioning of theP,, and P, probabilities once the solar N terms of oscillations We argue in Sec. IV that the data

solution is specified are also shown for tf® small angle MSW  favor this spectrum over a spectrum with one mass separated

and(c) large angle MSW or vacuum long-wavelength solutions.  from three relatively degenerate masses. We label the second
pair of mass states ag and v, and definedm?2,,,= sm3,.

in these amplitudes and wavelengths, and for the solar dat&inceP ,, andP 5 sum to near unityP,, andP,; must be

there are three isolated islands of viability in thesmall. Thus the probability rectangles for thg and v

sm?-amplitude pland51]; see Fig. 3. The day-night asym- states appear as shown in Figa} Accordingly, the LSND

metry measurement, found to be small in the recent Superiémplitude forv,— v,

data, removed about half of the previously viable solar re-

FIG. 4. Typical probability rectangles for somet2 models.
() Rectangles deduced from atmospheric and CHOOZ neutrin

The vacuum oscillation wavelength is linear in the neu- sbl [UusUestUpoUer]
trino energy, allowing further possibilities that are summa- X[U U1+ U 0Ueol, (16)

TABLE Il. Some typical Sm? and vacuum oscillation amplitudes suggested by experiment, and the corresponding vacuum oscillation
lengthsh,=2.5(E, /GeV)(6m?/eV?) ! km for representative neutrino energies. Here a.u. is the earth-sun distang, asdhe earth’s
radius.

sm?/eV? A N, =4mE,/ém?, with E, as shown:
5 MeV 100 MeV 2 GeV 10 GeV 30 GeV 100 GeV 1TeV

LSND 2 0.0025 6 m 125 m 2.5 km 12 km 37 km 125 km 1250 km
LSND 0.3 0.04 42 m 840 m 17 km 83 km 250 km 830 km R2
ATM 5x1073 0.8-1.0 2.5 km 50 km Fokm 5000 km 2.R, 7.8Ry 78R,
SAM 6x10°®  0.0025-0.016 2100 km 6/, 130R,,
LAM 10°° 0.4-0.8 1260 km 3R, 78R,
VLW 5x10 11 0.6-1.0 1.7 a.u. 33 a.u. 670 a.u.
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is necessarily small. We emphasize that the smallness of tHeas recently been analyzed in the context of the minimal

LSND »e-v, mixing is an inevitable consequence of the four-neutrino mass matrigs2,53.

large mixing of v, to v at the atmospheric scale and the

constraints of unitarity, independent of particular model con- IV. MASS SPECTRA
siderations including rearrangement of the neutrino mass _

spectrum. A. Argument against a 1+ 3 mass spectrum

Four-neutrino unitarity may be used to rewrite Etp) as It has been shown by Bilenky, Giunti and Grim[&4]

that a hierarchical ordering of the four-neutrino spectrum

(implying one dominant magsis disfavored by the data
ALG=4]U 13U es U 12U 0| *=4]U ,1U g1 + U 40U ool when the null results of reactor and accelerator disappear-

(17 ance experiments are included. We will refer to this spectrum

as the B3 spectrum, defined as one heavier mass state
separated from three lighter, nearly-degenerate states, or vice
versa. We demonstrate the argument with a set of logical
steps similar to theirs.

Assume a mass spectrum with one heavy mass well sepa-
rated from three other nearly-degenerate states and let the
heavy mass state be labeledas Then the LSND mass-
squared scale i$mZ,;= sm3,~ m3,~= ém3, and the LSND

amplitude is
Agﬁn 4P ¢oPer- (18 P

Written this way, it is clear that the LSND data is blind to the

partitioning ofv,. andv in the probability rectangles of mass

statesvg and v, . This flavor ambiguity is shown in Fig.(d).
With the identificationsmZ, .= m3,, we may use Eq(8)

to write the solamw-disappearance amplitude as

Because matter in the sun may exert a significant effect on Adpi= —4UesU,3
propagating neutrinos, the values®f, andP; for the sun

hav_e some sensitivity to the state or v into which v, _ With P+ P a=<1. (19)
oscillates. However, the sensitivity of present data to this "

difference is weak, and there is considerable freedom in as-

signing v or v or a linear combination thereof as the mix- On the other hand, the, andv, disappearance experiments
ing partner tov,. This v.- v, ambiguity forv, mixing at the  at reactors and accelerators are also sensitive to the LSND
solar scale is complementary to thg v, ambiguity forv, ~ scale. These experiments measure the disappearance ampli-
mixing at the atmospheric scale. Potential measurements todes
resolve thevs-v, ambiguity at the solar scale will be dis-
cussed in Sec. VII.

> Umuej}zwegpﬂs,
j#3

A§g|:4PeS[ z Pe]} =4Pe3[1—Pes] (20
F. The three solar solutions 1#3
The P,y and P, partitioning specifies whether the solar
model is a small-angle model or a large-angle model. As cagnd
be inferred from Eq(18), with nearly equal partitioning of
Py and Pg;, the mixing amplitude is near maximédarge
w0 aNC el g amp derg A=4P . [1-P o], 21

angle. With highly nonequal partitioning, i.eR¢<<Pg; Or
Pe1<<Pg, the mixing amplitude is small. Of the three viable
solar neutrino options, SAM falls into the small angle cat-The second equalities in Eq&l9) and (20) [see Eq.(8)]
egory, while LAM and VLW fall into the large angle cat- follow from unitarity of the mixing matrix. The three ampli-
egory. The probability rectangles for the small and largetudes in Eqs(19)—(21) depend on just two parameters, and
angle classes of models are shown in Figd) 4nd 4c). so are interrelated. All three of these amplitudes are con-
Recall that in order to obtain the Mikheyev-Smirnov- strained by experiments to be small.priori then, P.; and
Wolfenstein(MSW) resonant enhancement required for theP#3 may both be small, or onébut not both may be near
SAM and LAM solutions, it is necessary that the state whichunity with the other small. The fact th&t“S, is anappear-
is predominantlyve be the lighter of the two mass states,  ance observatiomather than a bound means thafif; and
Qualitatively, LAM and VLW are distinguishable in their p 3 are both small, they cannot be too small.
probability rectangles only by the choice of value &ms, . In the 1+ 3 model, the atmospheric scale does not involve
Quantitatively, the two solutions and the VLW solution arethe heavy state’;. Without loss of generality we label the
distinguishable in ways which are discussed in Sec. VII.  state which determines the atmospheric scale-asThen

If the active-sterile mixing is small, then all ambiguities in from Eq. (8) the atmospherio,, disappearance oscillation
the probability rectangles are resolved: the large atmospherigmplitude is given by
mixing must bev - v, and the solar solution must be small-
angle SAM with v,-vs mixing. The probability rectangles i 5
for this model are shown in Fig. 2. This particular solution A{n=4P 1o(P ot PL1)<(1-P,3)%, (22
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FIG. 5. Typical probability rectangles for thet13 model when
Ps is large andP 4 is small.

where the inequality comes from maximizingP4,(P ,o
+P,1) subject to the qon;traintPM0+EM1+ PH2=1
—P,3. The SuperK data indicate that, is maximally
mixed at thesm2,,,, scale, i.e., there is little ,-content avail-
able to thewv; state. Quantitatively we havé\gfr‘nzo.s,
which impliesP ,3<0.11. SinceP,; is small, Eq.(21) be-
comes

ALb=4P 4<1. (23)

The probability rectangles for the13 model with small

PHYSICAL REVIEW 68 093016

Thus, bothP .3 andP 5 must be small in the + 3 model,
and from Egs(19), (23), and(26), we infer the relation

1
£
A’sfl: _Agt})alAgbl .

7 @7

However, the experimental upper bounds on the disappear-
ance amplitude,‘z\gfﬁ‘I [33] and Ag‘é‘, [31] and the measured
appearance result fok%s, [7] are not compatible with Eq.
(27), thereby disfavoring the £3 model. For example, for
sm2,=0.3 e\?, A%£,<0.035 from BugeyA“4<0.8 from
CDHS, which impliesA%5,<0.007; however, for this value
of 6m?,,, the LSND data indicaté\“S>0.04. The LSND
results are presented in terms of maximum likelihood rather
than confidence level limits, so it is not straightforward to
state an exclusion probability.

Put another wayA%;, is large enough that the Bugey and
CDHS limits force one oP.; andP 3 to be small and the
other to be large, but this is ruled out by the solar and atmo-
spheric data. The constraints 8q; andP 3 from the three
short-baseline amplitude&®,, ASE,, and A% the atmo-

spheric amplitude'—\gt/r‘n and the solar amplitudz&iﬁ’n (from

P, are presented in Fig. 5. Note that it is the zenith-angleEas-(19), (20), (21), (22), and(25), respectively are conve-

or up/down asymmetry data, which really establisﬁmﬁtm

as different fromdm?Z,,, that is crucial for the argumeff4].
We are left with the possibilities oP.3 being small or

near unity. As can be seen in Fig. 5Ff; is near unity, then

niently summarized in Fig. 6 for two different values of
2
omgy,. .
The measured values and bounds for the short-baseline
appearance and disappearance amplitudes depend on the

2 . .
there is little Py to distribute over the three lighter mass Magnitude of smgy,. (There is effectively a suppressed

states. In particular, the solar amplitud’@ﬁn:4PeoPel,

where the solar scale i8m2,,=émZ,, is second order in

om2,, third axis in our Fig. 6, which samples only two par-
ticular values ofémZ,,.) For certain allowed values afm?

small quantities, too small for even the SAM solution (€-9- @t 1.7 e¥and 0.28 ef&according to Fig. 2 of54]) the
(Asan=2.5%X10"3) to the solar flux. This may be easily violation of Eq. (27) is mild, and the %3 model is just

qguantified. IfP.3 were near unity, we would have

At ~4[1—Pgl<l. (24)

Together with unitarity, this in turn bounds the magnitude of

the solar amplitude:

1
A= 4PeoPer=(1-Pes)?= To(AS)2  (25)

where the inequality in Eq(25) comes from maximizing
4PoP.; subject to the constraiPy+ Py <1—P.3. The

experimental upper limit omgﬁ, from the BUGEY experi-
ment[33] is about 0.1 forémZ,<2 e\, which disallows
even the small-angle solar solution. We conclude Bhatis

small, in which case

AE~4P ,<1. (26)

barely incompatible with the data; see, e.g., Fi@)6

The argument against thetl3 model does not depend on
the sign ofém2,,. This means that the inverted3. model
with the three nearly degenerate mass states heavier than the
remaining state is equally disfavored.

B. 2+ 2 mass spectrum

We now turn to the favored class of four-neutrino models,
namely those with two nearly degenerate mass pairs sepa-
rated by the LSND scale as displayed in Fig. 1. It is inter-
esting to see how this “pair of pairs” mass spectrum of
four-neutrino models realizes the dependency amafj,

Ag‘,fi, andAg“ﬁI which conflicted with the ¥ 3 model. Lety,
and v, label the pair of the nearly-degenerate mass eigen-
states responsible for the solar oscillations, andand v,
label the pair of the nearly-degenerate mass eigenstates re-
sponsible for the atmospheric oscillations.

The expressions for the oscillation amplitudes are

ALgi=4|UgU o+ Ue3UM3|2: 4{UgU 0t Ue1UM1|2& )
28
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CDHS with
1 |
(a)
00=|U 02| *+|U 43| *=P ot Pys. (3D
10_1 l . e =12 > 217 12 .
o The Schwartz vector inequality - U#L <|ve|*|v,|* applied
Pus to the vectorsve=(Ugp,Ue3) and v,=(U,,,U,3) then
gives
LSND
102 CDHS
Ag§|$40-90-,u, . (32)
103 Furthermore, in the 22 model the solar oscillation ampli-
tude is
Bugey “ SUn «—f—» Bugey
107 | | I Agﬁn: 4PoPer=<(1-0¢)?, (33
107 10° 107 107 1
Pes and the atmospheric oscillation amplitude is
CDHS
1 FE ,U'ﬁ — = 2
ALim=4P 2P 30, (34
®
B atm where the inequalities in EqE3) and(34) come from maxi-
0= 1 mizing the expressions subject to the constraPg+ P,

CDHS =1l-o0candP,,+P,3=0,, respectively.

o LSND If the vector inequality in Eq(32) is saturated, theAg},,
Agﬁ, andAg‘kﬁ each has the same functional dependence on

two parameters as it did in thet13 model (o, has replaced
Pes ando, has replaced ;). Then the previous argument
that the LSND, Bugey and CDHS data require one parameter
to be small 1) and the other large={1) applies. The
103 argument is unaffected if the vector inequality is not satu-
rated. As before in the £3 case, the solar constraint indi-
cates thatr, must be small. This time however, unlike the

102

Bugey «— ] . . .
o Bugey 1+ 3 case, the atmospheric constraint mvolvef; and not
10 L ) ( (1- a#)z, and can be met i, is large (=1). Therefore the
10™ 102 1072 107! 1 constraints of the data can be satisfied by assignidpmi-
P.s nantly to one pair of mass states ang dominantly to the

other pair. Instead of Eq27) pertinent to the *+ 3 spec-
FIG. 6. Constraints o5 and P for the 1+3 model when  trum, we obtain for the 2 2 spectrum
(@ 6m2,=1.7 e\? and (b) émZ,=0.5 e\%. The LSND, Bugey,
CDHS, atmospheric, and solar constraints are obtained by compari-
son of the appropriate data with Eq$9), (20), (21), (22), and(25), Agbels gﬁl' (35)
respectively. Not displayed is the unitarity constraid;+P 3
<1.
This bound is linear in the small disappearance amplitudes,
A= 4(PegPe1+ PegPeot PesPer + PeoPeo) and is easily satisfied by the data. For example, the tightest

constraint onAS, is about 0.02 fordmZ,,=0.6 e\?, while

=40e(1-0o), 29 the LSND data indicatd\“S can be as low as 0.009 for this
and value of smZ,.
In Fig. 7 we have drawn the.-o, plot for the 2+2
ALk A(P P +P AP atP P «+P P model, analogous to thBe;-P 3 pIo_t for th_e 1+3 mod(_al,
501 = 4P yaPuat PusP ot PuaPuat PuzP o) for SmZ,=1.7 e\2. The allowed regions witkr,, near unity
=40,(1-0,), (30 (implying near-maximal mixing o¥, in the v,-v3 pair) and
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CDHS atm

| = I
107
Sp
102 CDHS
LSND
103
Bugey «— sun —4— B
] ugey
104 | | |
10 1072 102 107! 1
O,

FIG. 7. Constraints omw,, and o, defined in Eq.(31) for the
2+ 2 model wher6m§b|:1.7 e\2. The LSND, Bugey, CDHS, so-

lar and atmospheric constraints are obtained by comparison of the

appropriate data with Eq$32), (29), (30), (33), and (34), respec-
tively.

o small (implying almost no mixing ofy, into the v,-v4

pair) show that the 22 model can comfortably accommo-

date the data.

PHYSICAL REVIEW 68 093016

1
1-0,= ZAg,quo.m:{o.z), (37)

respectively, forsmZ,=2 e\? (0.3 eV?). We then deduce

A% <0.0650.04), (38)
which can be compared to the LSND data
Al8=0.00250.04), (39

for these two values oPm?,,. The near-saturation of the
inequality in Eq.(35) for sm2,,=0.3 e\? has very interest-
ing implications. It means that, is nearly parallel or anti-
parallel toBM, which in turn indicates that

|Ue2/Ueg|=[U 21U ,3]. (40)

This is a new result.

Furthermore, the SuperK data suggest thatis maxi-
mally mixed in the mass pair with mass-squared difference
ém2,.,, so for this pair, called, and v5, that

v2
Then Eq.(40) implies

|Ue2|:|Ue3|- (42)

Since only mass-squared differences are important for os-
cillations, the inverted 2 2 model, where the solar oscilla- This is also a new result. In summary, if the oscillation pa-
tions are driven by the mass-squared difference of the uppeameters are indeed near the limits of the Bugey bound, the
mass pair and the atmospheric oscillations are driven by thur-neutrino mixing matrix in the 2 2 model must satisfy
mass-squared difference of the lower mass pair, is equalligq. (40), which implies Eq.(42) if the atmospheriaz,, mix-

viable.

C. New results

Two features of the data are especially noteworthy. Th

first is the remarkably high degree of isolationigfinto one

mass pair and’,,

the near saturation of the vector inequality in E2R) by the
LSND appearance amplitud&-s, for 6m2,,=0.3 e\2.
Equationg29) and(30) bound the degree to whiah, and

v, are found in opposite pairs of mass eigenstates. Without

loss of generality we assume that is predominantly asso-

ciated withvy and vy, and thatv,, is predominantly associ-

into the other mass pair, as inferred from
the bounds on the disappearance amplitudes. The second is

ing is maximal.

We can derive additional constraints by considerirg
=Peyt Pey ando;, =P 0+ P, rather thanr, ando,, . The
data requiresr, to be large &1) and o, small, and the

Schwartz inequality reduces to

ALe<pBh (43)
where the CDHS bound is
ALk<0.050.8), (44)

ated withv, and v5. Then from the Bugey and CDHS data at smZ,=2.0 e\? (0.3 e\?). Because the inequality in Eq.

we find the constraints

1
O~ ZAgﬁ,s 0.0160.009, (36)

and

(43) is not saturated by the data for adyn?2,,, a relation
similar to Eq.(40) for Ugy, Uey, U, andU ,; is not re-
quired in the 2+ 2 model. However, the explicit mass matri-
ces we consider do have such additional relations; see Sec.
V.

Finally, we mention a curiosity55] in the data which
occurs for the pair of pairs mass spectrum with the matter-
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enhanced solar solutiofSAM and LAM). Thelinear mass  enology discussed here as long as they are small compared to
splitting at the heavier pair isn;—m,~ 6m3,/2ms. If this  the terms shown. Also, th#/ " term could be chosen
pair is associated with the atmospheric scale, we havgifferent from e, while still giving maximal mixing ofv,,
my—Mm,~2.5X10 2 eV (6m2,,/5X 10 2 eV?)(mg/eV) L. and v, since maximal mixing results from the large value of
On the other hand, if the lighter mass pair is associated witlthe M, , matrix element relative to the diagoridl, , and
the matter-enhanced solar scale, amg>my, then the linear elements, without any need for fine tuningﬂo? the dif-
mass-splitting of this_pair iSTo—m,~Mg~ yoMsy,=2.5 ferénTce|MV , —M, , |. Here we choose to take the mini-
nop 7T

—2 2 -5 A\/2\1/2 ; o
>.< 10 eV (5msur/1(.) evi) ™= Thg two'llnear m.ass split mal form for M needed to describe the data and then derive
tings within the pairs are nearly identical. While squared .

the associated consequences.

masses enter into the oscillation formulas for relativistic neu- T d imation. the two | . | f1h
trinos, the more fundamental constructs of field theory, such 0 @ good approximation, the two large eigenvaiues of the
as the Lagrangian and the resulting equations of motion, ard'ass matrix in Eq(45) are

linear in fermion masse¢and quadratic in boson masses,

these powers of mass being related to the dimensionality of My = FM(1F €4+ 5 €3). (46)

the fermion field vs the boson fieldThus it is a worthy

enterprise to attempt to deduce linear neutrino-mass relationhe values of the two small eigenvalues depend on the hier-

whenever possible. archy of thee; . For the three solar cases we have:
V. MASS MATRIX ANSATZE SAM:€;<€1,€,<€3<1, (47)
. A. Solar ve—wslosc.lllatlons | LAM: €1, 6y, e4<e5<1, (49)
To describe the above oscillation phenomena in the sce-
nario where the solar neutrino deficit is described iy VLW: €,< e,< e, <ez<1 (49)

— v Oscillations and the atmospheric data by—v,, we

consider the neutrino mass matxsatz . : .
The two small eigenvalues are then approximately given by

€1 € 0 0 SAM:moszl, mlzm(E§E4_ E%/El), (50)
€ 0 0 €3 ( )
M=m , 45 m
0 0 ¢ 1 LAM: mg 1= = [+ Jeéi+4€2], (52)
0 €3 1 €4
VLW: mg ;=m[ = €,+ €3€4/2]. (52)

presented in thei,ve,v,,v,) basis(i.e. the basis where
the charged lepton mass matrix is diagonBly considering
the field redefinitions — —¥ and ¥ — y;¥ one realizes
thatm, and at least one of; ande,, and at least one aof,
andez, may be taken as positive; we will takeand all four

. to be positive for simplicity. The mass mati contains ! .
5 b phctty €, and e, by 6%, and e, by 6°. Then each eigenvalue is

five parametersig, e, €,,€3,€,4), just enough to incorporate . 2 .
the required three mass-squared differences and the oscillgl—”f[ten as an expansion in powers .ﬁf the coefficients Of.
which may be solved for by requiring that the expression

tion amplitudes for solar and LSND neutrinos. The large N d the ei | tion for th
amplitude for atmospheric oscillations does not require epi( 1) reproduces the eigenvalue equation for the mass

sixth parameter in our model because the structure of thiatrix order by order irs. Once the coefficients are found,

. . . o : t equal to unity.
mass matrix naturally gives maximal mixing of, with v, IS se . . . .
(or with v, if v. and v, are interchanged The eigenvalues in all cases have the desired hierarchy

For simplicity, we have taken the mass matrix to be reafm<Mo<M;, My, Which gives the mass spectrum of the 2

and symmetric. The choice of a symmetric neutrino mass?L2 model described in Sec. IV B and depicted in Fig. 1. The

matrix is well-motivated in the context of oscillations, for SMall relative mass splitting of the hea"'gr Massesms 1S
what is measured in neutrino oscillations are the difference§@verned entirely by the parametey: dmz,=4m°e,. Tr;e

of squared masses, which are eigenvalues of the hermitidr>ND v,— ve oscillations are driven by the scalémj,
matrix MM, which is itself symmetric when CP conserva- = 6m3;= dmj,= dm=m?, the atmospherie,, oscillations

tion is assumedM is diagonalized by an orthogonal matrix are determined bym3,, and the solaw,— v oscillations

U (rea) and there is no CP violation. The are assumed to are determined bysm3,, the approximate expression for
be small compared to unity, but not all necessarily of thewhich can be obtained by Eq$50)—(52). The charged-
same order of magnitude. The zero terms in the mass matrisurrent eigenstates are approximately related to the mass
could be taken as nonzero without changing the phenomeigenstates by

These approximate expressions for the eigenvalues have
been obtained by multiplying eaa) by powers of a hypo-
thetical parametes, where the number of powers &fas-
signed to each; depends upon the ordering in Edg.7)—

(49). For example, in the SAM case; are multiplied bys,
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cos 6
sin @
Vo
V1
=U = .
Vo — €3 Sin 0
V3
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—sin 6
1 1
cos —e€3 —e€3
v2 v2 Vo
1 - (53
—€e3Cc0860 — @ — va |’
Vi V2 vy
1 1
V2 V2

where tan 2=2¢,/€,. The dots indicate nonzero terms that are much smaller than the terms shown. It is their smallness that

suppresses mixing betweern and vg.

The mixing matrixU depends on just three of the original five parameters; it is

independent ok, and the overall mass-scale parameterNote thatyvy and v, couple predominantly ta; and v,. The

nearly-degenerate, and v are seen to consist primarily of nearly equal mixtures gfand v

-. These results, illustrated in

Fig. 2, conform to the qualitative arguments of Sec. Il based on probability rectangles.
It is noted that this mixing matrix not only satisfies the approximate equalities of(Egs=(42), but in fact replaces the
approximate equalities, derived from parameter-independent arguments, with exact equalltles to firsteprdespection of

the mixing matrix reveals that our model predicts saturation of B3§5.and(43) to this order, i.e. ASbI Ag‘kf‘,

ALS. A small

improvement in the measurement/b?ﬁ or a modest improvement in the measuremem&gg/i is predicted to show a positive

disappearance signal.

B. Solar v.— v, oscillations

Another scenario, with solar,— v, and atmospherie,— v oscillations, is readily obtained by interchanging— vs and

Vg— —

v,. The mass matrix in thei, v,

v, ,v,) basis is then

€y €3 1 0
€3 0 0 — €y
M= 4
™M1 o0 & o0 (54
0 — €3 O €1
The eigenvalues and parameter hierarchies are still given by(&#gs-(52). The mixing matrix is then given by
1 1
v2 V2
Vo 1 Vo
v sin 6 cos 6 —e3 —€ v
U 1] = 3 V2 3 ! , (55)
4] ¢
V3 . 1 1 V3
—€3Sinfh —ec0860  — —
2 v2
—Cos 6 sin 6

where again tan@=2e¢,/¢; .

In the VLW case, the parametey is negligibly small if the solar oscillations are maximal, and can be taken as zero without
affecting the phenomenology. If this is done, then reference to the mass matrix shows thaf &othy ;. derive their masses
entirely from flavor non-diagonal couplings, and they are maximally mielogous to the’,-v¢ system. Also, if €, is

taken as zero, then there are only four independent parameters needed in the mass matrix, and just two in the mixing matrix.
The derivedd parameter becomes /4, and the mixing matrix becomes very simple:

-1 1
1 =1 1 €3 €3
:5 *ez3 —e 1 1 6
-1 =1
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C. Solar v—v¢ and v.— v oscillations

A more general scenario which is a mixture of the previous two is for solar neutrinos to underge beoih and v,
— v, oscillations. This is easily parameterized by replacing:ithand v, states in Eq(53) with the rotated states, and v_.

and defining
vl cosa —sina)(yg
=1 . (57
128 sina cosa |\V:
Then the mass matrix in the{,ve,v, ,v,) basis becomes
€,C0Sa+ e;Sifa €050+ egsine Sina  (€,— €;)Sin @ COSa
€,C0x + €3Sina 0 0 €300 — €,SiN
Sina 0 €4 COS
(€4—€1)SiN @ COSa  €3C050— €,SiN COSr  €,C0Sa+ €;SiNa
and the matrix which diagonalizéd is
. _ 1
cosfcosa —sSinfcosa ——sinae —Sina
) )
. 1 1
Vs VYo sSin 6 cosd —e€3 —e€3 VYo
Ve 41 V2 V2 4}
=U = , (59
V,u Vo ) 1 1 Vo
v v _63S|n 6 —63COS(9 b _— v
. . . 1 1
—cosfsina sinfsina ——cosa — COS«
v2 v2

where tan 2=2e¢,/€e,; as before. The unmixed cases Eqgs.where Ay <Az,<<A,0=Az5=A5=A3; due to the neutrino

(45) and (54) are obtained in the limit&ge— 0 anda— /2,
respectively.

VI. OSCILLATION PROBABILITIES

A. Expressions for any baseline

For the mixing in Eq(53) (when the solar oscillations are
ve— vg), the off-diagonal vacuum oscillation probabilities
obtained from Eq(2), to leading order ire; for eachA;; and
ignoring amplitudes smaller tha(ﬁ(e]-z), are

P(veesv,)= €32 COSO(SINPA 53+ SinPA z;)
—SirPA gp+ 2 SirfO(sinfA 5

+ SirPA 30) — SiNF260sirtAg1], (60)
P(vees v,)=€5sifAsy, (61)
P(ves vg) =Sinf26 sirfAq,, (62
P(v, e v,)=SirPAg,, (63)
P(v, < vg)=sinf20e3sirtA g, (64)

mass spectrum. In our model, only the-v4 oscillation is
suppressed beyor@(e?).

B. Short baseline

For small L/E only the leading oscillations\ ,j=A,;
=A39=A3; contribute, and the only appreciable oscillation
probability is

P(vee—v,) :4e§sinzA, (65
where A=m?L/4E. From Eq. (65 we can fix two model
parameters

5m§b|: m2, Ag§|:4fg . (66)
Since the only short-baseline oscillation ig— v, , these
models predict the equality of the, disappearance probabil-
ity, the v, disappearance probability, and the LSND,
— v, appearance probability in short-baseline experiments.

C. Long baseline

For L/E typical to atmospheric or long baseline neutrino
experiments, the oscillations i assume their average val-
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ues. TheAj;, oscillation is now evident, and the non- exactly the same way, i.e., via E466), (70), and(76)—(78).

negligible oscillation probabilities in vacuum are This is a consequence of the-v, ambiguity. In all cases,
) the parameterm, €3, ande, are related to the observables
P( VM<—> VT):S"]ZAaz, (67) by
P(ve—v,)=€2(2—sintAz,), (68 ALe om2
o m?= omz, Egz%bl’ 54:45n:t2m ' (79
P(vee v,)=€5siMAs,. (69 sbl
In the solar sector we have
From Eq.(67)
sm2 A% Sm?
Sm2 = omi=4mle,, ALk =1, (70) SAM: 2=— @@= (80)
, ) oMy 46mgy,
which determines another parameter of the model. The
model automatically gives maximal oscillations for atmo- 2 [i_ ek 2 aeb
sphericv,’s, while oscillations in other channels are sup- | Ay 62:5m5““ L= Asun 2= OMsurAsun
pressed. Ther,, maximal mixing is natural in the sense that ! 5m§b, 2 45m2 /1_Aeé ’
it results from the large value of thid, , matrix element sbl 5””(81)
relative to the diagona\l v, and M v, elements, without
any need for fine tuning of the differen¢®!, , —M, , |. 8om,,
[ T VLW: 61:0, Ezzpe—Z' (82)
Asbl‘smatm

D. Extraterrestrial baseline

e 2 _ e __
Finally, for very large L/E>(5m§tm/evz)*l km/GeV, For the specific valuesdmz,=2eV? and A“S=2.5

siA,, averages tot and the appreciable oscillations in X 10 %, 6mj,=5x10"% eV* and ALk =1, and omZ, =4
vacuum are X106 eV2 and A% =1x 1072, the model parameters are
_ _ given in Table IIl. If we take insteadm?2,,=0.3 e\? and
P (vt v) =SiP26 sinfAoy, (1) Are—4.0x1072 (which gives the smallest value @im?,
allowed by the data we get the model parameters shown in
Table IV. In either of these two examples, thm? scale for
the atmospheric neutrino oscillation can be adjusted simply
P(veesv,)=€5[ § —sirP20 sirPAqy], by varying e,. Also in either case, the two heaviest masses
(73 provide relic neutrino targets for a mechanism that may gen-
erate the cosmic ray air showers observed abeué?® eV
P(ve—v,) =3 eg, (74) [56]. We note that the model parameters in Tables Il and IV
obey the hierarchies described in E¢7)—(49).

P(v,¢ ve)=€3sirP20 sifAq,, (72

P(v,—v,)= 1. (75
VIl. MODEL PREDICTIONS
The solar data can then be explained if the parameters in ) o
vacuum satisfy A. Resolving thewv, vs vg ambiguity
) ) If the solar oscillations are.— v as described in Sec.
o A2 A V A, then our four-neutrino model predicts that the atmo-
SUN Aest el €r spheric oscillations are/,—»,. On the other hand if the
(76) solar oscillations are,— v, as in Sec. V B, the atmospheric
, oscillations arev,,— vs. Several possibilities have been dis-
4e cussed to resolve the ambiguous assignment, @fnd v as
LAM: 6m3, .= smg;=m?e; €] +4 ¢, Agﬁn=462—+262’ the oscillation partners of the,’s in the sun and the,’s in
2 (177) the atmosphere. The possibilities center around measure-
ments of neutral current events, or measurements of earth-

SAM: 6mZ, = ma,=m?e?

4é2 matter effects.
VLW: 8m2,= omé,~2mPe,ele,, A% = P e 1, Neutral current events receive a contribution frepscat-

tering but not fromvg scattering. The Solar Neutrino Obser-
vatory (SNO) [57], which can measure both charge-current
(CC) and neutral-currentNC) interactions, will be able to
test whether the solar,'s oscillate to sterile or active neu-
trinos: in the sterile case the CC/NC ratio in SNO will be
unity and both CC and NC rates will be suppressed from the
In any of these scenarios in Sec. V A-V C, the param-SSM predictions, while in the active case only the CC rate is
etersm, €,, €3, €4, and e; are obtained from the data in suppressed. Of course if the CC measurement is consistent

(78

in the three cases.

E. Determination of the parameters
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with the NC, one needs additional evidence to rule out the TABLE ll. Typical model parameters for the input dafanZ,,
possibility that the SSM is in error. For instance, SuperkKa-=2 e\2, ALg=2.5x10"3, sm2,,=5x10 % eV? andA4 =1.
miokande and SNO can also accurately measure the shape=f

the 8B neutrino spectrum, which would be distorted by os-inPuts SAM LAM VLW
cillations. Also, a measurement of lower energy neutrinos,g,.2 (eV?) 4% 106 9% 106 5x 10~ 11
such as by the BOREXINO experimeiSg] or the HELLAZ et 1%10-2 0.72 10
experimenf59], could also be used to detect deviations from—""
the SSM spectrum. outputs SAM LAM VLW
Earth-matter effects are possible in the atmospheric dat% ev) 14 14 14
for the v,—vg oscillation channel but not for the,—v. . 2 5><.10*2 2 B '10,2 2 B iO*z
channel(there is a relative phase difference betwegnand 53 6.3>< 104 6.3>< 104 6.3>< 104
vs due tov, neutral current forward scattering, but there is ¢ 7.1>< 10°5 1.2>< 103 3-2>< 10°5
no phase difference betweery, andv;). In the solar data, ) 1.4%10°3 15x10°3 _

earth-matter effects are possible in both the-v channel
and theve,—v . channel, but are larger for the—wv4 channel.
The analytical analysis of matter-effects involving active and 1

sterile neutrinos can be somewhat complicd@d, but the P(re—v,)= ZA’;&(Z—sinzAatm), (83
Schradinger-like evolution equations can always be solved

numerically[60]. Day/night modulation of the solar flux due

to earth-matter effect_s is expected to discrim_inate betvv_@en P(vesv,)= 1 AL SIA s (84)

and v, components in the solar flupgl], while a precise 4

measurement of zenith angle dependence in the atmospheric

data may discriminate between and v components in the Wwhere A55~O(1%) is theoscillation amplitude which de-
atmospheric fluxef62]. Oscillation wavelengths commensu- scribes the LSND results andA z,=1.278m3,L/E

rate with the size of the earth’s mantle and/or core are espev(ﬁmﬁtm/5>< 10 3 eV?)(L/157 km)(GeVE) is the oscilla-
cially sensitive to the earth’s mattf$1-63. tion argument which describes the atmospheric neutrino

Other tests have been proposed recently to resolve thdata. We emphasize the new predictions in #Qe v, and
v,—vs ambiguity. One test is to measure the asymmetry beve« v, channels: long baseline oscillations with common
tween downward-going and upward-coming atmospheri®scillation length determined by tretmosphericA ;;,, and
events, for electrons and muons separaif]. Various os- common amplitude given by times theLSND amplitude
cillation scenarios give rise to dramatically differing trajec- A4y - These oscillations are in addition to thg« v, oscil-
tories of the asymmetries versus energy for muons and eledations due ta\g, in Eqg. (65), which average to the value of
trons. By eventually measuring an up-down asymmetry forz ALy in a long baseline experiment. The amplitudes and
neutral currentNC) events (e.g.vN— vN#°), the ambigu- lengths of these new oscillations complement the set in Table
ity can be resolved: for the, case there is no NC asymme- Il, which are inevitable, given the present data, and are there-
try, whereas for the, case there is a large NC asymmetry, fore required in any model.
as shown in Ref[65]. The ratio of the rates of NC events ~ How can the oscillation probabilities in Eq83) and(84)
relative to the charged curref€C) events can be also used be tested? A list of experiments currently underway or being
to the same enfb6], as can multi-ring even{$7]. Searches planned to test neutrino oscillation hypotheses is given in
for muon-less events which come from, in association Table V[69]. In each case the oscillation channel and the
with a v, disappearance measurement, can also in principl@arameters which are expected to be tested are shown.
distinguish betweemw, and v, [68].

How might non-trivial mixing ofv, and v¢ be observed, TABLE IV. Typical model parameters for the input data
and how might the mixing angle be deduced? A mixeddMa=0.3 eV, ALS=4.0x10?, omi,=5x10"%eV? and
model would generally have a signature intermediate beAam=1-
tween the two unmixed signatur¢2l]; e.g., experiments

measuring neutral current events for solar and atmospherigPuts SAM LAM VLW
neutrinos would find a result between those expected-for 4.2 (eV?) 4% 10°6 9% 106 5x 10~
andvs, as would measurements sensitive to matter effects iRee " 1%10-2 072 10
the earth. sun ' '
outputs SAM LAM VLW
B. New oscillation signal
W oscriation signais m (eV) 0.55 0.55 0.55
Assuming that the solar oscillations arg—vs, we can ¢, 1.0x10°! 1.0x1071 1.0x10°1!
determine the new oscillation signals predicted by the model, 4.2x10°3 4.2x10°3 4.2x10°3
Given the order of magnitude of thimizj andU,;, observ- 1.9x1074 3.2x10°3 2.0x1076
able new phenomenology occurs fofE>1 km/GeV in the ¢, 3.7x10°3 4.0x 10783 ~0

oscillation channels
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TABLE V. Current and planned short and long baseline neutrino oscillation experiments. Stars denote
accessible oscillation channels. The? and sirf26 sensitivies are given. gppartially.)

Test Model?
vy YV, Ve Ve v, Ve
L P Test  Test 1 1
Experiment Ve VU Vp Ve (eV?) sif20  LSND? Atmos? Ve v,
BOONE * 1072 6x10°4 *
BOREXINO * 106 0.4
CHORUS * 0.3 2x10°4
COSMOS * 0.1 105
ICARUS, NOE, *x 3x10°3 4x10°2 p
AQUA-RICH, OPERA
KARMEN * 4x10°? 103 *
KamLAND * 2x10°° 0.2
K2K * 2x10°3 5% 10 2 p
MC/Gran Sasso *  x 8x107° 1072 p * p p
MC/Soudan *x  * 8x107° 6Xx10°° * * p
MINOS *x  * 1073 102 p p
NOMAD * 0.5 3x10°4
ORLANDO, ESS * 3x1073 10°* *
Palo Verde * 1073 0.2
TOSCA * 0.1 10°°

The MINOS experimen{70] can detectv,—wv. or v,  8x10 ° eV? for maximal mixing[71]. For largesm?, the
—v, oscillations and is sensitive down #m?=10"%eV?  oscillation amplitude single-event sensitivity is roughly in-
and a mixing amplitude of 1%, which partially overlaps the versely proportional to the neutrino flux at the detector di-
region of interest deduced from the atmospheric data; seeded by the detector size; abouk@0~° for SOUDAN and
Fig. 8. If the MINOS experiment can increase its sensitivity,10”2 for GRAN SASSO[71]. In general, the closer detector
it will provide an even better test of the new phenomenologyhas comparablém? sensitivity but betteA sensitivity.

Long-baseline experiments with an inten&eor?e neu- The m_odel predicts,— v, oscillations with amplitude
trino beam and which can deteels can see theve—v,  #Asoi (Which ranges from 0.0006 to 0.Dand mass-squared
oscillations in Eq.(84) and provide a definitive test of the difference of dmg,, (which ranges from %10 to 7
new phenomenology predicted by the model. High intensity< 10 ~ €V°). The region of possible.— v oscillations in

muon source§71] can provide simultaneous high intensity ©Ur model and the regions which can be tested at the
— $—] P . g' y SOUDAN and GRAN SASSO sites with a neutrino beam
v, andvg (or v, and v, for antimuong beams with well-

._from a high-intensity muon source at Fermilab are shown
%chematically in Fig. 8, along with the favored parameters

tected th h their. d d d that a ch det for the LSND, atmospheric neutrino, and solar neutrino os-
ected through theip decay mode and that a charge Aeter-q; 4iions. such experiments would be sensitive to some of

mination can be made, so that one can tell if twriginated ve—s v, region, though they may not cover the low-mass,

from v, — v, or ve— v, oscillations. Current proposalgl]  small-amplitude part. These searches would also be able to
consider SOUDAN (=732km) or GRAN SASSO I test thev,— v, oscillations in Eq(83) and the atmospheric
=9900 km) as the far site from an intense muon source a ., ,_oscillations. Additionally, long baseline experiments
Fermilab (MC). These experiments could also obsemge g the AMANDA detector [72] from Fermilab (

— v, oscillations via detection of “wrong-sign” muons,_i.e., ~11700 km) or KEK (=11300km) may be useful in
those with sign opposite to that expected from theor v, probing oscillations with smalbm?.

source. The neutrino energies are in the 10-50 GeV range. If the solar oscillations are.— v, then the oscillations
Assuming that low backgrounds can be achieved, the sensf atmospheric neutrinos are,— vs and the new oscilla-
tivity to ém? is roughly proportional to the inverse square tions in Eq. (84) are insteadv,— vs. The ve— v signal

root of the detector sizégiven the same neutrino energy would not be detectable in long-baseline experiments since
spectrum at the sourgethe sm? sensitivity does not depend the signal isv, disappearance at the percent level or less.
on detector distanck because although the flux in the de- The measurable signals of the model in this case are maxi-
tector falls off withL2, the oscillation argument grows with mal v, disappearance and the— v, oscillations in Eq.

L2 for small Sm?L/E. For 20 GeV muons at Fermilab and a (83).
10 kT detector at either SOUDAN or GRAN SASSO, the If the solar neutrinos oscillate into both and v, as given
single-eventdm? sensitivity for v,— v, oscillations is about by the mixing in Eq.(59), any vacuum oscillation in Secs.

detector at a distant site. It is expected that will be de-

7
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VI A-VI D which has v as the final state is replaced by
oscillations tovg with relative probability co&r and to v,
with relative probability sife. Conversely, any oscillation
which hasv,_ as the final state is replaced by oscillations to
vs With relative probability sife and to v, with relative
probability cod . In particular, a solaw, oscillates into a
mixture of v and v, with relative probability co5a and
Sir? a, respectively, in a vacuum, and an atmospherjc
oscillates into a mixture of and v, with relative probabil-
ity sin? « and co$ «, respectively, in a vacuum. The new
oscillation signal in Eq(84) for long baseline experiments is
replaced by

P(ve—v,)= %Ag& coga SirfA m, (85)

P(veevg)= %Agﬁ sirfa SirtA 4um,. (86)

Also, there are new oscillations betweepandv ., with the
general probability for any baseline given by

P(vs— v,)=sirfa coSa[2 cogd(SirfA
+ SinPA 30) + 2 SirPO(sirPA .+ SirfA 39)

— sinPA 5,— SirP26 sirfAqy]. (87)

C. Neutrinoless doubleg decay

Since theM, , mass matrix element is zero in E@5),

there is no neutrinoless doubldecay at tree level in our
model. The present limit orM VePe from this process is

~0.5eV [73]. New experiments are under development
which may measurt, , down as low as 0.01 e}73]. If a

nonzeroM, ,_ is found at these levels, it would be incom-
patible with the solar solutions in our models.

D. Tritium decay

If vo is primarily associated with the lighter pair in the
2+2 model, andm;<my<<m,,mgz, then there will be no
measurable effect in the endpoint of the tritium decay spec
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FIG. 8. Predicted region in the effecti@n?®—sir? 26 param-
eter space fov,— v, oscillations in the four-neutrino modé&olid
rectanglg, which is determined bﬁf of the LSND v,,— v, oscilla-
tion amplitude and the atmospheric neutring— v, oscillation
dm? scale. The dotted curves show the potential limits gn
—ve,v, oscillations from the MINOS experimen0] and the
dashed curves show the potential limits &n »,— v oscillations
that can be set by neutrino beams from an intense muon source at
Fermilab[71] to detectors at the SOUDAN and GRAN SASSO
sites for muons with energy of 20 GeV. Also shown are the param-
eters for the solar.— v4 small-angle MSW oscillation.

trum. Since only mass-squared differences are important fagalaxy sizes, to be provided by the Sloan Digital Sky Survey

oscillations, the inverted 22 model, wherem,,ms<m,
<mg, is equally viable, although it is not derivable from the
mass matrix in Sec. V. Then the, will have an effective
mass of 0.55-1.4 eV, which is just below the current limit
[74].

E. Hot dark matter

For m=1.4 eV, approximately the largest value allowed
by the LSND dataxm,=3 eV, which according to recent
work on early universe formation of the largest structure
provides an ideal hot dark matter compongnb]. For m

=(0.55 eV, the contribution to hot dark matter is much

(SDSS [77]. For two nearly degenerate massive neutrino
species, sensitivity down to about 0.2 to 0.9 @épending

on () andh) is expected, providing coverage of all or part of
the LSND allowed rangeni=0.55 to 1.4 eV in our modgl
Also, the future MAP[78] and PLANCK|[79] satellite mis-
sions, which will measure the cosmic microwave back-
ground radiation, should be sensitive to neutrino densities to
high precision[80], and in particular to the’,— vs atmo-
spheric or thev,— v large-angle MSW neutrino mixing so-

dutions[81].

F. Resonant enhancement in matter

smaller. The contribution of the neutrinos to the mass density The curves in Fig. &in the scenario where the solar os-

of the universe is given b§,=>m, /(h?93 eV), wheren is  cillations are ve— »rs) assume vacuum oscillations in the
the Hubble expansion parameter in units of 100 km/s/Mpdearth. In general, large corrections to oscillations involving
[76]; with h=0.65 our model implie€),=0.05. An inter- v, and v are possible due to matter. The diagonal ele-
esting test of neutrino masses is the power spectrum of earlyent in the effective mass-squared matrix receives an addi-

093016-17



V. BARGER, S. PAKVASA, T. J. WEILER, AND K. WHISNANT PHYSICAL REVIEW 68 093016

tional termv2GgNGE from its forward elastic CC interac- TABLE VI. Resonant energies E,.q=6.6y1—A(6m?/
tion, and thevg diagonal element receives the contribution eV?)(Ng/Na cm 31 TeV in the earth’s core and mantle for
GeN,E/V2 (relative to the active neutrinpbecause it does ve-v,,, oscillations, for some typical vacuum values for #e?®'s
not have NC interactions. Herdl, andN,, denote the elec- and amplitudes suggested by the data. Herés the oscillation
tron and neutron number density, respectively. In Table Viamplitude andN, is Avagadro’'s number. We have taken the core
we display the resonant energies in the earth for the variouglectron density to be 4.5 to 6M) /cm®, and the mantle density to
vacuumsm? values suggested by the available LSND, atmo-be 1.6 to 2.6\, /cn?. Resonant energies fot.- v oscillations are
spheric, and solar data. For neutrinos with energies signifi2Ne/(2Ne—N,) times larger than fov,-» ;. oscillations, resonant
cantly aboveE s, oscillations are suppressed; for neutrinosenergies forw,,, - vs oscillations are Rle/N, times larger, but reso-
with energies significantly belo,.s, the matter effect is nance occurs fop rather thanv since the phase difference due to
negligible; at the resonant energf,,,—=1 and the oscilla- matter has the opposite sign.

tion length is increased by JA, .o

Some of the resonant energy values in Table VI are of Eres= 6m?1—A/(2V2GgNy)
particular interest. Upcoming neutrinos from the atmosphere 0 2
or astrophysical sources, with,~TeV and mass in the A am-/ev core mantle
LSND range, can have their oscillations resonantly enhanced, { LSND 2 22_29 TeV 51-8.2 TeV

by the earth’s mantle and/or core. Atmospheric neutrinos in__; LSND 0.3 330440 GeV  0.8-1.2 TeV
the one to ten GeV range, and the SAM and LAB! neu- 08 ATM 5x102 24-33 GeV  5.6-92 GeV
trinos from the sun also appear to be near resonance in the - _ oo o
earth’s matter. As discussgg in Sec. VII A, it is these earth- <1 SAM  6X 1_05 ° 65-88Mev  15-25 MeV
matter effects for the atmospheric and solar neutrinos which 06 LAM 10 6.9-9.2 MeV  16-26 MeV
may discriminate between. and v, components in the at- 08 VLW 5x10°%°  25-33 eV 55-90 eV
mospheric and solar fluxes.

In our model of Sec. V A withv,,— v atmospheric neu-
trino oscillations, however, these corrections do not signifi-gnd extraterrestrial length sodn terms of neutrino oscilla-
cantly affect the largen andm3 mass eigenvalues as long tions leads to the conclusion that three independent oscilla-
asE<1TeV, and hence only modify thém3, oscillation  tion lengths are contributing. This then further requires mix-
argument. We have verified this by explicit diagonalizationing of at least four light-mass neutrinos. For a four light-
of the mass matrix when matter effects are included. Hencgass neutrino universe, we draw the following model-
we conclude that the matter corrections to the mass matrix ifldependent conclusions: .

Eq. (45) probably have no observable consequences in afi) the 1+3 (or 3+ 1) mass spectrum with a separated mass
terrestrial experiments. For large/E, such as wherE is disfavored when aII_ the da(ah_SND, reactor, accelerator,
<10 MeV for solar neutrinos, the only significant effect of SOlar, and atmosphejiare considered, leaving a spectrum
matter is the usual MSW enhancementigf- v, that leads W.'th two nearly—dege_nerate pairs as preferre_d,

to the solar neutrino suppression of theflux; in all other (ii) the neutrino mixing matrix elements satisfye, /U

oscillation channels the matter-enhanced amplitudes are a_th|U#2/UM3| g,ﬁmsbl_o'?’ e\'i’ |._e.., the parameters lie near
the eiﬁ level or smaller. In the models discussed in Secs!N® Bugeyve disappearance limit;

VB and V C, where there is a,— v component to the (i) .the rel.aF'0n|U#2|:|U#3| S inferred from the near-
atmospheric oscillation, matter effects as discussed here m aximal mixing of atmospherie,’s measured by SuperK,

- : - : hich together with(ii) implies |U | =|U3).
b tant in t trial @B1]. e2 €3 .
& important in terrestrial experimerj] Based upon the apparent need for more than three light

neutrinos, we have presented four-neutrino models with
three active neutrinos and one sterile neutrino. The models
A. Distinguishing the three solar solutions naturally have maximab,— v, (or v,— vs) oscillations of

atmospheric neutrinos and can also explain the solar neutrino

The VLW solar solution may be discriminated from :
the two MSW solutions by a careful measurement of the?d LSND results. The solar solutions canie- »; or v,

solar neutrino spectrum by SuperK and BOREXINE®], —v,, and can be small-angle matter-enhanced, Iar_ge-gngle
or by determining the amount of seasonal variation of thematt_er-enhanced, or vacuum long-wavelength OS.C'”‘T’H'OUS’
"Be andpep neutrinos[83], which can be measured by the the increased statistics on the electron energy distribution

BOREXINO experiment. ThéB neutrino spectrum as mea- and day/_nlght differences O.f the SuperK dpa] may fur-
sured in SuperK and SNO will also be useful in discriminat—ther clarify the allowed regions for the solar SOIl.mOnS' The
ing between the SAM and LAM solutiorig4]. The HERON ~ MOJElS predicte« v, (O ve—vs) andvee v, oscillations
and HELLAZ[59] experiments would be able to measure the'l long-baseline experiments with/E>1 km/GeV with am-

pp Neutrino energy spectrum, which would also be useful inpIitudes that are determined by the LSND oscillation ampli-
differentiating the three scenérios tude andém? scale determined by the oscillation scale of

atmospheric neutrinos. For the,— v, case, these oscilla-
tions might be seen by experiments based on neutrino beams
from an intense muon source at Fermilab with a detector at
An analysis of all the available datéshort baseline the SOUDAN or GRAN SASSO sites. Thg,— v, oscilla-
LSND, reactor and accelerator, long baseline atmospheritcions might be seen by the MINOS experiment or at KEK

VIII. DISCUSSION AND SUMMARY

B. Summary
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