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We make a model-independent analysis of all available data that indicate neutrino oscillations. Using
probability diagrams, we confirm that a mass spectrum with two nearly degenerate pairs of neutrinos separated
by a mass gap of.1 eV is preferred over a spectrum with one mass eigenstate separated from the others. We
derive some new relations among the four-neutrino mixing matrix elements. We design four-neutrino mass
matrices with three active neutrinos and one sterile neutrino that naturally incorporate maximal oscillations of
atmosphericnm and explain the solar neutrino and LSND results. The models allow either a large or small
angle MSW or vacuum oscillation description of the solar neutrino deficit. The models predict~i! oscillations
of eitherne→nt or ne→ns in long-baseline experiments atL/E@1 km/GeV, with amplitude determined by
the LSND oscillation amplitude and argument given by the atmosphericdm2, and~ii ! the equality of thene

disappearance probability, thenm disappearance probability, and the LSNDnm→ne appearance probability in
short-baseline experiments.@S0556-2821~98!06921-5#

PACS number~s!: 14.60.Pq
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I. INTRODUCTION

The long–standing solar neutrino deficit@1,2#, the atmo-
spheric neutrino anomaly@3–6#, and the results from the
Liquid Scintillation Neutrino Detector~LSND! experiment

on n̄e neutrinos fromm1 decay andne neutrinos fromp1

decay @7# can each be understood in terms of oscillatio
between two neutrino species@8#. Interestingly, the solar
atmospheric, and terrestrial~LSND! neutrino oscillations
have differentL/E and therefore require different neutrin
mass-squared differencesdm2 to properly describe all fea
tures of the data. For example, if the atmospheric and LS
dm2 scales are the same@9#, one forfeits the recently re
ported zenith-angle dependence and up/down asymmetr
the atmospheric neutrino flux@4,5#. Alternatively, if the solar
and atmosphericdm2 scales@10# are the same, the reductio
in the solar neutrino flux is energy-independent, contrary
the three solar experiments which infer different oscillati
probabilities in different neutrino energy regions@11#. Since
three distinct mass-squared differences cannot be constru
from just three neutrino masses, the collective data thus
gue provocatively for more than three oscillating flavo
One alternative but less compelling possibility is to introdu
new lepton–flavor changing operators with coefficients sm
enough to evade present exclusion limits, but large enoug
explain the small LSND amplitude@12#. Another alternative
is to dismiss one or more data sets. In particular, much of
region allowed for oscillations by the LSND experiment
disfavored by the KARMEN experiment@13#, although at
present KARMEN does not invalidate the LSND signal.
0556-2821/98/58~9!/093016~21!/$15.00 58 0930
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If all of the existing positive observations are confirmed
viable solution is to invoke one or more additional species
sterile light neutrino@14#, thereby introducing another inde
pendent mass scale to the theory. The additional neut
must be sterile, i.e. without standard model gauge inter
tions, to be consistent with CERNe1e2 collider LEP mea-
surements ofZ→nn̄ @15#. The introduction of a sterile neu
trino to complement the three active neutrinos has had s
phenomenological success@16#.

In this paper we propose and study mass matrices
four–neutrino models~three active plus one sterile! that can
accommodate all the data presently suggesting neutrino
cillations. Once a fourth neutrino is admitted to the spectru
it is no longer mandatory that thenm mix with the nt at the
atmospheric scale. Thenm may instead mix with the sterile
ns , or with some linear combination ofns andnt . Similarly,
the ne may mix with a linear combination ofns andnt .

At first sight the mixing of a sterile neutrino with activ
flavor neutrinos seems to be stringently constrained by
bang nucleosynthesis~BBN! physics. The bound

dm2sin22u,1027 eV2 ~1!

on the mass-squared differencedm2 and the mixing angle of
the sterile neutrino was inferred to avoid thermal overpo
lation of the ‘‘extra’’ sterile neutrino species@17#. However,
there are significant caveats to this bound. One is the
that some recent estimates ofNn using higher abundances o
4He yield considerably weaker bounds@18#. Another is that a
small asymmetry (nn2nn̄)/ng*731025 of flavor neutrinos
©1998 The American Physical Society16-1
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~but large compared to the present baryon asymm
DnB /ng;10210) at t.0.1 s is enough to suppressnm-ns

oscillations and then the bound of Eq.~1! does not apply
@19#. Such asymmetries, in fact, can be generated with
kind of model parameters considered herein~as shown in
Refs. @20, 21#!. In light of this observation that BBN may
allow sizeable mixing between sterile and active neutrin
we consider both the small and large mixing with ster
neutrinos in this work.

We review all existing data that indicate neutrino oscil
tions, and then perform a model-independent analysis of
data using four-neutrino unitarity constraints. A very use
tool for this unitarity analysis is the set of probability rec
angles, which we explain and exploit. We draw seve
model-independent conclusions for the four-neutrino u
verse.

We design a five-parameter neutrino mass matrix wh
can account for each of the three viable solar solutions
accommodate the atmospheric and LSND observations.
three solar possibilities are the small-angle matter-enhan
~SAM! @22–25#, large-angle matter-enhanced~LAM ! @26#
and large-angle vacuum long-wavelength~VLW ! @27,28# ex-
planations of the solar neutrino deficit. Our mass ma
yields maximal oscillations of atmosphericnm . We consider
the possibility that the solar data is explained byne→ns or
ne→nt oscillations, in which case the atmospheric neutr
data is explained by eithernm→nt or nm→ns oscillations,
respectively. We also consider the possibility that both atm
spheric and solar neutrino oscillations havens andnt com-
ponents. Lack ofns-nt discrimination in the present data
the major source of ambiguity in the four-neutrino mod
We discuss how future experiments can resolve this amb
ity.

In Sec. II we summarize the oscillation probability form
las and utilize a probability formalism, based on unitarity
the mixing matrix, which permits a simple visual represe
tation of mixing. In Sec. III we begin with a brief discussio
of the three classes of experiments and the neutrino mass
mixing parameters needed to explain them. We then
probability rectangles to display the inferences from the d
for any four-neutrino scheme. In Sec. IV we employ t
probability rectangles to argue against a neutrino mass s
trum with one eigenstate separated from three other nea
degenerate states~which we will refer to as the 113 spec-
trum! in favor of two nearly degenerate mass pairs~which
we will refer to as the 212 spectrum!. We also derive some
new relations among elements of the mixing matrix that
sult from data and unitarity which are satisfied in a fou
neutrino model for certain ranges of the parameters. The
Sec. V we present a mass matrix whose eigenvalues co
of a nearly degenerate neutrino pair at;1.4 eV and another
nearly degenerate pair at low mass, as illustrated in Fig
We show how the existing data almost uniquely fixes
model parameters~once a solar scenario is specified! and
strictly determines what new phenomenology the model p
dicts. In Sec. VI we derive expressions for the oscillati
probabilities in our models in terms of the current neutri
experimental observables. We present the model predict
in Sec. VII. The new observable signature for the mode
09301
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ne↔nt or ne↔ns oscillations forL/E@1 km/GeV, depend-
ing on whether the atmospheric oscillations arenm→nt or
nm→ns , respectively. Section VIII contains some discu
sion, and a summary.

II. FORMALISM

A. Oscillation amplitudes

To simplify the analysis of the available data, we w
ignore possible CP violation and work with a real-valu
mixing matrix U. Accordingly, the general formula for th
vacuum oscillation probabilities becomes@29#

P~na→nb!5dab24

3(
k, j

UakUbkUa jUb jsin2D jk , ~2!

where D jk[dmjk
2 L/4E51.27(dmjk

2 /eV2)(L/km)/(E/GeV),
dmjk

2 [mj
22mk

2 , and the sum is over allj and k subject to
k, j .

For oscillations of two neutrinos, the oscillation amplitud
~i.e., the coefficient of the sin2Djk term! is given by sin22u,
whereu is the mixing angle between the two neutrino stat
More generally, for a particular experiment, the amplitude
the na to nb oscillation in the absence of CP violation an
for an arbitrary number of neutrinos is seen to be

AD
ab524(

k, j
Ua jUb jUakUbk , aÞb, ~3!

where the sum is over those mass states whose mass-sq
differencesdmjk

2 are discernible by the particular experime
~as determined by the oscillation phaseD jk), and indistin-
guishable within the resolution of the particular experime
We will use subscript labels on the amplitudes to distingu
the various@k, j # sums relevant to the three types of expe
ments: ‘‘sbl’’ will denote short–baseline experiments such
LSND, ‘‘atm’’ will denote atmospheric and long–baselin
experiments, and ‘‘sun’’ will denote extraterrestrial expe
ments, especially those with solar neutrinos. Explicitly,Asun

ab

results from a sum of allk, j such thatdmjk
2 is ;dmsun

2 ,
where dmsun

2 is the scale of the mass–squared differen
deduced from solar data~discussed in Sec. III!; the ampli-
tudesAsbl

ab andAatm
ab are analogously defined.

FIG. 1. Neutrino mass spectrum, showing a possible flavor
signment for each mass eigenstate, and showing which mass
tings are responsible for the LSND, atmospheric, and solar osc
tions.
6-2
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VARIATIONS ON FOUR-NEUTRINO OSCILLATIONS PHYSICAL REVIEW D58 093016
We will use superscripts on the amplitude to identify t
oscillation flavors. In the absence of CP violation,AD

ab

5AD
ba . With four neutrino states,U is a 434 mixing ma-

trix. We also define the amplitudes forna disappearance

AD
aa”[ (

bÞa
AD

ab , ~4!

where a” represents a sum over neutrino flavor eigensta
other thanna , and D again labels the threedm2 scales
‘‘sbl,’’ ‘‘atm,’’ and ‘‘sun.’’ ~Equivalently, one may define
persistence amplitudesAD

aa52AD
aa” associated with each

scaleD; we find this less intuitive since in the absence
oscillationsAD

aa52AD
aa”50, and in the presence of oscilla

tions AD
aa52AD

aa”,0.) As defined here, all oscillation am
plitudes carry two superscripts and a subscript; occasion
superscripts or subscripts will be dropped when their val
are clear from the context, or are not needed. The mixin
matrix elementsU, and therefore the amplitudesA, depend
on the environment, e.g., matter vs. vacuum. Throughout
paper we will quote values for the oscillation amplitudesin
vacuum.

B. Probability rectangles and a theorem

The ‘‘probability rectangles’’ used by Liu and Smirno
@21# visually illustrate the mixing of the flavor eigenstat
among the mass eigenstates. To construct the probab
rectangles, we introduce the notation

Pa j[uUa j u2, ~5!

such thatPa j is the probability that thea th flavor state is
found in the j th mass state, or, alternatively, the probabil
that the j th mass state is contained in thea th flavor state.
Therefore, when CP violation is neglected, the real mixin
matrix elements are determined by the probabilities up t
sign: Ua j56APa j . In principle, these signs may be dete
mined by arranging for orthogonality of the rows, and c
umns, in the unitary mixing matrixU.

By unitarity of U we have

(
a

Pa j51 ~6!

for each mass statej , and

(
j

Pa j51 ~7!

for each flavor statea. Thus, if each mass state is represen
as a rectangle of unit area, then the fractional area assig
to Pa j within the rectangle is a graphical representation
the value ofPa j . The probabilitiesPa j depend on whethe
the environment is vacuum or matter. For consistency,
will always display vacuum probabilities in the rectangle
When the probability rectangles are displayed along a ve
cal axis labeled with mass–squared, thedm2 values relevant
for the various experiments are readily visualized. Figur
09301
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gives an example of the probability rectangles for a fou
neutrino model. An inverted 212 mass spectrum, where th
solarne oscillation is driven by the separation of the heav
two states and the atmosphericnm oscillation is driven by the
separation of the lighter two states, may also be possible,
is not considered.

The following mini-theorem will prove to be useful:
In the absence of matter effects, the amplitude Aaa” is inde-
pendent of how the Pa” j probabilities are partitioned among
the mass eigenstates.
The proof of this statement relies on the i
sertion of (bÞaUb jUbk52Ua jUak into AD

aa”5
24(bÞa(k, jUa jUakUb jUbk , to get

AD
aa”54(

k, j
Pa j Pak , ~8!

where, as in Eq.~3!, the sum in Eq.~8! is over all mass state
with mass-squared differences appropriate for the partic
experiment. In Eq.~8!, AD

aa” is manifestly independent of th
partitioning of thePa” j probabilities since it involves only the
Pa j . This theorem demonstrates the limitations on inform
tion derivable from disappearance experiments.

The mini-theorem fails in the presence of matter effe
because the partitioning of the flavor probabilities includi
Pa j are altered. That is, with matter effects the amplitu
AD

aa” doesdepend on how thePa” j are partitioned among the
mass states. Matter will also alter the oscillation waveleng
causing further changes in the phenomenology of exp
ments sensitive to the oscillations rather than their avera
Matter effects have the potential to resolve thens–nt ambi-
guity, as do some other measurements. We discuss these
sibilities in Sec. VII.

III. EXPERIMENTAL CONSTRAINTS

A. Short baseline: LSND, reactors, and accelerators

The LSND experiment@7# reports positive appearance r
sults for n̄m→ n̄e oscillations fromm1 decay at rest~DAR!
and fornm→ne oscillations fromp1 decay in flight~DIF!.
The DAR data has higher statistics, but the allowed regi

FIG. 2. Typical probability rectangles for a 212 model where
n2 andn3 generate the atmospheric oscillations andn1 andn0 gen-
erate the solar oscillations. For the non-dominant probabilitiej
52 or 3 andk51 or 0.
6-3
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for the two processes are in agreement. There are exclus
above dm2;10 eV2 from the NOMAD experiment@30#
which limits nm→ne and the CDHS@31# and CCFR@32#
experiments which set bounds onnm disappearance, and a
exclusion belowdm2;0.3 eV2 from the Bugey reactor ex
periment which searches forn̄e disappearance@33#. The
combined data suggestnm→ne vacuum oscillation param
eters that lie approximately along the line segment descr
by

0.3 eV2<dmsbl
2 5

0.030 eV2

~Asbl
me!0.7

<2.0 eV2, ~9!

or in the dmsbl
2 ;2 to 10 eV2 region with small amplitude

Asbl
me..0025. Values above 3 eV2 are disfavored by the r

process mechanism of heavy element nucleosynthesis in
pernovae when only active neutrinos are present@34#. How-
ever, with the inclusion of one or more sterile species
larger mass-squared values may even be favored@35#. It may
also be the case that the dynamics which enhances succe
r-process nucleosynthesis has nothing to do with neutr
@36#.

There are also restrictions from the null results of t
BNL E-776 @37# and KARMEN @13# nm→ne oscillation
search experiments. In particular, the KARMEN experim
has very recently analyzed new data obtained with their
proved detector system. They find zeron̄m→ n̄e events, and
thus cast doubt on the LSND signal fordm2& f ew eV2

~KARMEN is not very sensitive to the higherdm2 region; in
fact, for theL/E value of the KARMEN experiment,dm2

;6 eV2 is a node.! However, the nonobservation of even th
expected background signal makes a statistical infere
from the KARMEN data difficult. Moreover, the KARMEN
experiment reports its own anomaly in the time-profile of t
pulse; presumably this is a systematic effect not yet und
stood. Further complicating the comparison between LS
and other experiments is the fact that LSND presents t
data in log–likelihood rather than gaussian probability co
tours @38#. The conservative conclusion@39# is that some of
the LSND signal remains viable throughout the entire ran
0.3 eV2<dmsbl

2 <10 eV2. The need for the fourth neutrin
~sterile! rests on the validity of the LSND signal, so futu
reports from the KARMEN experiment, and eventually fro
the proposed mini–BooNE experiment@40#, are of great im-
portance.

The combined short baseline data set forAsbl
ee” , Asbl

mm” , and
Asbl

me will be used in Sec. IV to argue against a hierarchi
neutrino mass spectrum in favor of two pairs of nearly d
generate masses in the four–neutrino spectrum.

B. Atmospheric data

The atmospheric neutrino experiments measurenm andne
~and their antineutrinos! created when cosmic rays intera
with the Earth’s atmosphere. One expects roughly twice
many muon neutrinos as electron neutrinos from the res
ing cascade of pion and other meson decays. Several ex
ments@3,4# obtain anm /ne ratio that is about 0.6 of the valu
09301
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expected from detailed theoretical calculations of the fl
@41#. The Super-Kamiokande~SuperK! experiment has col-
lected the most data and analysis@4# indicates that their re-
sults for contained events can be explained asnm→nt oscil-
lations with @4,6,42#

331024 eV2<dmatm
2 <731023 eV2, 0.8<Aatm

mm” <1.0.
~10!

The high end of each range is favored.
Independent of flux normalization considerations, thenm

→ne oscillation channel is strongly disfavored by the zen
angle distributions of the data@4# and by the up/down asym
metry separated into ‘‘muon-like’’ (nm) and ‘‘electron-like’’
(ne) events @5#, which yield an up-to-down ratio of
0.5220.06

10.0760.01 for m-like events and 0.8420.12
10.1460.02 for

e-like events~the expected values are close to unity!. Fur-
thermore, the recent CHOOZn̄e disappearance experimen
excludesn̄e→ n̄m oscillations with large mixingAatm

ee” *0.2
for dmatm

2 >1023 eV2 @43#.
In a four-neutrino context, another possibility for the a

mospheric neutrino oscillations isnm→ns . Oscillations of
this type in principle could be affected by matter due to t
different neutral current interactions ofnm andns . However,
for the contained events~with lower energy! these effects are
small, especially for larger values ofdm2 @21,44#; hence, the
allowed regions fornm→ns should be similar to those fo
nm→nt . For events at higher energies the matter effe
could begin to be appreciable; a definitive test requires m
data.

C. Solar data

The solar neutrino experiments@2# measurene created in
the sun. There are three types of experiments,ne capture in
Cl in the Homestake mine,ne-e scattering at Kamiokande
and Super-Kamiokande, andne capture in Ga at SAGE and
GALLEX; each is sensitive to different ranges of the so
neutrino spectrum and measures a suppression from the
pectations of the standard solar model~SSM! @1#.

For ne→ns oscillations in the sun~in which case atmo-
spheric neutrino oscillations arenm→nt in our model! the
allowed parameter ranges at 95% C.L.@45# for the small-
angle matter-enhanced solution are given in Table I. T
solution is based on the SSM fluxes in Ref.@1#. Approximate
parameters for the large-angle matter-enhanced@45# and
vacuum long-wavelength solutions@46# for ne→ns oscilla-
tions of solar neutrinos are also shown in Table I. If the so
neutrino deficit is caused instead byne→nt oscillations~and
the atmospheric oscillations arenm→ns), then the allowed
solar parameter ranges for the three solar cases are sli
different @45#; see Table I. The exact values of the para
eters may change as new data from SuperK@47# become
available and when fits are made with the new solar fl
calculations.

In any of the matter-enhanced scenarios it is also ne
sary that the eigenmassm1 associated predominantly withne
be lighter than the eigenmassm0 associated predominantl
with the neutrino into which thene is oscillating~i.e., ns or
6-4
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TABLE I. Ranges of mass-squared differences and amplitudes that provide oscillation solutions
solar neutrino data within 95% C.L. in the small-angle MSW, large-angle MSW and vacuum
wavelength scenarios whenne→ns or ne→nt @45#. The new SuperK data and new solar flux calculatio
give slightly different oscillation parameters than those quoted here; in particular, thedm2 values for the
VLW solution are higher, of order 4310210 eV2 @47#.

ne→ns SAM LAM VLW

dm2 (eV2) 3.53102627.531026 .931026 .5310211

Asun
es 2.53102321.631022 .0.7 .1

ne→nt SAM LAM VLW

dm2 (eV2) 4310262931026 8310262331025 53102112831011

Asun
et 3.53102321.331022 0.4–0.8 0.6–1.0
.

ble
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nt), so that it isne rather thann̄e that is resonant in the sun
For the vacuum solutions the ordering ofm0 andm1 does not
matter. Alternate scenarios where thene is predominantly
associated with the heavier two states andnm is predomi-
nantly associated with the lighter two states are also via

For ne→nt oscillations in the two-neutrino approxima
tion the propagation equation for the neutrino states in
charge-current basis is@22,48,49#

i
d

dt S ne

nt
D5

1

4E S 4&GFENe dm2sin 2u

dm2sin 2u 2dm2cos 2u D S ne

nt
D ,

~11!

whereNe is the electron number density. Forne→ns oscil-
lations the propagation equation is instead@50#

i
d

dt S ne

ns
D5

1

4E S 4&GFE~Ne2 1
2 Nn! dm2sin 2u

dm2sin 2u 2dm2cos 2u
D

3S ne

ns
D , ~12!

whereNn is the neutron number density. For the small-an
matter-enhanced case the non-adiabatic approximate sol
for neutrino propagation is appropriate and the oscillat
probability for a neutrino of energyEn is

P~ne→ne!5
1

2
Asun

ee” 1Px~12Asun
ee” ! ~13!

where in this casee” labels eithert or s, and

Px5expF2
pdmsun

2 Asun
ee”

4EnA12Asun
ee” ~d log N/dL!c

G ~14!

is the Landau-Zener transition probability andN is either
Ne ~for ne→nt oscillations! or Ne2 1

2 Nn ~for ne→ns
oscillations!. The quantity (d log N/dL)c is the appropriate
logarithmic density gradient in the sun atNcrit
09301
.

e

e
ion
n

5dmsun
2 A12Asun

ee” /(2&GFEn), the critical density where
maximal oscillations~resonance! occur. For the large-angle
matter-enhanced case, the neutrino propagation is adia
and

P~ne→ne!5
1

2
@12A12Asun

ee” # ~15!

assuming the neutrinos are created where the electron de
is well above the critical density. For the vacuum lon
wavelength solution the oscillation probability is just give
by the usual vacuum expressions.

D. Oscillation lengths and amplitudes summarized

In neutrino oscillation descriptions of the solar, atm
spheric, and LSND data, a distinct oscillation waveleng
and oscillation amplitude is required for each of the thr
data sets. Experimental uncertainties allow for some latit

FIG. 3. The three allowed two-neutrino solar solutions forne

→nt oscillations@51#. The corresponding region forne→ns oscil-
lations are similar to thene→nt case.
6-5
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in these amplitudes and wavelengths, and for the solar d
there are three isolated islands of viability in th
dm2-amplitude plane@51#; see Fig. 3. The day-night asym
metry measurement, found to be small in the recent Sup
data, removed about half of the previously viable solar
gions @51#.

The vacuum oscillation wavelength is linear in the ne
trino energy, allowing further possibilities that are summ

FIG. 4. Typical probability rectangles for some 212 models.
~a! Rectangles deduced from atmospheric and CHOOZ neut
data, withnm lying predominantly in then2 andn3 states with large
mixing with eithernt and/orns . ThePm0 andPm1 probabilities are
small, but thePm” 0 and Pm” 1 probabilities are not yet determined
The partitioning of thePm” 0 and Pm” 1 probabilities once the sola
solution is specified are also shown for the~b! small angle MSW
and ~c! large angle MSW or vacuum long-wavelength solutions
09301
ta,

rK
-

-
-

rized in Table II. The chosen neutrino energies are typical
solar, and reactor sources~5 MeV!, pion facilities ~100
MeV!, for contained~2 GeV!, partially-contained~10 GeV!,
and throughgoing~100 GeV! neutrino events in undergroun
detectors, and for astrophysical sources~1 TeV!. Although
full oscillation wavelengths are also listed in Table II, osc
lation effects may well be measurable for a fraction of
oscillation wavelength or as an average over many osc
tion wavelengths. Throughgoing and partially contained
mospheric neutrinos may show nodes as a function ofL/E.
Further possibilities arise when the matter effect of the ea
is included in the oscillation physics. We consider ear
matter effects in Sec. VII F.

E. Inferences from data

We consider first the probability rectangles for the atm
spheric and CHOOZ data. The atmospheric data indic
dmatm

2 ;531023 and nearly maximal flavor-changing mix
ing of nm with ne” . The present data do not distinguish b
tweennt or ns as the dominant state into whichnm mixes.
The probability rectangles for the atmospheric scale are
played in Fig. 4~a!. We label the two masses defining th
atmospheric scale asn2 and n3 , with dmatm

2 5dm32
2 . Be-

cause of the ‘‘nt-ns’’ ambiguity we show the unionPt
1Ps rather than the partitions intoPt andPs . For maximal
nmne” mixing, one must choosePm2;Pm3;Pt21Ps2;Pt3
1Ps3;1/2.

Next we consider the pair of mass eigenstates wh
mass-squared difference is fixed by the solar scale. We
visionally investigate a four-neutrino mass spectrum t
consists of two pairs of nearly degenerate neutrinos separ
by the LSND scaledmsbl

2 ;eV2 ~to explain the LSND result
in terms of oscillations!. We argue in Sec. IV that the dat
favor this spectrum over a spectrum with one mass separ
from three relatively degenerate masses. We label the se
pair of mass states asn0 andn1 , and definedmsun

2 5dm10
2 .

SincePm2 andPm3 sum to near unity,Pm0 andPm1 must be
small. Thus the probability rectangles for then0 and n1
states appear as shown in Fig. 4~a!. Accordingly, the LSND
amplitude fornm→ne ,

Asbl
me524@Um3Ue31Um2Ue2#

3@Um1Ue11Um0Ue0#, ~16!

o

cillation
TABLE II. Some typicaldm2 and vacuum oscillation amplitudes suggested by experiment, and the corresponding vacuum os
lengthslv52.5(En /GeV)(dm2/eV2)21 km for representative neutrino energies. Here a.u. is the earth-sun distance andR% is the earth’s
radius.

dm2/eV2 A lv54pEn /dm2, with En as shown:
5 MeV 100 MeV 2 GeV 10 GeV 30 GeV 100 GeV 1 TeV

LSND 2 0.0025 6 m 125 m 2.5 km 12 km 37 km 125 km 1250 km
LSND 0.3 0.04 42 m 840 m 17 km 83 km 250 km 830 km 1.2R%

ATM 5 31023 0.8–1.0 2.5 km 50 km 103 km 5000 km 2.3R% 7.8R% 78R%

SAM 631026 0.0025–0.016 2100 km 6.5R% 130R%

LAM 1025 0.4–0.8 1260 km 3.9R% 78R%

VLW 5 310211 0.6–1.0 1.7 a.u. 33 a.u. 670 a.u.
6-6
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is necessarily small. We emphasize that the smallness o
LSND ne-nm mixing is an inevitable consequence of th
large mixing ofnm to ne” at the atmospheric scale and th
constraints of unitarity, independent of particular model co
siderations including rearrangement of the neutrino m
spectrum.

Four-neutrino unitarity may be used to rewrite Eq.~16! as

Asbl
me54uUm3Ue31Um2Ue2u254uUm1Ue11Um0Ue0u2.

~17!

Written this way, it is clear that the LSND data is blind to th
partitioning ofnt andns in the probability rectangles of mas
statesn0 andn1 . This flavor ambiguity is shown in Fig. 4~a!.

With the identificationdmsun
2 5dm10

2 , we may use Eq.~8!
to write the solarne-disappearance amplitude as

Asun
ee” 54Pe0Pe1 . ~18!

Because matter in the sun may exert a significant effec
propagating neutrinos, the values ofPe0 andPe1 for the sun
have some sensitivity to the statent or ns into which ne
oscillates. However, the sensitivity of present data to t
difference is weak, and there is considerable freedom in
signingnt or ns or a linear combination thereof as the mi
ing partner tone . This nt-ns ambiguity forne mixing at the
solar scale is complementary to thens-nt ambiguity fornm
mixing at the atmospheric scale. Potential measuremen
resolve thens-nt ambiguity at the solar scale will be dis
cussed in Sec. VII.

F. The three solar solutions

The Pe0 and Pe1 partitioning specifies whether the sol
model is a small-angle model or a large-angle model. As
be inferred from Eq.~18!, with nearly equal partitioning of
Pe0 and Pe1 , the mixing amplitude is near maximal~large
angle!. With highly nonequal partitioning, i.e.,Pe0!Pe1 or
Pe1!Pe0 , the mixing amplitude is small. Of the three viab
solar neutrino options, SAM falls into the small angle c
egory, while LAM and VLW fall into the large angle cat
egory. The probability rectangles for the small and lar
angle classes of models are shown in Figs. 4~b! and 4~c!.
Recall that in order to obtain the Mikheyev-Smirno
Wolfenstein~MSW! resonant enhancement required for t
SAM and LAM solutions, it is necessary that the state wh
is predominantlyne be the lighter of the two mass states,n1 .
Qualitatively, LAM and VLW are distinguishable in the
probability rectangles only by the choice of value fordmsun

2 .
Quantitatively, the two solutions and the VLW solution a
distinguishable in ways which are discussed in Sec. VII.

If the active-sterile mixing is small, then all ambiguities
the probability rectangles are resolved: the large atmosph
mixing must benm-nt , and the solar solution must be sma
angle SAM with ne-ns mixing. The probability rectangles
for this model are shown in Fig. 2. This particular soluti
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has recently been analyzed in the context of the minim
four-neutrino mass matrix@52,53#.

IV. MASS SPECTRA

A. Argument against a 113 mass spectrum

It has been shown by Bilenky, Giunti and Grimus@54#
that a hierarchical ordering of the four-neutrino spectru
~implying one dominant mass! is disfavored by the data
when the null results of reactor and accelerator disapp
ance experiments are included. We will refer to this spectr
as the 113 spectrum, defined as one heavier mass s
separated from three lighter, nearly-degenerate states, or
versa. We demonstrate the argument with a set of log
steps similar to theirs.

Assume a mass spectrum with one heavy mass well s
rated from three other nearly-degenerate states and le
heavy mass state be labeled asn3 . Then the LSND mass-
squared scale isdmsbl

2 .dm32
2 .dm31

2 .dm30
2 and the LSND

amplitude is

Asbl
me524Ue3Um3F(

j Þ3
Um jUe jG54Pe3Pm3 ,

with Pe31Pm3<1. ~19!

On the other hand, thene andnm disappearance experimen
at reactors and accelerators are also sensitive to the LS
scale. These experiments measure the disappearance a
tudes

Asbl
ee” 54Pe3F(

j Þ3
Pe jG54Pe3@12Pe3# ~20!

and

Asbl
mm” 54Pm3@12Pm3#. ~21!

The second equalities in Eqs.~19! and ~20! @see Eq.~8!#
follow from unitarity of the mixing matrix. The three ampli
tudes in Eqs.~19!–~21! depend on just two parameters, an
so are interrelated. All three of these amplitudes are c
strained by experiments to be small.A priori then,Pe3 and
Pm3 may both be small, or one~but not both! may be near
unity with the other small. The fact thatAsbl

me is an appear-
ance observationrather than a bound means that ifPe3 and
Pm3 are both small, they cannot be too small.

In the 113 model, the atmospheric scale does not invo
the heavy staten3 . Without loss of generality we label th
state which determines the atmospheric scale asn2 . Then
from Eq. ~8! the atmosphericnm disappearance oscillatio
amplitude is given by

Aatm
mm” 54Pm2~Pm01Pm1!<~12Pm3!2, ~22!
6-7
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where the inequality comes from maximizing 4Pm2(Pm0
1Pm1) subject to the constraintPm01Pm11Pm251
2Pm3 . The SuperK data indicate thatnm is maximally
mixed at thedmatm

2 scale, i.e., there is littlenm-content avail-
able to then3 state. Quantitatively we haveAatm

mm” >0.8,
which impliesPm3<0.11. SincePm3 is small, Eq.~21! be-
comes

Asbl
mm” .4Pm3!1. ~23!

The probability rectangles for the 113 model with small
Pm3 are presented in Fig. 5. Note that it is the zenith-ang
or up/down asymmetry data, which really establishesdmatm

2

as different fromdmsbl
2 , that is crucial for the argument@54#.

We are left with the possibilities ofPe3 being small or
near unity. As can be seen in Fig. 5, ifPe3 is near unity, then
there is little Pe3” to distribute over the three lighter mas
states. In particular, the solar amplitudeAsun

ee” 54Pe0Pe1 ,
where the solar scale isdmsun

2 5dm10
2 , is second order in

small quantities, too small for even the SAM solutio
(ASAM>2.531023) to the solar flux. This may be easil
quantified. IfPe3 were near unity, we would have

Asbl
ee” .4@12Pe3#!1. ~24!

Together with unitarity, this in turn bounds the magnitude
the solar amplitude:

Asun
ee” 54Pe0Pe1<~12Pe3!2.

1

16
~Asbl

ee” !2, ~25!

where the inequality in Eq.~25! comes from maximizing
4Pe0Pe1 subject to the constraintPe01Pe1<12Pe3 . The
experimental upper limit onAsbl

ee” from the BUGEY experi-
ment @33# is about 0.1 fordmsbl

2 <2 eV2, which disallows
even the small-angle solar solution. We conclude thatPe3 is
small, in which case

Asbl
ee” .4Pe3!1. ~26!

FIG. 5. Typical probability rectangles for the 113 model when
Pe3 is large andPe3” is small.
09301
,

f

Thus, bothPe3 andPm3 must be small in the 113 model,
and from Eqs.~19!, ~23!, and~26!, we infer the relation

Asbl
me.

1

4
Asbl

mm” Asbl
ee” . ~27!

However, the experimental upper bounds on the disapp
ance amplitudesAsbl

ee” @33# and Asbl
mm” @31# and the measured

appearance result forAsbl
me @7# are not compatible with Eq

~27!, thereby disfavoring the 113 model. For example, for
dmsbl

2 50.3 eV2, Asbl
ee” ,0.035 from Bugey,Asbl

mm” ,0.8 from
CDHS, which impliesAsbl

me,0.007; however, for this value
of dmsbl

2 , the LSND data indicateAsbl
me.0.04. The LSND

results are presented in terms of maximum likelihood rat
than confidence level limits, so it is not straightforward
state an exclusion probability.

Put another way,Asbl
me is large enough that the Bugey an

CDHS limits force one ofPe3 and Pm3 to be small and the
other to be large, but this is ruled out by the solar and atm
spheric data. The constraints onPe3 andPm3 from the three
short-baseline amplitudesAsbl

em , Asbl
ee” , and Asbl

mm” , the atmo-
spheric amplitudeAatm

mm” and the solar amplitudeAsun
ee” ~from

Eqs.~19!, ~20!, ~21!, ~22!, and~25!, respectively! are conve-
niently summarized in Fig. 6 for two different values o
dmsbl

2 .
The measured values and bounds for the short-base

appearance and disappearance amplitudes depend on
magnitude of dmsbl

2 . ~There is effectively a suppresse
dmsbl

2 third axis in our Fig. 6, which samples only two pa
ticular values ofdmsbl

2 .) For certain allowed values ofdm2

~e.g., at 1.7 eV2 and 0.28 eV2 according to Fig. 2 of@54#! the
violation of Eq. ~27! is mild, and the 113 model is just
barely incompatible with the data; see, e.g., Fig. 6~a!.

The argument against the 113 model does not depend o
the sign ofdmsbl

2 . This means that the inverted 311 model
with the three nearly degenerate mass states heavier tha
remaining state is equally disfavored.

B. 212 mass spectrum

We now turn to the favored class of four-neutrino mode
namely those with two nearly degenerate mass pairs s
rated by the LSND scale as displayed in Fig. 1. It is int
esting to see how this ‘‘pair of pairs’’ mass spectrum
four-neutrino models realizes the dependency amongAsbl

me ,
Asbl

mm” , andAsbl
ee” which conflicted with the 113 model. Letn0

and n1 label the pair of the nearly-degenerate mass eig
states responsible for the solar oscillations, andn2 and n3
label the pair of the nearly-degenerate mass eigenstate
sponsible for the atmospheric oscillations.

The expressions for the oscillation amplitudes are

Asbl
me54uUe2Um21Ue3Um3u254uUe0Um01Ue1Um1u2,

~28!
6-8
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Asbl
ee” 54~Pe3Pe11Pe3Pe01Pe2Pe11Pe2Pe0!

54se~12se!, ~29!

and

Asbl
mm” 54~Pm3Pm11Pm3Pm01Pm2Pm11Pm2Pm0!

54sm~12sm!, ~30!

FIG. 6. Constraints onPm3 and Pe3 for the 113 model when
~a! dmsbl

2 51.7 eV2 and ~b! dmsbl
2 50.5 eV2. The LSND, Bugey,

CDHS, atmospheric, and solar constraints are obtained by com
son of the appropriate data with Eqs.~19!, ~20!, ~21!, ~22!, and~25!,
respectively. Not displayed is the unitarity constraintPe31Pm3

<1.
09301
with

sa[uUa2u21uUa3u25Pa21Pa3 . ~31!

The Schwartz vector inequalityuvW e•vW mu2<uvW eu2uvW mu2 applied
to the vectorsvW e[(Ue2 ,Ue3) and vW m[(Um2 ,Um3) then
gives

Asbl
me<4sesm . ~32!

Furthermore, in the 212 model the solar oscillation ampli
tude is

Asun
ee” 54Pe0Pe1<~12se!

2, ~33!

and the atmospheric oscillation amplitude is

Aatm
mm” 54Pm2Pm3<sm

2 , ~34!

where the inequalities in Eqs.~33! and~34! come from maxi-
mizing the expressions subject to the constraintsPe01Pe1
512se andPm21Pm35sm , respectively.

If the vector inequality in Eq.~32! is saturated, thenAsbl
em ,

Asbl
ee” , andAsbl

mm” each has the same functional dependence
two parameters as it did in the 113 model (se has replaced
Pe3 andsm has replacedPm3). Then the previous argumen
that the LSND, Bugey and CDHS data require one param
to be small (!1) and the other large (.1) applies. The
argument is unaffected if the vector inequality is not sa
rated. As before in the 113 case, the solar constraint ind
cates thatse must be small. This time however, unlike th
113 case, the atmospheric constraint involvessm

2 and not
(12sm)2, and can be met ifsm is large (.1). Therefore the
constraints of the data can be satisfied by assigningne domi-
nantly to one pair of mass states andnm dominantly to the
other pair. Instead of Eq.~27! pertinent to the 113 spec-
trum, we obtain for the 212 spectrum

Asbl
me<Asbl

ee” . ~35!

This bound is linear in the small disappearance amplitud
and is easily satisfied by the data. For example, the tigh
constraint onAsbl

ee” is about 0.02 fordmsbl
2 50.6 eV2, while

the LSND data indicateAsbl
me can be as low as 0.009 for thi

value ofdmsbl
2 .

In Fig. 7 we have drawn these-sm plot for the 212
model, analogous to thePe3-Pm3 plot for the 113 model,
for dmsbl

2 51.7 eV2. The allowed regions withsm near unity
~implying near-maximal mixing ofnm in then2-n3 pair! and

ri-
6-9
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se small ~implying almost no mixing ofne into the n2-n3
pair! show that the 212 model can comfortably accommo
date the data.

Since only mass-squared differences are important for
cillations, the inverted 212 model, where the solar oscilla
tions are driven by the mass-squared difference of the up
mass pair and the atmospheric oscillations are driven by
mass-squared difference of the lower mass pair, is equ
viable.

C. New results

Two features of the data are especially noteworthy. T
first is the remarkably high degree of isolation ofne into one
mass pair andnm into the other mass pair, as inferred fro
the bounds on the disappearance amplitudes. The seco
the near saturation of the vector inequality in Eq.~32! by the
LSND appearance amplitudeAsbl

me for dmsbl
2 .0.3 eV2.

Equations~29! and~30! bound the degree to whichne and
nm are found in opposite pairs of mass eigenstates. With
loss of generality we assume thatne is predominantly asso
ciated withn0 andn1 , and thatnm is predominantly associ
ated withn2 andn3 . Then from the Bugey and CDHS da
we find the constraints

se.
1

4
Asbl

ee” <0.016~0.009!, ~36!

and

FIG. 7. Constraints onsm and se defined in Eq.~31! for the
212 model whendmsbl

2 51.7 eV2. The LSND, Bugey, CDHS, so
lar and atmospheric constraints are obtained by comparison o
appropriate data with Eqs.~32!, ~29!, ~30!, ~33!, and ~34!, respec-
tively.
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12sm.
1

4
Asbl

mm” <0.013~0.2!, ~37!

respectively, fordmsbl
2 52 eV2 (0.3 eV2). We then deduce

Asbl
ee” <0.065~0.04!, ~38!

which can be compared to the LSND data

Asbl
me.0.0025~0.04!, ~39!

for these two values ofdmsbl
2 . The near-saturation of the

inequality in Eq.~35! for dmsbl
2 50.3 eV2 has very interest-

ing implications. It means thatv̂e is nearly parallel or anti-
parallel tov̂m , which in turn indicates that

uUe2 /Ue3u.uUm2 /Um3u. ~40!

This is a new result.
Furthermore, the SuperK data suggest thatnm is maxi-

mally mixed in the mass pair with mass-squared differen
dmatm

2 , so for this pair, calledn2 andn3 , that

uUm2u.uUm3u.
1

&
. ~41!

Then Eq.~40! implies

uUe2u.uUe3u. ~42!

This is also a new result. In summary, if the oscillation p
rameters are indeed near the limits of the Bugey bound,
four-neutrino mixing matrix in the 212 model must satisfy
Eq. ~40!, which implies Eq.~42! if the atmosphericnm mix-
ing is maximal.

We can derive additional constraints by consideringse8
5Pe01Pe1 andsm8 5Pm01Pm1 rather thanse andsm . The
data requiresse8 to be large (.1) and sm8 small, and the
Schwartz inequality reduces to

Asbl
me<Asbl

mm” , ~43!

where the CDHS bound is

Asbl
mm” <0.05~0.8!, ~44!

at dmsbl
2 52.0 eV2 (0.3 eV2). Because the inequality in Eq

~43! is not saturated by the data for anydmsbl
2 , a relation

similar to Eq.~40! for Ue0 , Ue1 , Um0 , andUm1 is not re-
quired in the 212 model. However, the explicit mass matr
ces we consider do have such additional relations; see
V.

Finally, we mention a curiosity@55# in the data which
occurs for the pair of pairs mass spectrum with the mat

he
6-10
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VARIATIONS ON FOUR-NEUTRINO OSCILLATIONS PHYSICAL REVIEW D58 093016
enhanced solar solutions~SAM and LAM!. The linear mass
splitting at the heavier pair ism32m2;dm32

2 /2m3 . If this
pair is associated with the atmospheric scale, we h
m32m2;2.531022 eV (dmatm

2 /531023 eV2)(m3 /eV)21.
On the other hand, if the lighter mass pair is associated w
the matter-enhanced solar scale, andm0@m1 , then the linear
mass-splitting of this pair ism02m1;m0;Admsun

2 52.5
31022 eV (dmsun

2 /1025 eV2)1/2. The two linear mass split
tings within the pairs are nearly identical. While squar
masses enter into the oscillation formulas for relativistic n
trinos, the more fundamental constructs of field theory, s
as the Lagrangian and the resulting equations of motion,
linear in fermion masses~and quadratic in boson masse
these powers of mass being related to the dimensionalit
the fermion field vs the boson field!. Thus it is a worthy
enterprise to attempt to deduce linear neutrino-mass relat
whenever possible.

V. MASS MATRIX ANSÄTZE

A. Solar ne˜ns oscillations

To describe the above oscillation phenomena in the s
nario where the solar neutrino deficit is described byne
→ns oscillations and the atmospheric data bynm→nt , we
consider the neutrino mass matrixAnsatz

M5mS e1 e2 0 0

e2 0 0 e3

0 0 e4 1

0 e3 1 e4

D , ~45!

presented in the (ns ,ne ,nm ,nt) basis~i.e. the basis where
the charged lepton mass matrix is diagonal!. By considering
the field redefinitionsC→2C and C→g5C one realizes
that m, and at least one ofe1 ande4 , and at least one ofe2
ande3 , may be taken as positive; we will takem and all four
e j to be positive for simplicity. The mass matrixM contains
five parameters (m,e1 ,e2 ,e3 ,e4), just enough to incorporate
the required three mass-squared differences and the os
tion amplitudes for solar and LSND neutrinos. The lar
amplitude for atmospheric oscillations does not require
sixth parameter in our model because the structure of
mass matrix naturally gives maximal mixing ofnm with nt
~or with ns if nt andns are interchanged!.

For simplicity, we have taken the mass matrix to be r
and symmetric. The choice of a symmetric neutrino m
matrix is well-motivated in the context of oscillations, fo
what is measured in neutrino oscillations are the differen
of squared masses, which are eigenvalues of the herm
matrix MM†, which is itself symmetric when CP conserv
tion is assumed.M is diagonalized by an orthogonal matr
U ~real! and there is no CP violation. Thee j are assumed to
be small compared to unity, but not all necessarily of
same order of magnitude. The zero terms in the mass m
could be taken as nonzero without changing the phen
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enology discussed here as long as they are small compar
the terms shown. Also, theM nmnm

term could be chosen

different from e4 while still giving maximal mixing ofnm
andnt since maximal mixing results from the large value
theM nmnt

matrix element relative to the diagonalM nmnm
and

M ntnt
elements, without any need for fine tuning of the d

ferenceuM nmnm
2M ntnt

u. Here we choose to take the min

mal form for M needed to describe the data and then der
the associated consequences.

To a good approximation, the two large eigenvalues of
mass matrix in Eq.~45! are

m2,357m~17e41 1
2 e3

2!. ~46!

The values of the two small eigenvalues depend on the h
archy of thee j . For the three solar cases we have:

SAM:e2!e1 ,e4!e3!1, ~47!

LAM: e1 ,e2 ,e4!e3!1, ~48!

VLW: e1!e2!e4!e3!1. ~49!

The two small eigenvalues are then approximately given

SAM:m0.me1 , m1.m~e3
2e42e2

2/e1!, ~50!

LAM: m0,1.
m

2
@e16Ae1

214e2
2#, ~51!

VLW: m0,1.m@6e21e3
2e4/2#. ~52!

These approximate expressions for the eigenvalues h
been obtained by multiplying eache j by powers of a hypo-
thetical parameterd, where the number of powers ofd as-
signed to eache j depends upon the ordering in Eqs.~47!–
~49!. For example, in the SAM casee3 are multiplied byd,
e1 and e4 by d2, and e2 by d3. Then each eigenvalue i
written as an expansion in powers ofd, the coefficients of
which may be solved for by requiring that the express
P i(l2l i) reproduces the eigenvalue equation for the m
matrix order by order ind. Once the coefficients are found,d
is set equal to unity.

The eigenvalues in all cases have the desired hiera
m1,m0!m2 ,m3 , which gives the mass spectrum of the
12 model described in Sec. IV B and depicted in Fig. 1. T
small relative mass splitting of the heavier massesm2 ,m3 is
governed entirely by the parametere4 : dm32

2 .4m2e4 . The
LSND nm→ne oscillations are driven by the scaledm21

2

.dm31
2 .dm20

2 .dm30
2 .m2, the atmosphericnm oscillations

are determined bydm32
2 , and the solarne→ns oscillations

are determined bydm10
2 , the approximate expression fo

which can be obtained by Eqs.~50!–~52!. The charged-
current eigenstates are approximately related to the m
eigenstates by
6-11
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S ns

ne

nm

nt

D 5US n0

n1

n2

n3

D .S cosu 2sin u ¯ ¯

sin u cosu
1

&
e3

1

&
e3

2e3 sin u 2e3 cosu
1

&

1

&

¯ ¯ 2
1

&

1

&

D S n0

n1

n2

n3

D , ~53!

where tan 2u52e2 /e1 . The dots indicate nonzero terms that are much smaller than the terms shown. It is their smallness
suppresses mixing betweennt and ns . The mixing matrixU depends on just three of the original five parameters; it is
independent ofe4 and the overall mass-scale parameterm. Note thatn0 and n1 couple predominantly tons and ne . The
nearly-degeneraten2 andn3 are seen to consist primarily of nearly equal mixtures ofnm andnt . These results, illustrated in
Fig. 2, conform to the qualitative arguments of Sec. III based on probability rectangles.

It is noted that this mixing matrix not only satisfies the approximate equalities of Eqs.~40!–~42!, but in fact replaces the
approximate equalities, derived from parameter-independent arguments, with exact equalities to first order ine j . Inspection of
the mixing matrix reveals that our model predicts saturation of Eqs.~35! and~43! to this order, i.e.,Asbl

ee” 5Asbl
mm” 5Asbl

me . A small
improvement in the measurement ofAsbl

ee” or a modest improvement in the measurement ofAsbl
mm” is predicted to show a positive

disappearance signal.

B. Solar ne˜nt oscillations

Another scenario, with solarne→nt and atmosphericnm→ns oscillations, is readily obtained by interchangingnt→ns and
ns→2nt . The mass matrix in the (ns ,ne ,nm ,nt) basis is then

M5mS e4 e3 1 0

e3 0 0 2e2

1 0 e4 0

0 2e2 0 e1

D . ~54!

The eigenvalues and parameter hierarchies are still given by Eqs.~46!–~52!. The mixing matrix is then given by

S ns

ne

nm

nt

D 5US n0

n1

n2

n3

D .S ¯ ¯ 2
1

&

1

&

sin u cosu
1

&
e3

1

&
e3

2e3sin u 2e3cosu
1

&

1

&

2cosu sin u ¯ ¯

D S n0

n1

n2

n3

D , ~55!

where again tan 2u52e2 /e1 .
In the VLW case, the parametere1 is negligibly small if the solar oscillations are maximal, and can be taken as zero witho

affecting the phenomenology. If this is done, then reference to the mass matrix shows that bothne andnt derive their masses
entirely from flavor non-diagonal couplings, and they are maximally mixed~analogous to thenm-ns system!. Also, if e1 is
taken as zero, then there are only four independent parameters needed in the mass matrix, and just two in the mixing m
The derivedu parameter becomes6p/4, and the mixing matrix becomes very simple:

U.
1

& S ¯ ¯ 21 1

61 1 e3 e3

7e3 2e3 1 1

21 61 ¯ ¯

D . ~56!
093016-12
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C. Solar ne˜ns and ne˜nt oscillations

A more general scenario which is a mixture of the previous two is for solar neutrinos to undergo bothne→ns and ne

→nt oscillations. This is easily parameterized by replacing thens andnt states in Eq.~53! with the rotated statesns8 andnt8
and defining

S ns8

nt8
D 5S cosa 2sin a

sin a cosa D S ns

nt
D . ~57!

Then the mass matrix in the (ns ,ne ,nm ,nt) basis becomes

M5mS e1cos2a1e4sin2a e2cosa1e3sina sin a ~e42e1!sin a cosa

e2cosa1e3sina 0 0 e3cosa2e2sina

sina 0 e4 cosa

~e42e1!sin a cosa e3cosa2e2sina cosa e4cos2a1e1sin2a

D , ~58!

and the matrix which diagonalizesM is

S ns

ne

nm

nt

D 5US n0

n1

n2

n3

D 51
cosu cosa 2sin u cosa 2

1

&
sin a

1

&
sin a

sin u cosu
1

&
e3

1

&
e3

2e3sin u 2e3cosu
1

&

1

&

2cosu sin a sin u sin a 2
1

&
cosa

1

&
cosa

2 S n0

n1

n2

n3

D , ~59!
s

e
s

n

l-

ts.

o
l-
where tan 2u52e2 /e1 as before. The unmixed cases Eq
~45! and ~54! are obtained in the limitsa→0 anda→p/2,
respectively.

VI. OSCILLATION PROBABILITIES

A. Expressions for any baseline

For the mixing in Eq.~53! ~when the solar oscillations ar
ne→ns), the off-diagonal vacuum oscillation probabilitie
obtained from Eq.~2!, to leading order ine j for eachD i j and
ignoring amplitudes smaller thanO(e j

2), are

P~ne↔nm!.e3
2@2 cos2u~sin2D211sin2D31!

2sin2D3212 sin2u~sin2D20

1sin2D30!2sin22usin2D01#, ~60!

P~ne↔nt!.e3
2sin2D32, ~61!

P~ne↔ns!.sin22u sin2D01, ~62!

P~nm↔nt!.sin2D32, ~63!

P~nm↔ns!.sin22ue3
2sin2D01, ~64!
09301
.where D01!D32!D20.D30.D21.D31 due to the neutrino
mass spectrum. In our model, only thent-ns oscillation is
suppressed beyondO(e j

2).

B. Short baseline

For small L/E only the leading oscillationsD20.D21
.D30.D31 contribute, and the only appreciable oscillatio
probability is

P~ne↔nm!.4e3
2sin2D, ~65!

where D[m2L/4E. From Eq. ~65! we can fix two model
parameters

dmsbl
2 5m2, Asbl

me54e3
2 . ~66!

Since the only short-baseline oscillation isne↔nm , these
models predict the equality of thene disappearance probabi
ity, the nm disappearance probability, and the LSNDnm
→ne appearance probability in short-baseline experimen

C. Long baseline

For L/E typical to atmospheric or long baseline neutrin
experiments, the oscillations inD assume their average va
6-13
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ues. The D32 oscillation is now evident, and the non
negligible oscillation probabilities in vacuum are

P~nm↔nt!.sin2D32, ~67!

P~ne↔nm!.e3
2~22sin2D32!, ~68!

P~ne↔nt!.e3
2sin2D32. ~69!

From Eq.~67!

dmatm
2 5dm32

2 .4m2e4 , Aatm
mm” 51, ~70!

which determines another parameter of the model. T
model automatically gives maximal oscillations for atm
sphericnm’s, while oscillations in other channels are su
pressed. Thenm maximal mixing is natural in the sense th
it results from the large value of theM nmnt

matrix element

relative to the diagonalM nmnm
andM ntnt

elements, without

any need for fine tuning of the differenceuM nmnm
2M ntnt

u.

D. Extraterrestrial baseline

Finally, for very large L/E@(dmatm
2 /eV2)21 km/GeV,

sin2D32 averages to1
2 and the appreciable oscillations

vacuum are

P~ne↔ns!.sin22u sin2D01, ~71!

P~nm↔ns!.e3
2sin22u sin2D01, ~72!

P~ne↔nm!.e3
2@ 3

2 2sin22u sin2D01#,
~73!

P~ne↔nt!. 1
2 e3

2 , ~74!

P~nm↔nt!. 1
2 . ~75!

The solar data can then be explained if the parameter
vacuum satisfy

SAM:dmsun
2 5dm01

2 .m2e1
2 , sun

ee” 5
4e2

2

4e2
21e1

2 .
4e2

2

e1
2 ,

~76!

LAM: dmsun
2 5dm01

2 .m2e1Ae1
214e2

2, Asun
ee” 5

4e2
2

4e2
21e1

2 ,

~77!

VLW: dmsun
2 5dm01

2 .2m2e2e3
2e4 , Asun

ee” 5
4e2

2

4e2
21e1

2 .1,

~78!

in the three cases.

E. Determination of the parameters

In any of these scenarios in Sec. V A–V C, the para
etersm, e2 , e3 , e4 , and e1 are obtained from the data i
09301
e

in

-

exactly the same way, i.e., via Eqs.~66!, ~70!, and~76!–~78!.
This is a consequence of thens-nt ambiguity. In all cases,
the parametersm, e3 , ande4 are related to the observable
by

m25dmsbl
2 , e3

25
Asbl

me

4
, e45

dmatm
2

4dmsbl
2 . ~79!

In the solar sector we have

SAM:e1
25

dmsun
2

dmsbl
2 , e2

25
Asun

ee” dmsun
2

4dmsbl
2 , ~80!

LAM: e1
25

dmsun
2 A12Asun

ee”

dmsbl
2 , e2

25
dmsun

2 Asun
ee”

4dmsbl
2 A12Asun

ee”
,

~81!

VLW: e1.0, e25
8dmsun

2

Asbl
medmatm

2 . ~82!

For the specific valuesdmsbl
2 52 eV2 and Asbl

me52.5
31023, dmatm

2 5531023 eV2 and Aatm
mm” 51, anddmsol.

2 54
31026 eV2 and Asun

ee” 5131022, the model parameters ar
given in Table III. If we take insteaddmsbl

2 50.3 eV2 and
Asbl

me54.031022 ~which gives the smallest value ofdmsbl
2

allowed by the data!, we get the model parameters shown
Table IV. In either of these two examples, thedm2 scale for
the atmospheric neutrino oscillation can be adjusted sim
by varyinge4 . Also in either case, the two heaviest mass
provide relic neutrino targets for a mechanism that may g
erate the cosmic ray air showers observed above*1020 eV
@56#. We note that the model parameters in Tables III and
obey the hierarchies described in Eqs.~47!–~49!.

VII. MODEL PREDICTIONS

A. Resolving thent vs ns ambiguity

If the solar oscillations arene→ns as described in Sec
V A, then our four-neutrino model predicts that the atm
spheric oscillations arenm→nt . On the other hand if the
solar oscillations arene→nt as in Sec. V B, the atmospheri
oscillations arenm→ns . Several possibilities have been di
cussed to resolve the ambiguous assignment ofnt andns as
the oscillation partners of thene’s in the sun and thenm’s in
the atmosphere. The possibilities center around meas
ments of neutral current events, or measurements of ea
matter effects.

Neutral current events receive a contribution fromnt scat-
tering but not fromns scattering. The Solar Neutrino Obse
vatory ~SNO! @57#, which can measure both charge-curre
~CC! and neutral-current~NC! interactions, will be able to
test whether the solarne’s oscillate to sterile or active neu
trinos: in the sterile case the CC/NC ratio in SNO will b
unity and both CC and NC rates will be suppressed from
SSM predictions, while in the active case only the CC rate
suppressed. Of course if the CC measurement is consis
6-14
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with the NC, one needs additional evidence to rule out
possibility that the SSM is in error. For instance, SuperK
miokande and SNO can also accurately measure the sha
the 8B neutrino spectrum, which would be distorted by o
cillations. Also, a measurement of lower energy neutrin
such as by the BOREXINO experiment@58# or the HELLAZ
experiment@59#, could also be used to detect deviations fro
the SSM spectrum.

Earth-matter effects are possible in the atmospheric d
for the nm –ns oscillation channel but not for thenm –nt

channel~there is a relative phase difference betweennm and
ns due tonm neutral current forward scattering, but there
no phase difference betweennm and nt). In the solar data,
earth-matter effects are possible in both thene–ns channel
and thene–nt channel, but are larger for thene–ns channel.
The analytical analysis of matter-effects involving active a
sterile neutrinos can be somewhat complicated@21#, but the
Schrödinger-like evolution equations can always be solv
numerically@60#. Day/night modulation of the solar flux du
to earth-matter effects is expected to discriminate betweens

and nt components in the solar flux@61#, while a precise
measurement of zenith angle dependence in the atmosp
data may discriminate betweennt andns components in the
atmospheric fluxes@62#. Oscillation wavelengths commensu
rate with the size of the earth’s mantle and/or core are e
cially sensitive to the earth’s matter@61–63#.

Other tests have been proposed recently to resolve
nt –ns ambiguity. One test is to measure the asymmetry
tween downward-going and upward-coming atmosphe
events, for electrons and muons separately@64#. Various os-
cillation scenarios give rise to dramatically differing traje
tories of the asymmetries versus energy for muons and e
trons. By eventually measuring an up-down asymmetry
neutral current~NC! events (e.g.nN→nNp0), the ambigu-
ity can be resolved: for thent case there is no NC asymme
try, whereas for thens case there is a large NC asymmetr
as shown in Ref.@65#. The ratio of the rates of NC event
relative to the charged current~CC! events can be also use
to the same end@66#, as can multi-ring events@67#. Searches
for muon-less events which come fromnt , in association
with a nm disappearance measurement, can also in princ
distinguish betweennt andns @68#.

How might non-trivial mixing ofnt andns be observed,
and how might the mixing angle be deduced? A mix
model would generally have a signature intermediate
tween the two unmixed signatures@21#; e.g., experiments
measuring neutral current events for solar and atmosph
neutrinos would find a result between those expected font
andns , as would measurements sensitive to matter effect
the earth.

B. New oscillation signals

Assuming that the solar oscillations arene→ns , we can
determine the new oscillation signals predicted by the mo
Given the order of magnitude of thedmi j

2 andUa j , observ-
able new phenomenology occurs forL/E@1 km/GeV in the
oscillation channels
09301
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P~ne↔nm!.
1

4
Asbl

me~22sin2Datm!, ~83!

P~ne↔nt!.
1

4
Asbl

me sin2Datm , ~84!

whereAsbl
me;O(1%) is theoscillation amplitude which de-

scribes the LSND results andDatm51.27dmatm
2 L/E

;(dmatm
2 /531023 eV2)(L/157 km)(GeV/E) is the oscilla-

tion argument which describes the atmospheric neutr
data. We emphasize the new predictions in thene↔nm and
ne↔nt channels: long baseline oscillations with comm
oscillation length determined by theatmosphericDatm and
common amplitude given by14 times theLSND amplitude
Asbl

me . These oscillations are in addition to thenm↔ne oscil-
lations due toDsbl in Eq. ~65!, which average to the value o
1
2 Asbl

me in a long baseline experiment. The amplitudes a
lengths of these new oscillations complement the set in Ta
II, which are inevitable, given the present data, and are th
fore required in any model.

How can the oscillation probabilities in Eqs.~83! and~84!
be tested? A list of experiments currently underway or be
planned to test neutrino oscillation hypotheses is given
Table V @69#. In each case the oscillation channel and t
parameters which are expected to be tested are shown.

TABLE III. Typical model parameters for the input datadmsbl
2

52 eV2, Asbl
me52.531023, dmatm

2 5531023 eV2, andAatm
mm” 51.

inputs SAM LAM VLW

dmsun
2 (eV2) 431026 931026 5310211

Asun
ee” 131022 0.72 1.0

outputs SAM LAM VLW

m ~eV! 1.4 1.4 1.4
e3 2.531022 2.531022 2.531022

e4 6.331024 6.331024 6.331024

e2 7.131025 1.231023 3.231025

e1 1.431023 1.531023 .0

TABLE IV. Typical model parameters for the input dat
dmsbl

2 50.3 eV2, Asbl
me54.031022, dmatm

2 5531023 eV2, and
Aatm

mm” 51.

inputs SAM LAM VLW

dmsun
2 (eV2) 431026 931026 5310211

Asun
ee” 131022 0.72 1.0

outputs SAM LAM VLW

m ~eV! 0.55 0.55 0.55
e3 1.031021 1.031021 1.031021

e4 4.231023 4.231023 4.231023

e2 1.931024 3.231023 2.031026

e1 3.731023 4.031023 .0
6-15
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TABLE V. Current and planned short and long baseline neutrino oscillation experiments. Stars d
accessible oscillation channels. Thedm2 and sin22u sensitivies are given. (p5partially.)

Test Model?

Experiment

nm

↓
ne

nm

↓
nt

ne

↓
nt

ne

↓
ne

dm2

~eV2! sin22u
Test

LSND?
Test

Atmos?

nm

↓
ne

ne

↓
nt

BOONE ! 1022 631024 !

BOREXINO ! 1026 0.4
CHORUS ! 0.3 231024

COSMOS ! 0.1 1025

ICARUS, NOE, ! ! 331023 431022 p
AQUA-RICH, OPERA
KARMEN ! 431022 1023 !

KamLAND ! 231023 0.2
K2K ! 231023 531022 p
MC/Gran Sasso ! ! ! 831025 1022 p ! p p
MC/Soudan ! ! ! 831025 631025 ! ! ! p
MINOS ! ! 1023 1022 p p p
NOMAD ! 0.5 331024

ORLANDO, ESS ! 331023 1024 !

Palo Verde ! 1023 0.2
TOSCA ! 0.1 1025
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The MINOS experiment@70# can detectnm→ne or nm
→nt oscillations and is sensitive down todm2.1023 eV2

and a mixing amplitude of 1022, which partially overlaps the
region of interest deduced from the atmospheric data;
Fig. 8. If the MINOS experiment can increase its sensitivi
it will provide an even better test of the new phenomenolo

Long-baseline experiments with an intensene or n̄e neu-
trino beam and which can detectt’s can see thene→nt
oscillations in Eq.~84! and provide a definitive test of th
new phenomenology predicted by the model. High intens
muon sources@71# can provide simultaneous high intensi
nm and n̄e ~or n̄m and ne for antimuons! beams with well-
determined fluxes, which could then be aimed at a neut
detector at a distant site. It is expected thatt’s will be de-
tected through theirm decay mode and that a charge det
mination can be made, so that one can tell if thet originated
from nm→nt or n̄e→ n̄t oscillations. Current proposals@71#
consider SOUDAN (L5732 km) or GRAN SASSO (L
59900 km) as the far site from an intense muon source
Fermilab ~MC!. These experiments could also observene
→nm oscillations via detection of ‘‘wrong-sign’’ muons, i.e
those with sign opposite to that expected from thenm or n̄m
source. The neutrino energies are in the 10–50 GeV ra
Assuming that low backgrounds can be achieved, the se
tivity to dm2 is roughly proportional to the inverse squa
root of the detector size~given the same neutrino energ
spectrum at the source!; thedm2 sensitivity does not depen
on detector distanceL because although the flux in the d
tector falls off withL2, the oscillation argument grows wit
L2 for smalldm2L/E. For 20 GeV muons at Fermilab and
10 kT detector at either SOUDAN or GRAN SASSO, th
single-eventdm2 sensitivity forne→nt oscillations is about
09301
ee
,
.

y

o

-

at

e.
si-

831025 eV2 for maximal mixing @71#. For largedm2, the
oscillation amplitude single-event sensitivity is roughly i
versely proportional to the neutrino flux at the detector
vided by the detector size; about 631025 for SOUDAN and
1022 for GRAN SASSO@71#. In general, the closer detecto
has comparabledm2 sensitivity but betterA sensitivity.

The model predictsne→nt oscillations with amplitude
1
4 Asbl ~which ranges from 0.0006 to 0.01! and mass-square
difference of dmatm

2 ~which ranges from 331024 to 7
31023 eV2). The region of possiblene→nt oscillations in
our model and the regions which can be tested at
SOUDAN and GRAN SASSO sites with a neutrino bea
from a high-intensity muon source at Fermilab are sho
schematically in Fig. 8, along with the favored paramet
for the LSND, atmospheric neutrino, and solar neutrino
cillations. Such experiments would be sensitive to some
thene→nt region, though they may not cover the low-mas
small-amplitude part. These searches would also be ab
test thene→nm oscillations in Eq.~83! and the atmospheric
nm→nt oscillations. Additionally, long baseline experimen
to the AMANDA detector @72# from Fermilab (L
.11700 km) or KEK (L.11300 km) may be useful in
probing oscillations with smalldm2.

If the solar oscillations arene→nt , then the oscillations
of atmospheric neutrinos arenm→ns and the new oscilla-
tions in Eq. ~84! are insteadne→ns . The ne→ns signal
would not be detectable in long-baseline experiments si
the signal isne disappearance at the percent level or le
The measurable signals of the model in this case are m
mal nm disappearance and thene→nm oscillations in Eq.
~83!.

If the solar neutrinos oscillate into bothns andnt as given
by the mixing in Eq.~59!, any vacuum oscillation in Secs
6-16
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VI A–VI D which has ns as the final state is replaced b
oscillations tons with relative probability cos2a and tont
with relative probability sin2a. Conversely, any oscillation
which hasnt as the final state is replaced by oscillations
ns with relative probability sin2a and to nt with relative
probability cos2 a. In particular, a solarne oscillates into a
mixture of ns and nt with relative probability cos2 a and
sin2 a, respectively, in a vacuum, and an atmosphericnm
oscillates into a mixture ofns andnt with relative probabil-
ity sin2 a and cos2 a, respectively, in a vacuum. The ne
oscillation signal in Eq.~84! for long baseline experiments i
replaced by

P~ne↔nt!. 1
4 Asbl

me cos2a sin2Datm , ~85!

P~ne↔ns!. 1
4 Asbl

me sin2a sin2Datm . ~86!

Also, there are new oscillations betweenns andnt , with the
general probability for any baseline given by

P~ns→nt!5sin2a cos2a@2 cos2u~sin2D20

1sin2D30!12 sin2u~sin2D211sin2D31!

2sin2D322sin22u sin2D01#. ~87!

C. Neutrinoless double-b decay

Since theM nene
mass matrix element is zero in Eq.~45!,

there is no neutrinoless double-b decay at tree level in ou
model. The present limit onM nene

from this process is

;0.5 eV @73#. New experiments are under developme
which may measureM nene

down as low as 0.01 eV@73#. If a

nonzeroM nene
is found at these levels, it would be incom

patible with the solar solutions in our models.

D. Tritium decay

If ne is primarily associated with the lighter pair in th
212 model, andm1,m0!m2 ,m3 , then there will be no
measurable effect in the endpoint of the tritium decay sp
trum. Since only mass-squared differences are importan
oscillations, the inverted 212 model, wherem2 ,m3!m1
,m0 , is equally viable, although it is not derivable from th
mass matrix in Sec. V. Then thene will have an effective
mass of 0.55–1.4 eV, which is just below the current lim
@74#.

E. Hot dark matter

For m.1.4 eV, approximately the largest value allow
by the LSND data,(mn.3 eV, which according to recen
work on early universe formation of the largest structu
provides an ideal hot dark matter component@75#. For m
.0.55 eV, the contribution to hot dark matter is mu
smaller. The contribution of the neutrinos to the mass den
of the universe is given byVn5(mn /(h293 eV), whereh is
the Hubble expansion parameter in units of 100 km/s/M
@76#; with h50.65 our model impliesVn.0.05. An inter-
esting test of neutrino masses is the power spectrum of e
09301
t
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galaxy sizes, to be provided by the Sloan Digital Sky Surv
~SDSS! @77#. For two nearly degenerate massive neutri
species, sensitivity down to about 0.2 to 0.9 eV~depending
on V andh) is expected, providing coverage of all or part
the LSND allowed range (m50.55 to 1.4 eV in our model!.
Also, the future MAP@78# and PLANCK @79# satellite mis-
sions, which will measure the cosmic microwave bac
ground radiation, should be sensitive to neutrino densitie
high precision@80#, and in particular to thenm→ns atmo-
spheric or thene→ns large-angle MSW neutrino mixing so
lutions @81#.

F. Resonant enhancement in matter

The curves in Fig. 8~in the scenario where the solar o
cillations arene→ns) assume vacuum oscillations in th
Earth. In general, large corrections to oscillations involvi
ne and ns are possible due to matter. Thene diagonal ele-
ment in the effective mass-squared matrix receives an a

FIG. 8. Predicted region in the effectivedm22sin2 2u param-
eter space forne→nt oscillations in the four-neutrino model~solid
rectangle!, which is determined by14 of the LSNDnm→ne oscilla-
tion amplitude and the atmospheric neutrinonm→nt oscillation
dm2 scale. The dotted curves show the potential limits onnm

→ne ,nt oscillations from the MINOS experiment@70# and the
dashed curves show the potential limits onne ,nm→nt oscillations
that can be set by neutrino beams from an intense muon sour
Fermilab @71# to detectors at the SOUDAN and GRAN SASS
sites for muons with energy of 20 GeV. Also shown are the para
eters for the solarne→ns small-angle MSW oscillation.
6-17
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tional term&GFNeE from its forward elastic CC interac
tion, and thens diagonal element receives the contributi
GFNnE/& ~relative to the active neutrinos! because it does
not have NC interactions. Here,Ne andNn denote the elec-
tron and neutron number density, respectively. In Table
we display the resonant energies in the earth for the var
vacuumdm2 values suggested by the available LSND, atm
spheric, and solar data. For neutrinos with energies sig
cantly aboveEres , oscillations are suppressed; for neutrin
with energies significantly belowEres , the matter effect is
negligible; at the resonant energy,Amat51 and the oscilla-
tion length is increased by 1/AAvac.

Some of the resonant energy values in Table VI are
particular interest. Upcoming neutrinos from the atmosph
or astrophysical sources, withEn;TeV and mass in the
LSND range, can have their oscillations resonantly enhan
by the earth’s mantle and/or core. Atmospheric neutrinos
the one to ten GeV range, and the SAM and LAM8B neu-
trinos from the sun also appear to be near resonance in
earth’s matter. As discussed in Sec. VII A, it is these ea
matter effects for the atmospheric and solar neutrinos wh
may discriminate betweennt and ns components in the at
mospheric and solar fluxes.

In our model of Sec. V A withnm→nt atmospheric neu-
trino oscillations, however, these corrections do not sign
cantly affect the largem2

2 andm3
2 mass eigenvalues as lon

as E!1 TeV, and hence only modify thedm01
2 oscillation

argument. We have verified this by explicit diagonalizati
of the mass matrix when matter effects are included. He
we conclude that the matter corrections to the mass matr
Eq. ~45! probably have no observable consequences in
terrestrial experiments. For largeL/E, such as whenE
&10 MeV for solar neutrinos, the only significant effect
matter is the usual MSW enhancement ofne→ns that leads
to the solar neutrino suppression of thene flux; in all other
oscillation channels the matter-enhanced amplitudes ar
the eab

2 level or smaller. In the models discussed in Se
V B and V C, where there is ant2ns component to the
atmospheric oscillation, matter effects as discussed here
be important in terrestrial experiments@21#.

VIII. DISCUSSION AND SUMMARY

A. Distinguishing the three solar solutions

The VLW solar solution may be discriminated fro
the two MSW solutions by a careful measurement of
solar neutrino spectrum by SuperK and BOREXINO@82#,
or by determining the amount of seasonal variation of
7Be andpep neutrinos@83#, which can be measured by th
BOREXINO experiment. The8B neutrino spectrum as mea
sured in SuperK and SNO will also be useful in discrimin
ing between the SAM and LAM solutions@84#. The HERON
and HELLAZ @59# experiments would be able to measure t
pp neutrino energy spectrum, which would also be usefu
differentiating the three scenarios.

B. Summary

An analysis of all the available data~short baseline
LSND, reactor and accelerator, long baseline atmosphe
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and extraterrestrial length solar! in terms of neutrino oscilla-
tions leads to the conclusion that three independent osc
tion lengths are contributing. This then further requires m
ing of at least four light-mass neutrinos. For a four ligh
mass neutrino universe, we draw the following mod
independent conclusions:
~i! the 113 ~or 311) mass spectrum with a separated ma
is disfavored when all the data~LSND, reactor, accelerator
solar, and atmospheric! are considered, leaving a spectru
with two nearly-degenerate pairs as preferred;
~ii ! the neutrino mixing matrix elements satisfyuUe2 /Ue3u
.uUm2 /Um3u if dmsbl

2 .0.3 eV2, i.e., the parameters lie nea
the Bugeyne disappearance limit;
~iii ! the relation uUm2u.uUm3u is inferred from the near-
maximal mixing of atmosphericnm’s measured by SuperK
which together with~ii ! implies uUe2u.uUe3u.

Based upon the apparent need for more than three l
neutrinos, we have presented four-neutrino models w
three active neutrinos and one sterile neutrino. The mod
naturally have maximalnm→nt ~or nm→ns) oscillations of
atmospheric neutrinos and can also explain the solar neu
and LSND results. The solar solutions can bene→ns or ne
→nt , and can be small-angle matter-enhanced, large-a
matter-enhanced, or vacuum long-wavelength oscillatio
the increased statistics on the electron energy distribu
and day/night differences of the SuperK data@47# may fur-
ther clarify the allowed regions for the solar solutions. T
models predictne↔nt ~or ne→ns) andne↔nm oscillations
in long-baseline experiments withL/E@1 km/GeV with am-
plitudes that are determined by the LSND oscillation amp
tude anddm2 scale determined by the oscillation scale
atmospheric neutrinos. For thene→nt case, these oscilla
tions might be seen by experiments based on neutrino be
from an intense muon source at Fermilab with a detecto
the SOUDAN or GRAN SASSO sites. Thenm→ne oscilla-
tions might be seen by the MINOS experiment or at KE

TABLE VI. Resonant energies Eres56.6A12A(dm2/
eV2)(Ne /NA cm23)21 TeV in the earth’s core and mantle fo
ne-nm/t oscillations, for some typical vacuum values for thedm2’s
and amplitudes suggested by the data. HereA is the oscillation
amplitude andNA is Avagadro’s number. We have taken the co
electron density to be 4.5 to 6.0NA /cm3, and the mantle density to
be 1.6 to 2.6NA /cm3. Resonant energies forne-ns oscillations are
2Ne /(2Ne2Nn) times larger than forne-nm/t oscillations, resonant
energies fornm/t-ns oscillations are 2Ne /Nn times larger, but reso-

nance occurs forn̄ rather thann since the phase difference due
matter has the opposite sign.

A dm2/eV2

Eres5dm2A12A/(2&GFNe)

core mantle

!1 LSND 2 2.2–2.9 TeV 5.1–8.2 TeV
!1 LSND 0.3 330–440 GeV 0.8–1.2 TeV

0.8 ATM 531023 2.4–3.3 GeV 5.6–9.2 GeV
!1 SAM 631026 6.5–8.8 MeV 15–25 MeV

0.6 LAM 1025 6.9–9.2 MeV 16–26 MeV
0.8 VLW 5310210 25–33 eV 55–90 eV
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with detectors at Kamiokande and SuperKamiokande.
models also predict the equality of thene disappearance
probability, thenm disappearance probability, and the LSN
nm→ne appearance probability in short-baseline expe
ments.
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