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Optical activity of a neutrino gas
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For photons that propagate through a gas of neutrinos with a non-zero chemical potential, the left-handed
and right-handed polarization modes acquire different dispersion relations. This is due to theCP andCPT-odd
terms induced by such a background on the photon self-energy. We present a detailed calculation of this effect,
which does not depend on any physical assumptions beyond those of the standard electroweak model. Some
possible cosmological and astrophysical implications of our results are considered in several contexts, includ-
ing the recent discussions regarding the rotation of the plane of polarization of electromagnetic waves over
cosmological distances.@S0556-2821~98!05021-8#

PACS number~s!: 13.15.1g, 11.10.Wx
o
tr

on
e
n
l
ns

z
g
in

c-

ird

that
vel.
ck-

the

the

in
. In
In

r of
the
n

ng
ng
n-
ia-
is
in-

cal
I. INTRODUCTION

It was shown some time ago by two of the present auth
@1# that, in an isotropic medium, the most general parame
zation of the photon polarization tensorPmn admits three
invariant form factors. This is due to the fact that, in additi
to the the photon momentumkm, Pmn depends also on th
velocity four vector of the center of mass of the backgrou
medium, which we denote byum. Thus, the most genera
form of Pmn consistent with the gauge invariance conditio

kmPmn~k!50, knPmn~k!50, ~1.1!

is

Pmn~k!5PTRmn1PLQmn1PPPmn , ~1.2!

where

Rmn5gmn2
kmkn

k2
2Qmn , ~1.3!

Qmn5
ũmũn

ũ2
, ~1.4!

Pmn5
i

K
«mnlrklur, ~1.5!

with

ũm5S gmn2
kmkn

k2 D un ~1.6!

and

K[Av22k2, v[k•u. ~1.7!
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In Eq. ~1.2!, PT,L,P are scalar functions of the Lorent
invariantsK and v, which have the interpretation of bein
the momentum and energy of the photon in the frame
which the medium is at rest. The functionsPT,L are related
to the well-known dielectric and magnetic permeability fun
tions of the medium@2#, while PP is related to a third con-
stant that is responsible for natural optical activity. This th
constant, which was called theactivity constantin Ref. @1#,
can arise only as a result of parity (P), CP as well asCPT
asymmetric effects. This does not necessarily mean
these symmetries have to be violated at a fundamental le
The desired asymmetries may also come from the ba
ground medium. In particular, theP andCP breaking effects
may arise either from the violation of these symmetries at
level of the fundamental interactions, or fromP and CP
asymmetries in the background. TheCPT breaking effect on
the other hand, must necessarily arise from theCPT asym-
metries in the background. Thus, for example, since
weak interactions violateP andCP at some level, and since
normal matter isCPT-asymmetric, theactivity constantis
present in all normal matter.

The activity constant must also have a non-zero value
an asymmetric background of neutrinos and antineutrinos
this case, parity is broken by the neutrino interactions.
addition, the requiredCP andCPT asymmetries arise if the
neutrino gas has a chemical potential, so that the numbe
neutrinos and antineutrinos in the background is not
same. For such a system,PP is then expected to depend o
nn2nn̄ .

This effect can have in principle a number of interesti
physical implications. For example, the standard big ba
model predicts a primordial neutrino background with a de
sity comparable to that of the microwave background rad
tion. Light from all astrophysical sources travel through th
background before reaching us and, if the background
duces some optical activity, it could have interesting physi
effects on this light.
© 1998 The American Physical Society07-1
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In this paper we present the calculation of the activ
constant for a background of neutrinos and antineutrinos.
do not assume any additional properties of the neutrinos
yond those of the standard electroweak model so that
particular, the neutrinos are assumed to be massless,
component objects. In contrast to the situations in wh
some physical effects depend on unknown or conjectu
properties of the neutrinos, the implications that can be
duced from the results of our calculations are based on
well tested grounds of the standard model. While the p
sible observational effects may be small in particular phy
cal situations, the effects are generally present at some l
and can manifest themselves in unexpected circumstanc

II. STRATEGIES FOR THE CALCULATION

The basic technique for determiningPP , which has al-
ready been described in Ref.@1#, involves the calculation of
the photon self-energy diagrams involving internal neutr
lines using the formalism of quantum statistical field theo
~more commonly and inappropriately called finite tempe
ture field theory!. For the purpose of determining the ne
trino background contribution toPP we take the background
to consist only of neutrinos and antineutrinos, and theref
we will adopt the propagator corresponding to the vacu
for all the other particles. For a background characterized
a temperature 1/b and chemical potentialm, the propagator
for massless neutrinos is given by

iSF~p,b,m!5p” F i

p2
22pd~p2!hF~p,b,m!G ~2.1!

5 iS0~p!1S8~p,b,m!, ~2.2!

wherehF contains the distribution functions for both neut
nos and antineutrinos:

hF~p,b,m!5
Q~p•u!

eb~p•u2m!11
1

Q~2p•u!

e2b~p•u2m!11
. ~2.3!

Here,Q denotes the step function which has the value un
for positive arguments, and is zero otherwise. Notice fr
Eq. ~2.2! that the propagator has two parts. The first o
calledS0 , is identical to the propagator in the vacuum. T
second part, which has been denoted byS8, is the correction
due to the background neutrinos, and is non-zero only
on-shell neutrinos because of the factord(p2).

Since the neutrinos do not couple to photons directly,
photon self-energy diagrams involving internal neutrino lin
occur at the 2-loop level. These diagrams have been sh
in Fig. 1. In drawing these, we have adopted the non-lin
Rj gauge@3# in which theWwg coupling vanishes, wherew
is the unphysical Higgs boson which is eaten up by
W-boson in the unitary gauge.

Notice that each diagram contains only one internal n
trino line. Once we write down the amplitude correspond
to these diagrams, there will be two kinds of terms. The fi
kind, which will come from the vacuum part of the neutrin
propagator, will give a contribution to the vacuum polariz
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tion. We are interested in the other contribution which d
pends on the background medium, involving theS8 term of
the neutrino propagator.

As we have already pointed out, theS8-part of the propa-
gator contributes only when the neutrino momentump satis-
fies the on-shell condition. If we cut the neutrino line so th
it becomes a pair of external lines, then the resulting diagr
contributes to the neutrino-photon forward scattering am
tudeMmn(p,k). These diagrams are shown in Fig. 2. It th
follows that, in the diagram where the neutrino line is clos
the background-dependent contribution to the photon s
energy, denoted byPmn8 (k), is given by

iPmn8 ~k!52E d4p

~2p!4
Tr@S8~p!Mmn~p,k!#, ~2.4!

where the negative sign is due to the usual rule for a clo
fermionic loop.

Therefore, our first task is to calculateMmn(p,k). For the
moment, let us consider the diagrams for the non-forw
scattering amplitude, and denote the momenta of the
external photons byk and k8. Since the external lines in
those diagrams correspond to the neutrinos, the photo
attached to internal lines only. As a result, the contribution
these diagrams is well-defined~i.e., non-singular! in the lim-
its k→0,k8→0. This, combined with the gauge-invarianc
conditions

FIG. 1. Two-loop diagrams for the photon self-energy, w
neutrinos appearing as internal lines. The neutrino lines are ma
as such. All other internal fermion lines correspond to the char
lepton that couples to the neutrino. The external gauge boson
correspond to photons. All internal gauge boson lines areW lines,
and the internal scalar lines denote the unphysical Higgs bo
corresponding to theW boson. In addition, there are crossed d
grams obtained by interchanging the external photon lines.

FIG. 2. One-loop diagrams for neutrino-photon forward scatt
ing, obtained by cutting the neutrino line in the diagrams of Fig.
In these diagrams, the external fermion lines are neutrinos. All o
lines are as explained in the caption of Fig. 1. There are a
crossed diagrams obtained by interchanging the external ph
lines.
7-2
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kmMmn50, k8nMmn50, ~2.5!

implies that the amplitude must be of orderkk8. In other
words, the amplitude must be proportional to at least o
power ofk and one power ofk8. Sincek5k8 for the forward
scattering amplitude, we thus conclude thatMmn(p,k) must
be of orderk2.

This fact simplifies our task for the following reason. E
cept for the diagram in Fig. 2~a!, in all the other diagrams
that contribute to the forwardn-g scattering the terms tha
have at least two powers of external momenta are of o
1/MW

4 and higher, which are not important for small valu
of k compared toMW . Those diagrams also have terms
order 1/MW

2 , but they contain only one power of extern
photon momentum and, as argued above, by gauge in
ance they will cancel out at the end. On the other hand
diagram in Fig. 2~a! can give a term that contains at least tw
powers of the photon momentum and at the same time is
necessarily of order 1/MW

4 . Denoting bym the mass of the
charged lepton in the loop, that term is of order 1/(MW

2 m2)
for uk2u,m2. Thus, in order to determine the leading cont
bution ~in powers ofMW

2 ) to the gauge invariant part of th
amplitude we need to calculate only the diagram shown
rit

m
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Fig. 2~a!, retaining from that only the terms of order 1/MW
2

that contain at least two powers ofk. The result so obtained
is proportional to 1/(MW

2 m2) and has significance in the ki
nematic regimeuk2u,m2. For the kinematic regimeuk2u
.m2, of course, we need to calculate all the diagrams sho
in Fig. 2.

III. DETAILS OF THE CALCULATION

For the purpose of calculation, it is again convenient
start with the general process

n~p!1g~k!→n~p8!1g~k8! ~3.1!

and putk5k8 at the end. The amplitude for this proce
coming from Fig. 2~a! can be written as

Mmn
~a!52S ig

A2D 2

~2 ie!2glL$Tlmn~k,k8!

1Tlnm~2k8,2k!%, ~3.2!

whereL5(12g5)/2, and
Tlmn~k,k8!5Tr E d4q

~2p!4
LS i

q”1k”2mDgmS i

q”2mDgnS i

q”1k” 82m
D glS 2 i

~q2p1k8!22MW
2 D , ~3.3!
n-

rom
m being the mass of the charged lepton in the loop. In w
ing this, we have adopted the Feynman gauge for theW
propagator, and we have used the relation

gaLAgaL52gaL Tr~AgaL !, ~3.4!

which is valid for any 434 matrix A. Adopting a different
gauge for theW propagator, as well as including the diagra
involving the exchange of the corresponding unphysi
Higgs particle, would result in extra contributions of ord
1/MW

4 which, as already argued, we are not keeping. Af
some manipulations we obtain

Tlmn~k,k8!1Tlnm~2k8,2k!

5Tr E d4q

~2p!4 S 1

q”1k”2mDgmS 1

q”2mDgn

3S 1

q”1k” 82m
D glS R

~q1p1k!22MW
2

2
L

~q2p1k8!22MW
2 D . ~3.5!

At this stage, we can putk5k8, and replace the denomina
tors appearing in theW propagators byq22MW

2 , because
-

l

r

the extra terms will contribute only to order 1/MW
4 . The rest

of the calculation is straightforward and, using the conve
tion

«0123521, ~3.6!

we obtain

Mmn5
2 ie2g2

8p2MW
2 m2

glL~ ik2«mnlrkr!J~k2!, ~3.7!

where

J~k2!5E
0

1

dx
x~12x!

12x~12x!~k2/m2!
. ~3.8!

Substituting Eq. ~3.7! in Eq. ~2.4! and using the
background-dependent part of the neutrino propagator f
Eq. ~2.2! this gives

iPmn8 ~k!5
2 ie2g2

8p2MW
2 m2

~ ik2«mnlrkr!J~k2!I l , ~3.9!

where
7-3
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I l5E d4p

~2p!4
Tr~p”glL !2pd~p2!F Q~p•u!

eb~p•u2m!11

1
Q~2p•u!

e2b~p•u2m!11
G . ~3.10!

Carrying out the trace, and performing the integration o
p0 in the rest frame of the medium with the help of th
d-function, we obtain

I l5~nn2nn̄ !ul , ~3.11!

wherenn,n̄ stand for the number densities of neutrinos a
antineutrinos in the rest frame of the medium. They are gi
by

nn,n̄5E d3p

~2p!3

1

eb~ upW u7m!11
, ~3.12!

with the upper~lower! sign holding for neutrinos~antineutri-
nos!, respectively.

This result can of course be used in any frame as long
we keep in mind that the number densities of the neutri
and antineutrinos refer to the rest frame of the medium. P
ting this back in Eq.~3.9! and comparing with the definition
of PP from Eqs.~1.2! and ~1.5!, we finally obtain

PP
~n!~k!5

e2g2k2K

8p2MW
2 m2

~nn2nn̄ !J~k2!, ~3.13!

whereK was defined in Eq.~1.7!. We have added a supe
scriptn to PP in Eq. ~3.13! to remind us of the fact that thi
is the contribution toPP from one neutrino specie in th
background~see below!.

As for J(k2), we can neglect thek2-dependent term in the
denominator if we are dealing with smallk2. The integration
then gives

J~k2!5
1

6
. ~3.14!

and Eq.~3.13! reduces to

PP
~n!5
&GFa

3p S k2

m2D ~nn2nn̄ !K. ~3.15!

So far we have assumed that the background contains
trinos of only one flavor, which we have denoted generica
by n. In general the background contains neutrinos of vari
flavors, and each one gives a contribution toPP which is of
the form given in Eq.~3.15!. Notice however that this resu
for PP

(n) depends on the massm of the charged fermion in
the loop. Since the neutrinos do not have any mass or mix
in the standard model, the internal charged lepton is the e
tron if the thermal neutrino line corresponds tone , or either
the muon or the tau if the thermal neutrino line correspo
to nm or nt , respectively. We thus see that the contributi
to PP coming from the asymmetries ofnm andnt are neg-
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ligible since they are inversely proportional to the corr
sponding charged lepton mass. Therefore, for all pract
purposes

PP5
&GFa

3p S k2

me
2D ~nne

2nn̄e
!K. ~3.16!

As already argued, the formula derived above is usefu
the kinematic regimeuk2u,m2 because it gives the leadin
contribution toPP , of order 1/MW

2 , in that regime. On the
other hand, it is not valid foruk2u.m2 because terms of the
same order (k/MW

2 ), which eventually all cancel, have bee
omitted. Therefore, a valid calculation foruk2u.m2 must in-
clude all the diagrams shown in Fig. 2. We have in fa
performed that, and the result of that task is presented in
rest of this section for the sake of completeness. The rea
interested in the physical implications of our results may s
this part and go to the next section.

For the purpose of compactness of notation, let us den
the amplitude of the diagramA in the form

Pmn8 ~A!53g2e2~nn2nn̄ !i«mnlrulkr

3E
0

1

dxE
0

12x

dyE d4q

~2p!4
F ~A!. ~3.17!

The task is now to present the quantitiesF (A) for each dia-
gram. We set the gauge parameterj of the non-linearRj

gauge to be equal to unity. The complete Feynman rules
this choice can be obtained in Ref.@4#. Using these, it is easy
to see that Figs. 2~f!–2~h! give no contribution at all. For the
other ones, we obtain

F ~a!5
x$2~123y!q214~11y!m214y2~12y!k2%

~q22A2!4
,

F ~b!52
rx$~123y!q212~11y!m212y2~12y!k2%

~q22A2!4
,

F ~c!5E
0

12x2y

dz
$22q218m218~x1z!~12x2z!k2%

~q22B2!4
,

F ~d!52
rq2

~q22B2!4
,

F ~e!5
8x~q21yk2!

~q22C2!4
, ~3.18!

where

r 5~m/MW!2, ~3.19!

and

A25~12x2y!MW
2 1~x1y!m22y~12y!k2,
7-4
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B25~12x2y!MW
2 1~x1y!m22~x1z!~12x2z!k2,

C25~x1y!MW
2 1~12x2y!m22y~12y!k2. ~3.20!

It is straightforward~though tedious! to show that ifk250,
the sum of all the diagrams vanish. This is in accorda
with the argument given earlier, showing that the forwa
scattering amplitude must be at least of orderk2.

For small k2, the integrals can be expanded in pow
series ofk2, and the integrations of at least theO(k2)-term
can be performed analytically. This gives, in the notat
introduced in Eq.~3.7!,

J~k2!5
1

24~12r !3 F4220r 119r 229r 3

2
r ln r

12r
~8212r 112r 224r 3!G1O~k2!.

~3.21!

For small r , it is easy to see that this reduces to the va
given in Eq.~3.14!.

IV. DISPERSION RELATIONS AND OPTICAL ACTIVITY

The bilinear terms in the effective Lagrangian, which d
scribes the propagation of electromagnetic waves throug
medium, may be written in momentum space in the form

L52
1

4
Fmn* Fmn1L8. ~4.1!

The first term in Eq.~4.1! is the standard kinetic energy ter
for the electromagnetic field, whileL8 is the contribution
from the background medium, which is given in terms of t
photon self-energy by

L85
1

2
A* mPmnAn. ~4.2!

In physical applications we must include the effect of t
charged plasma along with that of the neutrinos. While
main contribution toPP is due to the neutrino background
as determined above,PT,L receive their main contribution
from the electron background. For our purposes, it is su
cient to recall the well known result

PT,L~v,K→0!5vP
2 , ~4.3!

wherevP
2 is the plasma frequency. Equation~4.3! holds in

the limit K,v!me and it is useful for finding the dispersio
relations of the propagating modes in the long wavelen
limit. In general,

vP
2 54e2E d3p

~2p!32E
~ f e1 f ē!F12

p2

3E2G , ~4.4!
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where f e,ē are the electron and positron distribution fun
tions. When the electron gas is in the non-relativistic lim
Eq. ~4.4! reduces to the standard formula

vP
2 5

4pane

me
, ~4.5!

where ne is the electron number density. The equation
motion that follows from Eqs.~4.1! and ~4.2! is

Dmn
21An50, ~4.6!

where

Dmn
215~2k21PT!Rmn

1~2k21PL!Qmn1PPPmn . ~4.7!

This equation may be written in terms of the compone
of Am by means of the following device. We introduce tw
vectors whose components in the rest frame of the med
are (0,ê1,2), and whereê1,2 are unit vectors orthogonal tokW

with the convention thatê1 ,ê2 ,k̂ form a right-handed coor-
dinate system. Then, as shown in Ref.@1#, in any frame these
vectors satisfy

e1m5 iPmne2
n , e2m52 iPmne1

n . ~4.8!

It is also useful to define

e3
m5

ũm

A2ũ2
, ~4.9!

which is orthogonal toe1,2
m andkm. If we now decomposeAm

in the form

Am5A1e1
m1A2e2

m1ALe3
m1Aikm ~4.10!

and substitute this in Eq.~4.6!, it follows that the componen
Ai decouples from the equations, as it should be since
associated with the gauge degree of freedom, while for
longitudinal component we obtain the equation

~2k21PL!AL50, ~4.11!

which implies the dispersion relation

k25PL . ~4.12!

On the other hand, for the transverse modes we obtain a
of coupled equations that can be written in matrix form a

S 2k21PT 2 iPP

iPP 2k21PT
D S A1

A2
D50. ~4.13!

In this way, the dispersion relation for the transverse mo
is found to be given by the solutions of the equations

k25PT6PP5vP
2 6PP ~4.14!

with the corresponding polarization vectors
7-5
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em
~6 !5

1

&
~e1m6 ie2m!. ~4.15!

Thus, the general solution forAm is of the form

Am5A1em
~1 !1A2em

~2 !1ALe3m , ~4.16!

with A6 representing the amplitudes of the left~2! and
right~1! circularly polarized modes.

In this way we see that the two transverse modes h
different dispersion relations. This is just the phenomenon
optical activity, which in the present case is induced by
chiral nature of the neutrino interactions. The dispersion
lation for each mode can be obtained explicitly by solvi
Eq. ~4.14!. For this purpose, it is useful to rewrite the expre
sion for PP as

PP5aRnk2K, ~4.17!

where

Rn[
nne

2nn̄e

n0
~4.18!

is the dimensionless form of the neutrino asymmetry, an

a[
&GFa

3p S n0

me
2D ~4.19!

for any arbitrary benchmark valuen0 . In the ensuing discus
sion, we take

n051024 cm2358310216 MeV3, ~4.20!

which gives

a54310222 MeV2158310233 cm. ~4.21!

The solutions to Eq.~4.14! can be obtained to the leadin
order in a ~i.e, leading order inGF) by substitutingk2

.vP
2 on the right hand side of Eq.~4.17!. In this way we find

the dispersion relations of the two modes to be given by

v6~K !5AK21vP
2 6

1

2
~aRnvP

2 !
K

AK21vP
2

. ~4.22!

An alternative interpretation of these dispersion relations
that, for a given value ofv, the two circularly polarized
modes travel with different momenta

K65~v22vP
2 !1/27

1

2
aRnvP

2 . ~4.23!

In any case, it follows that the two modes have differe
phase and group velocities. This fact can manifest itsel
various ways, some of which we discuss in the next sect
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V. APPLICATIONS

A. Differential time delay

Consider a pulse of light originating at some particu
instant and subsequently propagating through the neut
medium. Since the two circularly polarized components ha
different group velocitiesvg

65]v6 /]K, they will disperse
in time into two separate pulses. If the time delay betwe
them is larger than the width of the original pulse, then it c
be experimentally observable.

From the dispersion relations in Eq.~4.22! we obtain

vg
65

K

AK21vP
2

6
1

2
aRn

vP
4

~K21vP
2 !3/2

.12
vP

2

K2
6

aRnvP
4

2K3
, ~5.1!

where, in the second formula, we have indicated the appr
mate result in the limitK@vP . At a distancel from the
emission point, the differential time delay between the t
pulses is given by

Dt5U l

vg
1 2

l

vg
2 U

.
aRnvP

4 l

K3
, ~5.2!

where in the final step we have used the approximate
mula for vg

6 given in Eq.~5.1!.
To obtain a numerical estimate, we use Eq.~4.19! and

obtain

Dt5~1.3310220s!Rn S vP

MeVD 4S MeV

K D 3S l

1012 cm
D .

~5.3!

While the numerical factor is small, it is possible that in
given application the neutrino density may be larger thann0 ,
so thatRn is a large quantity, and thatK!vP . Therefore, it
is conceivable to obtain a detectable effect in a favora
situation in whichl also is large.

B. Wavelength independent optical rotation

As our second example, consider a monochromatic w
propagating along a given direction, which we take to be
z-axis. If the wave is linearly polarized~that is, it contains an
equal admixture of the two circular polarizations!, then the
amplitude of such a wave is of the form

AW ~z,t !5Ave2 ivt~eizK1ê~1 !1eizK2ê~2 !!

5Ave2 ivtei ~1/2!~K11K2!z~e2 i ~1/2!~K22K1!zê~1 !

1ei ~1/2!~K22K1!zê~2 !!. ~5.4!
7-6
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We have implicitly chosen the origin and orientation of t
coordinate system in such a way that, atz50, the linear
polarization vector of the wave points alongê1 , or the
x-direction. Using the relationsê(6)5(ê16 i ê2)/& implied
by Eq. ~4.15!, it follows that at any given distancez5l the
polarization vector of the wave points at an angle given

f~ l !5
1

2
~K22K1!l 5

1

2
aRnvP

2 l

510211RnS vP

MeVD 2S l

cmD ~5.5!

relative to thex-axis. Again, despite the numerical facto
both Rn and the path length can be large in astrophys
objects, and therefore a detectable effect may be possib
some favorable situation.

It is known that such a rotation of the polarization vec
is also caused by the presence of an external magnetic fi
This effect, known as the Faraday rotation, is commo
used for measuring extragalactic magnetic fields. The dif
ence between the optical rotation caused by neutrinos and
Faraday rotation effect is that the expression forf given in
Eq. ~5.5! is independent of the wavelengthl of the propa-
gating waves, whereas in the case of the Faraday rotation
angle is proportional tol2. The effect that we consider i
therefore similar to natural optical activity which is man
fested in gases or liquids composed of chiral molecu
@1,18#.

For comparison with other sources of optical activity, it
useful to note that the contribution from the neutrino ba
ground to the effective Lagrangian given in Eq.~4.2! can be
written in the form

LP5
1

2
A* mSnF̃mn , ~5.6!

whereF̃mn[(1/2)emnabFab is the dual electromagnetic ten
sor and

Sm5
PP

K
um

5aRnk2um.aRnvP
2um. ~5.7!

In the second line of Eq.~5.7! we have used Eq.~4.17!, and
we have also putk2.vP

2 which is correct to leading order in
GF . It has been pointed out in the literature that such
interaction breaks the invariance under theCPT transforma-
tion @5#, and also breaks Lorentz invariance@6,7# if Sm is a
fixed 4-vector~i.e., Sm does not transform as a four-vect
under Lorentz transformations!. As we have indicated above
one distinctive feature of this term is a rotation of the pol
ization of electromagnetic waves by an angle which is id
tical for all wavelengths. Using the observations about
polarization of the radiation from distant sources, vario
limits have been deduced on possible deviations from
physics of the standard model@6,8–10#. In addition, it has
been recently claimed@11# that the effect induced by a term
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of the kind given in Eq.~5.6! is actually observed in the data
indicating that the radiation from radio galaxies is polariz
along a preferential axis with respect to the galaxy@12#. This
claim has been contested by several authors@13#, and it has
been argued that the data should instead be interpreted a
upper bound on the possible non-magnetic optical rotatio

We want to point out here that the effect of a waveleng
independent optical rotation occurs even in the stand
model of particle interactions, if the universe has an uneq
number of neutrinos and antineutrinos. Moreover, it
present even if the neutrinos are strictly massless. This
pointed out earlier in a qualitative manner in Ref.@1#. The
new input of the present work is to specify that the mag
tude ofSm in such a case is given by Eq.~5.7!.

C. Differential bending of light

Consider the bending of light by a massive body in
neutrino medium. This could occur in the halo of a galaxy,
the exterior of a neutron star or the neutrino-sphere o
supernova. In empty space, a light ray bends by an angu
54GM/b, whereM is the mass of the body andb is the
impact parameter. On the other hand it has been shown
the gravitational bending angle for a massive spinless p
ticles depends on the mass of the particle@14#. This suggests
that the bending angle for a photon propagating in a ma
background depends on the dispersion relation of the pho
In fact, it has been found that interactions of the type giv
in Eq. ~5.6! indeed give polarization-dependent bending
light @9,10#.

Thus, when light propagates in a neutrino medium,
left and the right polarized components bend through diff
ent angles, which we denote byu6 . The image of the source
splits into two images, separated by an angleDu5u1

2u2 . To calculate the bending angle we use the meth
given in Ref.@15#, adapting it to the present case in whic
vÞK. The starting point is the equation of motion for a lig
wave of momentumkm which, in the limit of geometrical
optics, is

dkm5
1

2
~]mha

b!kadxb, ~5.8!

where

hab5gab2hab , ~5.9!

with hab being the flat-space metric. As in Ref.@15#, we
consider a ray of light with a given polarizationl56, pass-
ing by a gravitational body of massM with impact parameter
b. Taking thez-axis along the direction of incidence, w
then have

dxb5S 1

vl
,0,0,1Ddz

ka5~1,0,0,vl!v, ~5.10!

wherevl5Kl(v)/v. The bending angle is given by
7-7
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ul5
Dkx

kz
, ~5.11!

whereDkx is the total change inkx . Using the expression fo
hab corresponding to the Schwarschild metric and using E
~5.8! and ~5.10!, we obtain

Dkx5
GMbv

vl
~11vl

2!E
2`

`

dz
1

~z21b2!3/2

5
2GMv

bvl
~11vl

2!, ~5.12!

and from Eq.~5.11!

ul5
2GM

b S 11
1

vl
2D . ~5.13!

Therefore, the bending angles for the two polarizations di
by an amount:

Du[u12u25
2GM

b S 1

v1
2

2
1

v2
2 D . ~5.14!

Remembering thatv65K6(v)v and using Eq.~4.23!, we
then find that

Du.
4GM

b

aRnvP
2v2

~v22vP
2 !3/2

~5.15!

for the neutrino background. This gives

Du

u
5~4310222!Rn

vP /v

~12vP
2 /v2!3/2S vP

MeVD . ~5.16!

While Rn can be large in principle, it is difficult to conceiv
a situation in which this result may lead to a detectable
fect.

VI. CONCLUSIONS

A background in which the number of neutrinos and a
tineutrinos is not the same is an optically active mediu
09300
s.

r

f-

-
.

This observation, first pointed out in Ref.@1#, has several
implications and could in principle lead to potentially impo
tant applications. In this paper we have presented explic
the results of the calculation of the neutrino background c
tribution to the photon self-energy in such a medium. T
has allowed us to deduce the photon dispersion relations
the two circularly polarized states of the photon travers
the neutrino background, and analyze in some detail sev
of the possible physical effects. We have shown, in parti
lar, that the neutrino background induces a difference in
time delay between the light signals of opposite polari
tions. We have also shown that the optical rotation eff
caused by the neutrinos is independent of the wavelengt
the electromagnetic wave, in contrast with the Faraday ef
caused by the presence of a magnetic field, which depe
on the square of the wavelength. In addition, we derived
formula for the bending angle of a light ray passing by
massive object embedded in the neutrino background, ta
into account that the photon dispersion relation is not
same as in the vacuum, and that it is in fact different for ea
polarization mode.

At first sight, all these effects tend to be small. Howev
we point out once more that the calculations that we h
described, and the results that we have obtained, do no
pend on any physical assumptions beyond those require
the standard model of particle interactions, including t
question of whether or not the neutrinos have a non-z
mass. Hence, the effects that we have considered are pr
at some level and, as we have indicated, it is conceivable
they may be detectable in some favorable situations. It wo
not be the first time that a seemingly unimportant feature
the electromagnetic interactions of neutrinos in a backgro
medium, such as the neutrino index of refraction of a n
trino in the presence of a magnetic field@16#, finds its way
much later to become the focus of an important probl
@17#. In the presents case, we have considered several
sequences related to the optically active~chiral! nature of a
neutrino background, some of which could be observati
ally testable, and should in any case be kept in mind.
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