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QCD corrections to the masses of the neutralCP-even Higgs bosons in the minimal
supersymmetric standard model

S. Heinemeyer, W. Hollik, and G. Weiglein
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~Received 9 March 1998; published 22 September 1998!

We perform a diagrammatic calculation of the leading two-loop QCD corrections to the masses of the
neutralCP-even Higgs bosons in the minimal supersymmetric standard model~MSSM!. The results are valid
for arbitrary values of the parameters of the Higgs boson and scalar top sector of the MSSM. The two-loop
corrections are found to reduce the mass of the lightest Higgs boson considerably compared to its one-loop
value. The numerical results are analyzed in the grand unified theory favored regions of small and large tanb.
Their impact on a precise prediction for the mass of the lightest Higgs boson is briefly discussed.
@S0556-2821~98!50121-X#

PACS number~s!: 12.60.Jv, 12.15.Lk, 12.38.Bx, 14.80.Cp
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Supersymmetric~SUSY! theories@1# are the best moti-
vated extensions of the standard model~SM! of the elec-
troweak and strong interactions. They provide an eleg
way to break the electroweak symmetry and to stabilize
huge hierarchy between the grand unified theory~GUT! and
the Fermi scales, and allow for a consistent unification of
gauge coupling constants as well as a natural solution of
dark matter problem; for recent reviews see Ref.@2#. The
minimal supersymmetric standard model~MSSM! predicts
the existence of scalar partnersf̃ L , f̃ R to each SM chiral fer-
mion, and spin-1/2 partners to the gauge bosons and to
scalar Higgs bosons. So far, the direct search for SUSY
ticles has not been successful. One can only set lower bo
of O~100! GeV on their masses@3#.

A particularly stringent test of the MSSM is the search
the lightest Higgs boson. At the tree level its mass,mh , is
predicted to be lower than that of theZ boson. However, the
one-loop corrections are known to be huge@4,5#. As an im-
pact, mh.MZ is possible, and an upper bound of appro
mately 150 GeV is obtained. Hence, a two-loop calculat
is inevitable for a precise prediction of the mass of the lig
est Higgs boson. This is particularly important in view of t
search for this particle at the CERNe1e2 collider LEP2,
where a precise knowledge ofmh in terms of the relevan
SUSY parameters is crucial in order to determine the disc
ery ~and of course also the exclusion! potential of LEP2.

Up to now there existed renormalization group improv
ments of the one-loop result by including the two-loop lea
ing logarithmic contributions@6–8#, and a diagrammatic cal
culation of the dominant two-loop contributions in th
limiting case of vanishingt̃ -mixing and infinitely largeMA
and tanb @9#. These results indicate that the two-loop co
rections considerably reduce the prediction formh . How-
ever, a diagrammatic two-loop calculation of the neut
mass spectrum going beyond the above-mentioned limi
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case has been missing so far. Such a Feynman diagramm
calculation is technically very involved, but it is of particula
interest, since it allows for general parameters of the MS
Higgs sector and for virtual particle effects without restr
tions on their masses and mixing. It is the purpose of t
Rapid Communication to investigate the leading QCD c
rections to the masses of the neutralCP-even Higgs bosons
and in particular, to provide in this way a two-loop predi
tion of mh for arbitrary values of the parameters of the Hig
and scalar top sector of the MSSM.

Contrary to the SM, in the MSSM two Higgs doublets a
needed. The Higgs potential is given by@10#

V5m1
2H1H̄11m2

2H2H̄22m12
2 ~eabH1

aH2
b1H.c.!

1
g821g2

8
~H1H̄12H2H̄2!21

g2

2
uH1H̄2u2, ~1!

wherem1 ,m2 ,m12 are soft SUSY-breaking terms,g,g8 are
the SU(2) andU(1) gauge couplings, ande12521.

The doublet fieldsH1 andH2 are decomposed in the fol
lowing way:

H15S H1
1

H1
2D 5S v11~f1

01 ix1
0!/&

f1
2 D ,

H25S H2
1

H2
2D 5S f2

1

v21~f2
01 ix2

0!/& D . ~2!

The potential Eq.~1! can be described with the help of tw
independent parameters~besidesg,g8!: tanb5v2 /v1 and
MA

252m12
2 (tanb1cotb), where MA is the mass of the

CP-odd A boson.
At tree level, the mass matrix of the neutralCP-even

Higgs bosons is given in thef12f2 basis in terms ofMZ
andMA through
MHiggs
2,tree5S mf1

2 mf1f2

2

mf1f2

2 mf2

2 D 5S MA
2 sin2 b1MZ

2 cos2 b 2~MA
21MZ

2!sin b cosb

2~MA
21MZ

2!sin b cosb MA
2 cos2 b1MZ

2 sin2 b
D . ~3!
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The tree-level mass predictions receive large correcti
at one-loop order through terms proportional
GFmt

4 ln(mt̃1
mt̃2

/mt
2) @4#. These dominant one-loop contribu

tions can be obtained by evaluating the contribution of
t2 t̃ sector to thef1,2 self-energies at zero external mome
tum from the Yukawa part of the theory~neglecting the
gauge couplings!. Accordingly, the one-loop corrected Higg
boson masses are derived by diagonalizing the mass ma

MHiggs
2 5S mf1

2 2Ŝf1
~0!

mf1f2

2 2Ŝf1f2
~0!

mf1f2

2 2Ŝf1f2
~0!

mf2

2 2Ŝf2
~0!

D , ~4!

where theŜ denotes the Yukawa contributions of thet2 t̃
sector to the renormalized one-loopf1,2 self-energies. By
comparison with the full one-loop result@5#, it has been
shown that these contributions indeed contain the bulk of
one-loop corrections. They typically approximate the f
one-loop result up to about 5 GeV.

In order to derive the leading two-loop contributions
the masses of the neutralCP-even Higgs bosons, we hav
evaluated the QCD corrections to Eq.~4!, which because of
the large value of the strong coupling constant are expe
to be the most sizable ones~see also Ref.@9#!. This requires
the evaluation of the renormalizedf1,2 self-energies at the
two-loop level. Typical Feynman diagrams corresponding
the Yukawa contributions of thet2 t̃ sector to thef1,2 self-
energies and tadpoles are shown in Fig. 1. They have t
supplemented by the counterterm insertions in the co
sponding one-loop diagrams. Figure 1~a! shows the pure sca
lar contributions to the Higgs self-energies. In Fig. 1~b! the

FIG. 1. Typical Feynman diagrams for the two-loop contrib
tion to the Higgs-boson self-energies and tadpoles.H5f1 ,f2 ,A.
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gluonic corrections are depicted, while Fig. 1~c! shows the
gluino-exchange contribution. In Figs. 1~d!–~f! the tadpole
contributions for these three types of corrections are give

The renormalization has been performed in the on-s
scheme. The counterterms in the Higgs sector are der
from the Higgs potential Eqs.~1!,~2! by expanding the coun
terterm contributions up to two-loop order. The renormaliz
tion conditions for the tadpole counterterms have been c
sen in such a way that they cancel the tadpole contributi
in one- and two-loop order. The renormalization in thet2 t̃
sector has been performed in the same way as in Ref.@11#.
For the present calculation, the one-loop countertermsdmt ,
dmt̃ 1

, dmt̃ 2
for the top-quark and scalar top-quark mass

anddu t̃ for the mixing angle contribute, which enter via th
subloop renormalization. The appearance of thet̃ mixing
angleu t̃ reflects the fact that the current eigenstates,t̃ L and
t̃ R , mix to give the mass eigenstatest̃ 1 and t̃ 2 . Since the
nondiagonal entry in the scalar quark mass matrix is prop
tional to the quark mass, the mixing is particularly importa
in the case of the third generation scalar quarks. The mixi
angle countertermdu t̃ is chosen such that there is no mixin
betweent̃ 1 and t̃ 2 when t̃ 1 is on-shell. The numerical resul
however, is insensitive to this choice of the renormalizat
point. The one-loop counterterms form and tanb, dm and
d tanb, do not contribute, since they are independent ofas .

The renormalized self-energies have the following str
ture:

Ŝs~0!5Ss
~1!~0!1Ss

~2!~0!2dVs
~1!2dVs

~2! , ~5!

wheres5f1 ,f2 ,f1f2 . Ss
(1) and Ss

(2) denote the unrenor
malized self-energies at the one- and two-loop level, a
dVs

(1) anddVs
(2) are the one- and two-loop counterterms d

rived from the Higgs potential. The counterterms read

dVf1

~ i !51dMA
2~ i ! sin2 b2dt1

~ i !
e cosb

2MWsW
~11sin2 b!

1dt2
~ i !

e

2MWsW
cos2 b sin b, ~6!

dVf2

~ i !51dMA
2~ i ! cos2 b2dt2

~ i !
e sin b

2MWsW
~11cos2 b!

1dt1
~ i !

e

2MWsW
sin2 b cosb, ~7!

dVf1f2

~ i ! 52dMA
2~ i ! sin b cosb2dt1

~ i !
e

2MWsW
sin3 b

2dt2
~ i !

e

2MWsW
cos3 b, ~8!

with dta
( i )52Ta

( i ) , whereTa
( i ) denotes the tadpole contribu

tion, dta
( i ) is the corresponding counterterm, anddMA

2(i )

5SA
( i )(0) (i 51,2).
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In deriving our results we have made strong use
computer-algebra tools. The packageFEYNARTS @12# ~in
which the relevant part of the MSSM has been implement!
has been applied to generate the Feynman amplitudes an
counterterm contributions. For evaluating the amplitudes,
packageTWOCALC @13# has been used. The calculations ha
been performed using dimensional reduction~DRED! @14#,
which is necessary in order to preserve the relevant SU
relations. Naive application~without an appropriate shift in
the couplings! of dimensional regularization~DREG! @15#,
on the other hand, does not lead to a finite result. The s
observation has also been made in Ref.@9#.

The contributions of the scalar, the gluon-, and the glui
exchange diagrams in Fig. 1 together with the correspond
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counterterm contributions are not separately finite~as it was
the case in the calculation of Ref.@11#!, but have to be com-
bined in order to obtain a finite result. Our results for t
two-loop f1,2 self-energies are given in terms of the SUS
parameters tanb, MA , m, mt̃ 1

, mt̃ 2
, u t̃ , and mg̃ . In the

general case, the results are by far too lengthy to be gi
here explicitly. In the special case of vanishing mixing in t

t̃ -sector,m50, andmt̃ 1
5mt̃ 2

5mt̃ , a relatively compact ex-

pression can be derived. It is given by

Ŝf1

~2!~0!50, Ŝf1f2

~2! ~0!50 ~9!
Ŝf2

~2!~0!5
GF&

p2

as

p

mt
2

sin2 b H ~mt̃
2
2mg̃

2
2mt

2!F S 11
mt

2

mt̃
2D 2S Re B0

f in~mt
2 ,mg̃ ,mt̃ !~122L !1Re B0

f in~mt̃
2 ,mg̃ ,mt!

mt
2

mt̃
2D

2
mg̃

2

mt̃
2
N

@mg̃
2
~mt̃

2
1mt

2!2~mt̃
2
2mt

2!2# ln~mg̃
2
!1

4

N2 mg̃
4
mt

2F~mt ,mt̃ ,mg̃!G22mg̃
2 ln~mg̃

2
!L

1~2mt̃
2
1mt

2!ln~mt̃
2
!L23mt

2 ln~mt
2!ln~mt̃

2
!1

1

N
ln~mt̃

2
!@2mg̃

6
2mg̃

4
~7mt̃

2
1mt

2!

14mg̃
2
~2mt̃

4
23mt̃

2
mt

223mt
4!2~3mt̃

2
27mt

2!~mt̃
2
2mt

2!2#13mt
2 ln2~mt

2!1
1

mt̃
2
N

ln~mt
2!@2mt̃

2
~mt̃

2
2mg̃

2
!3

2mt̃
2
mt

2~5mg̃
4
216mg̃

2
mt̃

2
111mt̃

4
!1mt

4~17mt̃
4
16mg̃

2
mt̃

2
2mg̃

4
!29mt̃

2
mt

61mt
8#J , ~10!
al

ral
o-
ve

re
with L5 ln(mt̃
2/mt

2), and

N5@~mg̃2mt!
22mt̃

2
#@~mg̃1mt!

22mt̃
2
#,

F~x,y,z!

5
1

2
z2lS x2

z2 ,
y2

z2D F2 ln~axyz
1 !ln~axyz

2 !2 lnS x2

z2D lnS y2

z2D
22Li2~axyz

1 !22Li2~axyz
2 !1

p2

3 G ,
l~u,v !5A11u21v222u22v22uv,

axyz
j 5

1

2 F12~21! j
x2

z2 1~21! j
y2

z2 2lS x2

z2 ,
y2

z2D G ,
B0
f in~p2,m1 ,m2!52 ln~m1!2 ln~m2!122

m1
2/m2

221

2p2/m2
2

3 ln~m1
2/m2

2!1
r 12r 2

2p2/m2
2

3 „ln~r 1!2 ln~r 2!…,

r j being the solutions ofm2
2r 1m1

2/r 5m1
21m2

22p2 ( j
51,2). Equation~10! approximates the complete numeric
result for vanishing mixing~for arbitrary m and mt̃ 1

Þmt̃ 2
!

up to about 2% accuracy.
Inserting the one-loop and two-loopf1,2 self-energies

into Eq. ~4!, the predictions for the masses of the neut
CP-even Higgs bosons are derived by diagonalizing the tw
loop mass matrix. For the numerical evaluation, we ha
chosen two values for tanb which are favored by SUSY-
GUT scenarios@16#: tanb51.6 for theSU(5) scenario and
tanb540 for the SO(10) scenario. Other parameters a
MZ591.187 GeV, MW580.375 GeV, GF51.16639
31025 GeV22, as50.1095, andmt5175 GeV. For the fig-
ures below, we have furthermore chosenm52200 GeV,
1-3
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MA5500 GeV, andmg̃5500 GeV as typical values. Th
scalar top masses and the mixing angle are derived from
parametersM t̃ L

, M t̃ R
and Mt

LR of the t̃ mass matrix~our
conventions are the same as in Ref.@11#!. In the figures
below we have chosenmq̃[M t̃ L

5M t̃ R
.

The plot in Fig. 2 showsmh as a function ofMt
LR/mq̃ ,

wheremq̃ is fixed to 500 GeV. A minimum is reached fo
Mt

LR50 GeV which we refer to as ‘‘no mixing.’’ A maxi-
mum in the two-loop result formh is reached for abou
Mt

LR/mq̃'2 in the tanb51.6 scenario as well as in th
tanb540 scenario. This case we refer to as ‘‘maximal m
ing.’’ Note that the maximum is shifted compared to its on
loop value of aboutMt

LR/mq̃'2.4.
In Fig. 3 the low-tanb scenario with tanb51.6 is ana-

lyzed. The tree-level, the one-loop and the two-loop res
for mh are shown as a function ofmq̃ for no mixing and
maximal mixing. For both cases the one-loop result is
general considerably reduced. For the no-mixing case,
difference between the one-loop and two-loop result amou
up to about 18 GeV formq̃51 TeV. In the maximal-mixing
case, the reduction of the one-loop result is about 10 GeV
mq̃5260 GeV~for smallermq̃ one gets unphysical or exper

FIG. 2. One- and two-loop results formh as a function of
Mt

LR/mq̃ for two values of tanb.

FIG. 3. The mass of the lightest Higgs boson for tanb51.6.
The tree-, the one- and the two-loop results formh are shown as a
function of mq̃ for the no-mixing and the maximal-mixing case.
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mentally excludedt̃ -masses! and about 25 GeV formq̃

51 TeV.
The variation of this result withmg̃ is of the order of few

GeV. Varying tanb around the value tanb51.6 leads to a
relatively large effect inmh . Higher values formh are ob-
tained for larger tanb. A more detailed analysis of the de
pendence of our results on the different SUSY parame
will be presented in a forthcoming publication.

In Fig. 4 the high-tanb scenario with tanb540 is ana-
lyzed. Again the tree-level, the one-loop and the two-lo
results formh are shown as a function ofmq̃ for minimal and
maximal mixing. As in the case of low tanb, the one-loop
result is, in general, considerably reduced. For no mixing
difference between the one-loop and two-loop result reac
about 14 GeV formq̃51 TeV. In the maximal-mixing case
the reduction of the one-loop result amounts to about 7 G
for mq̃5260 GeV and about 22 GeV formq̃51 TeV. The
reduction of the one-loop result is slightly smaller than f
tanb51.6. This can be understood from the result f

Ŝf2
(0) given as a special case in Eq.~10!. In this caseb

appears only in the prefactor as 1/sin2 b and one thus gets a
bigger reduction ofmh for smaller tanb. The variation of the
result shown in Fig. 4 withmg̃ is again of the order of few
GeV. The effect of varying tanb around tanb540 is mar-
ginal.

We have compared our results with the results obtaine
Ref. @9# in the case of not̃ -mixing and MA→`,tanb→`
and have checked analytically that in the limiting casemt̃ 1

5mt̃ 2
5mg̃@mt in Eq. ~10!, we recover the correspondin

formula given in Ref.@9#.
Supplementing our results for the leadingO(aas) correc-

tions with the leading higher-order Yukawa term
O(a2mt

6) given in Ref.@7# leads to an increase in the pre
diction of mh of up to about 3 GeV. A similar shift toward
higher values ofmh emerges if at the two-loop level, th
running top-quark mass,m̄t(mt)5166.5 GeV, is used in-
stead of the pole mass,mt5175 GeV, thus taking into ac
count leading higher-order effects beyond the two-loop lev

FIG. 4. The mass of the lightest Higgs boson for tanb540. The
tree-, the one- and the two-loop results formh are shown as a
function of mq̃ for the no-mixing and the maximal-mixing case.
1-4
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We have compared our results with the results obtained
two-loop renormalization group calculations given in Re
@6,8#.1 We find good agreement for the case of not̃ -mixing,
while for larger t̃ -mixing sizable deviations exceeding
GeV occur. In particular, the value ofMt

LR/mq̃ yielding the
maximal mh is shifted fromMt

LR/mq̃'2.4 in the one-loop
case toMt

LR/mq̃'2 when our diagrammatic two-loop resul
are included~see Fig. 2!. In the results based on renorma
ization group methods@6,8#, on the other hand, the maxima
value of mh is obtained forMt

LR/mq̃'2.4, i.e., at the same
value as for the one-loop result.

In summary, we have diagrammatically calculated
leading O(aas) corrections to the masses of the neut

1The results of Ref.@6# and Ref.@8# agree within about 2 GeV
with each other.
or
.

.

.

t.

09170
y
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e
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CP-even Higgs bosons in the MSSM. We have applied
on-shell scheme and have imposed no restrictions on
parameters of the Higgs and scalar top sector of the mo
The two-loop correction leads to a considerable reduction
the prediction for the mass of the lightest Higgs boson co
pared to the one-loop value. The reduction turns out to
particularly important for low values of tanb. The leading
two-loop contributions presented here can directly be co
bined with the complete one-loop results in the on-sh
scheme@5#. A discussion of the corresponding results will b
given in a forthcoming paper, where also a more detai
comparison with the results based on renormalization gr
methods will be pursued.

We thank M. Carena, H. Haber and C. Wagner for fruit
discussions and communication about the numerical c
parison of our results. We also thank A. Djouadi and
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@12# J. Küblbeck, M. Böhm, and A. Denner, Comput. Phys. Com
mun.60, 165 ~1990!.

@13# G. Weiglein, R. Scharf, and M. Bo¨hm, Nucl. Phys.B416, 606
~1994!.

@14# W. Siegel, Phys. Lett.84B, 193 ~1979!; D. Capper, D. Jones
and P. van Nieuwenhuizen, Nucl. Phys.B167, 479 ~1980!.

@15# C. Bollini and J. Giambiagi, Nuovo Cimento B12, 20 ~1972!;
J. Ashmore, Lett. Nuovo Cimento4, 289 ~1972!; G. ’t Hooft
and M. Veltman, Nucl. Phys.B44, 189 ~1972!.

@16# M. Carena, S. Pokorski, and C. Wagner, Nucl. Phys.B406, 59
~1993!; W. de Boeret al., Z. Phys. C71, 415 ~1996!.
1-5


