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Traversable wormhole with classical scalar fields
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We study Lorentzian static traversable wormholes coupled to quadratic scalar fields. We also obtain solu-
tions of the scalar fields and matter in the wormhole background and find that the minimal size of the
wormhole should be quantized under the appropriate boundary conditions for the positive nonminimal massive
scalar field.@S0556-2821~98!07018-0#

PACS number~s!: 04.20.Gz, 03.50.Kk
ll

a
g
s-
bl

o
e

e

tic
la
al
ha
e
on

ia
d
y

r

nd
g a
nts

y,
ely,

-
rm-
t-
rce
One of the most important issues in making a practica
usable Lorentzian wormhole is the traversability@1,2#. To
make a Lorentzian wormhole traversable, one has usu
used exotic matter, which violates the well-known ener
conditions@1#. For instance, a wormhole in the inflating co
mological model still requires exotic matter to be traversa
and to maintain its shape@3#. It is known that the vacuum
energy of the inflating wormhole does not change the sign
the exoticity function. A traversable wormhole in th
Friedmann-Robertson-Walker~FRW! cosmological model,
however, does not necessarily require exotic matter at v
early times@4#.

In this paper, we investigate the compatibility of a sta
wormhole with a minimal and a positive nonminimal sca
field. We also obtain the solutions to the matter and sc
fields in a wormhole background. Furthermore, we find t
the minimum size of a wormhole should be quantized wh
appropriate boundary conditions are imposed for the n
minimal massive scalar field.

Firstly, we study the simplest case of a static Lorentz
wormhole with a minimal massless scalar field. The ad
tional matter Lagrangian due to the scalar field is given b

L5
1

2
A2ggmnw ;mw ;n ~1!

and the equation of motion forw by

hw50. ~2!

The stress-energy tensor forw is obtained from Eq.~1! as

Tmn
~w!5w ;mw ;n2

1

2
gmngrsw ;rw ;s . ~3!

Now the Einstein equation has an additional stress-ene
tensor~3!
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Gmn5Rmn2
1

2
gmnR58pTmn58p~Tmn

~w!1Tmn
~w!!, ~4!

where Tmn
(w) is the stress-energy tensor of the backgrou

matter that makes the traversable wormhole. Assumin
spherically symmetric spacetime, one finds the compone
of Tm̂n̂

(w) in orthonormal coordinates

Tt̂ t̂
~w!

5r~r ,t !, Tr̂ r̂
~w!

52t~r ,t !, Tû û
~w!

5P~r ,t !, ~5!

wherer(r ,t),t(r ,t) andP(r ,t) are the mass energy densit
radial tension per unit area, and lateral pressure, respectiv
as measured by an observer at a fixedr ,u,f.

The metric of the static wormhole is given by

ds252e2L~r !dt21
dr2

12b~r !/r
1r 2~du21sin2udf2!.

~6!

The arbitrary functionsL(r ) andb(r ) are lapse and worm
hole shape functions, respectively. The shape of the wo
hole is determined byb(r ). Besides the spherically symme
ric and static spacetime, we further assume a zero-tidal-fo
as seen by a stationary observer,L(r )50, to make the prob-
lem simpler. Thus not only the scalar fieldw but also the
matter r,t, and P are assumed to depend only onr . The
components ofTmn

(w) in the static wormhole metric~6! have
the form

Ttt
~w!5

1

2S 12
b

r Dw82, ~7!

Trr
~w!5

1

2
w82, ~8!

Tuu
~w!52

1

2
r 2S 12

b

r Dw82, ~9!

Tff
~w!52

1

2
r 2S 12

b

r Dw82sin2u, ~10!
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where here and hereafter a prime denotes the differentia
with respect tor . In the spacetime with the metric~6! and
L50, the field equation ofw becomes

w9

w8
1

1

2

~12b/r !8

~12b/r !
1

2

r
50 or r 4w82S 12

b

r D5const,

~11!

and the Einstein equations are given explicitly by

b8

8pr 2
5r~r ,t !1

1

2
w82S 12

b

r D , ~12!

b

8pr 3
5t~r ,t !2

1

2
w82S 12

b

r D , ~13!

b2b8r

16pr 3
5P~r ,t !2

1

2
w82S 12

b

r D . ~14!

By redefining the effective matters by

reff5r1
1

2
w82S 12

b

r D , ~15!

teff5t2
1

2
w82S 12

b

r D , ~16!

Peff5P2
1

2
w82S 12

b

r D , ~17!

we are able to rewrite the Einstein equations as

b8

8pr 2
5reff , ~18!

b

8pr 3
5teff , ~19!

b2b8r

16pr 3
5Peff . ~20!

Thus one sees that the conservation law of the effec
stress-energy tensorTmn

(w)1Tmn
(w) still obeys the same equa

tion:

teff8 1
2

r
~teff1Peff!50. ~21!

We now find the solutions of scalar field and matter.
determine the spatial distributions ofb(r ),r(r ),t(r ),P(r ),
andw(r ), we need one more condition for them such as
equation of state, Peff5breff . With the appropriate
asymptotic flatness imposed we find the effective matte
functions ofr @4#

reff~r !}r 22~113b!/~112b!, ~22!
08770
on

e

e

s

teff~r !}r 22~113b!/~112b!, ~23!

b~r !}r 1/~112b!, b,2
1

2
. ~24!

Since the scalar field effects change justr 24 by the field
equation~11!, the matter is given by

r;r 22~113b!/~112b!1r 24, ~25!

t;r 22~113b!/~112b!1r 24. ~26!

Onceb(r ) is known to depend on a specific value ofb, we
can integrate Eq.~11! to obtain

w~r !}E dr

r 2A~12b~r !/r !
. ~27!

For example, whenb5b0
2/r , whereb521 and b0 is the

minimum size of the throat of the wormhole, we obtain th

w5w0F12arccosS b0

r D G ~28!

by assuming the boundary condition thatw.0, wur 5b0

5w0 , and limr→`w50. Thus the scalar field decreas
monotonically, i.e.,w8,0, and the matter hasr,t,P}r 24.

Secondly we consider a general quadratic scalar fi
whose stress-energy tensor is given by

Tmn5~122j!w ;mw ;n1S 2j2
1

2Dgmnw ;aw ;a

22jww ;mn12jgmnwhw1jS Rmn2
1

2
gmnRDw2

2
1

2
m2gmnw2, ~29!

where j50 for minimal coupling andj5 1
6 for conformal

coupling. The mass of the field is given bym. The field
equation forw is

~h2m22jR!w50. ~30!

For a nonminimal coupling there is a curvature effect
wormhole background toTmn andw. The scalar curvature in
the metric~6! with L50 is given by

R5
2b8

r 2
~31!

and the components of the stress-energy tensor for the s
field by
3-2
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Ttt
~w!5~124j!F1

2S 12
b

r Dw821S 1

2
m21j

b8

r 2 D w2G , ~32!

Trr
~w!5

1

2
w821j

4

r
w8w2S 12

b

r D 21S j
b

r 3
1

1

2
m2D w2, ~33!

Tuu
~w!5S 12

b

r D F S 2j2
1

2D r 2w8222jrw8w G1F2jr 2S m21j
2b8

r 2 D 1jS b

2r
2

b8

2 D2
1

2
m2r 2Gw2, ~34!

Tff
~w!5Tuu

~w!sin2u. ~35!

As in the minimally-coupled case, we are also able to find the redefinition of the effective matter

reff5r1~124j!F1

2S 12
b

r Dw821S 1

2
m21j

b8

r 2 D w2G , ~36!

teff5t2
1

2
w82S 12

b

r D2j
4

r S 12
b

r Dw8w1S j
b

r 3
1

1

2
m2D w2, ~37!

Peff5P1S 12
b

r D F S 2j2
1

2Dw822j
2

r
w8wG1F2jS m21j

2b8

r 2 D 1jS b

2r 3
2

b8

2r 2D 2
1

2
m2Gw2. ~38!
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One has the same solution to the equation of the effec
matter as Eqs.~22!–~24! with the same equation of state
However, one has a more complicated scalar field equat

S 12
b

r Dw91S 12
b

r D 8
w81

2

r S 12
b

r Dw85S m212j
b8

r 2 D w .

~39!

From the wormhole shape functionb;r 1/(112b) with the
same equation of statePeff5breff , the asymptotic form of
the field can be calculated near the throat and at infinity:

w;
exp@km2r 2~113b!/~112b!#

r 22j/b

;
exp~km2/reff!

r 22j/b
at r→b

;e2mr at r→`, ~40!

wherek5(112b)2/@2b(113b)#b0
22b/(112b) . For the spe-

cial case ofb521, i.e., b5b0
2/r , the scalar field has the

asymptotic form near the throat

w;
exp~km2r 4!

r 2j
, at r→b ~41!

wherek→1/4b0 . The scalar field begins to increase from t
throat very rapidly withr , but decreases exponentially
infinity.
08770
e

n

To find the exact solution to the scalar field, we rewr
the field equation~39! as

d2w

ds2
2r 4~m21jR!w5

d2w

ds2
2 f ~s!w50, ~42!

where s5*r 22(12b/r )21/2dr and f (s)5r 2(s)„m2

12jb8(s)/r 2(s)…. One may interpret Eq.~42! as a Schro¨-
dinger equation with zero energy, which is, however, n
easy to solve in general. Whenm5j50, the field equation
becomes just the minimal massless case and the solutio
w;s, which is given by Eq.~27!. For the general case, w
can make use of the analogy with a bounded potential pr
lem in the regionr 0<r ,` or 0<s<s0 , where r 0 is the
place of the throat. In this region, we can find the asympto
values of potentialf (s) andw as

lim
r→r 0 or s→0

f ~s!,0, lim
r→r 0 or s→0

w;0, ~43!

lim
r→` or s→s0

f ~s!5`, lim
r→` or s→s0

w;0, ~44!

if m212jb8(s)/r 2,0 near the throat orm2r 0
212jb8(0)

,0. Otherwise, there is no solution tow. The bounded po-
tential shows that one parameter should be quantized. W
parameter is quantized?

We consider the specific case ofb5b0
2/r as above. Then

the field equation becomes
3-3
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d2w

ds2
1@2jb0

22m2b0
2sec4~b0s!#w50, ~45!

wheres5(1/b0)arccos(b0 /r ). First, the massless scalar fie
has the solution

w5w0cos~A2jb0s!5w0cosFA2j arccosS b0

r D G . ~46!

Second, in the massive case, however, one has the en
parameterE52jb0

2 and the potentialV5m2b0
2sec4(b0s).

The relationE.V or 2j.m2b0
2 must be satisfied to guaran

tee a bounded solution. For smalls, that is the region nea
the throat, Eq.~45! is approximately the harmonic oscillato
problem

d2w

dx2
1~l2x2!w50 ~47!
tt

08770
rgy

with x252mb0
3s2 and l5(2j2m2b0

2)/(2mb0). The solu-

tion is the harmonic wave functionwn5e2x2/2Hn(x), the
Hermite polynomial. From the energy quantization, we g
mb052n111A(2n11)212j, wheren is an odd number.
From this result we may conclude thatjb0

2 or the minimal
size of the wormhole should be quantized for the nonm
mal positive couplingj.0, including the conformal cou-
pling j51/6.

In this paper we found the solutions of the wormhole w
minimal and nonminimal scalar fields. For a positive no
minimal massive scalar field case we find that the size of
throat, the minimal size of the wormhole, should be qua
tized in order to have the scalar field solution satisfying
appropriate boundary conditions. We also find the solutio
to the matter and the scalar field in each case.
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