
PHYSICAL REVIEW D, VOLUME 58, 083514
Quantum creation of an open inflationary universe

Andrei Linde
Department of Physics, Stanford University, Stanford, California 94305

~Received 17 February 1998; published 28 September 1998!

We discuss the dramatic difference between the description of the quantum creation of an open universe
using the Hartle-Hawking wave function and the tunneling wave function. Recently Hawking and Turok have
found that the Hartle-Hawking wave function leads to a universe withV50.01, which is much smaller than

the observed value ofV. Galaxies in such a universe would be 10108
light years away from each other, and so

the universe would be practically structureless. We argue that the Hartle-Hawking wave function does not
describe the probability of the creation of the universe. If one uses the tunneling wave function for the
description of the creation of the universe, then in most inflationary models the universe should haveV51,
which agrees with the standard expectation that inflation makes the universe flat. The same result can be
obtained in the theory of a self-reproducing inflationary universe, independently of the issue of initial condi-
tions. However, there exist some models whereV may take any value, fromV.1 to V!1.
@S0556-2821~98!00320-8#
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I. INTRODUCTION

Until very recently it was believed that the universe af
inflation must become extremely flat, withV5161024.
This implied that if observational data show thatV differs
from 1 by more than a fraction of a percent, inflationa
theory should be ruled out. Of course, it was always poss
to make inflation short andV different from 1 by fine-tuning
the parameters, but in this case the problems of homogen
and isotropy of the observable part of the universe wo
remain unsolved.

Fortunately, this problem was solved recently. The m
idea is to use the well-known fact that the region of spa
created in the process of quantum tunneling tends to h
spherically symmetric shape and a homogeneous interio
the tunneling probability is suppressed strongly enou
Then such bubbles of the new phase tend to expand
spherically symmetric fashion. Thus, if one could assoc
the whole visible part of the universe with an interior of o
such region, one would solve the homogeneity and isotr
problems, and then all other problems would be solved
the subsequent relatively short stage of inflation.

For a closed universe the realization of this program co
be relatively straightforward@1#. One should consider th
process of the quantum creation of a closed inflationary u
verse from ‘‘nothing.’’ If the probability of such a process
exponentially suppressed~and this is indeed the case if infla
tion is possible only at an energy density much smaller t
the Planck density@2–5#!, then the universe created that wa
will be rather homogeneous from the very beginning. Ty
cally it will grow exponentially large, andV will gradually
approach the flat-space limitV51. However, there exis
many inflationary models where the total duration of infl
tion cannot be longer than 60–70e-foldings. In such models
the present value ofV can be noticeably higher than 1
These models have several potential drawbacks which
be discussed in the last section of this paper, but neverthe
creation of a closed inflationary universe, at least in pr
ciple, does not seem impossible.
0556-2821/98/58~8!/083514~21!/$15.00 58 0835
r

le

ity
d

n
e
ve
if
.
a

e

y
y

d

i-

n

-

-

ill
ss
-

The situation with an open universe is much more co
plicated. Indeed, an open universe is infinite, and it m
seem impossible to create an infinite universe by a tunne
process. However, this is not the case: according to Cole
and De Luccia, any bubble formed in the process of the fa
vacuum decay looks from inside like an infinite open u
verse @6,7#. If this universe continues inflating inside th
bubble, then we obtain an open inflationary universe.

Until a short while ago it was not quite clear whether it
possible to realize the one-bubble open universe scenario
natural way. An important step in this direction was ma
when the first semirealistic models of open inflation we
proposed@8#. These models were based on the investigat
of chaotic inflation and tunneling in the theories of one sca
field f. However, as was shown in@1#, in the simplest ver-
sions of such theories with potentials of the type
(m2/2)f22(d/3)f31(l/4)f4 the tunneling does not occu
by bubble formation, but by jumping onto the top of th
potential barrier described by the Hawking-Moss instan
@9#. This instanton was originally interpreted as describi
homogeneous tunneling, but later it was found that this is
the case@10–14#. This process leads to the formation of in
homogeneous domains of a new phase, and the whole
nario fails.

This problem is in fact rather general; it appears not o
in the models with the potential (m2/2)f22(d/3)f3

1(l/4) f4. Indeed, Coleman–De Luccia instantons by th
construction must be smaller than the size of the Euclid
continuation of de Sitter space,H21. Meanwhile, the typical
size of a bubble is of the same oder as the inverse mass o
field f, which can be estimated as 1/AV9(f). This implies
that the these instantons can exist only ifV9(f)@H2 inside
the bubble. This condition is incompatible with the assum
tion of Ref. @8#, that inflation continues after the tunnelin
which would require thatV9(f)!H2 inside the bubble.

In order to resolve this problem one is forced to ‘‘bend
the effective potentials in a rather specific way. The poten
must be very flat everywhere except at one place wher
should have a very deep minimum and a sharp maximum
© 1998 The American Physical Society14-1
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
addition, one should consider models where inflation ins
the bubble begins not immediately after the tunneling,
much later. These requirements make the correspon
models of open inflation not only fine-tuned but also ve
complicated. No realistic versions of open inflation mod
of this type have been invented so far.

Fortunately, the same goal can be achieved if one con
ers models of two scalar fields@1#. The presence of two
scalar fields allows one to obtain the required bending of
inflaton potential by simply changing the definition of th
inflaton field in the process of inflation. The tunneling occu
with respect to a heavy fields with a steep barrier in its
potential, while after the tunneling the role of the inflaton
played by a light fieldf, rolling along a flat direction ‘‘or-
thogonal’’ to the direction of quantum tunneling. Inflationa
models of this type are quite simple, yet they have ma
interesting features. In these models the universe consis
infinitely many expanding bubbles immersed into an ex
nentially expanding false vacuum state. Each of th
bubbles on the inside looks like an infinitely large open u
verse, but the values ofV in these universes may take an
value from 1 to 0.

Many versions of these two-field models have been c
sidered in the recent literature; see, e.g.,@1,15,16#. Some of
them did not survive comparison with the observational da
and some of them are very fine-tuned, but in any case
can no longer claim that inflation and an open universe
incompatible. The simplest open inflationary model of th
type describes two scalar fields with the effective potenti

V~f,s!5
g2

2
f2s21V~s!, ~1!

where the effective potential for the fields can be taken,
e.g., in the following form: V(s)5 (M2/2)s22aMs3

1(l/4)s41V0 @1#. HereV0 is a constant which is added t
ensure thatV(f,s)50 at the absolute minimum ofV(f,s).
If the initial value of the fieldf is sufficiently large, then the
field s is trapped ats50. The fieldf slowly drifts in dif-
ferent directions due to inflationary quantum fluctuatio
and in the regions where it becomes smaller than a cer
critical value fc , the phase transition to larges becomes
possible. Inside the bubbles of the fields the field f ac-
quires nonvanishing mass squaredg2s2; it begins to slide
towardsf50 and yields the secondary stage of inflatio
Depending on the initial value of the fieldf, this stage may
be either short, creating open universes with smallV, or
long, creating universes withV'1. If the probability of
bubble production is very small, the vacuum state withs
50 will never completely decay, and the process of the c
ation of new bubbles will never end. This implies that in
eternally existing self-reproducing universe based on
scenario there will be infinitely many universes containi
any particular value ofV, from V50 to V51. Moreover,
the effective value ofV in this scenario may vary eve
within each of the bubbles@17#.

An intriguing possibility which will be discussed in thi
paper is the quantum creation of an open universe from n
ing. Until very recently such a process seemed impossi
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Indeed, in accordance with the investigation of inflationa
universe creation performed in@2–5#, the probability of the
quantum creation of an inflationary universe is expected
be suppressed bye2u2Su, whereS is the value of Euclidean
action on the trajectory describing the universe creation.
a closed universe with vacuum energyV(f,s) one has

P;e22uSu5expS 2
3M p

4

8V~f,s!
D . ~2!

One could expect that the actionS on an instanton de-
scribing the creation of an infinitely large open universe m
be infinitely large. Hence one would not expect that an op
universe can be created unless it is topologically nontriv
and compact@18#. However, this problem disappears in th
new class of open universe models considered above.
probability of the quantum creation of a closed inflationa
universe is finite. After its creation it inflates and becom
flat and practically infinite. In the scenario described abo
it unceasingly produces more and more bubbles, each
which represents a new infinite open universe. Thus, in
scenario one does not encounter any problems in creatin
open universe from nothing. In fact one does not creat
single open universe but infinitely many of them, with d
ferent values ofV in each of the universes@19#.

Recently the possibility of the quantum creation of
open universe was pursued even further in a paper by Ha
ing and Turok@20#. They argued that an open universe c
be created from nothing even without passing through
intermediate stage of false vacuum inflation and subseq
tunneling. According to@20#, this regime is possible in the
theories of a single fieldf with the simplest potentials of the
chaotic inflation type@21#. This would be a very interesting
and encouraging development. However, Hawking a
Turok used the Hartle-Hawking wave function of the un
verse@22# to describe the probability of the creation of a
open universe. As a result, they experienced severe prob
usually associated with the description of the universe c
ation in the context of the Hartle-Hawking approach. Typic
universes produced by the process described in@20# tend to
be not only open, but entirely empty,V→0. The only way to
avoid this disastrous conclusion is to use the anthropic p
ciple and argue that we live in a universe with smallV
simply because we cannot live in the universe withV50.
But even this does not help much. Estimates made in@20#
show that the maximum of the probability to live in an op
universe is sharply peaked atV50.01, which does not agre
with the observational data.

In this paper we will show that this result is practical
model independent, and it appears solely due to the us
the Hartle-Hawking wave function. This wave function giv
the probability of the universe creation of a very pecul
form,

P;e22S5expS 3M p
4

8V~f!
D , ~3!

which strongly disfavors inflation of any kind and sugge
that it is much easier to create an infinite Minkowski spa
4-2
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
rather than a Planckian-sized closed universe. The differe
between Eqs.~2! and~3! appears due to the ‘‘wrong’’ sign o
the gravitational action of the instanton describing creat
of a de Sitter universe,S52 3M p

4/16V(f).
As was argued in@2,13,23#, the Hartle-Hawking wave

function does not describe the probability of the unive
creation. Rather, it describes the probability of quantum fl
tuations in a universe which has already been born. In p
ticular, the probability distribution~3! implies that the uni-
verse in its ground state resides near the minimum of
effective potential, and the probability of its deviations fro
this state is exponentially small.

Meanwhile the essence of inflationary theory is that i
tially the universe could be very far from the minimum
V(f). It takes a lot of time for the field to roll to this mini
mum, and during this time the universe becomes expon
tially large. Thus, in our opinion, the tunneling wave fun
tion makes an attempt to describe the creation of
inflationary universe and inflationary theory tells us how t
universe approached the minimum ofV(f), whereas the
Hartle-Hawking wave function describes properties of
universe after it reaches its ground state, in the case w
such a ground state exists.

To clarify this issue, in Sec. II of this paper we will reca
the history of the debate related to the choice of the Har
Hawking versus the tunneling wave function. In Sec. III w
will analyze this issue again, using the stochastic approac
inflation. This will allow one to have a better understandi
of different approaches to the calculation of the most pr
able value ofV in the context of quantum cosmology.

Then in Sec. IV we will discuss the properties of th
Hawking-Turok instanton and the probability of an open u
verse creation. We will explain the origin of the resultV
;0.01, and show that this number practically does not
pend on the choice of a particular inflationary model. W
will also argue that if one applies the Hartle-Hawking a
proach to the creation of the universe, then this result w
endanger all previous versions of the open universe scen
@7,8,1,15,16#.

We will, however, show that if one uses the tunneli
wave function of the universe for the description of the c
ation of the universe@2–5#, a typical universe to be create
in the simplest versions of the chaotic inflation scenario w
polynomial potentials will haveV51, rather than V
50.01. This result is in agreement with the usual expecta
that inflation typically leads toV51. However, there exis
several versions of the chaotic inflation scenario discusse
@1# and one recently proposed version of the hybrid inflat
scenario in supergravity@24#, where the typical duration o
inflation is very small. In such models the most proba
value ofV can take any value between 1 and 0 depend
on the parameters of the model, without any need to ap
to the anthropic principle. These models, however, have
rious problems of their own, which require further investig
tion. If the mechanism which we will discuss is success
we will have a new class of open inflationary models.

In Sec. V we will describe some problems with the mo
recent proposal of Hawking and Turok related to the the
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of the four form field strength@25#. We will argue that the
unfortunate predictionV50.01 appears in this theory a
well.

Independently of the success or failure of the new clas
models of open inflation, we will show that the use of t
tunneling wave function for the description of the univer
creation preserves the validity of the previous models
open inflation, proposed in@7,8,1,15,16#. Moreover, we will
argue that the models of open inflation proposed
@7,8,1,15,16# remain valid independently of the choice of th
wave function describing initial conditions if one takes in
account the possibility of eternal inflation in these model

II. WAVE FUNCTION OF THE UNIVERSE

A. Why do we need quantum cosmology?

The investigation of the wave function of the univer
goes back to the fundamental papers by Wheeler and De
@26#. However, for a long time it seemed almost meaningl
to apply the notion of the wave function to the univer
itself, since the universe is not a microscopic object. O
with the development of inflationary cosmology did it b
come clear that the whole universe could appear from a
part of space as small as the Planck lengthM p

21 ~at least in
the chaotic inflation scenario@21#!. Such a tiny region of
space can appear as a result of quantum fluctuations of
ric, which should be studied in the context of quantum c
mology. Later it was found that the global structure of t
universe in the chaotic inflation scenario is determined
by classical physics, but by quantum processes@13#.

Unfortunately, quantum cosmology is not a well deve
oped science. This theory is based on the Wheeler-DeW
equation, which is the Schro¨dinger equation for the wave
function of the universe. This equation has many solutio
and at the present time the best method to specify prefer
solutions of this equation, as well as to interpret them,
based on the Euclidean approach to quantum gravity. T
method is very powerful, but some of its applications are
well justified. In some cases this method may give incorr
answers, but rather paradoxically sometimes these ans
appear to be correct when applied to some other questi
Therefore it becomes necessary not only to solve the p
lem in the Euclidean approach, but also to check, using on
best judgement, whether the solution is related to the orig
problem or to something else. An alternative approach
based on the use of stochastic methods in inflationary c
mology @10–13,23#. These methods allow one to understa
such effects as the creation of inflationary density pertur
tions, the theory of tunneling, and even the theory of
self-reproduction of an inflationary universe. Both the E
clidean approach and stochastic approach to inflation h
their limitations, and it is important to understand them.

B. Hawking-Moss tunneling

Before discussing the quantum creation of the univer
let us pause a little and study the problem of tunneling
tween two local minima of the effective potentialV(f) in
4-3
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
inflationary cosmology. As we will see, this subject
closely related to the issue of the quantum creation of
universe.

Consider a theory with an effective potentialV(f) which
has a local minimum atf0 , a global minimum atf* , and a
barrier separating these two minima, with the top of the b
rier positioned atf5f1 . One of the first works on inflation
ary cosmology was the paper by Hawking and Moss@9#
where they studied the possibility of tunneling fromf0 to
f* in the new inflationary universe scenario.

They have written equations of motion for the scalar fie
in an Euclidean space with the metric

ds25dt21a2~t!~dc21sin2cdV2
2!. ~4!

The fieldf and the radiusa obey the field equations

f913
a8

a
f85V,f , a952

8pG

3
a~f821V!, ~5!

where primes denote derivatives with respect tot.
If the potential has an extremum at some particular va

of the field f, then the equation for the fieldf is solved
trivially by the field staying at this extremum. Then the equ
tion for a(t) has a simple solutiona(t)5H21sin(Ht), with
H258pGV(f)/358pV(f)/3M p

2 . This solution describes a
sphereS4, the Euclidean version of de Sitter space. In t
descriptiont plays the role of Euclidean time anda(t) the
role of the scale factor. One can try to interpret one half
this sphere as an instanton. The action on this instanto
negative:

S5E d4xA2gS 2
RMp

2

16p
1V~f! D 52

3M p
4

16V~f!
. ~6!

It was argued in@9# that the probability of tunneling from
f0 to the true vacuumf* is given by

P;expS 3M p
4

8V~f1!
DexpS 2

3M p
4

8V~f0!
D . ~7!

The probability of tunneling, as usual, is suppressed bye22S

@or by e2S if by S we mean the result of integration over th
whole sphere,2 3M p

4/8V(f)]. This is the standard result o
the Euclidean theory of tunneling. Everything else about t
result was rather mysterious.

First of all, instantons typically interpolate between t
initial vacuum state and the final state. Here, however,
scalar field on the instanton solution was exactly constant
why do we think that they describe tunneling fromf0 if f0
never appears in the instanton solution?

A possible answer to this question can be given as
lows. One can choose the coordinate system where the i
tionary universe looks as a closed de Sitter space nea
point of a maximal contraction, where its size becom
H21(f0); see region 1 in Fig. 1. Classically, such a unive
at that moment begins expanding with the same value of
Hubble constant as before. However, since the total siz
the universe at that moment is finite, it may also jump qu
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tum mechanically to a state with a different value of the fie
f corresponding to a different extremum of the effecti
potential. One can represent this process by gluing two
Sitter instantons corresponding to two different values of
scalar fieldf (f0 in region 2 andf1 in region 3 in Fig. 1!
and by making analytical continuation to the Lorentzian
gions 1 and 4.

This seems to be a plausible interpretation of t
Hawking-Moss tunneling~see also@27#!. But it certainly
does not answer all questions. What will happen if we ha
several different local minima and maxima ofV(f)? Why
does the tunneling go to the top of the effective poten
rather than to the absolute minimum of the effective pot
tial, or to some other local maximum? Finally, if the insta
ton describes an exactly homogeneous scalar fieldf, does it
mean that the tunneling must simultaneously occur eve
where in an exponentially large inflationary universe? T
does not seem plausible, but what else should we th
about, if the fieldf on the instanton solution is constant?

And, indeed, originally it was assumed that the tunnel
described by this instanton must occur simultaneously in
whole universe. Then, in the second paper on this subj
Hawking and Moss said that their results were widely m
understood, and that this instanton describes tunneling w
is homogeneous only on the scale of horizon;H21 @28#.
But how is it possible to describe inhomogeneous tunne
by a homogeneous instanton?

A part of the answer was given in Ref.@11#. We have
found that if one deforms a little the Hawking-Moss insta
ton to make the fieldf matchf0 in some small region of the
sphere, we will, strictly speaking, not get a solution, but
action on such a configuration can be made almost exa
coinciding with the Hawking-Moss action. Then such co
figurations can play the same role as instantons@29#.

A full understanding of this issue was reached only af
the development of the stochastic approach to inflation@10–
13#. We will return to this question later.

C. Creation of the universe from nothing

Now we will discuss the problem of the universe creatio
According to classical cosmology, the universe appea

FIG. 1. A possible interpretation of the Hawking-Moss tunn
ing from f0 to f1 .
4-4
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
from the singularity in a state of infinite density. Of cours
when the density was greater than the Planck densityM p

4 one
could not trust the classical Einstein equations, but in m
cases there is no demonstrated need to study the univ
creation using the methods of quantum theory. For exam
in the simplest versions of the chaotic inflation scenario@21#,
the process of inflation, at the classical level, could be
directly in the initial singularity. However, in certain model
such as the Starobinsky model@30# or the new inflationary
universe scenario@31#, inflation cannot start in a state o
infinite density. In such cases one may speculate about
possibility that the inflationary universe appears due to qu
tum tunneling ‘‘from nothing.’’

The first idea as to how one can describe the creatio
an inflationary universe ‘‘from nothing’’ was given in 198
by Zeldovich @32# in application to the Starobinsky mode
@30#. His idea was qualitatively correct, but he did not pr
pose any quantitative description of this process. A very
portant step in this direction was made in 1982 by Vilenk
@33#. He suggested to calculate the Euclidean action on
Sitter space with the energy densityV(f), which coincides
with the Hawking-Moss instanton with the actionS5
2 3M p

4/16V(f). However, as we have seen, this instant
by itself does not tell us where the tunneling comes fro
Vilenkin suggested to interpret this instanton as the tunne
trajectory describing the creation of the universe with
scale factora5H215A3MP

2/8pV from the state witha
50. This would imply that the probability of the quantu
creation of the universe is given by

P}exp~22S!5expS 3M p
4

8V~f!
D . ~8!

A year later this result received strong support when Ha
and Hawking reproduced it by a different though close
related method@22#. They argued that the wave function o
the ‘‘ground state’’ of the universe with a scale factora filled
with a scalar fieldf in the semiclassical approximation
given by

C0~a,f!;exp@2S~a,f!#. ~9!

Here S(a,f) is the Euclidean action corresponding to t
Euclidean solutions of the Lagrange equation fora(t) and
f(t) with the boundary conditionsa(0)5a,f(0)5f. The
reason for choosing this particular wave function was
plained as follows. Let us consider the Green’s function o
particle which moves from point (0,t8) to point x,t:

^x,tu0,t8&5(
n

Cn~x!Cn~0!exp@ iEn~ t2t8!#

5E dx~ t !exp@ iS„x~ t !…#, ~10!

where Cn is a complete set of energy eigenstates co
sponding to the energiesEn>0.

To obtain an expression for the ground-state wave fu
tion C0(x), one should make a rotationt→2 i t and take the
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limit as t→2`. In the summation~10! only the termn
50 with the lowest eigenvalueE050 survives, and the in-
tegral transforms into*dx(t)exp@2S„x(t)…#. This yields, in
the semiclassical approximation,

C0~x!;exp@2S~x!#, ~11!

where the action is taken on the classical trajectory bring
the particle to the pointx. Hartle and Hawking have argue
that the generalization of this result to the case of inter
would yield Eq.~9!.

The method described above is very powerful. For e
ample, it provides the simplest way to find the wave functi
of the ground state of the harmonic oscillator in quantu
mechanics. However, this wave function simply describ
the probability of deviations of the harmonic oscillator fro
its equilibrium. It certainly does not describe the quantu
creation of a harmonic oscillator. Similarly, if one applie
this method to the hydrogen atom, one can obtain the w
function of an electron in the state with the lowest ener
Again, this result has no relation to the probability of th
creation of an electron from nothing.

The gravitational action involved in Eq.~9! is the same
action as before, corresponding to one-half of the Euclid
sectionS4 of de Sitter space witha(t)5H21(f)cosHt (0
<t<H21). One can represent it in the following form:

S~a,f!52
3pM p

2

4 E dhF S da

dh D 2

2a21
8pV

3M p
2

a4G
52

3M p
4

16V~f!
. ~12!

Hereh is the conformal time,h5* dt/a(t). Therefore, ac-
cording to@22#,

C0~a,f!;exp@2S~a,f!#;expS 3M p
4

16V~f!
D . ~13!

By taking a square of this wave function one again obta
Eq. ~8!. The corresponding expression has a very sh
maximum asV(f)→0. This could suggest that the probab
ity of finding the universe in a state with a large fieldf and
having a long stage of inflation should be strongly su
pressed. But is it a correct interpretation of the Hart
Hawking wave function? Just like in the examples with t
harmonic oscillator and the hydrogen atom mentioned abo
nothing in the ‘‘derivation’’ of the Hartle-Hawking wave
function tells us that it describes the creation of the unive
from nothing. The simplest way to interpret the Hartl
Hawking wave function in application to de Sitter space is
follows. At the classical level, de Sitter space has a defin
speed of expansion, definite size of its throatH21, etc. At
the quantum level, the de Sitter ‘‘trajectory’’ becomes wid
because of quantum fluctuations. The Hartle-Hawking wa
function of de Sitter space describes the probability of dev
tions of the metric of de Sitter space from its classical e
pectation value, which may occur due to the process sho
4-5
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
in Fig. 1. This is very much different from the probability o
the spontaneous creation of the universe.

In fact, Eq.~8! from the very beginning did not seem t
apply to the probability of the creation of the universe. T
total energy of matter in a closed de Sitter space witha(t)
5H21coshHt is greater than its minimal volume;H23

multiplied byV(f), which gives the total energy of the un
verseE*M p

3/AV. Thus the minimal value of the total en
ergy of matter contained in a closed de Sitter universegrows
when V decreases. For example, in order to create the
verse at the Planck densityV;M p

4 one needs no more tha
the Planckian energyM p;1025 g. For the universe to ap
pear at the grand unified theory~GUT! energy densityV
;MX

4 one needs to create from nothing the universe with
total energy of matter of the order ofMSchwarzenegger;102 kg,
which is obviously much more difficult. Meanwhile, if on
makes an attempt to use the Hartle-Hawking wave func
for the description of the creation of the universe~which, as
we believe, does not follow from its derivation!, then Eq.~8!
suggests that it should be much easier to create a huge
verse with enormously large total mass rather than a sm
universe with Planckian mass. This seems very suspicio

From uncertainty relations one can expect that the pr
ability of a process of universe formation is not expone
tially suppressed if it occurs within a timeDt,E21. This is
quite possible if the effective potential is of the order ofM p

4

andE;M p
3/AV;M p . In such a case one may envisage t

process of the quantum creation of a universe of massM p

within the Planck timeM p
21 . However, a universe of mas

E@M p ~which is the case forV!M p
4) can be created only i

the corresponding process lasts much shorter than the Pl
time M p

21 , which is hardly possible.
Another way to look at it is to calculate the total entro

S of de Sitter space at the moment of its creation. It is eq
to one quarter of the horizon area of de Sitter space~in
Planck units!, which givesS53M p

4/8V(f). @Note its rela-
tion to the Euclidean action on the full de Sitter sphereS5
2 3M p

4/8V(f).] It seems natural to expect that the pro
ability of the emergence of a complicated object of lar
entropy must be suppressed by a factor of exp(2S)
5exp@2 3Mp

4/8V(f)#, which again brings us to Eq.~2!; see
@34#. Meanwhile the use of the Hartle-Hawking wave fun
tion for a description of the creation of the universe wou
indicate that it is much more probable to create a very la
universe with a huge entropy rather than a small unive
with entropyO(1).

To avoid misunderstandings, one should note that
probability of fluctuations in a thermodynamical system
alwayssuppressedby the factoreDS, whereDS is the change
of entropy between two different states of the system@35#.
As we will see, this is exactly what happens during the tu
neling between two different states of de Sitter space w
two different values ofV(f). This is in perfect agreemen
with the prediction of the Hartle-Hawking wave function
one applies it not to the creation of the universe but to
probability of its change. However, now we are not talki
about the probability of a change of the state of the syst
but about the possibility of the creation of the whole syst
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together with a lot of information stored in it from nothing
We are not going to insist that this process be possible
fact in the chaotic inflation scenario this assumption is
necessary because the universe formally can inflate even
state with an indefinitely large density; so there is no ne
for any tunneling to take place. However, if creation fro
nothing is possible at all, then the tunneling wave functi
suggests that this process should be as unintrusive as
sible, whereas the Hartle-Hawking approach implies that
greater the change, the easier it occurs. I leave it for
reader to decide whether this looks plausible.

One may wonder why the Hartle-Hawking wave functio
leads to rather counterintuitive predictions when applied
the probability of the creation of the universe? There is o
obvious place where the derivation~or interpretation! of Eq.
~8! could go wrong. The effective Lagrangian of the sca
factora in Eq. ~12! has a wrong overall sign. Solutions of th
Lagrange equations do not know anything about the sign
the Lagrangian; so we may simply change the sign bef
studying the tunneling. Only after switching the sign of t
Lagrangian of the scale factor in Eq.~12! and representing
the theory in a conventional form can we consider tunnel
of the scale factor. But after changing the sign of the acti
one obtains a different expression for the probability
quantum creation of the universe:

P}exp~22uSu!5expS 2
3M p

4

8V~f!
D . ~14!

This equation predicts that a typical initial value of the fie
f is given byV(f);M p

4 @if one does not speculate abo
the possibility thatV(f)@M p

4], which leads to a very long
stage of inflation.

Originally I obtained this result by the method describ
above. However, because of the ambiguity of the notion
tunneling from the statea50, one may try to look at the
same subject from a different perspective, and reexamine
derivation of the Hartle-Hawking wave function. In this ca
the problem of the wrong sign of the Lagrangian appe
again, though in a somewhat different form. Indeed, the to
energy of a closed universe is zero, being a sum of the p
tive energy of matter and the negative energy of the sc
factora. Thus, the energyEn of the scale factor is negative
If one makes the same Euclidean rotation as in Eq.~10!, the
contributions of all states withn.1 will be greater than the
contribution of the state with the lowest absolute value
energy; so such a rotation would not allow one to extract
wave functionC0 as we did before. This is a simple math
ematical fact, which means that the main argument use
@22# to justify their prescription of the quantization of th
scale factor fails.

In order to suppress terms with large negativeEn and to
obtainC0 from Eq. ~10! one should rotatet not to 2 i t, but
to 1 i t. This gives@2#

C0~a,f!;exp@2uS~a,f!u#;expS 2
3M p

4

16V~f!
D ~15!

and
4-6
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P~f!;uC0~a,f!u2;expS 2
3M p

4

8V~f!
D . ~16!

Later this equation was also derived by Zeldovich and S
obinsky @3#, Rubakov@4#, and Vilenkin @5# using methods
similar to the first method mentioned above~switching the
sign of the Lagrangian!. The corresponding wave functio
~15! was called ‘‘the tunneling wave function.’’ This wav
function1 is dramatically different from the Hartle-Hawkin
wave function@22#, as well as from the Vilenkin’s wave
function proposed few years earlier@33#.

An obvious objection against this result is that it may
incorrect to use different ways of rotatingt for the quantiza-
tion of the scale factor and of the scalar field; see, e.g.,@35#.
If one makes the same rotation for the matter fields as
rotation which we proposed for the scale factor, then o
may encounter catastrophic particle production and o
equally unpleasant consequences. On the other hand, a
have seen, if one assumes without any proof that it is eno
to make the standard Wick rotation to quantize the sc
factor, one does not obtain the wave function of the grou
stateC0 , and one gets the counterintuitive result that lar
universes are created much easier than the small ones.

We believe that the problem here goes far beyond
issue of the Wick rotation. The idea that a consistent qu
tization of an unstable system of matter with positive ene
density coupled to gravity with negative energy density c
be accomplished by a proper choice of a complex contou
integration may be too optimistic. We know, for examp
that despite many attempts to develop a Euclidean form
tion of nonequilibrium quantum statistics or of the fie
theory in a nonstationary background, such a formulat
still does not exist. It is quite clear from Eq.~10! that thet
→2 i t trick does not give us the ground-state wave funct
C0 if the spectrumEn is not bounded from below. The ab
sence of equilibrium, of any simple stationary ground sta
seems to be a typical situation in quantum cosmology
closely related instability is the basis of inflationary cosm
ogy, where exponentially growing total energy of the sca
field appears as a result of pumping energy from the gr
tational field, whereas the total energy of matter plus gra
tational field remains zero.

Fortunately, in certain limiting cases this issue can
resolved in a relatively simple way. For example, at pres
the scale factora is very big and it changes very slowly; s
one can consider it as a classical background, and qua
only the usual matter fields with positive energy. In this ca
one should use the standard Wick rotationt→2 i t. On the
other hand, in an inflationary universe the evolution of t
scalar field is very slow; during typical time interva
O(H21), it behaves essentially as a classical field. Thus

1In fact, the two different ‘‘derivations’’ of this wave function
described above lead to two slightly different wave functions@36#.
However, since the difference between these two versions of
tunneling wave function is exponentially small, we will neglect it
this paper.
08351
r-

e
e
er
we

gh
le
d
e

e
n-
y
n
of
,
a-

n

n

,
A
-
r
i-
i-

e
t

ize
e

e

a

good approximation one can describe the process of the
ation of an inflationary universe filled with a homogeneo
scalar field by the quantization of the scale factora only and
by the rotationt→ i t. When using the tunneling wave func
tion, for example, for the description of particle creation
de Sitter space, instead of introducing a universal rule for
Wick rotation one should operate in a more delicate w
treating separately the scale factor and the particle exc
tions; see, e.g.,@37#.

Similarly, one should not use the Hartle-Hawking wa
function for the description of the creation of an inflationa
universe, but one can use it for the investigation of fluctu
tions of this background. These fluctuations are local, a
often they appear simply as a result of quantum fluctuati
of matter fields having positive energy. In particular, lon
wavelength fluctuations of the scalar fieldf in inflationary
universe may change the local value of the energy den
V(f) inside domains of a size greater than the size of
event horizonH21. For a comoving observer, such a chan
looks like a homogeneous change of the scalar fieldf and of
the Hubble constantH(f); so he might want to~errone-
ously! interpret it as a result of quantum fluctuations of t
scale factor. These are local perturbations of the homo
neous classical background. These perturbations are
duced by fields with positive energy. Therefore in all situ
tions where the inflationary background changes slowly~and
in this sense can be considered a ground state of the sys!
one can use the Hartle-Hawking wave function for the inv
tigation of fluctuations of this background.

For example, the Hartle-Hawking wave function can
used for the description of black hole formation in a pree
isting de Sitter background@38#. But this method should no
be used for the description of the quantum creation of
Sitter space with a pair of black holes in it.

One can also obtain the amplitude of the density per
bation in an inflationary universe by a rather complicat
method using the Hartle-Hawking wave function@39#. How-
ever, the same results for density perturbations can be
tained by assuming that the inflationary universe was crea
from nothing in accordance with the tunneling wave fun
tion, and then it expanded and produced perturbations in
cordance to@40#. Moreover, as we already mentioned,
chaotic inflation there is no need to assume that any pro
of tunneling ever took place in the early universe. One m
simply assume that the universe from the very beginn
expanded classically, and then obtain the same results fo
density perturbations using methods of Ref.@40#.

The derivation of Eqs.~8!,~16! and their interpretation is
far from being rigorous, and therefore even now it remain
subject of debate. From time to time this issue attracts a
of attention. For example, the famous proposal to solve
cosmological constant problem in the context of the ba
universe theory, which was very popular ten years ago,
based entirely on the use of the wrong sign of the de Si
action in the Hartle-Hawking approach to quantum grav
@41,42#. One of the main authors of this proposal, Colema
emphasized: ‘‘The euclidean formulation of gravity is not
subject with firm foundations and clear rules of procedu
indeed it is more like a trackless swamp. I think that I ha

e
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
threaded my way through it safely, but it is always possi
that unknown to myself I am up to my neck in quicksand a
sinking fast’’ @42#. After two years of intensive investigatio
of this issue it became clear that the wrong sign of the
clidean action can hardly provide a reliable explanation
the vanishing of the cosmological constant. Moreover, rec
observational data indicate that the cosmological cons
may not vanish after all.

To summarize, the derivation of the Hartle-Hawkin
wave function is rather ambiguous. Still, our main objecti
with respect to this wave function is related not to its de
vation, but rather to its interpretation. The main purpose
the paper by Hartle and Hawking@22# was to find the wave
function describing the least exited, stationary state of
gravitational system, which would be analogous to
ground state on the harmonic oscillator or of the hydrog
atom. And indeed it gives a nice description of quantu
fluctuations near a de Sitter background, which in a cer
sense is stationary.~There is a coordinate system where
Sitter space is static.! In such a situation one can consid
matter fluctuations, and then find fluctuations of the sc
factor induced by the fluctuations of matter. Then the pr
lem of the negative energy of the scale factor does not a
and one can use the Hartle-Hawking wave function to st
fluctuations in the preexisting background. However, we
not see anything in the ‘‘derivation’’ of the Hartle-Hawkin
wave function which would indicate that it can be used
investigation of the probability of the quantum creation
the universe.

The tunneling wave function also has certain limitation
but it seems to have a better chance to describe the proce
the quantum creation of the universe. In the subsequent
cussion an exact form of this wave function will not be im
portant for us. The only property of this wave function whi
we are going to use is that the quantum creation of the
verse should not be strongly suppressed if it can be achie
by fluctuations of the metric on the Planck scaleM p

21 at the
Planck densityM p

4 .
Since the debate concerning the wave function of the u

verse has continued for the last 15 years, it may be usefu
look at it from a somewhat different perspective, which do
not involve a discussion of the ambiguities of Euclide
quantum gravity. In the next section we will discuss the s
chastic approach to quantum cosmology. Within this
proach Eqs.~8! and~16! can be derived in a much more cle
and rigorous way, but they will have a somewhat differe
interpretation.

III. WAVE FUNCTION OF THE UNIVERSE AND
STOCHASTIC APPROACH TO INFLATION

In this section we will briefly describe the stochastic a
proach to inflation@10,13,23#. It is less ambitious, but also
much less ambiguous than the approach based on the in
tigation of the wave function of the universe. One of t
tools used in this approach is the probability distributi
Pc(f,tuf0), which describes the probability of finding th
field f at a given point at a timet, under the condition tha
at the timet50 the fieldf at this point was equal tof0 .
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The same function also describes the probability that
scalar field which at timet was equal tof, at some earlier
time t50 was equal tof0 .

The probability distributionPc is in fact the probability
distribution per unit volume incomoving coordinates~hence
the indexc in Pc), which do not change during the expa
sion of the universe. By considering this probability distrib
tion, we neglect the main source of the self-reproduction
inflationary domains, which is the exponential growth
their volume. Therefore, in addition toPc , we introduced the
probability distribution Pp(f,f0 ,t), which describes the
probability to find a given field configuration in a unit phys
cal volume@43,13#.

Consider the simplest model of chaotic inflation based
the theory of a scalar fieldf minimally coupled to gravity,
with the effective potentialV(f). If the classical fieldf is
sufficiently homogeneous in some domain of the univer
then its behavior inside this domain is governed by the eq
tion 3Hḟ52dV/df, whereH258pV(f)/3M p

2.
Inflation stretches all initial inhomogeneities. Therefore

the evolution of the universe were governed solely by cl
sical equations of motion, we would end up with an e
tremely smooth universe with no primordial fluctuations
initiate the growth of galaxies. Fortunately, new density p
turbations are generated during inflation due to quantum
fects. The wavelengths of all vacuum fluctuations of the s
lar field f grow exponentially in the expanding univers
When the wavelength of any particular fluctuation becom
greater thanH21, this fluctuation stops oscillating, and it
amplitude freezes at some nonzero valuedf(x) because of
the large friction term 3Hḟ in the equation of motion of the
field f. The amplitude of this fluctuation then remains a
most unchanged for a very long time, whereas its wavelen
grows exponentially. Therefore, the appearance of suc
frozen fluctuation is equivalent to the appearance of a c
sical field df(x) that does not vanish after averaging ov
macroscopic intervals of space and time.

Because the vacuum contains fluctuations of all wa
lengths, inflation leads to the creation of more and m
perturbations of the classical field with wavelengths grea
thanH21. The average amplitude of such perturbations g
erated during a time intervalH21 ~in which the universe
expands by a factor of e! is given by

udf~x!u'
H

2p
. ~17!

The phase of each wave is random. Therefore, the sum o
waves at a given point fluctuates and experiences Brown
jumps in all directions in the field space.

One can describe the stochastic behavior of the infla
field using diffusion equations for the probability distributio
Pc(f,tuf0). The first equation is called the backward Ko
mogorov equation,

]Pc~f,tuf0!

]t
5

H3/2~f0!

8p2

]

]f0
S H3/2(f0)

]Pc(f,tuf0)

]f0
D

2
V8~f0!

3H~f0!

]Pc~f,tuf0!

]f0
. ~18!
4-8
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
In this equation one considers the value of the fieldf at the
time t as a constant, and finds the time dependence of
probability that this value was reached during the timet as a
result of the diffusion of the scalar field from different po
sible initial valuesf0[f(0).

The second equation is the adjoint of the first one; it
called the forward Kolmogorov equation, or the Fokke
Planck equation@10#:

]Pc~f,tuf0!

]t
5

]

]f S H3/2~f!

8p2

]„H3/2~f!Pc~f,tuf0!…

]f

1
V8~f!

3H~f!
Pc~f,tuf0!D . ~19!

For notational simplicity we tookM p51 in these equations
One may try to find a stationary solution of Eqs.~18!,

~19!, assuming that]Pc(f,tuf0)/]t 50. The simplest sta-
tionary solution ~subexponential factors being omitte!
would be@10,44,23#

Pc~f,tuf0!;N expS 3M p
4

8V~f!
DexpS 2

3M p
4

8V~f0!
D . ~20!

The first term in this expression is equal to the square of
Hartle-Hawking wave function of the universe~8!, whereas
the second one gives the square of the tunneling wave f
tion ~16!; N is the overall normalization factor. This resu
was obtained without any ambiguous considerations ba
on the Euclidean approach to quantum cosmology.

This result has an obvious similarity with the Hawkin
Moss expression for the probability of tunneling, Eq.~7!. It
provides a simple interpretation of the Hawking-Moss tu
neling. During inflation, long-wavelength perturbations
the scalar field freeze on top of each other and form com
cated configurations, which, however, look almost homo
neous on the horizon scaleH21. If originally the whole uni-
verse was in a statef0 , the scalar field starts wonderin
around, and eventually it reaches the local maximum of
effective potential atf5f1 . The probability of this event
~and the typical time that it takes! is suppressed by
exp@3Mp

4/8V(f1)#. As soon as the fieldf reaches the top o
the effective potential, it may fall down to another minimum
because it looks nearly homogeneous on a scale of hori
and gradients of the fieldf are not strong enough to pull
back tof0 . This is not a homogeneous tunneling, but rath
an inhomogeneous Brownian motion, which, however, loo
homogeneous on the scaleH21 @13#. An important lesson is
that when one finds an instanton in de Sitter space descri
homogeneous tunneling, one should not jump to the con
sion that it really describes the creation of a homogene
universe rather than an event which only looks homogene
on a scaleH21.

That is how the stochastic approach resolves all myste
associated with the Hawking-Moss tunneling. I believe tha
is a very important point which deserves a more deta
discussion. Consider for example the potentialV(f) shown
in Fig. 2. There are five different de Sitter instantons w
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actionS52 3M p
4/8V(f), corresponding to each of the fiv

extrema of this effective potential. How one should interp
them? Do they describe tunneling between different minim
as suggested by Fig. 1, or creation from nothing, which c
possibly be described by the upper half of Fig. 1?

There are two ways of interpreting instantons. The fi
one is to say that theyinterpolate between two different
Lorentzian configurations, and describe the tunneling
tween them. Then one should specify initial and final sta
This was the approach of Coleman and De Luccia@6#. The
second one is to avoid any discussion of tunneling~and cre-
ation! but simply use instantons as a tool which allows one
calculate the wave function of the ground state. This was
approach of Hartle and Hawking.

As we already mentioned, using Hawking-Moss insta
tons as interpolating Euclidean solutions is difficult~because
each of these instantons describes a constant fieldf), but not
impossible; see Fig. 1 and Ref.@11#. Suppose we study tun
neling from f0 to f1. Then the probability of tunneling is
given by Eq.~20!, where instead off one should usef1 . As
one could expect, this result can be represented aseDS01,
whereD is the change of entropy between the initial and t
initial states of the system,DS0153M p

4/8V(f1)23M p
4/

8V(f0),0.
However, one could argue that it is much more proba

to tunnel directly tof2 , or to f3 , or to f4 . Indeed, the
Hawking-Moss instantons corresponding to each of th
states do exist, and the absolute values of their actions
much greater than of the action corresponding to the tun
ing to f1 . Naively, one would expect, for example, that th
probability of tunneling fromf0 to f3 would be given by
eDS03, where DS035 3M p

4/8V(f3)23M p
4/8V(f0).0. Of

course, a probability of tunneling greater than 1 does
seem to make much sense, but this is what we get when
uncritically use the Euclidean approach to tunneling. This
what one would expect in accordance with the argumen
Ref. @35# implying that the universe should be created in
state with the greatest entropy, even if one encounters su
cious expressions likeeDS with DS,0.

From the point of view of the stochastic approach to
flation, the resolution of the paradox is pretty obvious a
quite instructive. First of all, there is a subtle difference b

FIG. 2. Tunneling from the minimum atf0 occurs not to the
pointsf2 or f3 , which, according to the naive estimates based
the instanton action, would be much more probable, but to
nearby maximum atf1 .
4-9
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
tween the probability of tunneling and the probability to fin
the universe in a state with a given fieldf. ~This issue is
directly related to the difference between the instantons
terpolating between two different states, which describe t
neling, and the instantons used for the calculation of
wave function of the ground state.! Strictly speaking, Eq.
~20! describes a stationary distribution of the probability
find a part of the universe in a state with a fieldf. It does not
necessarily describe the probability of tunneling~diffusion!
to this statef from the statef0 . These issues are related
each other, but only forf<f1 . According to@10,12,13#, the
typical time which is necessary for the field to move from t
local minimum atf0 to any fieldf<f1 by the process of
diffusion is inversely proportional toPc(f). That is why the
probability of jumping to the top of the barrier and rollin
down to f2 is proportional toPc(f1). However, the prob-
ability distribution Pc(f), which is given by the square o
the Hartle-Hawking wave function, has no direct relation
the probability of tunneling tof.f1 . Once the fieldf
rolled over the barrier, the probability of its subsequent ro
ing to f2 is neither suppressed nor enhanced by any a
tional factors.

Thus, despite expectations based on a naive interpreta
of the Euclidean approach to tunneling, the universe does
jump to the statef2 , or f3 , or f4 with a probability greater
than 1. If initially the main part of the universe was in a sta
f0, then the process of diffusion gradually brings the sca
field f in some parts of the universe to the nearby maxim
of the effective potential atf1 . The probability of this event
is suppressedby eDS01,1. Then the fieldf falls to the mini-
mum atf2 . Diffusion from f2 to f3 is also possible, and
the probability to climb tof2 is suppressedby eDS23,1. As
a result, the probability of diffusion~tunneling! from f0 to
f4 is not enhanced byeDS04.1 or byeDS03.1, as one would
naively expect, but is suppressed byeDS01eDS23,1.

Suppose now that we were waiting for a very long tim
so that the scalar field tunneled to its ground statef4 in the
main part of the comoving volume. Then the probability d
tribution gradually reaches its stationary limit given by E
~20! provided thatV9!H2 and inflation is possible all the
way from f0 to f4 . This is exactly the result given by th
Hartle-Hawking wave function: The probability to be in
stationary state with a small value ofV(f) is much greater
than the probability to stay at largeV(f). But as we have
seen, this result has no direct relation either to the probab
of tunneling to the state near the absolute minimum of
effective potential or to creation of the universe in a st
with a smallest possible vacuum energy density.

One could argue that Eq.~20! gives us much more than a
interpretation of the Hawking-Moss tunneling. It appears
provide a direct confirmation and a simple physical interp
tation of both the Hartle-Hawking wave function of the un
verseand the tunneling wave function. First of all, we se
that the distribution of the probability to find the universe
a state with the fieldf is proportional to exp@3Mp

4/8V(f)#.
Note that we are speaking here about thestateof the uni-
verse rather than the probability of itscreation. Meanwhile,
the probability that the universe emerged from the state w
08351
-
-

e

-
i-

on
ot

r

,

-
.

ty
e
e

o
-

h

the fieldf0 is proportional to exp@2 3Mp
4/8V(f0)#. Now we

are speaking about the probability that a given part of
universe was created from the state with the fieldf0 , and the
result coincides with our result for the probability of th
quantum creation of the universe, Eq.~16!.

This would be a great peaceful resolution of the confl
between the two wave functions. Unfortunately, the situat
is even more complicated. In all realistic cosmological the
ries, in whichV(f)50 at its minimum, the Hartle-Hawking
distribution exp@3Mp

4/8V(f)# is not normalizable. The
source of this difficulty can be easily understood: any s
tionary distribution may exist only due to the compensat
of the classical flow of the fieldf downwards to the mini-
mum of V(f) by the diffusion motion upwards. Howeve
the diffusion of the fieldf discussed above exists only du
ing inflation. There is no diffusion upwards from the regio
near the minimum of the effective potential where inflati
ends. Therefore the expression~20! is not a true solution of
Eq. ~19!; all physically acceptable solutions forPc are non-
stationary~decaying! @43#.

One can find, however, stationary solutions describing
probability distributionPp(f,tuf0) introduced in@43#. This
probability distribution takes into account different speeds
the exponential growth of the regions filled with differe
values of the fieldf. The investigation of this question
shows@23# that the relative fraction of the volume occupie
by the fieldf is described by a very complicated functio
which is completely different from the square of the Hart
Hawking wave function. Meanwhile the relative fraction
the volume of the universe from which any given part of t
universe could originate is given by a function, which in t
limit V(f0)!M p

4 coincides with the square of the tunnelin
wave function. This is additional evidence indicating that
one wants to find out where our part of the universe ca
from, investigation of the tunneling wave function can
very useful. As we already mentioned, the Hartle-Hawki
wave function can be very useful too if one applies it to t
investigation of perturbations near a classical de Sitter ba
ground. One can use it for the investigation of density p
turbations in an inflationary universe@39# and for the study
of black hole formation in de Sitter space@38#. One can also
use it for the investigation of tunneling from a quasistatio
ary state in de Sitter space@9#. However, so far we did no
find any evidence that the Hartle-Hawking wave functi
describes the probability of the quantum creation of the u
verse.

IV. QUANTUM CREATION OF OPEN UNIVERSES

A. Instantons describing the creation of open universes
from nothing

We discussed the difference between the two types
wave functions at such length in order to put the results
Hawking and Turok into perspective. They have studied
stanton solutions in theories with inflationary potentials su
asf2 or f4. Since in these theories the fieldf moves, the
corresponding instanton somewhat differs from the stand
de Sitter instantons. In particular, it contains a singularity
4-10
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
which the scalar fieldf becomes infinitely large. Howeve
this field only logarithmically grows near the singularity. A
the same time the scale factor rapidly decreases, and
integral2p2*dta3(t)V(f) giving the actionS converges.
When tunneling occurs to the pointf where inflation is pos-
sible, the main contribution to the action is given by t
nearly constant value of the fieldf. As a result, the instanton
action almost exactly coincides with the usual de Sitter
tion 2 3M p

4/16V(f) which we discussed before.2 This, in
fact, was the assumption which was made in@2# in the in-
vestigation of the probability of the quantum creation of
inflationary universe in the chaotic inflation scenario; so n
this assumption is verified.

An important observation made in@20# was the possibility
to make an analytical continuation of this instanton solut
not only in the closed universe direction, but in the op
universe direction as well. This is very interesting and no
trivial though not entirely new or unexpected because
Sitter space is known to have the amazing property of be
simultaneously closed, open, and flat. A similar analyti
continuation was employed in the paper by Coleman and
Luccia @6#. The possibility of an analytical continuation o
the instanton containing a homogeneous scalar field to
open inflationary universe implies the possibility of the c
ation of an open inflationary universe containing a homo
neous fieldf. This was the basis of recent models describ
the quantum creation of an open universe@7,8,1,15,16#.

The quantum creation of an open universe from noth
may seem to be entirely forbidden by the arguments c
tained in the previous section. Indeed, we are talking ab
the creation from nothing of a universe containinginfinite
energy. However, this may not be a real problem here. Le
remember that in the theory of the open universe creation
bubble formation@7,8,1# the universe inside the bubble look
finite from the point of view of an external observer, but
grows infinitely large in time. Its total energy grows becau
a false vacuum gives its energy to the expanding bub
wall. Thus, from the point of view of an inside observer, w
have the instantaneous creation of an open universe
infinite total energy of matter. However, from the outsid
the same process looks like a continuous and quite legitim
process of bubble growth and energy transfer from the
rounding de Sitter space.

Similarly, an open universe created by tunneling in t
model of @20# does not appear alone, but as a part of a s
gular inflationary universe. At the moment when this co
plicated space-time emerges as the result of tunneling,
total volume of the part occupied by an open universe
vanishingly small, and it grows only gradually. Howeve
just like in the growing bubble case described above, one
make a certain coordinate transformation, after which o

2The expression for the action given in Eq.~8! of Ref. @20# coin-
cides with this expression, though it looks slightly different beca
the authors used a reduced Planck mass, which is smaller tha
usual one by a factor of (8p)21/2.
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may describe a part of the created space-time as an infi
open universe.

This is an a very interesting possibility which deserv
further investigation@45#. Several comments are in orde
here. First of all, instantons of this type describe tunnel
not only to the part of the potential where inflation is po
sible, but to noninflationary parts as well. In this ca
the scalar field may rapidly change with the growth
the parametert, and the action is not given by2 3M p

4/
16V„f(0)…. Still the general tendency remains the same
all models we analyzed numerically: The smaller the pot
tial V(f) at t50 @which corresponds to the initial value o
V(f) in the open universe#, the greater the absolute value
the action.

As an example, Fig. 3 shows the behavior off(t), a(t),
and V„f(t)… for the instanton describing the universe cr
ation in the theory (m2/2)f2. We consider the case whe
f(0)50.1 in units ofM p . In this case the universe does n

e
the

FIG. 3. Instanton in the theory (m2/2)f2 describing the creation
of the universe withf50.1M p . In this case the scalar field rapidl
changes in Euclidean space, and the universe does not inflate
after the tunneling. If one considers greater values off at t50, the
scalar field becomes almost constant, but then it diverges loga
mically whent approaches its maximal value.
4-11
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
inflate at all after the tunneling. Still the instanton does ex
Its action is given byS52p2*dta3(t)V(f). For the real-
istic valuem;1026M p the action for this case shown in Fig
3 is given by26.5531014, which is greater by an order o
magnitude than the absolute value of2 3M p

4/16V„f(0)….
However, as soon as we consider tunneling to the inflati
ary part of the effective potential, the functionf(t) becomes
nearly flat ~until it blows up near the singularity!, and the
action practically coincides with the action on the usual
Sitter instanton with the constant energy densityV„f(0)…:
S52 3M p

4/16V„f(0)….
In Fig. 4 we show the instanton in the theory with th

effective potentialV(f)5M4(12Qf21Q2f4) eQf2
, with

M;1023, Q54p. This is the potential which~up to radia-
tive corrections! appears in the hybrid inflation scenario
supergravity proposed in@24#; see also@46#. Note that the
potential in this theory is extremely steep atf.0.3. There-
fore inflation is possible only forf,0.3. Still the instanton
solution does exist in this case as well.

FIG. 4. Instanton in the hybrid inflation model based on sup

gravity, with V(f)5M4(12Qf21Q2f4)eQf2
. Everything is ex-

pressed in Planck units:M;1023, Q54p; see Ref.@24#.
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In such theories, just like in theories where the effect
potential is less steep, the fieldf grows logarithmically near
the singularity. If the effective potential depends on the fie
exponentially, the contribution to the action may blow u
there. The integral still converges~or diverges only logarith-
mically! because of the sharp decrease ofa(t) near the sin-
gularity. It may still be necessary to make a cutoff of t
integral, as soon as the sharply growing functionV(f) be-
comes greater thanM p

4 , and the semiclassical approximatio
breaks down.

Thus, now we have a candidate for a new mechanism
the creation of an open universe in inflationary cosmolo
There are many questions associated with the new ins
tons. First of all, even though the singularity of the sca
field on these instantons is only logarithmic, the singular
of the energy density and of the curvature is a power law
one takes such instantons into account, the correspon
method can no longer be called ‘‘the no-boundary p
posal.’’ According to @47,48#, the boundary terms give a
contribution2pM p

2(a3)8/4 to the total action. We will not
consider this correction here; it is relatively small if one co
siders creation of an inflationary universe. For example,
results of a numerical investigation performed in@48# show
that in the theorym2f2/2 this correction, as compared to th
action 23M p

4/16V(f), is suppressed by the facto
O(M p /f) for f@M p .

Another problem associated with the interpretation of
Hawking-Turok instanton as describing the creation of
open universe was given recently in@47#, and was related to
the singular nature of the instanton. While we tend to ag
with the main conclusion of Ref.@47#, we do not think that
every instanton having a singularity is disallowed.

If one considers the Hawking-Turok instantons and c
them at the time of the maximal expansion,a5amax, they
will look almost exactly like the Hawking-Moss instanton
One may interpret them by saying that, just like in Fig.
they interpolate between two realizations of a closed de
ter space. If one considers only the upper half of Fig.
starting froma50, and making the analytic continuation t
de Sitter space ata5amax, then one may argue that th
Hawking-Turok instanton interpolates between the statea
50 ~‘‘nothing’’ ! and de Sitter space. In such a case one m
try to interpret this instanton as describing the creation o
closed universe from nothing. The results will not diff
much if one calculate the action on the singular or on
nonsingular part of the instanton.

However, if one cuts the Hawking-Turok instanton not
the planea5amax, but by the plane going througha50 and
the singularity, as proposed in Ref.@20# in order to describe
the creation of the open universe, it becomes much less
vious whether such an instanton interpolates between
two well-defined Lorentzian states or even between s
states as the state witha50 and the singularity. This half-
of-an-instanton seems to interpolate between half-of-noth
and half-of-singularity. Thus we are not quite sure that
really describes the quantum creation of an open univers
the singularity is cut in half, and one needs to have a deta
knowledge of its structure to perform the analytical contin

-

4-12
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
ation, the possibility to use such instantons for the desc
tion of tunneling becomes very suspicious. For a more
tailed discussion of this issue see@48#.

In addition, we have the general problem emphasized
the previous section. As we have found, only one of
instantons of the Hawking-Moss type really describes
tunneling~the instanton describing the tunneling fromf0 to
f1), whereas all other instantons are irrelevant even tho
they are perfectly nonsingular. It is very hard to find a
reason to discard them within the Euclidean approach to
neling, but the stochastic approach to inflation immediat
explained which of them is relevant and what is its interp
tation. We have found that it describes an inhomogene
tunneling even though the instanton looks perfectly homo
neous.

We have a similar problem with respect to the Hawkin
Turok instanton. So far we were unable to find any interp
tation of the creation of a homogeneous open universe wi
the stochastic approach to inflation. The closest thing
were able to find was the nonperturbative effect of the c
ation of huge voids due to nonperturbative effects wh
might appear in a self-reproducing inflationary universe@49#.
However, this effect appears only if one introduces so
specific probability measure in inflationary cosmology,
lated to the probability distributionPp mentioned in the pre-
vious section. Meanwhile the Hartle-Hawking wave functi
is related to the probability distributionPc .

Despite all these problems, in what follows we will ma
an assumption that the Hawking-Turok instantons do
scribe the creation of a homogeneous open universe, and
the corresponding action with a good accuracy is given
23M p

4/16V(f). We will study the consequences of this a
sumption if one interprets it using either the Hartle-Hawki
or the tunneling wave function. But one should remem
that the validity of this assumption made in@20# is less than
obvious.

B. Open universes and the Hartle-Hawking wave function

Possible implications of the new class of instantons
pend crucially on the choice of the wave function of t
universe. Hawking and Turok suggested to use the Ha
Hawking wave function, which implies that the probabili
of the quantum creation of an open universe with a fieldf is
given by Eq.~3!:

P;e22S5expS 3M p
4

8V~f!
D . ~21!

This means that a typical open universe created by su
process would have the smallest possible value of the fi
f; i.e., the universe would tend to be created directly in
absolute minimum of the effective potential, which does n
lead to any inflation whatsoever. As a result, such a unive
at the present would be empty and would haveV50. Of
course we cannot live in a universe withV50; so we should
discard the universes with too smallV. Thus one may argue
that the final probability distribution to live in a univers
with a given value ofV should be proportional to the prod
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uct of the probability of the creation of such a universe a
the probability of galaxy formation there. An estimate of t
most probable value ofV which one can observe with a
account taken of anthropic considerations can be made a
the lines of@50#. This estimate has led the authors of@20# to
the conclusion thatV should be about 1022, which would be
in disagreement with the observational data suggesting
V*0.3.

Is there a chance that this disagreement might disap
after a more detailed investigation of the anthropic co
straints onV? After all, we are talking only about one orde
of magnitude; so is it perhaps possible to make things wo
Let us consider this issue more carefully.

One can parametrize the present value ofV for an open
universe in the following way@20#:

V'
1

11Ae22N~f!
, ~22!

whereA is some factor depending on the efficiency of r
heating and other details of the theory, andN(f) is the num-
ber of e-foldings of inflation after the fieldf begins rolling
down.

Let us compare the probabilityPf for the universe to
begin at some value of the scalar fieldf and the correspond
ing probability to have a slightly greater fieldf1Df:

P~f!

P~f1Df!
5expS 3M p

4V8Df

8V2~f!
D . ~23!

Now one should take into account thatDN5HDt

5 HDf/ḟ 5 3H2Df/V8, i.e., Df5 DNV8M p
2/8pV. Also,

the amplitude of density perturbations,d;M p
3V8/V3/2

;1025. Combining this all together and dropping facto
O(1), one has

P~f!

P~f1Df!
5exp~1021d22DN!;exp~109DN!. ~24!

A universe withV50.3 appears after the creation of th
universe with f0.3, where 0.351/(11Ae22N(f0.3)). This
givesAe22N(f0.3)'2. Meanwhile a universe withV50.2 ap-
pears if Ae22N(f0.2)'4. ThereforeDN5N(f0.3)2N(f0.2)
;0.5. Thus the probability of the creation of a universe w
V50.2 is approximately 10108

times greater than the prob
ability of the creation of a universe withV50.3. Clearly, the
probability of galaxy formation in these two cases cann
differ by a factor 10108

. This means that according to@20# it
is entirely improbable to live in a universe withV50.3.
Similarly, it seems entirely improbable to live in the univer
with V50.2. One should consider absolutely extreme c
ditions in the universe in order to compensate for factors
the type of 10108

. Note that this conclusion is valid indepen
dently of the choice of the inflationary potential: The fin
result is determined by the amplitude of the density pert
bationsd which is given by observations.
4-13
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
Since the probability of the universe formation grow

roughly 10108
times when the number ofe-foldings N de-

creases byDN5O(1), this growth can be compensated on
by decreasing the probability of galaxy formation at smallN

~at smallV). To compensate for the factor of;10108
, the

probability of galaxy formation must be smaller than 102108
.

In such a case we would not see any other galaxies aro
us; the next nearby galaxy in the Hartle-Hawking unive
would be at a distance about 10100 000 000light years away.

One could hope that in the worst case one can sim
return to the old method of the creation of an open unive
proposed in@7,8,1#. However, once the Hartle-Hawking ap
proach is adopted, this does not seem possible either.
main difference between the previous mechanism of o
universe formation and the new one was the existence
deep local minimum of the effective potential at somef

5f̃. In such a situation there exists the Coleman–De Luc
instanton, which describes the creation of an open unive
immersed in a false vacuum withf5f̃. The minimal value
of the scalar fieldf on this instanton solution,fmin , should
still be sufficiently large for the further 60 or 70e-foldings of
inflation to occur inside the bubble. This, if we would try
obtain an instanton solution for such theories just like we
for several other theories~see Figs. 1 and 2!, we would begin
our calculations atf(0)5fmin , and we would see that th
growing field f stabilizes atf5f̃. However, if one starts
the calculations atf,fmin , the scalar field rolls over the
local minimum of the effective potential~which looks like a
local maximum from the point of view of equations of m
tion in Euclidean space! and continues its growth towar
indefinitely largef. Thus the Hawking-Turok instantons d
exist even in theories where the effective potentials gr
nonmonotonically at largef. Therefore the conclusion con
cerning the tunneling to smallest possible values ofV(f) in
the context of the Hartle-Hawking approach seems to
quite general.

In theories with two fields of the type of Eq.~1! the situ-
ation is even easier to analyze: One may consider the ins
ton with f50 describing the fields climbing from the mini-
mum of the effective potential tos→`. All results obtained
in @20# and above apply to this case.

Thus, we expect that instantons of the type conside
above should exist in the models considered in@7,8,1#, and
therefore all conclusions about the preferable creation of
universe with the smallest possibleV(f) and extremely
small V should apply to such theories as well. This impli
that the Hartle-Hawking approach makes it extremely di
cult to propose any realistic open inflation model.

What happens if one makes a different analytical conti
ation and concentrates on the closed universe case ins
Similarly, the probability of the quantum creation of the un
verse grows 10108

times if the duration of inflation become
one e-folding shorter. But a closed universe which inflat
less thanN;70 ~the exact number depends on the features
reheating! collapses in less than 1010 years, which makes the
existence of life very problematic. Again, the only way
compensate for the factors;10108

pushing the probability
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distribution toward smallN ~i.e., toward a premature deat
of the universe! is to assume that the probability of the e
istence of life near an ‘‘optimal’’N, corresponding to the
maximum of the total probability distribution, decreases
more than 102108

when N decreases by 2. Thus, the n
boundary proposal based on the Hartle-Hawking wave fu
tion pushes us toward the region where the existence of
becomes nearly impossible. This does not mean that this
posal is incorrect. As we have already argued, it works p
fectly well if one calculates the probability of events pr
duced by usual quantum mechanical fluctuations hav
positive energy near an already existing cosmological ba
ground. However, we believe that it does not apply for t
calculation of the probability of the formation of this bac
ground, which involves investigation of the fluctuations
the scale factor. If one does not make an attempt to ext
the validity of the Hartle-Hawking wave function beyond
certain point, one does not face the consequences discu
above.

One possibility to resolve this problem is suggested by
form of the boundary terms found in@47,48,25#. For ex-
ample, in chaotic inflation withV(f)5(m2/2)f2 the action
with an account taken of boundary terms is given by@48#

S'2
3Mp

4

8V~f!S 12
Mp

2f D . ~25!

This equation shows that the action becomes minimal no
f50, but atf;M p , which allows for a short stage of in
flation. However, a numerical investigation of this questi
performed in@48# for several different versions of the chaot
inflation scenario has shown that this stage of inflation
extremely short, and the corresponding value ofV would be
exponentially small.

Hawking and Turok proposed to consider an inflationa
model with a local maximum of the effective potential, su
as V(f)5m4(12cos(f/v)) @25#. In this model the top of
the effective potential corresponds to a local minimum of
action with an account taken of boundary terms. If one
glects the possibility of tunneling to smallf, the second bes
possibility is that the universe is created at the top ofV(f).
But if the total duration of inflation is small~which is nec-
essary to keep the universe open!, then tunneling to the top is
not allowed. Indeed, density perturbations produced dur
inflation are inversely proportional toV8; so they are very
large at the top ofV(f). A large amplitude of density per
turbations on the horizon is anthropically forbidden; so
was argued in@25# that we should tunnel not to the top but
some pointf* away from the top. This hopefully could giv
V;0.3 anddr/r ;1025 on the horizon, after a certain fine
tuning of the parameters of the model.

But suppose that we indeed have a model with parame
which make it possible. Then in the same model it is ev
more probable to tunnel directly to the top~because the ac
tion is smaller there!, and then roll tof* from the top. We
will still have dr/r;1025 on the horizon, but in this cas
we will haveV51 because of the additional stage of infl
tion during the rolling fromf50 to f5f* . This is not
4-14
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
anthropically forbidden becausedr/r only very weakly de-
pends on the length scale; it becomes much greater
1025 only at distances much greater than the size of
observable part of the universe. Thus it does not seem
sible to getV,1 in this version of the scenario proposed
Ref. @25# even if one uses the Hartle-Hawking wave functi
and takes into account boundary terms.

Until now we tacitly assumed that the creation of the u
verse is a one-time event, and that it is correct to describe
total probability of forming a galaxy as a product of th
probability of creating the universe with a givenf and the
probability of forming a galaxy for a givenV(f). This is a
reasonable proposal in the minisuperspace approach to q
tum cosmology, but it may fail if one takes into account t
effect of the self-reproduction of the universe. Indeed,
probability of the creation of the universe with a large fieldf
is very small in the context of the Hartle-Hawking propos
However, universes with largef in the chaotic inflation sce
nario typically enter the stage of eternal self-reproducti
which leads to a permanent exponentially rapid growth
their total volume@43#. This process leads to the creation
an infinitely large number of galaxies. Then a typical gala
will be produced not in the region suggested by the Har
Hawking probability distribution, but in the region where th
scalar fieldf was large enough for the process of the se
reproduction of the universe to begin.

One could object that if the Hartle-Hawking wave fun
tion correctly describes the creation of an open universe, t
the universe has a very small energy density from the v
beginning, and self-reproduction of the universe never h
pens. However, according to@23#, if the universe is suffi-
ciently large, the process of self-reproduction occurs eve
the initial value of the fieldf is so small that it can barely
support inflation. Thus self-reproduction definitely occurs
side an infinite open inflationary universe. In such a case
negative~and positive! consequences of the description
quantum creation of the universe by the Hartle-Hawk
wave function disappear, not because the consequenc
the no-boundary proposal become different, but because
choice of initial conditions in quantum cosmology provid
by the Hartle-Hawking~or tunneling! wave function be-
comes irrelevant for the description of the main part of o
universe@44,23,51#. In the first universe produced by qua
tum creation from nothing one may haveV;0.01, if it is
described by the Hartle-Hawking wave function, orV51, if
it is described by the tunneling wave function. However, t
universe will produce an infinite number of new inflationa
universes. One may wonder, what is the most probable or
of a part of the universe of a given physical volume, whi
has densityr at the timet, after the creation of the univers
from nothing? The answer is that the relative fraction of
physical volume of a self-reproducing universe in a st
with given properties~with given values of fields, with a
given density of matter, etc.! does not depend on timet. The
probability that a given part of the universe in this scena
originated from a state with a certain value of the scalar fi
f is given by a function which is very similar to the squa
of the tunneling wave function@23#.
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C. Open universes and the tunneling wave function

Now let us see what happens if we use the results
Ref. @20#, but interpret them from the point of view o
the tunneling wave function. In this case, according to@2–5#,
the probability of the universe creation is proportional
exp(2 3Mp

4/8V). Thus the universe tends to be born at t
highest possible value of the effective potentialV. In the
simplest models with the effective potentials (m2/2)f2 or
(l/4)f4 the total duration of inflation is so large that th
resulting value ofV becomes equal to 1 independently of t
way the universe was born~i.e., whether it was closed o
open from the very beginning!. One may or may not like it,
depending on one’s beliefs concerning the total density
the universe at present, but at least this value is not as
away from recent observational results as the conclusion
we should live in a structureless universe withV50.01.

On the other hand, now we have two classes of mod
where one can getV,1. The first class includes all mode
proposed in@7,8,1,15,16#. The universe may begin in a sin
gularity, or it may appear due to the creation from nothin
The final result will be entirely insensitive to it. Indeed,
soon as inflation begins, in most versions of the of chao
inflation scenario the universe enters the regime of ete
self-reproduction @13#. It produces an indefinitely large
amount of space. For example, in the simplest model w
the potential~1!, eternal inflation may begin at very larges
and f @1#. Then it produces exponentially large domai
filled with all possible values ofs andf. In particular, there
will be domains trapped in the local minimum nears50.
These domains will continue to inflate eternally, like the
Sitter phase in the old inflation scenario, and they will co
tinue producing open inflationary universes with all possi
values ofV. Thus, in this scenario a single act of creation
the universe produces not one but an infinite number of o
universes.

One may wonder what is the most probable value ofV in
this scenario. At the moment we do not know a defin
answer to this question. In all versions of eternal inflati
theory we have to compare an infinite number of univer
with different properties. As a result, the answer is ambig
ous; it depends on the way one performs a cutoff and re
larizes the infinities. For a discussion of different approac
to this question one may see, e.g.,@1,23,52,53#; the problem
is not settled yet. We do not even know whether it makes
sense to look for a definite answer. The reason is very sim
@23,53#. Consider twoinfinite boxes, one with apples, an
other with oranges. One can pick one fruit from each box,
apple and an orange, then again an apple and an orange
so on. This may give an idea that the number of apple
equal to the number of oranges. But one can equally w
take each time one apple and two oranges, and conclude
the number of oranges is twice as large as the numbe
apples. The main problem here is that we are making
attempt to compare two infinities, and this gives an ambi
ous result. Similarly, the total volume of a self-reproduci
inflationary universe diverges in the future. When we ma
slices of the universe by hypersurfaces of constant timet, we
are choosing one particular way of sorting out this infin
4-15



re
no
w
a

e

an

de
n
r

n

I

n

-
to

d
x-
y
or

e

at

m
or
d
es
tu

c

th

he
d-
n
e of
t
o
ost
ted
ri-
en
by

y
-
on
of
-

e

is

that
f-
ns

ef-

si-
ar
os-
he
e

en-
its

the
in-
ion
y
ck-

al
tion
-
ale
ese
ho-
e-
n
per-
me
we
ion.
that

b-
on

ANDREI LINDE PHYSICAL REVIEW D 58 083514
volume. If one makes the slicing in a different way, the
sults will be different. The main statement, which does
depend on the choice of the probability measure, is that
have an infinite number of apples and oranges, and we h
an infinite number of domains with various values ofV. If
we want to find in which of these universes we live, w
should go and measure the value ofV; whichever we find
will be ours.3

In addition to this class of theories, we may consider
other class, which was introduced in@1# when we studied the
possibility of the creation of a closed universe withV sub-
stantially greater than 1; see the Introduction. The main i
is to consider models where the self-reproduction of the u
verse is impossible and the total duration of inflation is ve
small. For example, one can consider a particular versio
the chaotic inflation scenario with the effective potential

V~f!5
m2f2

2
expS f

CMp
D 2

. ~26!

Potentials of a similar type often appear in supergravity.
this theory inflation occurs only in the intervalM p/2&f
&CMp . One may consider a model of tilted hybrid inflatio
proposed in@54# or a particular version of hybrid inflation in
supergravity proposed in@24,46#, where the effective poten
tial at large f ~when logarithmic terms appearing due
quantum corrections become subdominant! looks as follows:

V~f!5M4S 12Q
f2

M p
2

1Q2
f4

M p
4D expS Qf2

M p
2 D . ~27!

HereM;1023M p , Q54p. As we have already mentione
in Sec. IV A, the effective potential in this theory is e
tremely steep atf.0.3. Therefore inflation is possible onl
for f,0.3. Still the instanton solution does exist, both f
f(0),0.3 and forf(0).0.3. All coupling constants in this
model areO(1021), and the total duration of inflation isN
;102. This makes it an interesting candidate for the op
inflation model.

One may also consider models with the simple quadr
effective potential (m2/2)f2, but assume that the fieldf
has a nonminimal interaction with gravity of the for
2(j/2)Rf2. In this case inflation becomes impossible f
f.M p /A8pj @55,56#. In order to ensure that only a limite
amount of inflation is possible for inflationary univers
which can be produced during the process of the quan
creation of the universe in the theory (m2/2)f2, it is enough
to assume thatM p /A8pj,3M p . This gives the condition
j.1/72p ;431024.

If an open universe is created and it does not inflate mu
then after inflation we have an open universe withV,1 in
either of the models described above.

There are several different problems associated with
scenario. Consider for definiteness the model~26! and sup-

3Inflationary theories of this type which allow a definite predicti
for V are also possible@15#.
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pose for a moment that tunneling may occur only to t
region of smallf, where inflation is possible. Then, accor
ing to Eq.~2!, the maximum of the probability of the creatio
of an inflationary universe appears near the upper rang
values of the fieldf for which inflation is possible, i.e., a
f0;CMp . The probability of such an event will be s
strongly suppressed that the universe will be formed alm
ideally homogeneous and spherically symmetric. As poin
out in @14#, this solves the homogeneity, isotropy and ho
zon problems even before inflation really takes over. Th
the size of the newly born universe in this model expands
the factor exp(2pf0

2Mp
22);exp(2pC2) during the stage of in-

flation @13#. If C*3, i.e., if f0*3M p;3.631019 GeV, the
universe expands more thane60 times, and it becomes ver
flat. Meanwhile, forC!3 the universe always remains ‘‘un
derinflated’’ and very curved. Its properties will depend
the way it was formed. If we make analytical continuation
the Hawking-Turok instanton in the usual way, it will de
scribe the formation of a closed universe withV.1. On the
other hand, the new analytical continuation proposed in@20#
describes the creation of an open universe withV,1. In
order to obtainV in the interval between 0.3 and 0.2 at th
present time one should have the constantC fixed some-
where nearC53 with an accuracy of a few percent. This
a fine-tuning, but not a terrible one.

However, in the above analysis we have assumed
tunneling may occur only to the inflationary part of the e
fective potential. Meanwhile we obtained instanton solutio
which describe tunneling to noninflationary parts of the
fective potential as well, withf0@CMp . This may not look
problematic. The field tunnels to the highest possible po
tion with V(f);M p

4 . Then after many oscillations the scal
field decreases to the region where inflation becomes p
sible; then the universe inflates a little, and we still get t
universe withV,1. The problem is that if, as we expect, th
probability to create a universe with a nearly Planckian d
sity is not strongly suppressed, then at the moment of
creation the universe will not be very homogeneous. If
universe inflates a lot after its creation, these primordial
homogeneities do not do us any harm. However, if inflat
produces a universe withV,1, these inhomogeneities ma
cause significant anisotropy of the cosmic microwave ba
ground~CMB! radiation.

It may happen that this is not a real problem. A typic
scale factor of an open universe at the moment of its crea
in this scenario will beO(M p

21). Thus one may expect ini
tial inhomogeneities to exist on this scale. Then the sc
factor of the universe, as well as the wavelength of th
perturbations, expands more slowly than the size of the
rizon, ;t, until the universe becomes inflationary. As a r
sult, all initial inhomogeneities at the beginning of inflatio
have wavelengths much shorter than the horizon. Such
turbations rapidly decrease during inflation and beco
harmless. This may solve the homogeneity problem, but
believe that this issue requires a more detailed investigat

Note also that this problem appears only if we assume
tunneling to large values ofV(f) is possible. But what if the
scalar fieldf is only an effective degree of freedom descri
4-16
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
ing, for example, the radius of compactification or a cond
sate of fermions? Then the effective potential may not
defined atV(f);M p

4 , the tunneling to very largeV(f) be-
comes impossible, and the homogeneity problem may dis
pear.

One more thing which should be analyzed is the appli
bility of the simple ruleP;e2uSu for the description of the
universe creation in models with steep potentials. Indeed
we emphasized, we expect this expression to be valid
situations when one can neglect the motion of the sc
field. In this case one can treatV(f) as a cosmological con
stant and quantize only the scale factor. One may expect
this rule will remain approximately correct if the motion o
the fieldf is very slow. But if the effective potential is ver
steep, the fieldf will move very fast. In such cases on
should quantize simultaneously the scale factora, which has
negative energy, and the scalar fieldf, which has positive
energy. In this case the relationP;e2uSu must be consider-
ably modified. One such example is pre-big-bang cosm
ogy, where the action vanishes identically on equations
motion, whereas the entropy of an inflationary universe
exponentially large@34#. In our case there is an addition
modification related to the boundary terms, which beco
very significant for tunneling to the steep parts of the eff
tive potential. Indeed, the numerical investigation of this
sue performed in@48# shows that in the regions where th
effective potential is very steep the boundary terms may
come so large that they may even change the sign of
action. This simply implies that the naive expression for
tunneling wave function obtained by modifying the sign
the action does not apply to such situations. However,
does not change our general qualitative conclusion that
neling with the creation of the universe withV(f);M p

4 is
not suppressed.

In addition to all the problems mentioned above, o
should also make sure that the leading channel of the
verse creation will produce topologically trivial open un
verses. First of all, tunneling may produce closed univer
as well, with a similar probability@1#. This is not a real
problem though, because if tunneling occurs to smallf, so
that in an open universe case one obtains a universe
V!1, then in the closed universe case the same insta
will describe the universe with a very largeV which col-
lapses too early for any observers to appear there. But
creation of a closed universe is not the only competing p
cess. There exist a variety of instantons describing Euclid
universes with a nonvanishing vacuum energy densityV.
The usual de Sitter instanton discussed above is just on
them. For example, the action on the Page instantonP2

1 P̄2 is 29M p
4/40V, the action on the Fubini-Study instan

ton P2 is 29M p
4/32V, the action on theS23S2 instanton is

2M p
4/4V @57#.4

4The values of the action we gave here are obtained by integra
over the full Euclidean space; so they should be compared to
complete de Sitter action23M p

4/8V.
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The most interesting of these solutions is theS23S2 in-
stanton. The absolute value of its action is smaller than
of the de Sitter instanton; so one may argue that it is easie
create an anisotropic Kantowski-Sachs universe rather
isotropic de Sitter space. Note that the resulting geometr
unstable with respect to the exponential growth of the ra
of both spheres, and eventually this solution becomes loc
indistinguishable from de Sitter space@58#. However, if tun-
neling occurs to smallf, the universe does not expand lon
enough to erase the large-scale anisotropy, which sho
therefore be detectable.

One should note that it is not quite correct to direc
compare the action of the de Sitter instanton to the action
the S23S2 instanton. Indeed, in theories where the effect
potential sharply rises at largef, the action describing tun
neling to largef is not given by simple expressions of th
type of 23M p

4/16V, but should be calculated anew for ea
particular configuration. If tunneling occurs near the Plan
density, its probability is not expected to be exponentia
suppressed for either of these instantons; so the probab
of the creation of different spaces may be comparable,
then we may live in a universe with the simplest topologic
properties~if it is true! merely by chance.

It is also quite possible that tunneling may create spa
of a more complicated topology. The first attempt to stu
this possibility was made in@3#. It was found that the prob-
ability of tunneling to a flat exponentially expanding spa
with identified sides may not be suppressed at all unless
takes into account quantum corrections to the energy
mentum tensor. This space has metric of a 3d-torus with
identified sides:

ds25dt22@a2~ t !dx21b2~ t !dy21c2~ t !dz2#, ~28!

with x1L[x, y1L[y, andz1L[z. At large t this space
locally looks like a de Sitter universe, but if the expansion
not long enough, then the universe will be noticeably ani
tropic.

All these problems would not even arise in the stand
situation when inflation lasts much more than 60e-foldings,
but if one adjusts the parameters of the model in such a
as to have inflation very short, the issue of global anisotro
and topology of the universe becomes quite important; se
this respect@59#.

Another potential drawback of the new class of open
flation models is the unusual shape of the spectrum of d
sity perturbations. By construction, inflation in these mod
begins at the point when the slope of the effective poten
for the first time becomes not very steep, and the frict
produced by the term 3Hḟ for the first time becomes suffi
cient to slow down the rolling of the fieldf. But this auto-
matically means that the amplitude of density perturbatio
produced at the beginning of inflation, which now corr
sponds to the scale of horizon, should be very small~blue
spectrum!; see, e.g.,@24#. This may be a real problem fo
such models. Note, however, that this problem is somew
opposite to the previously discussed problem of overprod
ing large-scale density perturbations created during the
neling.

on
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ANDREI LINDE PHYSICAL REVIEW D 58 083514
All these questions require a thorough investigation
make sure that the new models of open inflation discus
above can work. As we already emphasized in Sec. IV A,
are not sure that the Hawking-Turok instanton really d
scribes the quantum creation of an open universe. It is
portant, however, that quite independently of these new p
sibilities, which may or may not prove to be realistic, t
tunneling wave function allows us to have the usual infl
tionary models predictingV51, as well as the previously
proposed class of models withV,1 @7,8,1,15,16#. It seems
much better than to have models predicting eitherV@1 for
the closed universe case orV;1022 for the open inflation-
ary universe.

V. MODELS WITH THE ANTISYMMETRIC
TENSOR FIELD

In order to avoid the unfortunate consequenceV;1022

of their original model, Hawking and Turok introduced r
cently a new class of models@25#, where they added the fou
form field strengthFmnrl5] [mAnrl] . The Euclidean action
for their model is

SE5E d4xAgS 2
1

16pG
R1

1

2
gmn]mf]nf1V~f!

1
1

48
FmnrlFmnrlD1

1

8pGE d3xAhK, ~29!

The last term gives the boundary contribution, which is ty
cally small when the tunneling occurs to the values off
corresponding to a long stage of inflation@48,25#.

The field F in four-dimensional space is not a real d
namical field. The Lagrange equation forF in the Euclidean
regime has a solutionFmnrl5(c/Ag) emnrl with c an arbi-
trary constant. In the Lorentzian regime this solution b
comesFmnrl5( ic/A2g)emnrl. Its main role is to give a
contribution to the effective cosmological constant,V(f)

→V(f)2 1
48 F2, where F2[FabgdFabgd . The trick is to

add simultaneously the vacuum energyV05 1
48 F2. This op-

eration leaves the original value ofV(f) intact, and thus it
does not lead to any effects if one calculates the entrop
nearly de Sitter space:

S5
3M p

4

8V~f!
. ~30!

Here byV(f) we mean the total energy density, includin
the energy of the scalar fieldV(f)1V0 and the compensat
ing F2 contribution. For example, one can takeV(f)

5 m2f2/21V02 1
48 F25m2f2/2.

However, if instead one calculates the Euclidean act
which normally coincides with2S in inflationary cosmol-
ogy, one gets a different result@60#. The action becomes
nontrivial function of V(f) and F2. Neglecting the small
boundary term, and integrating over the entire solut
~which doubles the result!, one gets@60,25#
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S'2
3M p

4

8V~f!2S V~f!2
1

24
F2D . ~31!

This coincides with~minus! entropy2S for F50. However,
for V05 1

48 F25” 0 one no longer has the maximum of th
absolute value of the actionS at V(f)50. Instead of that,
the maximum is reached atV(f);4V0 . By a proper choice
of V0 one can fine-tune the most probable initial value off
~according to the Hartle-Hawking prescription! to be at any
given place. In particular, one can have it atf;3M p , which
would lead to about 60e-folds of inflation. Thus, by choos
ing the proper value of the constantV0 one can obtain any
value ofV, from 0 to 1.

A few comments are in order here. The main reason w
the original idea of Hawking and Turok was so attractive
the postulated absence of any fine-tuning. Now this is
longer the case. Consider for example a realistic mode
chaotic inflation withV(f)5 m2f2/2, with m;1026M p .
To obtain the most probable value off near 3M p one would
need to haveV0;10212 in units of the Planckian energ
densityM p

4 . This introduces a new extremely small param
eter to the theory. The value of this parameterV0 /M p

4

;10212 must be further fine-tuned with an accuracy of abo
1% in order to get the desirable value ofV. ThenF2 should
be fine-tuned to cancelV0 with an accuracy 102123M p

4 ,
which is achieved in@25# by using anthropic considerations

This mechanism can work only ifF is imaginary in the
Lorentzian regime. It is not quite clear therefore whether t
model is realistic.

An additional complication appears if one remembers t
now the entropy no longer coincides with the~minus! Eu-
clidean action. Thus, one may wonder which of these fu
tions should be maximized? The extremum of entropyS, as
before, appears at the point corresponding to the abso
minimum of V(f), independently of the presence of th
field F. Thus, the argument that one should maximize
entropy, given in the previous paper by Hawking and Tur
@35#, contradicts the proposal to maximize the Euclidean
tion.

One should note that Eq.~29! is not a unique way to write
the action for the theory of the fieldF. One can add to the
action the integral of a total derivative

Sextra5
a

24E d4x emnrlFmnrl , ~32!

as proposed by Aurelia, Nicolai, and Townsend@61#. Herea
is an arbitrary constant. Since this is a total derivative, an
does not change the instanton solution, it does not modify
entropy, but it gives an extra contribution to the Euclide
action

DS;2
a

c

3M p
4

8V~f!2
F2.

For a5c, this term cancels theF2 term in Eq. ~31! @60#.
Thus, depending ona one gets different expressions for th
Euclidean action, whereas the expression for the entropya
4-18
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QUANTUM CREATION OF AN OPEN INFLATIONARY UNIVERSE PHYSICAL REVIEW D58 083514
independent. This suggests that one should look for the
tremum of the entropy rather than of the action.

One may try to resolve the ambiguity by applying t
stochastic approach. In this case the presence of theF field
will be entirely irrelevant as long as its contribution to th
vacuum energy is canceled byV0 . One obtains the sam
stationary probability distribution~20! determined by the ex
ponent of the entropyeS, independently of the existence o
the fieldF. This means that the presence of the fieldF can-
not change the predictionV50.01 based on the use of th
Hartle-Hawking wave function.

In a new version of their paper@25# Hawking and Turok
agreed with our conclusion. They noted that if one prope
takes into account all boundary terms, an expression for
Euclidean action changes, and the disagreement betwee
calculation using the action and the entropy disappe
@62,25#. This implies, just as we argued above, that the
troduction of the fieldF in this model does not resolve th
problem of having too small value ofV.

A potentially interesting consequence of the introduct
of theF field is the cosmological constant problem. In ord
to analyze it, in the new version of their paper@25# Hawking
and Turok reverted the sign of theF2 term in the action, to
bring it closer to the Freund-Rubin work on supergrav
compactification@63#. The exponent of the entropy,eS, can
be represented as

P;eS5expS 3M p
4

8@V~f!1V01rF#
D , ~33!

whererF is the~negative! energy density of theF field. @64#.
If one interprets this result as the probability of the quant
creation of the universe, this may imply that the unive
should be created in a state corresponding to the mini
value of the total energy densityV(f)1V01rF!M p

4 con-
sistent with the subsequent emergence of life. The possib
of the creation of universes with differentrF then allows us
to use the anthropic principle to make the observable va
of the cosmological constant very small@25#. However, in
this case one still has the problem of living in a structurel
universe withV50.01.

On the other hand, if one uses the tunneling wave fu
tion, one finds

P;expS 2
3M p

4

8@V~f!1V01rF#
D . ~34!

This implies that the universe is created in a state w
V(f)1V01rF;M p

4 . Note that the distribution of the prob
ability of the creation of a universe in this scenario is pra
tically flat with respect torF in an enormously wide interva
DrF;M p

4 . Thus anthropic principle easily fixesuV01rFu
&10229 g/cm3, which solves the cosmological consta
problem. The initial value ofV(f) in this scenario is
O(M p

4), which leads to a very long stage of inflation wi
V51, or toV,1 in the models introduced in@7,8,1#.

One should note, however, that the possibility to reso
the cosmological constant problem in realistic theories
08351
x-

y
e
the
rs
-

n
r

e
al

ty

e

s

-

h

-

e
-

volving the fieldF requires additional investigation. Indee
the value of the~negative! energy density of this field in the
models based on supergravity depends on the radius of c
pactification. In realistic models one expectsrF;2M p

4 . If,
depending on compactification,rF may take only a discrete
set of values such thatrF;2M p

4 , the solution of the cos-
mological constant problem in this scenario would requ
that V0 coincide with one of these values with an accura
102123M p

4 . Thus the introduction of the antisymmetric te
sor fieldF does not help to solve the problem of having t
small V in the model of@25#, and the possibility that it can
help us to solve the cosmological constant problem also
mains rather problematic.

VI. CONCLUSIONS

Prior to the invention of the inflationary universe scena
it seemed that quantum cosmology was very important
understanding the underlying principles of the theory of
evolution of the universe, but it may not have any obser
tional consequences. During the last 15 years quantum
mology has become a more established science, which
lows us to make testable observational predictions.

As we have seen, both the Hartle-Hawking and the t
neling wave function of the universe can describe the c
ation of an open inflationary universe. This is a very inte
esting possibility in view of the recent tendency to claim th
the observations favor a smaller value ofV.

However, different versions of quantum cosmology p
dict completely different values ofV. The Hartle-Hawking
wave function predicts that if the universe is closed, th
V@1, and if it is open, one hasV;1022. This is experi-
mentally unacceptable. In this paper we confirmed that
result is practically model independent if galaxy formati
occurs due to adiabatic density perturbations produced
ing inflation. One may try to avoid this conclusion by appe
ing to some unspecified versions of string theory or M-the
where the situation might be better@20,35#. But in the ab-
sence of any realization of this idea one may conclude tha
the present time the Hartle-Hawking wave function,if used
to calculate the probability of the quantum creation of t
universe, is in a direct contradiction with observational dat

Is it really possible to rule out the Hartle-Hawking wav
function on the basis of these results? Perhaps such a
clusion would be premature. The main argument wh
pushed the most probable value ofV toward 1022 was based
on the equation for adiabatic density perturbations in
theory of a single scalar field, Eq.~24!. This conclusion can
change if adiabatic perturbations are very small, and per
bations responsible for galaxy formation are isocurvature
if they are produced by topological defects. For example,
may imagine that the phase transition which leads to
formation of topological defects occurs during the last sta
of chaotic inflation; see, e.g.,@65#. Then defect production is
a threshold effect, which occurs only if the universe
formed with a sufficiently large scalar fieldf. In such a
situation the Hartle-Hawking wave function will suggest th
the scalar field should be as small as possible, but still la
enough for the phase transition to take place, because de
4-19
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perturbations would be too small in a universe witho
strings. Then the unfortunate predictionV51022 may dis-
appear, but it will be replaced by the fine-tuning of the m
ment of the onset of the phase transition. Also, the possib
to produce the large scale structure of the universe u
isothermal perturbations or topological defects is curren
out of favor; so we are not sure whether one should cons
it seriously.

In our opinion, the whole problem appears here beca
one tries to apply the Hartle-Hawking wave function for t
investigation of the probability of the creation of the un
verse. Our analysis of this issue contained in Secs. II and
suggests that it should not be used for that purpose. In
ticular, we have seen that the stochastic approach to infla
unambiguously produces the same probability distribution
the Hartle-Hawking wave function; see Eq.~20!. This equa-
tion has a simple interpretation: the Hartle-Hawking wa
function ~in agreement with its derivation in@22#! describes
the probability distribution to find the fieldf in a stationary
state~if this state exists! after the field relaxes towards th
minimum of the effective potential. This wave function do
not describe the creation of the universe, inflation, and
process of relaxation toward this ground state, which is
main subject of our investigation.

If one uses the tunneling wave function for the descript
of initial conditions in the universe, then in most inflationa
models the universe should haveV51, which agrees with
the standard expectation that inflation makes the unive
flat. This result is not sensitive at all to the exact features
the tunneling wave function and, in fact, to the very use
the tunneling wave function. The only thing which we ne
to assume is that there is no exponential suppression o
quantum creation of a very small universe as compared
the probability of the creation of a very large universe@13#.

Moreover, according to the theory of a self-reproduci
inflationary universe, which applies to most versions of c
otic inflation @43#, one can avoid making even this assum
tion. The theory of a self-reproducing universe asserts
initial conditions are nearly irrelevant for the description
the properties of the main part of the universe@44,23#. In
most models of that type one hasV51 after inflation.

There exists a new potentially interesting class of mod
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where the creation of an open universe described by the
neling wave function may be possible. A thorough inves
gation is needed in order to verify whether this possibility
realistic or not. There are many reasons to be sceptical a
it; see Sec. IV C and also@47,48#. It is important, however,
that independently of this possibility we still have the cla
of models proposed in@7,8,1#, which does not seem to wor
in the context of the Hartle-Hawking proposal, but which
quite compatible with the tunneling wave function of th
universe, as well as with the theory of a self-reproduc
inflationary universe.

Investigation of quantum cosmology in application
open universe creation is very difficult. Much work was to
done in order to investigate the new possibilities which
now have. However, one should not underestimate rec
progress. Until very recently, we did not haveanyconsistent
cosmological models describing a homogeneous open
verse. Even though the open universe model did exist fr
the point of view of mathematics, it simply did not appear
make any sense to assume that all parts of an infinite
verse can be created simultaneously and have the same
of energy density everywhere.

That is why it is very encouraging that during the last fe
years we have found several different mechanisms of
creation of an open universe. All of these mechanisms
quire the universe to be inflationary. It is still true that infl
tionary models describing the universe withV51 are much
simpler than the models withV5” 1. Hopefully, the universe
will appear to be flat, and we will never need to use any
the models of open inflation. But if we find out that natu
has chosen to build the universe in a way which does
look particularly natural, this may give us a rare opportun
to reexamine some of our ideas and to learn more ab
quantum cosmology.
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