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Gravitational demise of cold degenerate stars
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We consider the long term fate and evolution of cold degenerate stars under the action of gravity alone.
Although such stars cannot emit radiation through the Hawking mechanism, the wave function of the star will
contain a small admixture of black hole states. These black hole states will emit radiation and hence the star
can lose its mass energy in the long term. We discuss the allowed range of possible degenerate stellar evolution
within this framework.@S0556-2821~98!00222-7#

PACS number~s!: 97.60.Lf, 04.40.Dg, 04.70.Dy, 97.60.Sm
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I. INTRODUCTION

White dwarfs are usually considered to be the final st
of stellar evolution for nearly all stars in the universe@1#.
The remaining stars are destined to end their lives as neu
stars or black holes. A fundamental astrophysical questio
to determine the long term fate and evolution of these ste
remnants. If the proton is unstable through some proces
the unification scaleMX @2#, then long term stellar evolution
will be governed by the physics of proton decay with a tim
scale of

tP;1032 yr~MX/1015 GeV!4. ~1!

This evolutionary path has been studied previously@1,3,4#.
In this paper, we consider the ultimate fate of these c
degenerate stars in the absence of unification scale pr
decay, i.e., due to the influence of only the gravitatio
force. In particular, we consider processes involving bla
holes and their effects on the long term evolution of the
degenerate stars.

If the proton were truly stable, then nature presents
with a curious state of affairs. Black holes of stellar ma
which are much more tightly bound than degenerate st
will evaporate through the Hawking effect@5# with a lifetime
of only ;1066 yr @6–8#. Although this time scale seems lon
compared to the current age of the universe (;1010 yr), it is
vastly shorter than the expected lifetimes of white dwa
and neutron stars. These stellar remnants are essentially
temperature objects; they exist in hydrostatic equilibrium d
to quantum mechanical degeneracy pressure@9#. In the ab-
sence of proton decay, these remnants would live alm
forever @1,10#. In this case, black holes would evaporate
most instantaneously compared to white dwarfs and neu
stars.

Since degenerate stars are far too extended to have e
horizons, they cannot emit Hawking radiation in the us
manner available to black holes@11# ~see also@6,8,12,13#!.
Ref. @11# proved that in a globally static spacetime, such
that produced by a degenerate star, there is no particle
ation. These results break down in black hole spacetim
because they are not globally static, where static means
0556-2821/98/58~8!/083003~7!/$15.00 58 0830
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time independent and invariant under time reversal.
black holes, the staticity breaks down at and beyond
event horizon.

After cooling to essentially zero temperature, degener
stars can only lose energy through processes that ut
black holes, whichcan radiate. This avenue is studied in th
present paper. Notice that this approach implicitly includ
energy loss from proton decay via gravitation@14–17#, since
such processes involve microscopic black holes.

Motivated by the above discussion, we write the wa
function of a cold degenerate star in the suggestive form

ustar&5cosuuN!&1sin uuBH&, ~2!

whereuN!& represents the usual stellar configurations~super-
positions of quantum mechanical states ofN!

5few31057 particles) anduBH& represents superpositions o
the possible black hole states. The total probability of the s
being in a black hole state or containing a black hole is th
P5sin2u'u2!1.

In general, the black hole part of the wave function w
contain many different contributions, i.e.,

uBH&5(
j

Aj uMbh&, ~3!

whereuMbh& represents the wave function for a black hole
massMbh and must be a superposition of many states. T
quantity uAj u2 is the corresponding probability of the sta
being in a black hole state. The total probability is thus giv
by

P5sin2u5(
j

uAj u2. ~4!

We can estimate the probabilitiesPj5uAj u2 from several dif-
ferent mechanisms, as discussed below.

II. BLACK HOLE PROCESSES IN STARS

A. Dyson tunneling

On sufficiently long time scales, white dwarfs and neutr
stars can experience tunneling events in which the star
© 1998 The American Physical Society03-1
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portions of the star, tunnel through the potential energy b
rier produced by degeneracy pressure@10#. This process can
in principle, result in the formation of black holes.

We first consider the probability of tunneling through t
barrier provided by degeneracy pressure. Such tunneling
necessary but not sufficient condition for black hole form
tion. The time scales for tunneling processes are given by
standard formula

t5t0eST, ~5!

wheret0 is the natural oscillation time of the system. Th
action integralST can be written

ST5
2

\ E @2MV~r !#1/2dr, ~6!

whereV(r ) represents the height of the potential energy b
rier as a function of the radial coordinater .

For a white dwarf supported by degenerate electrons,
potential energy can be obtained from integrals over the
tribution functions for fermions@7#. Following standard for-
malism, we definex5pF /me , wherepF is the Fermi mo-
mentum andme is the electron mass. The number density
electrons is then given byne5x3me

3/3p2 ~we take \51
5c). We want to consider a small spherical volume, of
dius r , within the star that containsN electrons and (A/Z)N
nucleons. After some algebra, the potential energyVd@r (x)#
due to degeneracy pressure can be written in the form

Vd5Nme

3

8x3 @$x~11x2!1/2~112x2!

2 ln@x1~11x2!1/2#%21#

[NmeF~x!, ~7!

where the second equality defines a dimensionless func
F(x). In the limit of smallx ~low density!, this potential has
the usual form associated with nonrelativistic degenerate
mions, i.e.,F}x2}r 22. In the opposite~relativistic! limit of
largex, F}x}r 21. We also must include an additional co
tribution to the potential energy due to gravity. This potent
can be represented with the approximate form

Vg'2 f
GMN

2

r 2r S
, ~8!

where MN5ANmP is the total mass of the volume,r S
52GMN is the corresponding Schwarzschild radius, and
have defined a geometrical factorf '3/5. Unless the radiusr
approaches the Schwarzschild radiusr S , the degeneracy par
of the potential completely dominates that of gravity. As
result, to a good approximation, we only need to includeVd
in the action integral@6#, i.e.,

ST'2~9p/4!1/3@2~A/Z!mP /me#
1/2N4/3

3E
x0

V dx

x2 F1/2~x!. ~9!
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The integration ranges from starting valuesx0 near unity,
corresponding to the initial density of the volume, to a lar
upper cutoffV@1, corresponding to black-hole-like dens
ties. The exact value of the upper cutoff does not matte
practice because the integral has almost all of its support
small x ~low density!.

For white dwarfs, withA/Z'2, we have

ST'335N4/3I ~x0!, ~10!

where I (x0) is the integral evaluated for a given startin
value ofx0 , i.e., a given starting density. The fastest tunn
ing rate will occur in the center of the star where the dens
~and x0) is maximal. For a typical white dwarf of mas
0.5M ( , the central density is about 106 g/cm3, x0'0.80,
and I (x0)'1.56. For a more massive white dwarf o
1.0M ( , the central density is about 33107 g/cm3, x0
'2.5, andI (x0)'1.0.

For any given numberN of particles that are required t
form a black hole, Eq.~10! determines the tunneling prob
ability }exp@2ST#. We can thus estimate the probability~per
natural oscillation timet0) for white dwarfs to produce black
holes through a tunneling process,

PN5e2335I ~x0!N4/3
, ~11!

where N determines the mass of the black hole@Mbh
'(A/Z)NmP#. This process is exponentially suppressed
the numberN of particles increases, so the process is do
nated by the minimum value ofN.

As a reference point, if the minimum mass for a bla
hole is given by the Planck scale,MPl;231025 g, we ob-
tain N;1019 and henceST'1028. For this incredibly large
value for the action, the natural vibration time scalet0 be-
comes completely irrelevant.

The fastest possible rate for this process would be for
caseN52, and the action would beST'844I (x0). In the
center of a relatively massive white dwarf, whereI;1, the
corresponding time scale ist;e844mP

21;10336 yr. This time
scale is still long compared to that of gravitationally induc
proton decay@1,14–16,18#. We thus conclude that the tun
neling of aggregates of baryons into black holes will not
an important process within white dwarfs.

The result is similar for the case of neutron stars@10#. In
this case, we must replace the electron massme with the
nucleon mass in all of the formulas and useA/Z51. The
resulting action is much smaller,

ST'5.4N4/3I ~x0!. ~12!

At the center of a neutron star, the density is;1015 g/cm3

and hence approaches nuclear density. As a result,x0'1,
and hence I (x0)'1.4. The action then becomesST
'7.6N4/3. For the fastest case of only two nucleons,N52,
we haveST'19. This small action would seemingly imply
reasonably high probability of tunneling into a black ho
However, this calculation only takes into account the tunn
ing of neutrons through the potential barrier provided
their degeneracy pressure. For small values ofN and high
densities, the neutrons start to overlap, and the quark st
3-2
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ture of the nucleons must also be taken into account.
process of small numbers of quarks tunneling into a bl
hole is one allowed channel for gravitationally induced p
ton decay and the estimated time scale is about 1045 yr ~see
@14,18# and also the following discussion!.

B. Kinematic stellar model

In this approximation, we consider the star to be a coll
tion of particles of massm with a number densityn. We
want to calculate the probability thatN particles happen to
lie within their own Schwarzschild radius, i.e., that of a bla
hole of massMbh5mN. In natural units, the volume of th
hypothetical black hole is given by

Vbh58m3N3MPl
26. ~13!

TheseN particles generally occupy a much larger volumeV0
given by

V05N/n. ~14!

Thus, the probabilityp1 that a single particle lies within the
black hole volume is simply

p15
Vbh

V0
58nm3N2MPl

26, ~15!

and the probabilitypN that N particles lie within the black
hole volume is

pN5~p1!N5~8nm3N2MPl
26!N. ~16!

Since the star containsN! /N volumes ofN particles, the
total probabilityPN that the star contains a black hole com
posed ofN particles is given by

PN5N!N21~8nm3N2MPl
26!N5N!lNN2N21. ~17!

In the second equality, we have definedl58nm3MPl
26

'102115!1, where the numerical value assumes a nuc
density to evaluaten. For a white dwarf density,n will be
far smaller, and the value ofl will decrease accordingly. Fo
all values ofN less thanN! , the probability is a decreasin
function of N. In other words, the most probable black ho
to be formed kinematically will have the smallest possib
value ofN.

For the case in which the minimum black hole mass is
Planck mass, N'631018, and hence 2 ln@PN#;1021.
Loosely speaking, this time scale is somewhat longer th
but comparable to, the tunneling time scale calculated pr
ously. On the other hand, for small values ofN, the time
scale isO(l21n1/3);1089 yr. For small values ofN, one
can also construct a kinematic model of the proton as a
tem ofN53 quarks and make a similar calculation to mod
proton decay@18#.

C. Virtual black holes

In any quantum theory, one expects to find vacuum fl
tuations associated with the fundamental excitations of
theory. Thus, in electrodynamics, one has the possibility
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forming electron-positron pairs for a short time directly o
of the vacuum. The existence of such processes can be
served indirectly by many quantum phenomena, such as
Casmir effect. However, this example illustrates only t
simplest such possibility. One must also include in t
vacuum processes all excitations of the theory. One sho
thus include the possibility of the production of proto
antiproton pairs, or even monopole-antimonopole pa
These processes will generally be highly suppressed rela
to the electron-positron amplitudes by virtue of their cor
spondingly large masses.

In gravitation, one therefore expects not only to find v
tual gravitons playing a role, but also virtual black hole
Unfortunately, however, the theory of gravitation is unren
malizable. Although this difficulty prevents one from doin
reliable calculations, but it is not unreasonable to supp
that a semi-classical calculation will give reasonable
swers.

Einstein gravity is controlled by the action@19#

I @g#52
1

16pG E
M

R~2g!1/2d4x

2
1

8pG E
]M

K~2h!1/2C@h#d3x, ~18!

whereG is Newton’s constant andR is the Ricci scalar for
the metricgab , which is defined on the spacetimeM . The
spacetime boundary]M has the induced metrichab . The
quantityK is the trace of the second fundamental form on
boundary]M andC@h# is a functional ofh defined so that
the action of Minkowski space vanishes. Extremization
this action for fixed metric on the boundary leads to t
Einstein equations forgab in M .

The path integral for gravity is

Z;E D@g#ei I @g#, ~19!

where the integral is taken over all metricsg. Our goal is to
investigate how black holes contribute to any amplitude
quantum gravity. We first assume that this integral can
approximated by the usual Euclidean continuation@6,13,19#.
The action for a single black hole of massm is then given by

I 15
4pm2

MPl
2 , ~20!

whereMPl is the Planck mass. Ignoring interactions betwe
the black holes, we find the action for a collection ofN black
holes to be

I N5
4pNm2

MPl
2 . ~21!

In the path integral, the black holes are indistinguishab
each is independent of the others and can be positioned
where in space. SinceN is undetermined, we can evaluateZ
in a box of volumeV to obtain the result
3-3
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Z;E
0

`

dm(
N50

`

exp@24pNm2/MPl
2#

3
1

N! F V

l Pl
3 GN

. ~22!

The factor ofV comes from accounting for the black hole
being anywhere in the box, and the factor of 1/N! arises from
their indistinguishability.

The combination of these results thus defines a probab
distribution for havingN black holes with massm. Elemen-
tary calculations yield the corresponding expectation val
for the number density of black holes and for the black h
mass, i.e.,

^n&;
V

l Pl
3 and ^m&;MPl , ~23!

wherel Pl is the Planck length. Thus, spacetime must be fil
with tiny Planck mass black holes with a density of rough
one per Planck volume. These microscopic virtual bla
holes will live roughly for one Planck time. This picture o
the spacetime vacuum is sometimes called the space
foam.

Since black holes do not conserve baryon number, th
virtual black holes contribute to the rate of proton decay d
to the gravitational interaction. A proton can be conside
to be a hollow sphere of radius 10213 cm that contains three
~valence! quarks. Suppose that two of these quarks fall in
the same black hole at the same time. Since the black
will decay predominantly into the lightest particles consist
with the conservation of charge and angular momentum,
process effectively converts the quarks into lighter partic
These particles will usually be electrons and neutrinos
hence baryon number conservation is generally violated
other words, quantum gravity introduces an effective int
action leading to processes of the form

q1q→ l 1n. ~24!

This interaction can be regarded as a four-Fermi interac
whose coupling strength is determined by the Planck m
This process is mediated by black holes and can violate c
servation of baryon number.~Note that this process canno
be mediated by just gravitons because such interactions
serve both electric charge and baryon number.!

The probability of two quarks being within one Planc
length (l Pl;10233 cm) of each other inside a proton is abo
(mP /MPl)

3;10257. This value represents the probability p
proton crossing timetP;mP

21;10231 yr, if we assume that
the particles move at the speed of light. In order for an
teraction to take place@such as Eq.~24!#, a virtual black hole
must be present at the same time that the two quarks
sufficiently near each other. Including this effect reduces
overall interaction probability by an additional factor
mP /MPl . Converting these results into a time scale for p
ton decay, we find an estimated proton lifetime oftP
;1045 yr. Not surprisingly, this lifetime is also what on
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would expect from Eq.~1! if the unification massMX is
taken to be the Planck massMPl .

D. Time scales for evaporation vs accretion

Once a black hole exists within a star, two very differe
fates are possible. If the black hole is large enough, it w
live long enough that it accretes additional material from
star before evaporating away. In this case, the black hole
eventually accrete the entire star. On the other hand, if
black hole is sufficiently small, it will evaporate before in
teracting with the stellar material. In this case, the legacy
the black hole is to leave behind its Hawking radiation pro
ucts. Since black holes are known to not conserve bar
number in their evaporation processes@6,8,13#, the net result
of this latter process is a mechanism for baryon decay.

In order to determine the mass of a black hole required
survive, rather than evaporate, we set the Hawking evap
tion time equal to the interaction time~both time scales de
pend on the massMbh of the black hole!. The evaporation
time is given by

tevap5tPl~Mbh/MPl!
3, ~25!

wheretPl is the Planck time. The interaction time is given b

t int5~nsv !21

5
tPl

4p
~Mbh/MPl!

22~MPl /L!3, ~26!

where we have introduced an energy scaleL which defines
the number density of the star through the relationn5L3

~notice that L;200 MeV for a neutron star andL
;0.1 MeV for a white dwarf!. Notice also we have taken
v5c51, which results in the shortest possible interacti
time. The critical mass black hole, the smallest black h
that will survive rather than evaporate, is thus given by

Mbh* 5MPl~4p!21/5~MPl /L!3/5. ~27!

For nuclear densities, such as those encountered in a ne
star, the critical mass black hole is aboutMbh* 54
31011MPl'43106 g ~about the mass of a tractor trailer!.
For the density of a white dwarf, the critical mass is som
what larger,Mbh* 5431013MPl .

The corresponding values ofN, the number of particles
required to make the black hole, are also large:N'431030

for the neutron star case andN'431032 for the white dwarf.
All of the mechanisms for black hole formation favo

small black holes over large ones. In particular, the m
probable black holes will be much smaller than those
quired to survive and accrete the entire star, rather t
evaporate. Even if the minimum possible mass for a bla
hole is as large as the Planck massMPl , almost all black
holes will still evaporate long before they can interact a
grow. The net result of black hole processes within degen
ate stars is thus to create a channel for the evaporatio
mass energy. In other words, black hole processes lead to
decay of baryons and the loss of energy from the star.
3-4
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III. LONG TERM STELLAR EVOLUTION

Given the results obtained above, the long term evolut
of cold degenerate stars is now clear: They will slow
evaporate.

The rate at which the stars evaporate depends on the b
hole formation rate, which in turn depends on the minimu
mass black hole that can form. If the smallest black h
mass is less than or comparable to the proton mass, the
net result will be gravitationally driven proton decay at a ra
GP . If the minimum black hole mass is larger and conta
the mass equivalent ofN nucleons~e.g., if the Planck mass i
the minimum black hole mass,N'1019), then we can still
define an effective nucleon decay rate through the relatio

GP5NGbh, ~28!

where Gbh is the rate of black hole production. This form
does not apply when the black hole massMbh5NmP is
larger than the critical massMbh* required to survive rathe
than evaporate@see Eq.~27!#.

Once the decay rate for its constituent nucleons is de
mined, the star will evolve in a simple manner@1,3#. The
total luminosity is given by

L!5GPM !~ t !5GPM !0e2GPt, ~29!

whereM ! is the stellar mass andM !0 is its initial mass.
The decay products from black hole evaporation can

divided into two general classes: those that interact with s
lar material before leaving the star~optically thick compo-
nents! and those that leave without interacting~optically thin
components!. Photons and all charged particles will be op
cally thick, whereas neutrinos and gravitons will be optica
thin. The fractionF of optically thick components will gen
erally thermalize within the stellar interior and ultimate
produce a photon luminosity

L!g5FL!54pR!
2sBT!

4. ~30!

In the second equality we have defined the correspond
surface temperature of the star through the usual black b
relation, wheresB is the Stefan-Boltzmann constant. Th
stellar radiusR! is determined by the usual mass-radius
lation for cold degenerate stars@7,9#,

R!51.42S MPl

mD
D S MPl

mP
D S M !

mP
D 21/3

mP
21, ~31!

where mD is the mass of the particle responsible for t
degeneracy pressure, i.e.,mD is the electron massme for
white dwarfs and the neutron massmN for neutron stars.

Combining Eqs.~30! and ~31!, we obtain an expressio
for the evolutionary tracks of the stars in the Hertzspru
Russell~H-R! diagram,

L!g'1.5~4psB!3/5~FGP!2/5S MPl
2

mDmP
D 6/5

3S M !

mP
D 22/5

mP
24/5T!

12/5. ~32!
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In this regime, stellar evolution is thus determined once
effective nucleon decay rateGP is specified. Unfortunately
as discussed above, the decay rateGP can take a rather wide
range of values. The resulting evolution is shown in Fig
for the representative value ofGP5(1045 yr)21.

Degenerate objects become larger in radial size as
lose mass. White dwarfs will follow the evolutionary track
given by Eq.~32! until they expand to a size for which the
are no longer degenerate. At this point in the star’s fut
evolution, when the stellar mass has fallen to;1023 M ( ,
the star’s track in the H-R diagram will change its slope. T
above expressions for the stellar luminosity and the surf
temperature remain valid, but the mass-radius relation~31!
no longer applies. The structure of non-degenerate matte
largely determined by Coulomb forces, which enfor
roughly uniform densityr0 , and the star follows an evolu
tionary track@1# given by

L!5
36psB

3

F 2GP
2r0

2 T!
12, ~33!

wherer0;1 g/cm3. At the start of this phase of evolution
the object has a mass, radius, and density closely aki
those of the planet Jupiter. The object then continues to
its mass until it can no longer be considered a star. The
point of stellar evolution occurs when the mass has fallen
about 1024 g, the point where the object can no longer co
pletely thermalize its internal radiation.

Neutron stars follow a parallel evolutionary track give
by Eq.~32!, wheremD is now the neutron mass. However,
they lose mass and the neutrons are lifted out of degener
neutron stars must eventually experience a significant re
justment when the mass drops below;0.0925M ( @7#. Dur-
ing this readjustment phase, a neutron star will either exp
to a white dwarf configuration@1# or explode and widely
disperse its remaining mass@20#. These possibilities are il-
lustrated by the dashed curve and arrows shown in Fig.

For completeness and comparison, we note that ste
black holes evolve in a completely different manner.
black holes lose mass through Hawking evaporation, t
become smaller while their surface temperature and lumin
ity increase. Black holes follow an unambiguous track in t
H-R diagram given by

Lbh5
sB

4p
Tbh

2 . ~34!

A portion of the black hole evolutionary path is shown in t
lower left part of Fig. 1. This evolution continues until th
black hole mass dwindles to the Planck mass and the sur
temperature reaches the Planck temperature. Beyond
critical juncture, further black hole evolution depends
quantum gravity effects and is largely unknown.

Notice that the long term evolution of white dwarfs
completely specified by Eqs.~32! and~33!, and that all of the
parameters are known except for the value of the effec
proton decay rateGP . For black holes, the long term evolu
tion is given by Eq.~34! with absolutely no unknown param
eters.
3-5
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FIG. 1. The long term evolution of cold degenerate stars in the H-R diagram. Upon completing the early stages of stellar evolutio
dwarfs and neutron stars rapidly cool to an equilibrium temperature dictated by black hole induced proton decay~assumed here to occur a
rate GP5@1045 yr#21). The white dwarf models are plotted at successive twofold decrements in mass. The mean stellar den~in
Log@r/g#) is indicated by the gray scale shading, and the sizes of the circles are proportional to stellar radius. The relative size of
and its position on the diagram are shown for comparison. The evaporation of a 1M ( neutron star is illustrated by the parallel sequen
which shows the apparent radial sizes greatly magnified for clarity. The Hawking radiation sequence for black holes is also plo
arrows indicate the direction of time evolution.
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IV. SUMMARY

The final demise of white dwarfs and neutron stars w
take place on a time scale that vastly exceeds the curren
of the universe. However, in the absence of conventio
unification scale proton decay, the black hole processes
lined here will determine the ultimate fate of these cold d
generate stellar remnants. Within the stars, the formatio
small black holes is strongly favored over large black ho
and hence essentially all processes result in black holes
evaporate rather than accrete additional stellar material.
net result is that degenerate stars will themselves evapo
and follow the evolutionary tracks depicted in Fig. 1. Sin
the vast majority of stars are destined to end their conv
,
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tional nuclear burning lives as white dwarfs, with most of t
remainder becoming neutron stars, this work describes
long term fate and evolution of almost all of the stars in t
sky.
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