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Large-N and vacuum alignment in top-color models
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Top-color and top-color-assisted technicolor provide examples of dynamical electroweak symmetry break-
ing which include top-quark condensation, thereby naturally incorporating a heavy top quark. In this paper we
discuss the roles of the Nambu–Jona-Lasinio~NJL! and large-N approximations often used in phenomeno-
logical analyses of these models. We show that, in order to provide for top-quark condensation but not
bottom-quark condensation, the top-color coupling must be adjusted to equal the critical value for chiral
symmetry breaking up toO(1/N) in any theory in which the isospin-violating ‘‘tilting’’ interaction is a U~1!
gauge interaction. A consequence of these considerations is that the potentially dangerous ‘‘bottom pions’’ are
naturally light. We also show that the contributions tor21 previously estimated are of leading order inN, are
not included in the usual NJL analysis, and are the result of ‘‘vacuum alignment.’’@S0556-2821~98!03319-0#

PACS number~s!: 12.60.Cn, 12.15.Lk, 14.65.Ha
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I. INTRODUCTION

Top-color and top-color-assisted technicolor@1,2# provide
examples of dynamical electroweak symmetry break
which include top-quark condensation@3–8#, thereby natu-
rally incorporating a heavy top quark. In this paper we d
cuss the roles of the Nambu–Jona-Lasinio~NJL! and large-N
approximations often used in phenomenological analyse
these models.

We begin by reviewing the usual analysis of top-color
the large-N NJL approximation. From this analysis one fin
immediately@9# that, in order to provide for top-quark con
densation but not bottom-quark condensation, the top-c
coupling must be adjusted to equal the critical value for c
ral symmetry breaking up toO(1/N). We show that this is a
general result in any theory in which the isospin-violati
‘‘tilting’’ interaction is a U~1! gauge interaction. A conse
quence of these considerations is that the potentially dan
ous ‘‘bottom pions’’ @9,10# are naturally light. In the NJL
approximation, the effects of the portion of the strong to
color interactions coupling left-handed currents to rig
handed currents are presumed to dominate, and to give
to chiral symmetry breaking. We show that other portions
the top-color interactions, in particular products of pairs
left-handed currents or right-handed currents, give rise
contributions tor21. These contributions, which have be
estimated previously@11# by direct computation, are of lead
ing order in N and are the result of ‘‘vacuum alignment
@12–15#.

II. TOP COLOR

In top-color models@1,2# all or part of electroweak sym
metry breaking is due to the presence of a top-quark cond
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sate. In many models this condensate is driven by the c
bination of a strong isospin-symmetric top-color interacti
and an additional isospin-breaking U~1! gauge boson which
couples only to the third generation of quarks. These ad
tional interactions are strong, but are spontaneously bro
at a scaleM*1 TeV. In the simplest model@2#, the cou-
plings of the third generation of quarks to the new U~1!
interaction were taken to be proportional to weak hyp
charge, and the masses of the heavy top color and U~1!
gauge bosons were taken to be comparable. At low energ
the top-color and hypercharge interactions of the third g
eration of quarks could then be approximated by the fo
fermion operators

L4 f52
4pk tc

M2 F c̄gm

la

2
c G2

2
4pk1

M2 F1

3
cLgmcL

1
4

3
tRgmtR2

2

3
bRgmbRG2

, ~2.1!

wherec represents the top-bottom doublet,k tc and k1 are
related respectively to the top color and U~1! gauge cou-
plings squared.

The analysis of the dynamics of this model usually p
ceeds in two steps. First, using a Fierz transformation, th
left-handed–right-handed~LR! terms in Eq. ~2.1! above
which couple left-handed and right-handed currents and
be converted into products of color-singlet scal
pseudoscalar bilinears are rewritten as

LNJL51
8p

M2 @k t~ c̄LtR!~ t̄ RcL!1kb~ c̄LbR!~ b̄RcL!#,

~2.2!

where

k t5k tc1
8k1

9N
kb5k tc2

4k1

9N
, ~2.3!

andN(53) is the number of top colors.
© 1998 The American Physical Society04-1
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Next, this effective ‘‘NJL’’ model@Eq. ~2.2!# @16,3–7# is
analyzed to leading order inN. This can be conveniently
done by introducing a complex 232 matrix field F and
writing the NJL interactions in the form

LNJL→S c̄LFS tR

bR
D1H.c.D2

M2

8p
TrF F†FS 1

k t
0

0
1

kb

D G .

~2.4!

Note that, written this way, the interaction ofF with the
fermions is SU(2)L3SU(2)R symmetric. To leading order in
N, the theory is now solved by computing the trace of t
fermion propagator in the presence of a backgroundF field
@7#. Computing the effective potential for the fieldF using a
momentum-space cutoff of orderM , we find

Ve f f~F!'
M2

8pkc
TrF F†FS kc

k t
21 0

0
kc

kb
21
D G

1
N

16p2 TrF ~F†F!2logS M2

F†F D G , ~2.5!

wherekc5p/N.
The essential features of this model in the large-N NJL

approximation can now be determined from Eq.~2.5!. For
k t,b close tokc , the fieldF yields four light complex scala
fields which have the quantum numbers of two independ
2-component ‘‘Higgs’’ fields (f t & fb) ~with hypercharges
71, respectively!. Choosing the values ofk tc and k1 such
that

k t.kc.kb , ~2.6!

we obtain the phenomenologically desirable result that
doubletf t develops a vacuum expectation value,

^f t&5S f t

&

0
D , ~2.7!

giving rise to a~potentially large! top-quark mass and leav
ing ^fb&[0. Taking into account the necessary wav
function renormalization for the scalar field@7# we find @17#

f t
2'

N

8p2 mt
2logS M2

mt
2 D . ~2.8!

For mt'175 GeV andM'1 TeV, this yieldsf t'64 GeV.
From the equations of motion forf t derived from Eq.~2.4!,
we see that this expectation value can be interpreted
top-quark condensate. To the extent thatk t andkb are close
to the ‘‘critical value’’ kc for chiral symmetry breaking, the
fieldsf t andfb have masses~and expectation values! small
compared toM and are composite Higgs fields@7,18#.
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At this level of approximation, for fixedM , the effective
mass squareds of the Higgs fields change smoothly f
positive to negative as the respectivek’s vary from below to
above the ‘‘critical value’’kc . That is, in this approximation
the chiral phase transition~for fixed M and viewed as a
function of k tc) is second order. Fork’s close to kc the
effective scalar lagrangian is a Landau-Ginzburg theory
the chiral phase transition with order parameterF.

III. LARGE- N AND THE CHIRAL PHASE TRANSITION

From Eq. ~2.3!, we see that the differencek t2kb is of
order k1 /N. We will argue shortly that the ratiok1 /k tc is
independent ofN. Therefore, in order to provide for top
quark condensation but not bottom-quark condensation,
top-color coupling must be adjusted to equal the criti
value for chiral symmetry breaking up toO(1/N). In this
section we show that this is a general property of the largeN
limit, independent of the NJL approximation. We will als
see that it is independent of the assumption that the top c
and strong U~1! gauge boson masses are equal—it pers
even if these masses are very different.

Consider the top-color theory in large-N @19#. As in QCD,
in order to have a well-defined high-energy theory, we m
choose a top-color coupling

gtc5
g̃tc

AN
, ~3.1!

and holdg̃tc fixed asN→`. The chiral symmetries of the
top-color theory are SU(2)L3SU(2)R , under which the left-
handed top-bottom doublet transforms as a~2,1! and the
right-handed top and bottom transform together as a~1,2!.
The behavior of the chiral symmetries is governed by
effective potential for an order parameterF, which trans-
forms as a (2,2˜ ) under SU(2)L3SU(2)R . To leading order
in 1/N, this potential comes from the sum of allplanar dia-
grams involving one fermion loop as shown in Fig. 1, and
O(N). The flavor structure of this class of diagrams insu
that the vectorial subgroup, SU(2)V , remains unbroken1

@21#.

1In fact, for any QCD-like vector gauge theory, this remains tr
exactly @20#.

FIG. 1. A ‘‘typical’’ planar contribution, of leading order in
1/N, to the effective potential forF. Fermions are represented b
the thick solid lines, gluons by the thin solid lines, and insertions
F by the dots.
4-2
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LARGE-N AND VACUUM ALIGNMENT IN TOP-COLOR MODELS PHYSICAL REVIEW D 58 075004
Becausegtc varies withN, we must be careful about wha
we mean by the scale of top-color breaking. It will be mo
useful to define this scale as the Lagrangian mass of
top-color gauge boson. This is appropriate because it is
mass which acts as the cut-off for the effective theory be
the symmetry breaking scale. In fact we will soon see t
the top-color boson mass,M , remains fixed asN→`, which
means the vacuum expectation value that is responsible
the breaking must actually grow likeAN.

Let L tc be the scale at which the top-color interactio
would become strong if top color remained unbroken, i.e
is the analog ofLQCD for the ordinary strong interactions
L tc is then independent@19# of N asN→`. If top color is
broken at scaleM , we can analyze the theory in two limit
@22#. First, if M@L tc , we expect the low-energy theory t
contain massless fermions which interact~ignoring the stan-
dard model interactions! only by the exchange of heavy
weakly coupled, top-quark gluons. In this limit, chiral sym
metry is unbroken and̂F&50. On the other hand, ifM
!L tc the top-color interactions become strong and we m
expect chiral symmetry to be broken in a manner similar
that in QCD. Here chiral symmetry is broken and^F&}I
Þ0. If the transition between these two regimes is conti
ous, i.e., if the chiral-symmetry breaking transition is of se
ond order asgtc

2 (M ) ~the value of the top-color coupling a
scaleM ) is varied, then the mass-squared of the effectiveF
field goes continuously through zero at a critical coupli
gc

2 .
SinceL tc is independent ofN asN→`, M must also be

independent ofN asN→`. For this to be consistent with th
condition of criticality, gtc

2 (M )5gc
2 , gc

2 must be propor-
tional to 1/N, i.e.

gc
25

g̃c
2

N
, ~3.2!

with g̃c of O~1!. This agrees with the NJL analysis in whic
kc5p/N in Eq. ~2.5! is proportional togc

2 .
If the transition is second-order, the effective low-ener

theory for gtc
2 (M ) close togc

2 is one with a light scalarF
~with mass!M ) coupled to fermions, just as in the NJ
analysis@22#. Therefore, while the analysis of top color pr
sented in the previous section depends on both the largN
and NJL approximations to the full top-color theory, the im
portant properties may be expected to survive beyond th
approximations so long as the chiral phase transition is
ficiently second-order@22#.

Now consider the contribution of the isospin-violatin
U~1! interaction. In order to have a well-defined largeN
limit, we must insure that the vacuum polarization diagra
~see Fig. 2! have a finite large-N limit. Hence, in analogy
with Eq. ~3.1!, we must take a U~1! coupling

g15
g̃1

AN
, ~3.3!
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and holdg̃1 fixed asN→`. This immediately implies that
k1 in Eq. ~2.1!, is proportional to 1/N—so thatk1 /k tc is
independent ofN, as promised above.

We can now generalize the analysis to the general ef
tive field theory description, beyond the NJL approximatio
To leading order in 1/N, the contribution of the U~1! inter-
action to the effective potential forF comes from planar
diagrams involving one fermion loop and one U~1! gauge-
boson exchange~Fig. 3!. Regardless of the specific charg
chosen, these contributions areO~1!.

For the U~1! interaction to ‘‘tilt’’ the vacuum and break
SU(2)V , the contribution of the U~1! coupling to the mass-
squared of theF field must compete with the leading contr
bution from topcolor. Therefore, the contribution of the to
color interactions to the mass-squared ofF must be adjusted
to beO~1!. That is, the top-color chiral phase transition mu
be a second order transition to subleading order2 in N and

Dgtc
2 ~M !

gc
2 5

gtc
2 ~M !2gc

2

gc
2 5OS 1

ND ; ~3.4!

i.e. g̃tc
2 (M ) must be ‘‘tuned’’ to equalg̃ c

2 to O(1/N).
These considerations have an immediate phenomeno

cal consequence. TreatingF5(f tfb) as a pair of Higgs
fields, we see that the difference in the mass-squared of t
andfb ,

umf t

2 2mfb

2 u

M2 5OS 1

ND , ~3.5!

is subleading3 in N @9,26#. Independent of the NJL approxi
mation, therefore, we expect that the mass of thefb doublet
cannot be significantly larger than the weak scale unlessM is
taken to be much larger than the weak scale. This extra l
fb doublet could give rise to dangerous effects inB-B̄ mix-
ing andB-meson decays@9,10#.

Note that this argument does not depend on any of
details that lead to Eq.~2.1!. We need not assume that the to
color and U~1! gauge boson masses are equal, or even of
same order of magnitude.

2It is of note that at next-to-leading order inN there are contribu-
tions which may make the phase transition weakly first or
@23,24# due to the Coleman-Weinberg mechanism@25#.

3This can be seen in Eq.~2.5!, for example, becausemf t

2 2mfb

2

}uk t2kbu5O(1/N).

FIG. 2. Fermion-loop contribution to vacuum polarization co
rection to the U~1! gauge-boson propagator. The correspond
term in theb function for the coupling grows asN. To have a
well-defined large-N limit, therefore, the U~1! coupling must scale
asN21/2.
4-3
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IV. BEYOND THE NJL APPROXIMATION: Dr

The NJL approximation treats only the terms in Eq.~2.1!
which couple left-handed and right-handed currents. C
sider the effects of the top-color interactions in Eq.~2.1!
couplingpairs of left-handed~LL ! or right-handed~RR! cur-
rents, which are not included in the NJL approximation. T
LL terms may be Fierz transformed to color-singlet form

S c̄Lgm
la

2
cLD 2

→
1

2
~ c̄LgmcL!y

x~ c̄LgmcL!x
y

2
1

2N
~ c̄LgmcL!~ c̄LgmcL!. ~4.1!

Herex andy are SU(2)L ~flavor! indices and an analogou
expression holds for the terms involving a product of rig
handed currents withL↔R.

Treating the operator in Eq.~4.1! as a perturbation, its
contribution in the low-energy effective scalar theory may
computed to leading-order as shown in Fig. 4. As in QC
@27,28#, to leading-order inN, the ‘‘vacuum insertion’’ ap-
proximation may be used to evaluate this contribution. T
left-handed and right-handed flavor currents can then
matched individually to the corresponding flavor currents
the low-energy scalar theory. SinceF transforms as a (2,2)̄
under SU(2)L3SU(2)R , we find

~ c̄LgmcL!y
x→2 i ~F ]JmF†!y

x1OS FF†

M2 ,
]2

M2D ,

~ c̄RgmcR!y
x→2 i ~F†]JmF!y

x1OS FF†

M2 ,
]2

M2D .

~4.2!

The fermion currents above contain both SU(2)L,R and
U(1)L,R pieces. However, in thelinear sigma model, the
lowest-order term in the effective Lagrangian which dist
guishes between the SU~2! triplet and singlet pieces ofF is
of dimension six. Therefore the relation of Eq.~4.2! holds for
both parts up to corrections ofO(1/M2).

In the leading vacuum-insertion approximation we m
then immediately write down the effective interaction arisi
from the left-handed and right-handed operators of the fo
of Eq. ~4.1!:

dLLL51
2pk tc

M2 Tr~F ]JmF†!~F ]JmF†!,

FIG. 3. A typical contribution to the effective potential forF to
leading order in 1/N and lowest order in the~symmetry-violating!
U~1! couplings. The U~1! gauge boson propagator is shown
dashed lines.
07500
-

e

-

e

e
e

-

m

dLRR51
2pk tc

M2 Tr~F†]JmF!~F†]JmF!, ~4.3!

plus corrections of orderM 24 and 1/N. Note that these in-
teractions are SU(2)L3SU(2)R invariant. This is as it
should be since the top-color interactions are themse
SU(2)L3SU(2)R invariant.

The vacuum expectation value of the field is

^F&5S f t

&

0

0 0
D , ~4.4!

which breaks SU(2)L3SU(2)R→U(1)em. Note that the po-
tential ‘‘custodial’’ SU(2)V @29# symmetry is broken by the
alignment of the vacuum@12–15#. Because of the usualac-
cidentalsymmetry, the terms of dimension four or less in t
effective Lagrangiancannotgive rise to a deviation of the
rho parameter,

r5
MW

2

MZ
2cos2uW

, ~4.5!

from one. The leading contribution arises from the opera
in Eq. ~4.3!. Promoting the partial derivatives to gauge c
variant derivatives, we may calculate the gauge-bo
masses and find the contribution tor21

Dr5
2pe2k tc

sin2 uWcos2uW

f t
4

MZ
2M2 . ~4.6!

Note that this contribution toDr is of leading-order inN and
results from the LL and RR top-color interactions not i
cluded in the NJL approximation. To leading order inN, this
result agrees with the calculation given in@11#.

The calculation ofDr relies on treating the LL and RR
portions of the top-color interactions as perturbations to
NJL model. However, even beyond this approximation
expect the effective Lagrangian for the compositeF will
contain terms of the form shown in Eq.~4.3!. We therefore
generally expect contributions of this order of magnitude4

The corrections discussed above are of leading orde
1/N, but are suppressed by 1/M2. There are also correction

4This may be viewed as a special case of the constraints on c
posite Higgs models discussed in@30#.

FIG. 4. Leading contribution of product of left-handed curren
in Eq. ~2.1! to the low-energy effective scalar theory. Fermion lin
are solid, scalar~F! lines are dotted, and the left-handed fou
fermion operator is represented by the solid circle in the center
4-4
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coming from the exchange of the light scalars inF ~such as
that shown in Fig. 5!. These contributions are subleading
1/N but arenot suppressed by 1/M2. They are also poten
tially large because the couplings to the top quark are
order mt / f t , approximately four timeslarger than the cor-
responding contributions from a standard model Higgs
son. It is amusing to note that if these particles were lig
this contribution could benegative@31–34#. However, phe-
nomenological constraints fromZ→bb̄ @35# require that
these particles be relatively heavy and these contributions
probably suppressed.

Finally, we comment on the situation in models@36,26#
which do not contain a U~1! tilting interaction. Instead, the
strong topcolor group is arranged to couple to the left-han
top-quark–bottom-quark doublet~and, in ‘‘top-color II’’
@26#, the charm-strange doublet! and the right-handed top
quark, but not to the right-handed bottom quark. The largeN
analysis of the first section then no longer applies—howe
anomaly cancellation implies that the number offlavors to
which top color couples must scale with the number of c
ors. This situation is reminiscent of the large-N and large-Nf
analysis of@37#. Such a theory will have a large number
scalars and contributions of the form shown in Fig. 5 wou
no longer be suppressed by 1/N. Furthermore, as the top
color interactions themselves violate custodial SU~2!, there

FIG. 5. Example of a potentially large two-loop contribution
Dr arising from exchange of light composite scalars. Fermions~the
top and bottom! are represented by solid lines and scalars by
dotted line. These contributions are subleading in 1/N, but are not
suppressed by 1/M2.
s.

tt.

ni-

. B
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will still generically be contributions analogous to Eq.~4.3!
which yield contributions toDr of the same order of magni
tude @30#.

Top-color and top-color-assisted technicolor@1,2# provide
examples of dynamical electroweak symmetry break
which include top-quark condensation@3–8#, thereby natu-
rally incorporating a heavy top quark. In this paper we ha
discussed the roles of the Nambu–Jona-Lasinio and largN
approximations used in phenomenological analyses and h
discussed the dynamical behavior of top-color theories
yond these approximations. We have shown that, in mod
with a U~1! tilting interaction, in order to provide for top
quark condensation but not bottom-quark condensation
top-color coupling must be adjusted to equal the criti
value for chiral symmetry breaking up toO(1/N). A conse-
quence of these considerations is that the potentially dan
ous ‘‘bottom-pions’’@9,10# are naturally light. We have also
considered contributions beyond the NJL approximation a
shown that the other portions of the top-color interactions
particular products of pairs of left-handed currents or rig
handed currents, give rise to contributions tor21. These
contributions, which have been estimated previously@11# by
direct computation, are of leading-order inN and are the
result of vacuum-alignment.

ACKNOWLEDGMENTS

We thank Bogdan Dobrescu, Nick Evans, Chris H
Elizabeth Simmons, and John Terning for discussions
comments on the manuscript. Portions of this work we
completed while R.S.C. visited the Fermi National Accele
tor Laboratory and he is grateful to the Fermilab Theo
Group for their hospitality. This work was supported in pa
by the Department of Energy under grant DE-FG0
91ER40676 and the National Science Foundation un
grant PHY-9218167.

e

ev.

D

. B

B

@1# C. T. Hill, Phys. Lett. B266, 419 ~1991!.
@2# C. T. Hill, Phys. Lett. B345, 483 ~1995!.
@3# V. A. Miranskii, M. Tanabashi, and K. Yamawaki, Mod. Phy

Lett. A 4, 1043~1989!.
@4# V. A. Miranskii, M. Tanabashi, and K. Yamawaki, Phys. Le

B 221, 177 ~1989!.
@5# Y. Nambu, ‘‘Bootstrap symmetry breaking in electroweak u

fication,’’ EFI-89-08.
@6# W. J. Marciano, Phys. Rev. Lett.62, 2793~1989!.
@7# W. A. Bardeen, C. T. Hill, and M. Lindner, Phys. Rev. D41,

1647 ~1990!.
@8# G. Cvetic, hep-ph/9702381, 1997.
@9# D. Kominis, Phys. Lett. B358, 312 ~1995!.

@10# B. Balaji, Phys. Rev. D53, 1699~1996!.
@11# R. S. Chivukula, B. A. Dobrescu, and J. Terning, Phys. Lett

353, 289 ~1995!.
@12# R. Dashen, Phys. Rev. D3, 1879~1971!.
@13# S. Weinberg, Phys. Rev. D13, 974 ~1976!.
@14# M. E. Peskin, Nucl. Phys.B175, 197 ~1980!.
@15# J. Preskill, Nucl. Phys.B177, 21 ~1981!.
@16# Y. Nambu and G. Jona-Lasinio, Phys. Rev.122, 345 ~1961!.
@17# H. Pagels and S. Stokar, Phys. Rev. D20, 2947~1979!.
@18# A. Hasenfratzet al., Nucl. Phys.B365, 79 ~1991!.
@19# G. ’t Hooft, Nucl. Phys.B72, 461 ~1974!.
@20# C. Vafa and E. Witten, Nucl. Phys.B234, 173 ~1984!.
@21# S. Coleman and E. Witten, Phys. Rev. Lett.45, 100 ~1980!.
@22# R. S. Chivukula, A. G. Cohen, and K. Lane, Nucl. Phys.B343,

554 ~1990!.
@23# R. S. Chivukula, M. Golden, and E. H. Simmons, Phys. R

Lett. 70, 1587~1993!.
@24# W. A. Bardeen, C. T. Hill, and D. U. Jungnickel, Phys. Rev.

49, 1437~1994!.
@25# S. Coleman and E. Weinberg, Phys. Rev. D7, 1888~1973!.
@26# G. Buchallaet al., Phys. Rev. D53, 5185~1996!.
@27# W. A. Bardeen, A. J. Buras, and J. M. Gerard, Phys. Lett

180, 133 ~1986!.
@28# R. S. Chivukula, J. M. Flynn, and H. Georgi, Phys. Lett.

171, 453 ~1986!.
4-5



v. D

R. SEKHAR CHIVUKULA AND HOWARD GEORGI PHYSICAL REVIEW D58 075004
@29# P. Sikivieet al., Nucl. Phys.B173, 189 ~1980!.
@30# R. S. Chivukula and E. H. Simmons, Phys. Lett. B388, 788

~1996!.
@31# J. J. van der Bij and F. Hoogeveen, Nucl. Phys.B283, 477

~1987!.
@32# R. Barbieriet al., Phys. Lett. B288, 95 ~1992!.
07500
@33# R. Barbieriet al., Nucl. Phys.B409, 105 ~1993!.
@34# J. Fleischer, O. V. Tarasov, and F. Jegerlehner, Phys. Re

51, 3820~1995!.
@35# G. Burdman and D. Kominis, Phys. Lett. B403, 101 ~1997!.
@36# T. Appelquist and N. Evans, Phys. Rev. D53, 2789~1996!.
@37# G. Veneziano, Nucl. Phys.B117, 519 ~1976!.
4-6


