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The masses of1S0 and 3S1 mesons containing a single heavy quark are computed in the quenched approxi-
mation. The light quark action and gauge field action are both classically improved and tadpole improved, and
the couplings to the heavy quark are organized by the 1/M expansion of tadpole-improved NRQCD. At each
of two lattice spacings, near 0.22 fm and 0.26 fm, meson masses are obtained for heavy quarks spanning the
region between charmed and bottom mesons. Results up toO(1/M ), O(1/M2) and O(1/M3) are displayed
separately, so that the convergence of the heavy quark expansion can be discussed. Also, the effect of each
term in theO(1/M3) contribution is computed individually. For bottom mesons the 1/M expansion appears to
be satisfactory, but the situation for charmed mesons is less clear.@S0556-2821~98!03619-4#

PACS number~s!: 12.38.Gc, 14.40.Lb, 14.65.Dw, 14.65.Fy
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I. INTRODUCTION

Long-distance, nonperturbative QCD interactions can
studied numerically by discretizing space-time, if the latt
spacing ‘‘a’’ is sufficiently small to allow a matching to
perturbative QCD. To include the effects of a quark who
inverse mass is smaller than the lattice spacing, it is nat
to use an effective Lagrangian which is ordered by power
the inverse quark mass. Two different notations which h
been used for this expansion are heavy quark effective th
~HQET! @1# and nonrelativistic QCD~NRQCD! @2,3#.

In the present work, the NRQCD formalism is used
study the masses of the ground state (1S0) and first excited
state (3S1) heavy-light mesons, i.e. mesons containing
single heavy quark. These masses are well-known exp
mentally@4#, and have been previously determined from l
tice NRQCD@5–9# up toO(1/M2). The primary goal of the
present research is to extend the calculation toO(1/M3), and
to display the effects of each new term individually. Th
provides an indication of the convergence of the 1/M expan-
sion of lattice NRQCD. Of particular interest are the phy
cally relevant cases of charmed and bottom mesons, bo
which will be discussed herein.

To allow the use of coarsely spaced lattices, the lig
quark and gauge terms in the action will be classically i
proved, and the entire action will be tadpole improved. N
only does a larger lattice spacing imply speedier simulatio
but it also means that the minimum heavy quark mass
NRQCD ~which is of the order of the inverse lattice spacin!
is reduced. This opens the possibility of using NRQCD
study charmed mesons.

Lattice NRQCD has been used extensively for studies
quarkonium@10#, where the 1/M expansion is replaced by
velocity expansion, and it was concluded that the veloc
expansion for the spin splitting of charmonium S waves d
not converge very quickly@11#. In the present work, the spi
0556-2821/98/58~7!/074506~10!/$15.00 58 0745
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splittings of S-wave heavy-light charmed mesons nicely s
isfy uO(1/M3)u,uO(1/M2)u,uO(1/M )u. However, there is
an individual O(1/M3) term which is larger in magnitude
than the totalO(1/M2) contribution. Future studies may b
able to improve this situation, and various suggestio
present themselves as conclusions to this exploratory stu

II. ACTION

The lattice action can be written as the sum of thr
terms:

S5SG~U !1Sq~ q̄,q;U !1SQ~Q̄,Q;U !, ~1!

whereU, q andQ are the gauge field, light quark field an
heavy quark field, respectively.

Following the work of Lüscher and Weisz@12#, a gauge
field action which is classically correct up toO(a4) errors
can be written by including a sum over 132 rectangular
plaquettes (Urt) as well as 131 elementary plaquette
(Upl):

SG~U !5
b

3
ReTrF(

pl
~12Upl!2

1

20U0
2 (

rt
~12Urt !G .

~2!

A tadpole factor, defined by

U05 K 1

3
ReTrUplL 1/4

~3!

has been introduced to absorb the lattice tadpole effects
thereby improve the matching to perturbation theory@13#.

A light quark action, with classical errors atO(a2) in
spectral quantities, has been constructed by Sheikholes
and Wohlert@14#:
© 1998 The American Physical Society06-1
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Sq~ q̄,q;U !52(
x

q̄~x!q~x!

1k(
x,m

@ q̄~x!~12gm!Um~x!q~x1m!

1q̄~x1m!~11gm!Um
† ~x!q~x!#

2
gk

2U0
3 (

x,m,n
q̄~x!smnFmn~x!q~x!. ~4!

Again, the tadpole factor has been included for the reduc
of quantum discretization errors. The lattice field stren
tensor is given by

gFmn~x!5
1

2i
„Vmn~x!2Vmn

† ~x!…2
1

3
Im„TrVmn~x!…,

~5!

Vmn5
21

4
@Um~x!Un~x1m̂ !Um

† ~x1 n̂ !Un
†~x!

1Un~x!Um
† ~x2m̂1 n̂ !Un

†~x2m̂ !Um~x2m̂ !

1Um
† ~x2m̂ !Un

†~x2m̂2 n̂ !Um~x2m̂2 n̂ !Un~x2 n̂ !

1Un
†~x2 n̂ !Um~x2 n̂ !Un~x1m̂2 n̂ !Um

† ~x!#. ~6!

For quarkonium, the form of the heavy quark action h
been discussed in detail by Lepageet al. @3#. It is convenient
to write the heavy quark action in terms of the Hamiltoni
H:

SQ~Q̄,Q;U !5E d4x Q†~x!~ iD t2H !Q~x!. ~7!

To discuss heavy-light mesons, it is appropriate to reorga
the velocity expansion ofH, discussed in Ref.@3#, into an
expansion in powers of the inverse heavy quark bare m
M:

H5H01dH ~1!1dH ~2!1dH ~3!1O~1/M4! ~8!

H05
2D~2!

2M
~9!

dH ~1!52
c4

U0
4

g

2M
s•B̃1c5

a2D~4!

24M
, ~10!

dH ~2!5
c2

U0
4

ig

8M2
~D̃•Ẽ2Ẽ•D̃!

2
c3

U0
4

g

8M2
s•~D̃3Ẽ2Ẽ3D̃!2c6

a~D~2!!2

16nM2
,

~11!
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dH ~3!52c1

~D~2!!2

8M3
2

c7

U0
4

g

8M3
$D̃~2!,s•B̃%

2
c9

U0
8

ig2

8M3
s•~Ẽ3Ẽ1B̃3B̃!

2
c10

U0
8

g2

8M3
~Ẽ21B̃2!2c11

a2~D~2!!3

192n2M3
. ~12!

The coefficients of the Hamiltonian are chosen so the dim
sionless parameters,ci , are unity at the classical leve
Terms arising from quantum effects, i.e. containing pow
of g unaccompanied byE or B, have not been shown. A tilde
on any quantity indicates that the leading discretization
rors have been removed. In particular,

Ẽi5F̃4i , ~13!

B̃i5
1

2
e i jk F̃ jk ~14!

where@3#

F̃mn~x!5
5

3
Fmn~x!2

1

6U0
2 @Um~x!Fmn~x1m̂ !Um

† ~x!

1Um
† ~x2m̂ !Fmn~x2m̂ !Um~x2m̂ !

2~m↔n!#. ~15!

The various lattice derivatives are defined as follows:

aD iG~x!5
1

2U0
@Ui~x!G~x1a ı̂!

2Ui
†~x2a ı̂!G~x2a ı̂!# ~16!

aD i
~1 !G~x!5

Ui~x!

U0
G~x1a ı̂!2G~x! ~17!

aD i
~2 !G~x!5G~x!2

Ui
†~x2a ı̂!

U0
G~x2a ı̂!

~18!

a2D i
~2!G~x!5

Ui~x!

U0
G~x1a ı̂!22G~x!

1
Ui

†~x2a ı̂!

U0
G~x2a ı̂! ~19!

D̃ i5D i2
a2

6
D i

~1 !D iD i
~2 ! ~20!

D~2!5(
i

D i
~2! ~21!
6-2
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O(1/M3) EFFECTS FOR HEAVY-LIGHT MESONS IN . . . PHYSICAL REVIEW D 58 074506
D̃~2!5D~2!2
a2

12
D~4! ~22!

D~4!5(
i

~D i
~2!!2. ~23!

All of the terms in Eqs.~9!–~12! appear in Ref.@3# except
for the pieces of thec9 andc10 terms quadratic inB̃ ~because
they are of negligibly high order for quarkonium! and thec11
term ~to be discussed below!. The fact that the Hamiltonian
H is complete toO(1/M3) in the classical continuum limi
has been shown by Manohar@15#.

It is conventional to separateH into two pieces,H0 and
dH, such that the evolution of a heavy quark Green’s fu
tion takes the form@3,16#

G15S 12
aH0

2n D n U4
†

U0
S 12

aH0

2n D n

dxW ,0 ~24!

Gt115S 12
aH0

2n D n U4
†

U0
S 12

aH0

2n D n

3~12adH !Gt , t.0 ~25!

wheren is a parameter which should be chosen to stabi
the numerics. Notice that for a free heavy quark field,
only relevant terms in the Hamiltonian areH0 and the terms
containingc1 , c5 , c6 or c11. Setting each of theseci to its
classical value of unity, and working consistently
O(1/M3), gives

Gt115expF2aS H02
~D~2!!2

8M3
1O~a3!D GGt , for t.0

~26!

which displays the absence of discretization errors for
free quark Hamiltonian up toO(a2). The terms containing
explicit powers of ‘‘a’’ ( c5 , c6 andc11) were added to the
Hamiltonian precisely for this purpose.

III. CORRELATION FUNCTIONS

A heavy-light meson is created by the following operat

(
xW

Q†~xW !G~xW !q~xW !, ~27!

whereG(xW ) is a 432 matrix containing the spin structure

1S0 :G~xW !5~ 0 I !, ~28!

3S1 :G~xW !5~ 0 s i !. ~29!

Gauge-invariant smearing was also tried according to
method described in Ref.@11#, but it provided no significant
improvement for the heavy-light S waves, which already d
play clear plateaus for local sources and sinks.

The general form of the meson correlation function is
07450
-
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Gmeson~pW ,t !5(
yW

Tr@g5~M 21!†~yW2xW !g5

3G~sk!
† ~yW !Gt~yW2xW !G~sc!~xW !#

3exp„2 ipW •~yW2xW !…. ~30!

Because NRQCD is an expansion in the inversebare heavy
quark mass, all meson mass differences can be obtained
correlation functions atpW 50W , but the absolute meson mas
itself remains undetermined. One way to fix the mass is
compute the change in energy when a meson is boosted

Ep2E05
p2

2M kin
. ~31!

This defines the kinetic mass,M kin , which is interpreted as
the meson’s physical mass. For the present work,Ep is com-
puted only for the1S0 state, withp5(0,0,2p/Ls) whereLs
is the spatial extent of the lattice.

IV. RESULTS

Gauge field configurations, periodic at all lattice boun
aries, were generated using a pseudo-heatbath algorithm
ter 4000 thermalizing sweeps, the retained configurati
were separated from one another by 250 sweeps. Light q
matrix inversion was performed by a stabilized biconjug
gradient algorithm, also periodic at the lattice boundaries

Although the light quark field is periodic in each spac
time direction, Eqs.~24!,~25! indicate that the heavy quar
field is periodic only in the spatial directions. Therefore, t
correlation functions for heavy-light mesons are only use
for times smaller than aboutLt/2, whereLt is the temporal
extent of the lattice. Figure 1 shows examples of effect
mass plots for1S0 and 3S1 charmed mesons, where

meff~t!52 lnS Gmeson~pW ,t11!

Gmeson~pW ,t!
D . ~32!

In all cases, a plateau is found where the effective m
values computed at three~or more! neighboring timeslices
are equal within the bootstrap errors.

The mass of a1S0 heavy-light meson is taken to be th
average of all effective mass values within the plateau
gion. The uncertainty associated with this mass is determi
by a bootstrap procedure, where 1000 bootstrap ensem
are chosen from the original data such that each ensemb
the same size as the original data sample. A bootstrap di
bution is then obtained by computing, for each ensemble,
average of all effective mass values within the plateau
gion. The uncertainty in the meson mass is then taken to
half the distance between the 16th and 84th percentiles in
bootstrap distribution.

The same method could be applied to the mass of
3S1 , but the errors are expected to be highly correlated w
those in the1S0 calculation. Therefore, the3S121S0 mass
difference is determined by applying the bootstrap techni
directly to the mass difference.
6-3
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RANDY LEWIS AND R. M. WOLOSHYN PHYSICAL REVIEW D58 074506
Some parameters of the simulations are given in Tabl
The determinations ofkc , ks and ar come from separate
simulations involving 250 configurations atb56.8 and 200
configurations atb57.0. The values ofU0 agree with Ref.
@11#. The stabilizing parametern of Eqs. ~24!,~25! was at
least as large asn54 for aM,1.2, n53 for 1.2<aM
,1.5 andn52 for aM>1.5 @11#.

The bare charm quark masses atb56.8 andb57.0 were
obtained in Ref.@11# by equating the kinetic mass of thehc
with its physical mass. This calculation can be reprodu
~with poorer statistics! using the gauge field configuration
of Table I, provided that one additional term is added to
Hamiltonian of Eqs.~8!–~12!:

H f ull5H2
c8

U0
4

3g

64M4
$D̃~2!,s•~D̃3Ẽ2Ẽ3D̃!%. ~33!

FIG. 1. Effective mass plots for1S0 and 3S1 charmed mesons a
rest, including terms up toO(1/M3). Solid symbols denote data a
b56.8, aM51.43 andk50.135, while open symbols correspon
to b57.0, aM51.10 andk50.134. The meson source is att51.
Horizontal lines indicate masses extracted from the plateau reg
07450
I.
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For heavy-light calculations the term containingc8 is sup-
pressed by four powers of 1/M , but in the velocity expansion
relevant to quarkonium it contributes atO(v6), and is the
only O(v6) term absent in Eqs.~8!–~12!. As was done in all
other terms, the parameterc8 is here set to its classical valu
of unity.

It is also worth noting thatH f ull contains terms which are
beyond O(v6) in the velocity expansion. The minima
Hamiltonian up toO(v6) is obtained fromH f ull by omitting
the portions of thec9 andc10 terms which involve two pow-
ers ofB̃. It is typical to neglect thec11 term as well. In Ref.
@11#, the entirec10 term was also omitted, since it contain
no spin structure and therefore seemed negligible for a
cussion of quarkonium spin splittings.~This point will be
addressed below in the context of heavy-light mesons.! The
resulting Hamiltonian will be referred to asHspin .

Table II shows a good agreement between the bare ch
quark masses obtained here and those of Ref.@11#. The bare
bottom quark mass can be obtained in a similar fashion,
ing the hb in place of thehc . Because thehb has not yet
been seen experimentally, its ‘‘physical mass’’ is obtain
by subtracting the hyperfine splitting~of the present lattice
simulations! from the experimentalY mass. In practice, the
hyperfine splitting is a negligible subtraction in comparis
with the simulation uncertainties. The resulting values
Mb are shown in Table II.

Table II indicates that forM'Mb , the terms which dis-
tinguish betweenHspin and H f ull are negligibly small in
comparison with the computational uncertainties. Some e
dence of their effect might be seen nearM5Mc , but the
large uncertainties do not allow a definitive statement to
made. A more precise comparison ofHspin andH f ull can be
obtained from the quarkonium spin splittings, but this is n
required for the present study.

Having fixed all lattice parameters from light-light an
heavy-heavy meson observables, the heavy-light spect
will now be considered. Figure 2 shows the simulation e
ergy of a 1S0 heavy-light meson as a function of the ba
heavy quark mass, computed toO(1/M ), O(1/M2) and
O(1/M3). For eachb, the light quark mass is fixed at a valu
slightly less than twice the strange quark mass, accordin
Table I. Figure 2 indicates that terms beyondO(1/M ) pro-
vide small corrections to the leading order result whenM
'Mb , but these corrections grow asM decreases. NearM
5Mc , the effect of O(1/M3) terms is larger than the
O(1/M2) terms.

In order to understand the origin of such largeO(1/M3)
contributions in the charm region, simulations were p
formed with eachO(1/M3) term added individually to the

s.
TABLE I. Simulation parameters.NU is the number of gauge field configurations,kc is the hopping
parameter at the critical point,ks is the hopping parameter corresponding to the strange quark mass~from
mK* /mK51.8) andar is the lattice spacing derived from ther meson mass.

Lattice NU b k U0 kc ks ar @fm#

83314 400 6.8 0.135, 0.138, 0.141 0.854 0.1458~1! 0.1398~4! 0.260~6!

103316 300 7.0 0.134, 0.137, 0.140 0.865 0.1434~1! 0.1385~3! 0.225~8!
6-4
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TABLE II. Values for the lattice spacing as derived from the 1P-1S mass splitting of charmonium, an
values for the heavy quark masses. Both masses from Ref.@11# lead toMhc

52.9(1) GeV. All other entries
show the range ofaMc andaMb which reproduce the actual experimental values forMhc

andMY .

b ahvy @fm# aMc aMb

~Ref. @11#! Hspin ~Ref. @11#! Hspin H f ull Hspin H f ull

6.8 0.257~9! 1.43 1.5~1! 1.7~1! 5.0~2! 5.0~2!

7.0 0.205~9! 1.10 1.1~1! 1.1~1! 4.2~1! 4.2~1!
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lower-order Hamiltonian. Results for the simulation ener
are shown in Fig. 3. Apparently, all terms except thec10 term
offer only modest corrections to the lower-order result.
fact, thec10 term is unique because it is the only term in t
Hamiltonian@up to O(1/M3)# which has a nonzero vacuum
expectation value@17#. This vacuum value is simply an
O(1/M3) shift of the bare heavy quark mass, and theref
produces anO(1/M3) shift in the meson simulation energy

The vacuum expectation value can be computed dire
from the gauge field configurations of Table I by averag
over all lattice sites:

a4K g2

U0
8 ~Ẽ21B̃2!L 5H 13.6161~20! for b56.8,

12.0716~16! for b57.0.
~34!

FIG. 2. The simulation energy of a ground state heavy-li
meson at rest. Results are displayed from terms up toO(1/Mk),
with k51,2,3.M is the bare heavy quark mass. Solid symbols
note data atb56.8 andk50.135, while open symbols correspon
to b57.0 andk50.134.
07450
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If the vacuum expectation value is removed from the acti

dSQ5
c10

8M3E d4x Qa†~x!
g2

U0
8 ~Ẽ21B̃2!abQb~x!

→
c10

8M3E d4x Qa†~x!F g2

U0
8 ~Ẽ21B̃2!ab

2
dab

3 K g2

U0
8 ~Ẽ21B̃2!L GQb~x!, ~35!

then the contribution of thec10 term to the simulation energy
is reduced to the size of the otherO(1/M3) terms, as shown
in Fig. 4. Removal of the vacuum expectation value from
action is justified because it is simply an addition to t
heavy quark mass, which has already been removed from
Hamiltonian, Eq.~8!, by the standard heavy-field transform
tion of HQET. Mass differencesshould not depend on
whether or not the vacuum expectation value remains exp
itly in the Hamiltonian.

Figure 5 displays the energy splitting between a1S0 me-
son at zero and nonzero 3-momenta. The vacuum expe
tion value has not been removed from thec10 term, but its
effect should cancel in the difference between zero and n
zero 3-momenta. Figure 5 shows that theO(1/M2) and
O(1/M3) terms offer only small corrections to the leadin
contribution, so a determination of the kinetic mass from E
~31! will not depend sensitively on the presence of the
terms.

t

-

FIG. 3. The simulation energy of a ground state charmed me
at rest. Results are displayed from terms up toO(1/Mk), with k
51,2,3. Solid symbols denote data atb56.8, k50.135 andaM
51.43, while open symbols correspond tob57.0, k50.134 and
aM51.10. To the right of the vertical line, the effect of addin
eachO(1/M3) term to theO(1/M2) Hamiltonian is shown indi-
vidually.
6-5
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RANDY LEWIS AND R. M. WOLOSHYN PHYSICAL REVIEW D58 074506
Figure 6 gives the contribution of eachO(1/M3) term to
the energy splitting between a1S0 meson at zero and non
zero 3-momenta. The contribution of each term is smal
comparison to the statistical uncertainties, including thec10
term. ~As expected, both Figs. 5 and 6 remain essenti
unaltered if the vacuum expectation value is subtracted.!

Figure 5 raises another important issue. Because the
quark mass is not a physical parameter, it is not necess
sensible to compare the results of theO(1/M ), O(1/M2) and

FIG. 4. These data are identical to Fig. 3 except that the vacu
expectation value has here been subtracted from thec10 term.

FIG. 5. The energy splitting between a ground state heavy-l

meson with momentumpW 5(0,0,2p/Ls) ~where Ls is the spatial
extent of the lattice! and the same meson at rest. Results are
played from terms up toO(1/Mk), with k51,2,3. M is the bare
heavy quark mass. Solid symbols denote data atb56.8 andk
50.135, while open symbols correspond tob57.0 andk50.134.
07450
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O(1/M3) Hamiltonians at a fixed bare mass. It would b
preferable to make the comparison at a fixed kinetic ma
However, Fig. 5 demonstrates that theO(1/M ), O(1/M2)
andO(1/M3) Hamiltonians all give rise to the same relatio
ship between the bare and kinetic masses, within the st
tical uncertainties.

In Fig. 7, the spin splitting is plotted as a function of th
bare heavy quark mass. The vacuum expectation value
not been removed from thec10 term.O(1/M2) andO(1/M3)
terms provide small corrections to the spin splitting nearM
5Mb , but sizable ones nearM5Mc , with anO(1/M3) con-
tribution that is larger in magnitude than theO(1/M2) con-
tribution.

According to Fig. 8, there are twoO(1/M3) terms which
dominate the large correction to the spin splitting:c7 and
c10. The importance ofc10 for the spin splitting is somewha
puzzling, since that term in the Hamiltonian is spi
independent. Some insight is gained by removing
vacuum expectation value from thec10 term @17#, which is
shown in Fig. 9 to remove almost the entire effect of thec10
term in the charm region. This small contribution ofc10 to
the spin splitting is to be expected for a spin-independ
operator. Apparently the large effect ofc10 in Fig. 8 is spu-
rious, perhaps because the vacuum expectation value is
sufficiently small compared to the heavy quark mass.

To confirm this, recall Eq.~25! which describes the dis
cretization of the heavy quark propagator. In the continu
limit, this propagation depends exponentially on the Ham
tonian. At a finite lattice spacing, Eq.~25! uses a linear ap-
proximation to the exponential ofadH. Following Ref.@3#,
the exponential ofaH0 was fit more precisely than a simpl
linear approximation, so that an instability could be avoid
at smallM. In Eq. ~25!, if the c10 term is subtracted fromdH
and added toH0 , then the spin splitting reproduces Fig.
rather than Fig. 8.@The values of the parametern in Eq. ~25!
are not changed from what have been used throughout
work. For example,n53 at b56.8 andn54 at b57.0 in
the charm region.# This supports the suspicion that the lar

m

t

-

FIG. 6. The energy splitting between a ground state charm
meson with momentum 2p/Ls ~whereLs is the spatial extent of the
lattice! and the same meson at rest. Results are displayed f
terms up toO(1/Mk), with k51,2,3. Solid symbols denote data
b56.8, k50.135 andaM51.43, while open symbols correspon
to b57.0, k50.134 andaM51.10. To the right of the vertica
line, the effect of adding eachO(1/M3) term to the O(1/M2)
Hamiltonian is shown individually.
6-6
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vacuum expectation value was causing a breakdown of
results in Fig. 8. The problem has thus been success
overcome in two separate ways: by the explicit removal
the vacuum value from the Hamiltonian, or by a better-th
linear approximation to the exponential dependence of he
quark propagation on thec10 term.

FIG. 7. The spin splitting of S-wave heavy-light mesons, fro
terms up toO(1/Mk), with k51,2,3. M is the bare heavy quark
mass. Solid symbols denote data atb56.8 andk50.135, while
open symbols correspond tob57.0 andk50.134. The vacuum
expectation value hasnot been removed from thec10 term.

FIG. 8. The spin splitting of S-wave charmed mesons. Res
are displayed from terms up toO(1/Mk), with k51,2,3. Solid sym-
bols denote data atb56.8, k50.135 andaM51.43, while open
symbols correspond tob57.0, k50.134 andaM51.10. To the
right of the vertical line, the effect of adding eachO(1/M3) term to
the O(1/M2) Hamiltonian is shown individually. The vacuum ex
pectation value has not been removed from thec10 term.
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Figure 9 indicates that the spin splitting satisfi
uO(1/M3)u,uO(1/M2)u,uO(1/M )u. This same ordering
persists for allM values considered, as seen in Fig. 10. N
tice in particular that the turnover of theO(1/M3) data near
Mc is completely removed from Fig. 7 by correctly accoun
ing for the vacuum value in thec10 term. Meanwhile, the
data ataM.2 are not affected in a statistically-significa
way. The 1/M expansion might now appear to be nice
convergent, but some caution is suggested due to thec7 term,
which is by itself larger in magnitude than the totalO(1/M2)
contribution to the spin splitting of a charmed meson.

It is interesting to consider the difference between squa

ts

FIG. 9. These data are identical to Fig. 8 except that the vacu
expectation value has here been subtracted from thec10 term.

FIG. 10. These data are identical to Fig. 7 except that
vacuum expectation value has here been subtracted from thec10

term.
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of the 3S1 and 1S0 masses, which empirically is remarkab
independent of the ‘‘heavy’’ quark mass:

~B1* !22~B1!2'~B0* !22~B0!250.48 GeV2 ~36!

~Bs* !22~Bs!
250.51 GeV2 ~37!

~D1* !22~D1!2'~D0* !22~D0!250.55 GeV2 ~38!

~Ds* !22~Ds!
250.59 GeV2 ~39!

~K1* !22~K1!2'~K0* !22~K0!250.56 GeV2 ~40!

~r1!22~p1!2'~r0!22~p0!250.57 GeV2. ~41!

In the extreme heavy quark limit, this result is easily und
stood using heavy quark symmetry: the spin splitting v
ishes as 1/M while the meson masses themselves grow
early with M, so the difference of squares is a constant,

mV
22mP

2 5~mV2mP!~mV1mP!5const1O~1/M !.
~42!

FIG. 11. The difference between squared masses of vector
pseudoscalar heavy-light mesons, from terms up toO(1/Mk), with
k51,2,3. M is the bare heavy quark mass. Solid symbols den
data atb56.8 andk50.135, while open symbols correspond
b57.0 andk50.134. The vacuum expectation value has been s
tracted from thec10 term.
07450
-
-
-

For mesons containing only light quarks, the explanation
perhaps not so clear. Some authors have related it to c
symmetry @18#. It should be noted thatmV

22mP
2'const is

also a consequence of the nonrelativistic quark model wi
linear potential~and no heavy quark assumptions!.

The difference of squares arising from the present sim
lations is shown in Fig. 11 with the vacuum value subtrac
from thec10 term, and for a particular light quarkk. @For all
cases considered, the results are essentially independe
k, in agreement with Eqs.~36!–~41!.# The large errors are
due to the required use ofM kin and they are correlated, a
evidenced by the central values being constant to withi
much smaller uncertainty than the quoted errors would
quire. In fact, theO(1/M ), O(1/M2) andO(1/M3) data are
each constant for the full range ofM values that were con
sidered.

For the purpose of comparison, the same plot is displa
in Fig. 12, but without a proper treatment of the vacuu
expectation value, i.e. with the vacuum value retained in
c10 term and the simple heavy quark propagation of Eq.~25!.
Erroneous results are clearly produced atO(1/M3) for aM
,2.

For all of the observables under discussion in this wo
the c11 term is essentially irrelevant, which may not be to
surprising in light of its large numerical suppression factor
the Hamiltonian, Eq.~12!.

Finally, to make the connection to experiment, it is ne
essary to interpolate to the strange quark mass~i.e., to ks),

nd

e

b-

FIG. 12. These data are identical to Fig. 11 except that
vacuum expectation value has herenot been subtracted from thec10

term.
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TABLE III. Values for the physical masses and mass differences in MeV. The bare quark masses
to aMc51.43,aMb55.0 atb56.8, andaMc51.10,aMb54.2 atb57.0. The Hamiltonian contains term
up to O(1/Mk), wherek51,2,3. For charmed mesons, the vacuum value has been subtracted from tc10

term. The quoted errors include the uncertainties inkc , ks and a. ~The uncertainties inkc and ks are
negligible except forDs2D andBs2B.)

Ds Ds2D D* 2D Ds* 2Ds Bs Bs2B B* 2B Bs* 2Bs

Experiment~Ref. @4#!

1969 99,104 141,142 144 5369~2! 90~3! 46 47~4!

b56.8
k<1 2010~130! 96210

16 92~6! 84~3! 5300~700! 7525
19 37~4! 34~2!

k<2 2000~110! 99213
16 104~7! 95~4! 5300~700! 7929

110 39~4! 36~2!

k<3 2090~120! 9827
16 100~6! 89~3! 5300~700! 79211

18 39~4! 35~2!

b57.0, scaled byahvy

k<1 1940~120! 111211
17 100~10! 92~5! 5000~450! 8627

18 40~4! 37~2!

k<2 1920~110! 113211
17 114~8! 105~5! 5000~450! 8627

18 43~4! 40~2!

k<3 2060~110! 113210
18 111~7! 100~5! 5000~450! 8627

18 42~4! 39~2!

b57.0, scaled byar

k<1 1760~100! 102211
16 91~6! 84~4! 4500~400! 7926

17 36~3! 34~2!

k<2 1750~90! 10329
16 104~6! 96~6! 4500~400! 7926

17 39~4! 37~2!

k<3 1880~90! 10328
17 101~6! 91~4! 4500~400! 7926

17 39~3! 36~2!
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and to extrapolate to the limit of massless up and do
quarks (kc). Interpolations are performed linearly betwe
the two nearestk values, and extrapolations are linear in
three availablek values. It is also necessary to determine
physical mass scale. Forb56.8, both ther meson mass and
the charmonium 1P21S mass splitting lead to the sam
physical scale (ar'ahvy). Use of the bare heavy quar
masses from quarkonium~Table II! gives the results of Table
III.

At b56.8, simulations up toO(1/M ), O(1/M2) and
O(1/M3) each produce masses for both theDs andBs which
are consistent with the experimental values, indicating t
the bare charm and bottom masses from quarkonium phy
are also relevant to heavy-light mesons. The light quark
pendence atb56.8, as probed byDs2D andBs2B, is also
in reasonable agreement with experiment. The spin splitti
are significantly smaller than experiment, which is a gene
feature of previous lattice results as well@5–9#, and is often
attributed to quenching.

The situation atb57.0 is complicated by the fact tha
arÞahvy . In Table III, the lattice data are shown for both
these normalizations with the bare heavy quark masses fi
to the values obtained from quarkonium. The use ofahvy

producesDs andBs masses which agree nicely with expe
ment ~as was found forb56.8), whereas the data norma
ized toar clearly cannot produce accurateDs andBs masses
when the bare masses are fixed by quarkonium.

Conversely, mass differences normalized toahvy tend to
be larger than the results atb56.8, whereas the
ar-normalized mass differences are found to scale rem
ably well with respect to theb56.8 results. This preferenc
of the data forar is in accordance with the familiar notio
07450
n

l
e

at
ics
e-

s
al

ed
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that the dynamics of heavy-light mesons is governed by
light degrees of freedom, rather than by explicit heavy qu
dynamics.

Perhaps the most satisfactory determination of mass
ferences atb57.0 would be obtained by normalizing toar

and retuning the bare mass to the heavy-light spectrum its
with no reference to quarkonium. However, the possib
problematic convergence of the 1/M expansion for charmed
mesons precludes a more detailed effort in this direction
present. There is no retuning required atb56.8, so at least in
this case an unambiguous quantitative comparison to exp
ment can be made from the data in Table III, although c
cerns about the potentially-largeO(1/M3) contributions
~such as thec7 term! must certainly be addressed.

In the work of Ishikawaet al. @6#, a range of heavy quark
masses were studied and it was found that theO(1/M2)
terms increase the spin splitting relative to theO(1/M )
value, in agreement with what is reported here in Table
The classically-complete set ofO(1/M3) terms have now
been included, and their total contribution is smaller in ma
nitude thanO(1/M2). However, it has also been demo
strated that the smallO(1/M3) contribution to the spin split-
ting results from a cancellation involving an individual ter
~the c7 term! which is dangerously-larger in magnitude tha
O(1/M2).

V. CONCLUSIONS

The masses of1S0 and 3S1 heavy-light mesons have bee
obtained from quenched lattice NRQCD at two lattice sp
ings, near 0.22 fm and 0.26 fm, using classically a
tadpole-improved light quark and gauge field actions. R
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sults were obtained separately atO(1/M ), O(1/M2) and
O(1/M3). The effects of individual terms atO(1/M3) were
also shown.

The simulations up toO(1/M2) support the existing
knowledge of heavy-light S waves for lattice QCD. Mass
are in qualitative agreement with experimental data, exc
that the spin splitting is noticeably smaller than experime
This may be due, at least in part, to quenching.

The contributions of theO(1/M3) terms have not been
studied in detail previously. A novel feature at this order
the existence of a large vacuum expectation value~in thec10
term! that shifts the heavy quark mass. Special care is nee
when this vacuum value is present, particularly in the cha
region. An important example is Fig. 8, where the vacu
value seems to make a sizable contribution to the S-w
spin splitting, but the effect was shown to be an artifact
the familiar discretization of exp(Ht) in the heavy quark
propagation.

It should be noted that thec7 term also produces a
O(1/M3) contribution to the spin splitting which is larger i
magnitude than the totalO(1/M2) piece. In fact, Fig. 8 indi-
cates that this effect is very similar in size to the spurio
contribution from the vacuum value in thec10 term, thus
raising the question of whether thec7 contribution might
also contain some artifact related to the discretization
exp(Ht). This systematic uncertainty has not been discus
in the literature to date, but might offer some important
sight for the charmed spectrum calculation and also for ch
monium.

Other possibilities for reducing the magnitude of t
s.
.

K

S.

J.
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O(1/M3) corrections also deserve further study. In t
present work, the coefficients of the NRQCD Hamiltoni
have been approximated by their classical values, along w
tadpole improvement. It would be interesting to see the
fects of retaining one-loop perturbative or nonperturbat
renormalization for these coefficients. One might also c
sider working at a smaller lattice spacing, although this w
move the charm quark mass even further away from
heavy quark limit.~Recall thataMc51.1 atb57.0. Accord-
ing to Ref.@11#, aMc50.81 atb57.2.) Some benefit migh
come from using a different definition of the tadpole facto
such as the Landau link definition, which increasesaMc at a
fixed lattice spacing@11,19#.

The existence of an individualO(1/M3) term whose con-
tribution to the spin splitting is larger than the cumulati
O(1/M2) effects, as was found in the present work, indica
that the application of lattice NRQCD to charmed meso
requires care.
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