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Nonvanishing zero modes in the light-front current
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We find that the zero mode (q150 mode of a continuum theory! contribution is crucial to obtaining the
correct values of the light-front currentJ2 in the Drell-Yan (q150) frame. In the exactly solvable model of
(111)-dimensional scalar field theory interacting with gauge fields, we quantify the zero-mode contribution
and observe that the zero-mode effects are very large for the light meson form factors even though they are
substantially reduced for the heavy meson cases.
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PACS number~s!: 11.15.Bt, 11.10.Kk, 11.40.2q
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One of the distinguishing features in light-front quantiz
tion is the rational energy-momentum dispersion relat
which gives a sign correlation between the light-front ene
(P2) and the light-front longitudinal momentum (P1). In
the old-fashioned time-ordered perturbation theory@1#, this
sign correlation allows one to remove the so-called ‘‘
graphs’’ such as the diagram of particle-antiparticle pair c
ation~annihilation! from~to! the vacuum. As an example, i
the theory of scalar fields interacting with gauge fields@2,3#,
the covariant triangle diagram shown in Fig. 1~a! corre-
sponds to only two light-front time-ordered diagrams sho
in Figs. 1~b! and 1~c!, while in the ordinary time-ordered
perturbation theory, Fig. 1~a! would correspond to the six
time-ordered diagrams including the ‘‘Z-graphs.’’ Furthe
more, the Drell-Yan~or q150) frame may even allow one
to remove the diagram shown in Fig. 1~c! because of the
same reasoning from the energy-momentum dispersion
tion and the conservation of the light-front longitudinal m
menta at the vertex of the gauge field and the two sc
fields.

Based on this idea, the Drell-Yan (q150) frame is fre-
quently used for the bound-state form factor calculatio
Taking advantage ofq150 frame, one may need to consid
only the valence diagram shown in Fig. 1~b!, where the
three-point scalar vertices should be replaced by the lig
front bound-state wave function. Successful description
various hadron form factors can be found in the recent
eratures@4–8# using the light-front quark model.

In this paper, however, we point out that even atq150
frame, one should not overlook the possibility of non-ze
contribution from the non-valence~pair creation or annihila-
tion! diagram shown in Fig. 1~c!. As we will show explicitly
in the simple (111)-dimensional scalar field theory interac
ing with gauge fields, the currentJ2 is not immune to the
zero-mode contribution shown in Fig. 1~c! at q150. While
the currentJ1 does not have any zero-mode contributi
from Fig. 1~c!, the processes that involve more than o
form factor, e.g., semileptonic decay processes, require
calculations of more components of the current other thanJ1

in order to find all the necessary form factors inq150
frame. For instance, in the analysis of the semileptonic
cays between two pseudoscalar mesons, two form fac
f 6(q2), are involved and one has to use not onlyJ1, but
also J2 ~or J' in 311 dimensions! to obtain both form
factors inq150 frame. Thus, the zero-mode contribution
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crucial to obtaining the correct results of electroweak fo
factors. Only a brief exactly solvable model calculation
provided here. A full, detailed treatment of (311) dimen-
sional semileptonic decay processes such asK→p, B
→p, B→D, etc., will be presented in a separate commu
cation. We first describe the general formalism of the se
leptonic decay form factors for non-zero momentum trans
in (111)-dimensions and then discuss the zero-mode pr
lem in the limiting cases of the form factors asq1→0.

The semileptonic decay of aQ1q̄ bound state into anothe
Q2q̄ bound state is governed by the weak current, viz.,

Jm~0!5^P2uQ̄2gmQ1uP1&

5 f 1~q2!~P11P2!m1 f 2~q2!~P12P2!m, ~1!

where P25P12q and the non-zero momentum transf
square q25q1q2 is time-like, i.e., q25@0,(M12M2)2#.
One can easily obtainq2 in terms of the fractiona as follows

q25~12a!S M1
22

M2
2

a D , ~2!

wherea5P2
1/P1

1512q1/P1
1. Accordingly, the two solu-

tions for a are given by

a65
M2

M1
FM1

21M2
22q2

2M1M2
6AS M1

21M2
22q2

2M1M2
D 2

21G .

~3!

The1~2! sign in Eq.~3! corresponds to the daughter mes
recoiling in the positive~negative! z-direction relative to the
parent meson. At zero recoil (q25qmax

2 ) and maximum recoil
(q250), a6 are given by

FIG. 1. Covariant triangle diagram~a! is represented as the sum
of light-front triangle diagram~b! and the light-front pair-creation
diagram~c!.
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TABLE I. Form factors off 6(0) obtained for different zero-momentum transfer limit,q150 andq2

50. The notation ofap(m) used in table are defined asap511a2(0) andam512a2(0), respectively.

Form factor q150 q250

f 1(0) I 1
1
„a1(0)…/2 ( i 51

2 I i
2
„a2(0)…/2M1

2

f 2(0) @( i 51
2 I i

2
„a1(0)…/M1

22apI 1
1
„a1(0)…/2#/am ( i 51

2 @ I i
1
„a2(0)…2apI i

2
„a2(0)…/2M1

2#/am
-

a1~qmax
2 !5a2~qmax

2 !5
M2

M1
,

a1~0!51, a2~0!5S M2

M1
D 2

. ~4!

In order to obtain the form factorsf 6(q2) which are inde-
pendent ofa6 , we can define

^P2uQ̄2gmQ1uP1&ua5a6
[2P1

1H1~a6! for m51 ~5a!

[2S M1
2

P1
1 DH2~a6! for m52,

~5b!
07190
and obtain, from Eq.~1!,

f 6~q2!56
~17a2!H1~a1!2~17a1!H1~a2!

a12a2

for m51 ~6a!

56
~17b2!H2~a1!2~17b1!H2~a2!

b12b2

for m52, ~6b!

whereb65a2(0)/a6 .
Now, the currentJm(0) obtained from the covariant tri

angle diagram of Fig. 1~a! is given by
Jm~0!5E d2k
1

~P12k!22m1
21 i e

~P11P222k!m
1

~P22k!22m2
21 i e

1

k22mq̄
2
1 i e

. ~7!

From this, we obtain for the ‘‘6’’-components of the currentJm(0) as

J6~0!522p i ~ I 1
61I 2

6!, ~8!

whereI 1
6 and I 2

6 corresponding to diagrams Figs. 1~b! and 1~c!, respectively, are given by

I 1
1~a!5E

0

a

dx
122x1a

x~12x!~a2x!~M1
22m1

2/~12x!2mq̄
2/x!~M2

2/a2m2
2/~a2x!2mq̄

2/x!
, ~9a!

I 2
1~a!5E

a

1

dx
122x1a

x~12x!~a2x!~M1
22m1

2/~12x!2mq̄
2/x!~M2

2/a1m1
2/~12x!2m2

2/~a2x!2M1
2!

, ~9b!

and

I 1
2~a!5E

0

a

dx
M1

21M2
2/a22mq̄

2/x

x~12x!~a2x!~M1
22m1

2/~12x!2mq̄
2/x!~M2

2/a2m2
2/~a2x!2mq̄

2/x!
, ~10a!

I 2
2~a!5E

a

1

dx
M2

2/a2M1
212m1

2/~12x!

x~12x!~a2x!~M1
22m1

2/~12x!2mq̄
2/x!~M2

2/a1m1
2/~12x!2m2

2/~a2x!2M1
2!

. ~10b!
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TABLE II. Zero-mode~Z.M.! and non-valence~N.V.! contributions to the exact form factors off 6(0) for
the semileptonic decays ofK(B)→p and B→D in (111) dimensions. We distinguished the zero-mo
contribution atq150 from the usual non-valence one atq250.

Frame Ratio of f 6
N.V.~Z.M.!(0) to f 6

full(0) N.V.~Z.M.! factor K→p B→p B→D

q150 f 1
Z.M.(0)/f 1

full(0) None 0 0 0
f 2

Z.M.(0)/f 2
full(0) }I 2

2
„a1(0)… 6.9 0.03 0.1

q250 f 1
N.V(0)/f 1

full(0) }I 2
2
„a2(0)… 2.8 1.3 0.05

f 2
N.V1.(0)/f 2

full(0)a }I 2
1
„a2(0)… 3.8 3.8 0.6

f 2
N.V2.(0)/f 2

full(0)a }I 2
2
„a2(0)… 211.1 24.0 21.1

aWe show the separate contributions of the non-valence terms proportional toI 2
1
„a2(0)… andI 2

2
„a2(0)… to

the exact form factor off 2(0) at q250.
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Note that at zero momentum transfer limit,q25q1q2

→0, the contributions of I 2
6(a) come from

either l imq1→0I 2
6(a)5I 2

6
„a1(0)… or l imq2→0I 2

6(a)
5I 2

6
„a2(0)…. It is crucial to note inq150 frame that, while

I 2
1
„a1(0)… vanishes,I 2

2
„a1(0)… does not vanish because th

integrand has a singularity even though the region of integ
tion shrinks to zero@9#. Its nonvanishing term is thus give
by

I 2
2
„a1~0!…52

2

m1
22m2

2
lnS m2

2

m1
2D . ~11!

This nonvanishing term is ascribed to the term proportio
to k25P1

22m1
2/(P1

12k1) in Eq. ~10b!, which prevents Eq.
~10b! from vanishing in the limit,a→1. This is precisely the
contribution from ‘‘zero-mode’’ atq150 frame.I 2

2
„a1(0)…

should be distinguished from the other nonvanishing p
creation diagrams atq250 frame, i.e.,I 2

6
„a2(0)…. Some

relevant, but different applications of zero-modes were d
cussed in the literature@10#.

In Table I, we summarized the form factorsf 6(0) ob-
tained from both currents,J1 andJ2, for different zero mo-
mentum transfer limit, i.e.,q150 or q250. As shown in
Table I, the non-valence contributions,I 2

6
„a6(0)…, are sepa-

rated from the valence contributions,I 1
6
„a6(0)…. Of special

interest, we observed that the form factorf 2(0) atq150 is
no longer free from the zero-mode,I 2

2
„a1(0)….

To give some quantitative idea how much these n
valence contributionsI 2

6
„a6(0)… are for a few different de-

cay processes, we performed model calculations forK
→p, B→p, andB→D transitions in (111) dimensions us-
ing rather widely used constituent quark masses,mu(d)
50.25 GeV,mc51.8 GeV, and mb55.2 GeV. Numeri-
cally, we first verified that the form factors,f 1(0) and
f 2(0), obtained from theq150 frame are in fact exactly
the same withf 1(0) and f 2(0) obtained from theq250
frame, respectively, once the non-valence contributions~in-
cluding zero-mode! are added. The non-valence contrib
tions to the form factors off 6(0) at q250 are also shown
in Table II. In Figs. 2a~b!–4a~b!, the effects of pair-creation
~non-valence! diagram to the exact form factors are show
07190
a-

l

r-

-

-

FIG. 2. ~a! Normalized form factor off 1(q2) for K→p in (1
11) dimension. The solid line is the result from the valence p
non-valence contributions. The dotted line is the result from
valence contribution.~b! Normalized form factor off 2(q2) for K
→p in (111) dimension. The same line code as in Fig. 2~a! is
used.
1-3
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for the non-zero momentum transfer region for the abo
three decay processes. Especially, the zero-mode cont
tions I 2

2
„a1(0)… to the exact solutions for thef 2(0) at q1

50, i.e., f 2
Z.M.(0)/ f 2

full(0), areestimated as 6.9 forK→p,
0.03 for B→p, and 0.12 forB→D decays. The zero-mod
contributions onf 2(0) at q150 frame are drastically re
duced from the light-to-light meson transition to the heav
to-light and heavy-to-heavy ones. This qualitative feature
zero-mode effects on different initial and final states are
pected to remain same even in (311) dimensional case
even though the actual quantitative values must be diffe
from (111) dimensional case.

Furthermore, we have found the effect of zero mode
the EM form factor:

Jm~0!5~2P12q!mFM~Q2!. ~12!

The EM form factor atq150 using J2(0) current is ob-
tained by

FIG. 3. ~a! Normalized form factor off 1(q2) for B→p in (1
11) dimension. The same line code as in Fig. 2~a! is used.~b!
Normalized form factor off 2(q2) for B→p in (111) dimension.
The same line code as in Fig. 2~a! is used.
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FM~0!5NH E
0

1

dx
M22mq̄

2/x

x~12x!2~M22mq
2/~12x!2mq

2/x!2

11/mq
2J , ~13!

whereN is the normalization constant and the 1/mq
2 in Eq.

~13! is the ‘‘zero-mode’’ term. Numerically, using the prev
ous quark masses, the effects of zero-modes on the f
factors of Fp(0) and FB(0), i.e., Fp

Z.M.(0)/Fp
full(0) and

FB
Z.M.(0)/FB

full(0), are estimated as 16.9 and 0.75, respe
tively. Again, the zero-mode contribution is drastically r
duced for the heavy meson form factor. However, it give
very large effect on the light meson form factors. The simi
observation on the EM form factor was made in the Br
frame recently@11#. In (311) dimensions, however, we not

FIG. 4. ~a! Normalized form factor off 1(q2) for B→D in (1
11) dimension. The same line code as in Fig. 2~a! is used.~b!
Normalized form factor off 2(q2) for B→D in (111) dimension.
The same line code as in Fig. 2~a! is used.
1-4



a
o
a
re

o
le
u

ib
le
f

t
th

es
les
the
re-

n-
.

er,
nd
rk
02-

RAPID COMMUNICATIONS

NONVANISHING ZERO MODES IN THE LIGHT-FRONT . . . PHYSICAL REVIEW D 58 071901
that the relation between the Breit frame and the Drell-Y
frame involves the transverse rotation in addition to the bo
and therefore the results obtained from the Breit frame c
not be taken as the same with those obtained from the D
Yan frame or vice versa.

In conclusion, we investigated the zero-mode effects
the form factors of semileptonic decays as well as the e
tromagnetic transition in the exactly solvable model. O
main observation was the nonvanishing zero-mode contr
tion to theJ2 current and our results are directly applicab
to the real (311) dimensional calculations. The effect o
zero-mode to thef 2(0) form factor is especially importan
in the application for the physical semileptonic decays in
07190
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Drell-Yan (q150) frame. To the extent that the zero-mod
have a significant contribution to some physical observab
as shown in this work, one may even conjecture that
condensation of zero-modes could lead to the nontrivial
alization of chiral symmetry breaking in the light-front qua
tization approach. The work along this line is in progress
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