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Black hole binary formation in the expanding universe: Three body problem approximation
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We study black hole MACHO binary formation through three-body interactions in the early universe att
;1025 s. The probability distribution functions of the eccentricity and the semimajor axis of binaries as well
as of the coalescence time are obtained assuming that the black holes are randomly formed in space. We
confirm that the previous order-of-magnitude estimate for the binary parameters is valid within;50% error.
We find that the coalescence rate of the black hole MACHO binaries is;5310223261 events/yr/galaxy,
taking into consideration several possible factors which may affect this estimate. This suggests that the event
rate of coalescing binary black holes will be at least several events per year within 15 Mpc. The first LIGO-
VIRGO interferometers in 2001 will be able to verify whether or not the MACHOs are black holes.
@S0556-2821~98!06018-4#

PACS number~s!: 97.60.Lf, 04.30.2w, 95.35.1d, 98.80.Bp
.5

n
t
l
ur
io
f
s
ac
an
a
m
a

on
s

k
ha
va

s
e

es

th

ur
ite
n

to

ion

at
If
to
es
ing

p-

of
dy

ect
is

re
of

s in
the
gh

rical
ent

x-

e

nd-
e
he
. V
e
the
omly
sc-
I. INTRODUCTION

The analysis of the first 2.1 years of photometry of 8
3106 stars in the Large Magellanic Cloud~LMC! by the
MACHO Collaboration @1# suggests that the fractio
0.6220.2

10.3 of the halo consists of MACHOs~massive compac
halo objects! of mass 0.520.2

10.3M ( in the standard spherica
flat rotation halo model. The preliminary analysis of fo
years of data suggests the existence of at least four addit
microlensing events withtdur;90 days in the direction o
the LMC @2#. At present, we do not know what MACHO
are. This is especially because there are strong degener
in any microlensing measurements: the mass, velocity
distance of a lens object. The inferred mass is just the m
of red dwarfs. However, a tight constraint is obtained fro
the observations@3–5#. The red dwarfs contribute at most
few percent to the mass of the halo.

The brown dwarfs are also restricted by theHubble Space
Telescopesearch. Extrapolating the mass function, the c
tribution of the brown dwarfs to the mass of the halo is le
than a few percent@5#. However, the possibility of brown
dwarfs cannot be rejected if the mass function has a pea
the brown dwarfs since they are so dim. The possibility t
the MACHOs are neutron stars is ruled out by the obser
tional constraints on the metal and helium abundance@6#.

As for white dwarfs, assuming the Salpeter initial ma
function ~IMF! with an upper and a lower mass cutoff, th
mass fraction of the white dwarfs in the halo should be l
than 10% from the number count of the highz galaxies@7#.
The observation of the chemical yield does not favor
MACHOs being white dwarfs@8,9#. However, if the IMF has
a peak around;2M ( , MACHOs can be white dwarfs@10–
12#. Future observations of high-velocity white dwarfs in o
solar neighborhood will make clear whether or not wh
dwarf MACHOs exist. Of course, it is still possible that a
overdense clump of MACHOs exists toward the LMC@13#.

If the number of high-velocity white dwarfs turns out
0556-2821/98/58~6!/063003~16!/$15.00 58 0630
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be large enough to explain the MACHOs, then star format
theory should explain why the IMF has a peak at;2M ( . If
it is not, we must consider other possibilities such th
MACHOs are primordial black holes or boson stars.
MACHOs are black holes, however, it seems difficult
verify observationally whether the MACHOs are black hol
or not. In fact, electromagnetic radiation from gas accret
to a black hole MACHO~BHMACHO! is too dim to be
observed unless the velocity of the BHMACHO is exce
tionally small @14#.

Recently, however, Nakamuraet al. @15# proposed the de-
tectability of the gravitational wave from coalescence
BHMACHO binaries which are formed through a three bo
interaction in the early universe att;1025 s. The event rate
of coalescing BHMACHO binaries was estimated as;5
31022 events/yr/galaxy, which suggests that we can exp
several events per year within 15 Mpc. If this estimate
true, not only can we confirm whether the MACHOs a
black holes or not, but also we have plenty of sources
gravitational waves. However, in Ref.@15# they made only
order-of-magnitude arguments and there are uncertaintie
the estimate of the event rate. Especially, the estimate of
semimajor and semiminor axes of the binary formed throu
the three body interaction is not based on accurate nume
calculations. In this paper we investigate up to what ext
the order-of-magnitude arguments in Ref.@15# are valid by
calculating numerically the three body problem in an e
panding universe.

In Sec. II we will review the formation scenario of th
BHMACHO binaries in Ref.@15#. In Sec. III we will derive
the basic equations of a multi-particle system in the expa
ing universe. In Sec. IV we will show the results of th
numerical calculations of the binary formation through t
three body interaction in the expanding universe. In Sec
we will obtain the probability distribution functions of th
eccentricity and the semimajor axis of binaries as well as
coalescence time assuming that the black holes are rand
formed in space. We will estimate the event rate of coale
© 1998 The American Physical Society03-1
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ing binaries using this probability distribution function. I
Sec. VI we will consider several possible factors which m
affect the estimate of the event rate, and we will conclu
that the event rate is not reduced considerably. In Sec.
we will consider how BHMACHO binaries evolve after th
binary formation. Section VIII will be devoted to a summa
and discussion.

We use units ofG5c51 in this paper.

II. REVIEW OF THE BHMACHO BINARY FORMATION
SCENARIO

We briefly review the BHMACHO binary formation sce
nario in Ref.@15# to introduce our notations.

For simplicity, we assume that black holes dominate d
matter, i.e.V5VBHM . The extension to the case whe
black holes do not dominate dark matter is not difficult. F
ther we assume that all black holes have the same mass
we describe it asMBH . ~The extension to the unequal ma
case is straightforward and is given in the Appendix.! Pri-
mordial black holes are formed when the horizon scale
equal to the Schwarzschild radius of a black hole. There
some theories about the formation mechanism of primor
black holes@16–18#. At present, however, we cannot sa
definitely whether or not the black holes will form in th
early universe. Ultimately, only by observational techniq
may the existence of a population of primordial black ho
be established. It is therefore important to establish the
servational signatures of primordial black holes. Our sta
point is that we are quite ignorant of whether or not lar
numbers of primordial black holes will form in the ear
universe, and it is very important to confirm the existence
primordial black holes observationally. Whether or not t
results of the observation confirm the extistence of prim
dial black holes, it will add very much to our understandi
of the universe.

The scale factor at the time of the formation is given b

Rf5AMBH /Heq
2151.131028S MBH

M (
D 1/2

~Vh2!, ~2.1!

whereHeq with Heq
215A3/8preq51.231021(Vh2)22 cm is

the Hubble parameter at the time of matter-radiation eq
ity. We normalize the scale factor such thatR51 at the time
of matter-radiation equality.

The mean separation of black holesx̄ with massMBH at
the time of matter-radiation equality is given by

x̄5~MBH /req!
1/351.231016~MBH /M (!1/3~Vh2!24/3 cm.

~2.2!

As a foundation for computing the distribution function
BHMACHO binaries with respect to the binary paramete
in Ref. @15# it was assumed that~i! the BHMACHOs are
created with a distribution of comoving separationsx that is
uniform over the range from an initial physical separati
equal to the black hole size to a maximum separationx5 x̄
and that ~ii ! the BHMACHOs’ initial peculiar velocity is
negligible compared to the Hubble flow. Obviously, it
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more realistic to assume that the BHMACHOs are form
randomlyrather than uniformly. We will consider the effec
of the initial peculiar velocity in Sec. VI D.

Consider a pair of black holes with the same massMBH

and a comoving separationx, x̄. These holes’ masses pro
duce a mean energy density over a sphere with the radiu
the size of their separation asr̄BH[reqx̄

3/(x3R3). r̄BH be-
comes larger than the radiation energy densityr r5req /R4 if

R.Rm[S x

x̄
D 3

. ~2.3!

After R5Rm the binary decouples from the cosmic expa
sion and becomes a bound system. The tidal force fr
neighboring black holes gives the binary sufficiently lar
angular momentum to keep the holes from colliding w
each other unlessx is exceptionally small.

The semimajor axisa will be proportional to xRm .
Hence, we have

a5axRm5a
x4

x̄3
, ~2.4!

wherea is a constant of orderO(1). To estimate the tidal
torque, we assume that the tidal force is dominated by
black hole nearest to the binary. We denote byy the comov-
ing separation of the nearest neighboring black hole from
center of mass of the binary. Then, from dimensional ana
sis, the semiminor axisb will be proportional to
~tidal force!3~free fall time!2 and is given by

b5ab
MBHxRm

~yRm!3

~xRm!3

MBH
5bS x

yD 3

a, ~2.5!

where b is a constant of orderO(1). Hence, the binary’s
eccentricitye is given by

e5A12b2S x

yD 6

. ~2.6!

In Ref. @15#, a5b51 is assumed. However,a andb will be
different from unity so that calculations of the distributio
functions based on an accurate estimate ofa andb are nec-
essary. This is the prime subject of the present paper.

III. MULTI-PARTICLE SYSTEM
IN THE EXPANDING UNIVERSE

Although our main interest is in the three body proble
we formulate the problem as generally as possible.

A. Basic equations

We treat the motion of a black hole as that of a test p
ticle within the Newtonian approximation@19–21#. We first
assume that the line element is given by

ds252~112f!dt21~122f!R~ t !2dx2, ~3.1!

wheref is the Newtonian potential determined by
3-2
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R22Df54prBH , ~3.2!

with rBH being the energy density of black holes. For t
multi-particle system, the potential is readily solved
f(x)52( jmj /Rux2xju, wherexj is the position of thej th
black hole. The action of the particle is given by

E ds5E A112f2R2ẋ2dt.E S 12
1

2
R2ẋ21f Ddt.

~3.3!

Then the equation of motion is derived as

~R2ẋ! .52¹f. ~3.4!

For the potential,f(xi)52( jÞ imj /Ruxi2xju, of the multi-
particle system, the above equation is expressed as

~R2ẋi!
.52

1

R (
jÞ i

mj~xi2xj !

uxi2xju3 . ~3.5!

We introducezi[xi / x̄ and use the scale factorR as an inde-
pendent variable. Then for the equal-mass black hole c
Eq. ~3.5! can be written as

zi91
1

R
zi852

MBH

x̄3H2R5 (
jÞ i

~zi2zj !

uzi2zju3
52

3

8pR (
jÞ i

~zi2zj !

uzi2zju3 ,

~3.6!

where a prime denotes the derivative with respect toR and
we have used Eq.~2.2! in the last equality. Note that Eq
~3.6! does not depend onMBH . Moreover, there is a scalin
law: i.e., Eq.~3.6! is invariant under the transformation d
fined by

z→lz, R→l3R, ~3.7!

wherel is a constant.

B. Validity of the Newtonian approximation

The cosmological Newtonian approximation is valid if~1!
ufu!1 and ~2! the scale of inhomogeneityl satisfies the
relation l !H21 @20,21#. Since the minimum separation be
tween the binary black holes isa(12e), the condition~1! is
satisfied if

MBH!a~12e!. ~3.8!

Then in terms of the initial comoving separation we have

y/x!5.8310~x/ x̄!2/3~MBH /M (!21/9~Vh2!22/9, ~3.9!

where we used Eq.~2.4!, Eq. ~2.6! for a5b51 and the
relation of (12e).(12e2)/2. The condition~2! is written
as

Rx!Heq
21R2. ~3.10!

Then we have

R@1.031025~x/ x̄!~MBH /M (!1/3~Vh2!2/3. ~3.11!
06300
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Therefore we have to choose the initial scale factor for
numerical calculations so that the condition~3.11! is satis-
fied.

IV. THREE BODY PROBLEM AND FORMATION
OF BINARY BLACK HOLES

We solve Eq.~3.6! numerically for three body system
using the fifth-order Runge-Kutta method with the adapt
step size control@22#. Considering the conditions for the va
lidity of the Newtonian approximation derived in the prev
ous section, we set the initial conditions asx/ x̄5h(0.1,h
,1) and ẋ50 at R51023h(MBH/0.5M ()1/3 so that Eq.
~3.11! is satisfied, where we place a pair of black holes alo
the x-axis. Note that, using the scaling law of Eq.~3.7!, we
see that these initial conditions are the same asx/ x̄5lh and
ẋ50 at R51023(lh)(MBH/0.5l26M ()1/3. Therefore we
can obtain the results for differentMBH from a single nu-
merical result. We then numerically estimatea andb for x

and y in the ranges 0.1,x/ x̄,1 and 2,y/x,7. The total
number of the parameters we examined is 100 for each
rection of the third body. In this section we show the ma
results in relation toa and b first. We will discuss the de-
pendence ofa andb on the initial direction of the third body
in Sec. VI A in more detail. We will also show in Sec. VI D
that the dependence of the results on the initial condition
small.

In Fig. 1, the trajectories of the second body~the thick
curve! and the third body~the dotted curve! relative to the
first body are shown for~a! x/ x̄50.3, y/x52.0 and~b! x/ x̄
50.3, y/x54.0. u is chosen asp/4, whereu denotes the
angle between thex-direction and the direction of the third
body. The coordinate is normalized byx̄. We see that the
binary is formed through the three body interaction while t
third body goes away. To see the accuracy of the numer
calculations, we checked the time reversal of the proble
That is, we have re-started the numerical integration from
final time backward to the initial time. We have found th
the differences from the true values of coordinates and
locities are very small: the relative error in the coordina
position, uzinit2z(time reversed)initu/uzinitu, is less than 1027

and the ‘‘velocity’’ component,zi8(time reversed), deviate
from zero by at most 1025.

Figure 2 shows the semimajor axisa as a function of
initial separationx/ x̄. The solid triangles are numerical re
sults. The solid line is the approximate equation,a/ x̄
5(x/ x̄)4. We performed a least squares fitting of the nume
cal results assuming thata/ x̄5a(x/ x̄)n. It is found thata is
well fitted by the following function:

a

x̄
.0.41S x

x̄
D 3.9

, ~4.1!

irrespective of the direction of the third body as far as
have examined (u5p/6,p/4,p/3). The power indexn is in
3-3
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good agreement with the analytical estimate in Eq.~2.4! so
that we will not discuss the small deviation ofn from 4 from
now on.

Figure 3 showsb/a as a function ofx/y for u equal to~a!
p/6, ~b! p/4 and~c! p/3. The solid triangles are numerica
results. The solid line is the approximate equationb/a
5(x/y)3. We see that the numerical results are paralle
the approximate estimate in a previous paper@15#. We per-
formed a least squares fitting of the numerical results ass
ing thatb/a5b(x/y)n. The results are given as

b

a
50.74S x

yD 3.2

~u5p/6!

b

a
50.77S x

yD 3.1

~u5p/4! ~4.2!

b

a
50.62S x

yD 3.1

~u5p/3!.

FIG. 1. The trajectories of the second body~thick curve! and the

third body ~dotted curve! relative to the first body for~a! x/ x̄

50.3, y/x52.0 and~b! x/ x̄50.3, y/x54.0. u5p/4. The coordi-

nate is normalized byx̄.
06300
o

m-

We see au-dependence ofb, which will be discussed in Sec
VI A. However, as for the power indexn, it is almost con-
stant so that we will not discuss the small deviation ofn
from 3 from now on.

The important conclusion is that we have verified that
power dependence is in good agreement with the prev
analytic order-of-magnitude estimate of Eqs.~2.4! and ~2.5!
and that the numerical coefficientsa and b are actually of
order unity. In the next section we will assume thata andb
are constants. For simplicity we will adopta50.4 andb
50.8.

V. PROBABILITY DISTRIBUTION FUNCTION
OF BINARIES

A. Distribution function and binary fraction

If we assume that black holes are distributed random
then the probability distribution functionP(x,y) for the ini-
tial comoving separation of the binaryx and the initial co-
moving separation of the nearest neighboring black h
from the center of mass of the binaryy is

P~x,y!dxdy5
9x2y2

x̄6
e2y3/ x̄3

dxdy, ~5.1!

where 0,x,y,` so that*0
`dx*x

`dyP(x,y)51. Changing
the variablesx andy in Eq. ~5.1! to a ande with Eqs.~2.4!
and ~2.6!, we obtain the probability distribution function o
the eccentricity and the semimajor axis of binaries as

f ~a,e!dade5
3

4

b

~a x̄!3/2

a1/2e

~12e2!3/2

3expF2
b

~12e2!1/2 S a

a x̄
D 3/4Gdade,

~5.2!

FIG. 2. The semimajor axisa as a function of initial separation

x/ x̄. The solid triangles are numerical data. The solid line is

approximate equationa/ x̄5(x/ x̄)4.
3-4
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where A12b2,e,1, 0,a,` so that
*0

`da*A12b2
1

de f(a,e)51. For 0,e,A12b2, f (a,e)50:
i.e., no such binary is formed.

Integrating f (a,e) with respect to e in the range
A12b2,e,1, we obtain the distribution function of th
semimajor axis as

FIG. 3. b(semiminor axis)/a(semimajor axis) as a function o
x/y for ~a! u5p/6, ~b! p/4 and ~c! p/3. The solid triangles are
numerical data. The solid line is the approximate equationb/a
5(x/y)3.
06300
f a~a!da5
3

4 S a

a x̄
D 3/4

expF2S a

a x̄
D 3/4G da

a
. ~5.3!

From Eq. ~5.3!, it is found that if a51, the fraction of
BHMACHOs that are in binaries witha;231014 cm and
MBH50.5M ( is ;4% and;0.4% for Vh251 and 0.1,
respectively. On the other hand, if we adopt our numeri
estimate ofa given in the previous section,a50.4, the frac-
tion becomes;7% and;0.8% forVh251 and 0.1, respec
tively. This estimated fraction of;10 AU size BHMACHO
binaries can be compared with the observed rate of bin
MACHO events~one binary event in eight observed MA
CHOs! @23# although the small number statistics prevents
from stating something definite.

B. Gravitational waves from coalescing BHMACHO binaries

We consider here short period BHMACHO binarie
Their coalescence time due to the emission of gravitatio
waves is approximately given by@24#

t5t0S a

a0
D 4

~12e2!7/2, ~5.4!

a052.031011S MBH

M (
D 3/4

cm ~5.5!

wheret051010 yr and a0 is the semimajor axis of a binar
with circular orbit which coalesces int0 . Note that Eq.~5.4!
is an approximation fore;1 in Ref.@24#. However, it is also
a good approximation even fore;0. Equation~5.4! can be
written in terms ofx andy using Eqs.~2.4! and ~2.5! as

t5 t̄ S x

x̄
D 37S y

x̄
D 221

, ~5.6!

t̄ 5b7S a x̄

a0
D 4

t0 . ~5.7!

Integrating Eq.~5.1! for a givent with the aid of Eq.~5.6!,
we obtain the probability distribution function of the coale
cence timef t(t). We should take the range of the integratio
as 0,x, x̄, x,y,`. The first conditionx, x̄ is necessary
for binary formation. The second condition turns out to
(t/ t̄ )1/16x̄,y,(t/ t̄ )21/21x̄ for a given t. Performing the in-
tegration, we have

f t~ t !dt5
3

37 S t

t̄
D 3/37FGX58

37
,S t

t̄
D 3/16C2GX58

37
,S t

t̄
D 21/7CG dt

t

>
3

37 S t

t̄
D 3/37

GS 58

37
D dt

t
, ~5.8!

whereG(x,a) is the incomplete gamma function defined b

G~x,a!5E
a

`

sx21e2sds. ~5.9!
3-5
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The second equality is valid when we considert;t0 because
t0 / t̄ !1 for typical values of parameters, that is,t0 / t̄;2
310223 for Vh250.1, MBH50.5M ( , a50.4 andb50.8.

If the halo of our galaxy consists of BHMACHOs of ma
;0.5M ( , about 1012 BHMACHOs exist out to the LMC.
The number of coalescing binary BHMACHOs witht;t0
then becomes;13109 for Vh250.1, a50.4 andb50.8 so
that the event rate of coalescing binaries becomes;1
31021 events/yr/galaxy. This rate is slightly larger than t
estimate of Ref.@15#. On the other hand, if the BHMACHO
extend up halfway to M31, the number of coalescing bin
BHMACHOs with t;t0 can be;63109 and the event rate
becomes;631021 events/yr/galaxy. Both of these est
mates are much larger than the best estimate of the even
of coalescing neutron stars based on the statistics of bi
pulsar searches in our Galaxy,;131025 events/yr/galaxy
@25–27#. Because the first LIGO-VIRGO interferometers
2001 should be able to detect BHMACHO coalescence
to about 15 Mpc distance, i.e., out to the Virgo Cluster@15#,
the event rate will be several events per year even if
pessimistically estimate it~;1/100 events/yr/galaxy in eac
galaxy like our own!.

In deriving the probability distribution function for th
coalescence time in Eq.~5.8!, we have neglected variou
effects, such as the angle dependence ofb, 3-body collision,
the effect of the fourth body, the effect of the mean fluctu
tion field, the initial condition dependence and the radiat
drag. We will consider these effects in the next section.

C. Region checked numerically

Since we have solved three body problem only for a
stricted parameter range ofx and y, one may wonder
whether our computations may not be complete. Thus
need to show that the parameter range of our calculation
sufficiently large.

We have verified Eqs.~2.4! and ~2.5! numerically forx

andy in the range 0.1x̄,x, x̄, which means

1023,S x

x̄
D 3

,1 ~5.10!

and 2,y/x,7, which corresponds to

8S x

x̄
D 3

,S y

x̄
D 3

,343S x

x̄
D 3

. ~5.11!

On the other hand,y is expressed byx andt from Eq. ~5.6!.
Therefore if we are interested in the coalescing binaries w
the coalescence timet1,t,t2 , the range ofy is expressed
by

S t2

t̄
D 21/7F S x

x̄
D 3G 37/21

,S y

x̄
D 3

,S t1

t̄
D 21/7F S x

x̄
D 3G 37/21

.

~5.12!

This range ofy determines the probability distribution func
tion f t(t) in Eq. ~5.8! for t1,t,t2 . In Fig. 4 the horizontal
06300
y

ate
ry

ut

e

-
n

-

e
is

th

axis and the vertical axis are (x/ x̄)3 and exp@2(y/x̄)3#, re-

spectively. The dashed lines showx50.1x̄ and y/x5 i ( i
52,3,4,5,6,7), respectively. Solid lines showt150.1t0 and
t2510t0 for Vh250.1, MBH50.5M ( , a50.4 andb50.8
in Eq. ~5.12!. Since the area in Fig. 4 is directly proportion
to the probability P(x,y)5d„(x/ x̄)3

…d(e2(y/ x̄)3
) from Eq.

~5.1!, almost the entire region we are interested in (0.t0
&t&10t0) is checked numerically. So the probability distr
bution function f t(t) in Eq. ~5.8! is valid for 0.1t0&t
&10t0 though in derivingf t(t) we used Eqs.~2.4! and~2.5!
for the region ofx andy beyond our calculations.

VI. CONSIDERATIONS OF VARIOUS EFFECTS

We shall consider several possible factors which may
fect the estimate of the event rate of coalescence.

A. Angle dependence

So far, we have treatedb as a constant. In reality, how
ever,b has an angle dependence. In this subsection we
vestigate whether the angle dependence ofb affects the es-
timate of the event rate. In the analytical estimate of E
~2.5!, b is proportional to the tidal force. Since the tidal forc
is proportional to sin(2u), we expect thatb is also propor-
tional to sin(2u). In Fig. 5 we show the result of numerica
calculations for the angle dependence ofb averaged for vari-
ous values ofx andy/x for the exponentn53. We find that
the angle dependence ofb can be approximated by

b.0.8 sin~2u!. ~6.1!

In the previous section we have used the maximum va
of b so that if we take this angle dependence into account

FIG. 4. The region we have checked numerically, i.e.x50.1x̄ in
Eq. ~5.10! andy/x5 i ( i52,3,4,5,6,7) in Eq.~5.11!, and the region
that corresponds to 0.1t0,t,10t0 . The horizontal axis is scaled a

(x/ x̄)3 and the vertical axis is scaled as exp@2(y/x̄)3# so that the area
in the figure is directly proportional to the probability. We can s
that almost the entire region we are interested in is within the ra
that we have checked numerically for 0.1t0,t,10t0 .
3-6
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effective b will decrease. The probability distribution func
tion f t(t) is proportional to b221/37 since f t(t)} t̄ 23/37

}b221/37 in Eqs.~5.8! and ~5.7!. Hence qualitatively the ef-
fect of the angle dependence is to increase the event ra

If we consider the initial direction of the third body, th
distribution functionP(x,y,u) for x, y andu is given by

P~x,y,u!dxdydu5P~x,y!dxdy sin udu

5
9x2y2

x̄6
e2y3/ x̄3

dxdy sin udu,

~6.2!

where 0,u,p/2 and we assumed thatP(x,y) does not de-
pend onu. Integrating Eq.~6.2! for a givent with the aid of
Eq. ~5.6!, we obtain

f t
ang~ t !dt5

3

37
E

p/22~1/2!arcsin~ t/ t̄ !1/7

~1/2!arcsin~ t/ t̄ !1/7 S t

t̄ ~u!
D 3/37

3FGS 58

37
,S t

t̄ ~u!
D 3/16D

2GS 58

37
,S t

t̄ ~u!
D 21/7D Gsin udu

dt

t
, ~6.3!

t̄ ~u!5b7 sin7~2u!S a x̄

a0
D 4

t05 t̄ sin7~2u!,

~6.4!

where b is replaced withb sin(2u). The lower and upper
limits of the u integral are determined byt/ t̄ (u)51 where
the integrand in Eq.~6.3! becomes 0; i.e., no binary whic
survives up tot;t0 is produced. We can integrate Eq.~6.3!

FIG. 5. The angle dependence ofb assuming that the functiona
form of b is as in Eq.~2.5! is shown.b has an angle dependence
b}sin(2u). u is the angle between the line that connects the bin
and the line that connects the third body and the center of
binary.
06300
.

numerically with respect tou for a givent. For example, if
we take t5t0 , MBH50.5M ( , Vh250.1, a50.4 and b
50.8, then f t

ang(t0)51.831023/t0 while f t(t0)51.0
31023/t0 . For 0.1t0&t&10t0 , we can show thatf t

ang(t0)
. f t(t0). Therefore the event rate of coalescing binaries m
be doubled if we take into account the angle dependenc
b.

B. Three-body collision

In deriving Eq.~5.8!, we take the range of the integratio
as 0,x, x̄, x,y,`. Here we consider the range ofy care-
fully. If y, x̄, the third body may be bound by the binary
the radiation dominated era. If the bound third body collid
with the binary, a complicated 3-body interaction occurs
is a difficult problem to estimate how many binaries who
coalescence time is;t0 are left after the complicated 3-bod
interaction. So we shall exclude such a case and estimate
minimum event rate. Namely, we shall restrict the range
the integration to 0,x, x̄, x̄,y,`.1 This range turns out
to be x̄,y,(t/ t̄ )21/21x̄ for a given t. Integrating Eq.~5.1!
for a givent with the aid of Eq.~5.6!, we have

f t
3 body~ t !dt5

3

37 S t

t̄
D 3/37FGS 58

37
,1D 2GS 58

37
,S t

t̄
D 21/7D G dt

t

>
3

37 S t

t̄
D 3/37

GS 58

37
,1D dt

t
. ~6.5!

The second equality is valid when we considert;t0 . Its
ratio to f t(t) in Eq. ~5.8! is

f t
3 body~ t !

f t~ t !
5

G~58/37,1!

G~58/37!
.0.60. ~6.6!

That is, the ratio of the binary formation probability withou
the third body being bound by the binary to the total bina
formation probability is about 60% fort;t0 . Hence the 3-
body collision reduces the event rate at most 40%.

If we consider the fourth body, the bound third body m
not collide directly with the binary due to the tidal force o
the fourth body to the third body. The third body may on
act as a satellite of the binary. If this fact is taken into a
count, the minimum probability distribution functio
f t

3 body(t) in Eq. ~6.5! increases. The semimajor axisa8 and
the semiminor axisb8 of the orbit of the third body will be
determined by the initial comoving separation of the fou
body z as

1The factor in front ofx̄ in the conditionx̄,y may be more than
unity for the third body not to be bound in this case, since
binary is more massive than a single black hole. However, we s
unity from now on, since the factor is of orderO(1) and the con-
clusion that the event rate of coalescing binaries is not reduce
much is not changed. This statement also applies to Eq.~6.12!.

y
e
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a85a8
y4

x̄3
~6.7!

and

b85b8S y

zD
3

a8 ~6.8!

respectively. In deriving these values, we treat the binary
a point mass and assume that the analytical estimates of
~2.4! and ~2.5! are valid for this system.a8 andb8 will be
different from a and b respectively in this case, since th
mass ratio of the total mass of the binary to the third bod
mass is not unity. However, we seta85a andb85b from
now on for simplicity since we are making an order estim
of the effect.

The 3-body collision will not occur whenga,r min8 is
satisfied, whereg is a constant which takes into account t
uncertainty of the criterion for the 3-body collision.r min8 is
the minimum separation between the third body and the c
ter of mass of the binary and is given by

r min8 5a8~12e8!5a82Aa822b82*
b82

2a8
. ~6.9!
06300
s
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The third inequality is almost an equality because the c
with a8@b8 is considered. The distribution function of fou
bodies is given by

Px,y,z~x,y,z!dxdydz5
27

x̄9
e2z3/ x̄3

x2dxy2dyz2dz.

~6.10!

To calculate the probability that the third body does not c
lide with the binary but is bound to it, the above distributio
function, Eq.~6.10!, should be integrated with the constrain

x,y, x̄, ~6.11!

x̄,z, ~6.12!

z3,d
y5

x2 , ~6.13!

where d5Ab2/2g and the last inequality comes fromga
,r min8 . The condition~6.12! is necessary in order that th
fourth body is not bound in the radiation dominated e
First, we integrate Eq.~6.10! with respect toz as
by the
case
third
E
1

d~y/ x̄!5/~x/ x̄!2

e2~z/ x̄!3
dS x3

x̄3D dS y3

x̄3D dS z3

x̄3D 5@e212e2d~y/ x̄!5/~x/ x̄!2#dS x3

x̄3D dS y3

x̄3D , ~6.14!

where the range of thez integral is determined by Eqs.~6.12! and~6.13!. The first term in Eq.~6.14! can be integrated for a
given t with the aid of Eq.~5.6! as

E
@~x/ x̄!37~y/ x̄!2215t/ t̄ #

e21dS x3

x̄3D dS y3

x̄3D 5H Ed2111/143~ t/ t̄ !6/143

1

e21S y3

x̄3D 21/37

dS y3

x̄3D J dXS t

t̄
D 3/37C

5
3

37 S t

t̄
D 3/37H 37

58e F12d2174/143S t

t̄
D 348/5291G J dt

t
. ~6.15!

The upper limit of this integral is determined by Eq.~6.11!, and the lower limit is determined by Eq.~5.6! andx̄3,dy5/x2 with
Eqs.~6.12! and ~6.13!. The second term in Eq.~6.14! can be integrated in the same way.

On the other hand, the probability distribution function of the binary formation without the third body being bound
binary is already obtained in Eq.~6.5!. Then, by summing the case with the third body being bound by the binary and the
without the third body being bound by the binary, the probability distribution function without the collision between the
body and the binary is obtained as

f t
4 body~ t !dt5 f t

3 body~ t !dt1
3

37 S t

t̄
D 3/37H 37

58e F12d2174/143S t

t̄
D 348/5291G

2
111

143
d2174/143S t

t̄
D 348/5291FGS 174

143
,1D 2GX174

143
,dS t

t̄
D 22/37CG J dt

t

> f t
3 body~ t !dt1 f t~ t !F 37

58eGS 58

37
D G dt. ~6.16!
3-8
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The relative error in the second equality is about a few p
cent for t;t0 andg;1. The second term is the probabilit
distribution function for the third body to be bound by th
binary but not to collide with the binary. For simplicity, w
set g51, which corresponds tod>0.57 for b50.8. The
ratio f t

4 body(t0)/ f t(t0) is 82% for MBH50.5M ( , Vh2

50.1, a50.4 andb50.8. Comparing this ratio to the rati
in Eq. ~6.6!, the hierarchical three body bound system m
be produced by about 22% of the binaries that coalescet
;t0 , during the radiation dominated era. During the rad
tion dominated era, the probability of the 3-body collision
about 18% of the binaries that coalesce att;t0 .

Because the hierarchical structure consisting of a bin
and a satellite becomes unstable byt;t0 if r min8 /a is very
close to 1, we may have to takeg larger than unity. More-
over, g will depend on the eccentricity of the binary, th
inclination of the orbital plane of the third body and so o
Here ‘‘unstable’’ means that the third body crosses the
nary and the complicated three body interaction occu
There are some criterions for the stability of the binary~e.g.
Ref. @28#!. If we need to estimate the event rate accurate
we will have to pay attention to the value ofg. However, we
do not need such an accuracy here, and so we setg as a
constant. Forg510, the ratiof t

4 body(t0)/ f t(t0) is 71% for
MBH50.5M ( , Vh250.1, a50.4 andb50.8.

In addition to the stability of the hierarchical system, the
may be something to be considered about the value ofg. If
the third body is not separated enough from the binary,
v i 22 v i 21 v i

06300
r-

y
t
-

ry

.
i-
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,

e

tidal force from the third body deforms the orbit of the b
nary more effectively than the gravitational wave does. Th
the estimate of the lifetime of the binary using Eq.~5.4! is
not adequate fort;t0 , which results in a change of the eve
rate estimate. Note that a little change in the eccentricitye,
causes a large change in the lifetime in Eq.~5.4! when the
orbit is very eccentric, 12e2!1. The effect of the orbital
deformation will be discussed in Sec. VII.

C. Effect of mean fluctuation field

In this subsection, we will estimate the tidal force fro
bodies other than the third body and how it affects the e
mate of the event rate. The tidal field from thei th BH will be
given by

Ti}
1

xi
3 , ~6.17!

wherexi is the comoving separation of thei th BHMACHO
from the center of mass of the binary. The distribution fun
tion for x4 ,x5 ,...,xi is

P~x4 ,x5 ,...,xi !5e2xi
3/ x̄3

dS x4
3

x̄3D dS x5
3

x̄3D¯dS xi
3

x̄3D .

~6.18!

Then the mean value of (1/xi
3)2 for given x3 is estimated as
K 1

xi
6L 5

*x
3
3/ x̄3

`
d~x4

3/ x̄3!*x
4
3/ x̄3

`
d~x5

3/ x̄3!¯*x
i 21
3 / x̄3

`
d~xi

3/ x̄3!e2xi
3/ x̄3

~1/xi
6!

*x
3
3/ x̄3

`
d~x/4

3/ x̄3!*x
4
3/ x̄3

`
d~x5

3/ x̄3!¯*x
i 21
3 / x̄3

`
d~xi

3/ x̄3!e2xi
3/ x̄3

5
1

x̄6 Ef

`

dv4E
v4

`

dv5¯E
v i 22

`

dv i 21E
v i 21

` dv i

v i
2 e2v i/e2 f , ~6.19!
d
where

fª
x3

3

x̄3
. ~6.20!

Thus the mean value of the tidal field for givenx3 will be
estimated as

^T2&5N(
i 53

` K 1

xi
6L

5
N

x3
6 F11 f 2(

i 54

` E
f

`

dv4E
v4

`

dv5¯

3E`

dv i 21E` dv i
2 e2v i1 f G . ~6.21!
The first term is the contribution from the third object an
the second term is that from the other objects.

For i>5,

I i ªefE
f

`

dv4E
v4

`

dv5¯E
v i 22

`

dv i 21E
v i 21

` dv i

v i
2 e2v i

5efE
f

`

dv4E
v4

`

dv5¯E
v i 22

` dv i 21

v i 21
E

1

` dx

x2 e2v i 21x

5efE
f

`

dv4E
v4

`

dv5¯E
1

` dy

y E
1

` dx

x2 e2v i 22xy

5efE
1

` dy

yi 24 E
1

` dx

xi 23 e2 f xy. ~6.22!
3-9
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Thus

Ĩª(
i 55

`

I i

5efE
1

`

dyE
1

` dx

x

1

xy21
e2 f xy

5efE
1

`

dyy8E
y

`

dz
1

z~z21!
e2 f z

5efF2E
1

`

dz
1

z~z21!
e2 f z1E

1

`

dz
1

z21
e2 f zG

5efEi~2 f !. ~6.23!

On the other hand, fori 54,

I 4ªefE
f

` dv4

v4
2 e2v45ef S f 21e2 f2E

f

` dv
v

e2vD
5 f 212efEi~2 f !. ~6.24!

Hence

Iª(
i 54

` E
f

`

dv4E
v4

`

dv5¯E
v i 22

`

dv i 21E
v i 21

` dv i

v i
2 e2v i1 f

5I 41 Ĩ 5 f 21 ~6.25!

Therefore~tidal force by the fourth, fifth, . . . objects!/~tidal
force by the third object! is estimated as; f . Note that this
averaged value of the tidal force by the fourth, fifth, . . .
objects can be evaluated more easily. Because the dist
tion is assumed to be random in space, the one particle
tribution function for the fourth, fifth, . . . objects is given by
a uniform distribution inx.x3 with the averaged density o
the BHMACHOs. Hence

(
i 54

` K 1

xi
6 L 5

3

4p x̄3 Ex3

` 1

x6 4px2dx5
1

x3
3x̄3

.

Of course, this gives the same result as before.
If y. x̄, i.e. f .1, the tidal force by the fourth, fifth, . . .

objects dominates the one by the third body. In derivingf t(t)
in Eq. ~5.8! or f t

3 body(t) in Eq. ~6.5!, we should take the
effect of the fluctuation field into consideration. If the tid
force increases,b increases effectively; eventuallyf t(t) and
f t

3 body(t) decrease becausef t(t) and f t
3 body(t)} t̄ 23/37

}b221/37. To estimate how the minimum event rate d
creases, we use

^T2&5
N

x3
6 F11S x3

x̄
D 3G&

N

x3
6 F2S x3

x̄
D 3G ~6.26!

as the tidal force fory. x̄. Assuming that the analytical es
timate,b.~tidal force!3~free fall time!2, is valid as in Eq.
~2.5!, we have
06300
u-
is-

-

b5&bS x

yD 3S y

x̄
D 3/2

a. ~6.27!

With this equation and Eq.~2.4!, assuming that the form ofa
in Eq. ~2.4! is valid, we write Eq.~5.4! in terms ofx andy as

t527/2t̄ S x

x̄
D 37S y

x̄
D 221/2

. ~6.28!

We take the range of the integration as 0,x, x̄, x̄,y,`
which means that we exclude the case that the third bod
bound to the binary. Integrating Eq.~5.1! for a givent with
the aid of Eq.~6.28! in the range ofx̄,y,21/3(t/ t̄ )22/21x̄,
we have

f t
f luc~ t !dt

5
3

37 S t

t̄
D 3/37

2221/74FGS 95

74
,1D2GS 95

74
,2S t

t̄
D 22/7D G dt

t

>
3

37 S t

t̄
D 3/37

2221/74GS 95

74
,1D dt

t
. ~6.29!

The ratio of f t
f luc(t) in Eq. ~6.29! to f t(t) in Eq. ~5.8! is

f t
f luc~ t !

f t~ t !
5

2221/74G~95/74,1!

G~58/37!
.0.40. ~6.30!

Hence the tidal force from bodies other than the third bo
reduces the event rate at most 60%.2

D. Initial condition dependence

So far we have assumed that the initial peculiar velocity
vanishing and the initial scale factor when the bodies be
to interact isR51023(x/ x̄)(MBH/0.5M ()1/3. We consider
here whether or not the results crucially depend on the in
conditions.

First, we consider the initial angular momentum. We ha
assumed that the angular momentum of the binary is o
from the tidal force so that it is given by

J5bAMBH
3

2a
5Aab2

2
MBH

3 x10

y6x̄3
, ~6.31!

where we used Eqs.~2.4! and~2.5!. On the other hand, if the
BHMACHO binary has a relative velocityv f at the forma-
tion epoch, the initial angular momentum will be evaluat
as

Jf5MBHRfxv f , ~6.32!

2In f t
f luc(t), the case where the third body is bound to the bina

is excluded. So we will have to compare it withf t
3 body(t) not with

f t(t) to evaluate only the effect of the mean fluctuation fie
f t

f luc(t)/ f t
3 body(t)50.67.
3-10
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whereRf is given by Eq.~2.1!. We note thatv f,1. Other-
wise, the BHMACHO mass becomes comparable with
radiation energy within the volume that the BHMACH
sweeps in one Hubble expansion time at the formation
och. In this case the drag effect due to the radiation field w
be significant so that the BHMACHO will be decelerat
eventually andv f,1 after all. We can now evaluate the rat
of the two angular momenta as

UJf

J
U.931023v fS MBH

M (

D 1/6

~Vh2!1/3S x

x̄
D 24S y

x̄
D 3

,431023S x

x̄
D 24S y

x̄
D 3

5431023S t

t̄
D 21/7S x

x̄
D 9/7

,431023S t

t̄
D 21/7

,

~6.33!

where we used Eqs.~2.1!, ~2.2! and ~5.6! for MBH
50.5M ( , Vh250.1, a50.4 andb50.8. Fort;t0 , uJf /Ju
can be comparable to 7 for the extreme case ofv f;1 since
t0 / t̄;2310223. Becausef t(t)}b221/37, the event rate be
comes 30% of Eq.~5.8! if the initial peculiar velocity is the
maximum possible value. Hence we see that the event ra
not reduced so much even if the initial peculiar velocity
extremely large.

Second, we consider whether the initial peculiar veloc
considerably changesa and the formation epoch of the b
nary. Consider the case that the initial peculiar velocity
comparable to unity whenR5Rf;1029 in Eq. ~2.1! for
MBH;0.5M ( and Vh2;0.1. From Eq.~3.5!, the peculiar
velocity is damped to;1026(x/ x̄)21 by the time whenR
51023(x/ x̄), since the interaction between bodies can
neglected during this period. Therefore it is sufficient to
vestigate the two body problem assuming that the pecu
velocity v i is smaller than 1026(x/ x̄)21 at R51023(x/ x̄).
The result is shown in Fig. 6. Figure 6 shows thata and the
formation epoch of the binary do not crucially depend on
initial peculiar velocity. When v i521026(x/ x̄)21, the
event rate changes becausef t(t)} t̄ 23/37}a212/37. Sincea is
about 10% larger, the event rate is only 4% smaller. N
that the ratioRẋ/Ṙx;1023v i(x/ x̄)21 does not depend onR.

Finally, we consider whether the initial scale fact
changesa and the formation epoch of the binary. We calc
lated the two body problem using various initial scale fa
tors. The results are shown in Fig. 7. As we can see from
7, a and the formation epoch of the binary do not strong
depend on the initial scale factor. Qualitatively the event r
increases if the interaction begins earlier thanR51023x/ x̄,
becausea decreases.

E. Radiation drag

In this subsection we consider whether or not the fo
received from the background radiation is greater than
06300
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gravitational force between BHMACHOs. There are tw
kinds of force received from the background radiation:~i!
the force from the radiation through which a BHMACHO
traveling @29# and ~ii ! the force from the radiation which a
BHMACHO deflects, namely the dynamical friction@30,31#.

First, we estimate the force from the radiation which t
BHMACHO sweeps. The force is estimated as

Frad;~radiation momentum density!

3~cross section!3~velocity of the BH!

;
req

R4 3MBH
2 3v. ~6.34!

FIG. 6. This figure illustrates whether the initial peculiar velo
ity crucially changesa or the formation epoch of the binary. Th
evolution of the relative distance between the binary with differ

initial peculiar velocity atRi51023(x/ x̄) is shown. The case o

v i51026(x/ x̄)21 is the upper one. The case ofv i50 is the middle

one. The case ofv i521026(x/ x̄)21 is the lower one. We can se
that the dependence is weak.

FIG. 7. This illustrates whether the initial scale factor when t
bodies begin to interact crucially changesa or the formation epoch

of the binary. The cases ofRi51023(x/ x̄), Ri51024(x/ x̄) andRi

51025(x/ x̄) are shown. We can see that the dependence is we
3-11
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WhenR.Rm , the ratio of the force from the radiation to th
gravitational force between BHMACHOs is

Frad

Fgrav
.

MBH
2 vreq /Rm

4

MBH
2 /~xRm!2

;10211S MBH

M (
D 2/3

~Vh2!4/3vS x

x̄
D 24

&10213S x

x̄
D 24

~6.35!

where we setMBH50.5M ( and Vh250.1. Therefore the
force from the radiation which the BHMACHO sweeps c
be neglected forx/ x̄*1023. Since our numerical calcula
tions are performed forx/ x̄.0.1, the radiation drag force i
negligible.

Next, we investigate whether the dynamical friction c
be larger than the gravitational force between
BHMACHOs. When a photon passes by a BHMACHO a
distance b, the photon is deflected by an angleud
;4MBH /b. This deflection changes the momentum dire
tion of the photon. The momentum of the photon in the
coming direction changes fromp to p(12cosud). Thus the
momentum of the BHMACHO must be changed. This m
mentum exchange causes the dynamical friction. The fo
that the BHMACHO receives due to the dynamical frictio
can be estimated as

Fdyn5E ~radiation momentum density!

3~velocity of the BH!3~12cosud!2pbdb.

~6.36!

This expression may not be precise relativistically, but t
will be a good approximation whenv!1. Assumingud is
small,

Fdyn.E
bmin

bmax req

R4 vud
2bdb.

req

R4 MBH
2 v ln L, ~6.37!

where lnL5ln bmax/bmin is called the Coulomb logarithm
bmax(bmin) is the maximum~minimum! of the impact pa-
rameter. In the cosmological situation the horizon scale
the natural maximum impact parameter. In the case we
considering,bmin.MBH . Therefore lnL cannot be so large
and Fdyn is the same order asFrad . Hence the dynamica
friction can also be neglected.

VII. LIFE OF BHMACHO BINARIES AFTER FORMATION

Finally, we consider how BHMACHO binaries evolve a
ter the equality time.
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First, we consider a 3-body collision during the matt
dominated era. For example, let us consider a galaxy w
massMG;1012M ( and a radiusRG;100 kpc. Then the
density of BHMACHOsn is about n;1/(1019 cm)3. We
estimate the time scaletcoll for a BHMACHO binary with
the semimajor axisa;231015 cm ~which corresponds to
x/ x̄;0.4! to collide with other BHMACHOs. Note that al
most all binaries that contribute to the event rate havex/ x̄
&0.4 as we can see in Fig. 4. If we assume the velocity
the binary v to be the virial velocity v;AMG /RG
;100 km/s,tcoll is given by

tcoll;
1

nsv
;1012 yr @1010 yr, ~7.1!

wheres;pa2;1031 cm2 is the cross section for the 3-bod
collision. Hence the 3-body collision during the matter dom
nated era may be small.

Next, we consider whether or not the tidal force from t
other BHMACHOs alters the coalescence time of the bina
If the tidal field from the other bodies deforms the orbit
the binary more effectively than the gravitational wave do
the lifetime of the binary in Eq.~5.4! may be different. For
example, the binary cannot coalesce if the increase of
binding energy by the tidal force is greater than the decre
by the gravitational wave emission. Since the binaries t
contribute to the coalescence rate at present are highly
centric, 12e2!1, a little change in the eccentricity,e,
causes a large change in the lifetime in Eq.~5.4!. If the
coalescence time of the binary in Eq.~5.4! is different, the
probability distribution function for the coalescence tim
f t(t) in Eq. ~5.8! is different since we use Eq.~5.4! in deriv-
ing f t(t), and the event rate of the coalescing BHMACH
binaries may be reduced.

So let us consider the tidal field from the other bodies
the orbit of the binary after the equality time. First, we com
pare the energy loss rate by the gravitational wave with
binding energy change rate by the tidal field from the oth
bodies. The average energy loss rate by the gravitatio
wave@24# from a binary with the eccentricitye and the semi-
major axisa is given by

uĖ~GW!u5
64MBH

5 S 11
73

24
e21

37

96
e4D

5a5~12e2!7/2 . ~7.2!

On the other hand, the energy change rate by the tidal fo
from the other body is at most given as

uĖ~ t idal !u;~tidal force!3~velocity!;
MBH

2 a

D3 3
2a

TB
,

~7.3!

whereTB52pAa3/2MBH is the period of the binary andD
is the distance between the source of the tidal force and
center of mass of the binary. The ratio is
3-12
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uĖ~GW!/Ė~ t idal !u;S D

231025 cm
D 3S x

x̄
D 243S y

x̄
D 21S MBH

0.5M (

D 211/6S Vh2

0.1
D 22/3

;S D

231025 cm
D 3S t

t̄
D 21S x

x̄
D 26S MBH

0.5M (

D 211/6S Vh2

0.1
D 22/3

;S D

131017 cm
D 3S x/ x̄

0.4
D 26S MBH

0.5M (

D 221/6S Vh2

0.1
D 2

, ~7.4!

where we used Eqs.~2.4! and ~2.6! with a50.4, b50.8 ande;1 in the first equality. We used Eq.~5.6! in the second
equality and we sett5t0 in the third equality. Therefore ifD.131017 cm, the coalescence time based on Eq.~5.4! is a good
approximation for a binary with the semimajor axisa&231015 cm, which corresponds tox/ x̄&0.4, sinceuĖ(GW)/Ė(t idal)u
.1. This condition is satisfied in our case since the mean separation of BHMACHOs is;231017 cm at the equality time.

Second, we compare the angular momentum loss rate by the gravitational wave with that by the tidal field of the oth
The average angular momentum loss rate by the gravitational wave@24# for a binary with eccentricitye and semimajor axis
a is given by

uJ̇~GW!u5
32&MBH

9/2S 11
7

8
e2D

5a7/2~12e2!2 . ~7.5!

On the other hand, the average rate of the angular momentum change by the tidal field is at most given as

uJ̇~ t idal !u;~tidal force!3~length!;
MBH

2 a2

D3 . ~7.6!

Their ratio is calculated as

uJ̇~GW!/ J̇~ t idal !u;S D

231026 cm
D 3S x

x̄
D 234S y

x̄
D 12S MBH

0.5M (

D 2/3S Vh2

0.1
D 22/3

;S D

231026 cm
D 3S t

t̄
D 212/21S x

x̄
D 290/7S MBH

0.5M (

D 2/3S Vh2

0.1
D 22/3

;S D

231020 cm
D 3S x/ x̄

0.4
D 290/7S MBH

0.5M (

D 22/7S Vh2

0.1
D 30/7

. ~7.7!
m

ing
i-

.

Therefore, if D.231020 cm, uJ̇(GW)/ J̇(t idal)u.1 for a bi-
nary with the semimajor axisa&231015 cm, which corre-
sponds tox/ x̄&0.4. If the scale factorR becomes larger than
;103, the mean separation becomes larger than 231020,
and so the tidal force can be neglected. In the matter do
nated eraR is given by (t/teq)

2/3, and sot;109/2teq at R

;103, whereteq5A3/8preq5A3x̄3/8pMBH is the equality
time. The increase of the angular momentumDJ during teq
,t,109/2teq by the tidal force can be estimated as

uDJu;E
teq

109/2teq
J̇dt;E

teq

109/2teq MBH
2 a2

D3 dt

;E
teq

109/2teq MBH
2 a2

x̄3~ t/teq!
2

dt;
MBH

2 a2teq

x̄3
. ~7.8!
06300
i-

The ratio of the increase of the angular momentum dur
teq,t,109/2teq to the initial angular momentum of the b
nary at the formation is given by

uDJ/Ju;
MBH

2 a2teq / x̄3

bAMBH/2a
5A 3a3

4pb2 S x

x̄
D 3S y

x̄
D 3

5A 3a3

4pb2 S t

t̄
D 21/7S x

x̄
D 58/7

;S x/ x̄

0.5
D 58/7S MBH

0.5M (

D 5/21S Vh2

0.1
D 16/21

, ~7.9!

where we used Eqs.~2.4! and ~2.5! in the second equality
3-13
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We used Eq.~5.6! in the third equality and we seta50.4,
b50.8 and t;t0 in the last equality. Therefore, ifx/ x̄
,0.4, which corresponds to most binaries that coalesce
at t;t0 , as can be seen from Fig. 4, the increase of
angular momentum duringteq,t,109/2teq can be neglected

To conclude, the tidal force from the other bodies can
neglected if the binary is separated from the other bodies
greater than the mean separation. More detailed calculat
takingN-body effects into account are needed to confirm
above arguments on the effect of the tidal force of the ot
body on the evolution of the binary parameters after form
tion. The signs of the change rate of the energy and
angular momentum in Eqs.~7.3! and~7.6! are not certain so
that we argued only sufficient conditions. Moreover, if t
binding energy of the binary does not change secularly
periodically under the influence of the tidal field, Eq.~7.3!
may be an overestimate. So the effect of the tidal field m
be weaker.

VIII. SUMMARY

In this paper we have discussed black hole binary form
tion through three body interactions in the expanding u
verse. We have confirmed that the order-of-magnitude a
ment in Ref.@15# is valid within an error of;50%. Several
effects have been considered. The effect of the 3-body c
sion and the mean fluctuation field may reduce the event
of the coalescing BHMACHO binaries by about one-half. O
the contrary the angle dependence of the tidal force m
increase the event rate about twice. The results do not
cially depend on the initial peculiar velocity of BHMACHO
and the initial scale factor when the BHMACHOs begin
interact. The radiation drag does not affect the motion
BHMACHOs. After all, the probability distribution function
for the coalescence timef t(t) in Eq. ~5.8! is a good estimate
The error in the event rate estimate can be obtained by
sidering the minimum event rate. The minimum event r
can be estimated as$131021@original estimate byf t~t!#%
3@40%~3-body collision effect1mean fluctuation field
effect!#3@30%~maximum initial peculiar velocity
effect!#;1.231022 events/yr/galaxy. Then the event ra
will be 5310223261 events/yr/galaxy including the unce
tainty from the various effects in a plain fashion. This su
gests that we can at least expect several events per
within 15 Mpc even when the event rate is minimum,
31022 events/yr/galaxy. This event rate of coalescing B
MACHO binaries is comparable to or greater than the up
limit of that of coalescing binary neutron stars@25#. The
gravitational wave from such coalescence should be abl
be detected by LIGO-VIRGO-TAMA-GEO network.

We have simplified the real situation to the three bo
problem, so thatN-body effects have not been fully take
into account. They are~1! the destruction of the formed bi
nary by the 3-body collision between the binary and the
falling body after the equal time,~2! the deformation of the
orbit by the tidal field from the other body, and so on. A
though these effects have been estimated in Sec. VII and
event rate estimate does not seem to be influenced by t
effects; more detailed calculations takingN-body effects into
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account are needed to confirm this conclusion. It is poss
to investigate theN-body effect byN-body numerical simu-
lations. However, the dynamical range ofa is very large
(105 cm,a,1016 cm), and so we need to perform nume
cal simulations with a large dynamic range using the bigg
supercomputer. This is an important, challenging numer
problem.

Throughout this paper, we assumed that all BHMACH
have the same mass, although we have outlined the exten
to the unequal mass case in the Appendix. This is based
the assumption of a delta-function-type density fluctuation
the formation. Even in this case of the delta-function-ty
density fluctuation, there is a suggestion that in reality
IMF of primordial black holes may continue down to th
zero mass limit@32#. However, the IMF in this case has
steep rise proportional to;M3 at the lower mass end and a
exponential cutoff near the horizon mass. Hence the pic
of the delta-function-like IMF seems to be valid. Howeve
in the case of a general spectrum of the density fluctuat
we should consider binaries made from different ma
BHMACHOs.

Although we have assumed that the initial distribution
BHMACHOs is random, the high density region may have
strong correlation. Presumably this depends on the bl
hole formation process or the initial density perturbati
spectrum. If a strong correlation existed, more bina
BHMACHOs may be formed. This is also an interesting f
ture problem.
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APPENDIX: EXTENSION TO THE UNEQUAL
MASS CASE

In this appendix, we estimate the semimajor axis a
semiminor axis of the BHMACHO binary with unequa
mass. We only give an order-of-magnitude estimate alo
the line of Ref.@15# and Sec. II.

We describe the mass function of black holes asF(M ),
which is normalized as*0

`F(M )dM51. The average mas

of black holes, M̄BH , can be obtained asM̄BH

5*0
`MF(M )dM. The mean separation of black holes at t

time of matter-radiation equality is given byx̄

5(M̄BH /req)
1/3, where we assumed that the average

space is equal to the ensemble average. Consider a pa
black holes with massesM1 and M2 and a comoving sepa
ration x. This pair will decouple from the cosmic expansio
if its mean energy densityr̄BH5(M11M2)/(2x3R3) be-
comes larger than the radiation energy densityr r5req /R4.
In terms ofR, this condition can be written as
3-14
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R.Rm[S 2M̄BH

M11M2
D S x

x̄
D 3

5jS x

x̄
D 3

, ~A1!

wherej52M̄BH /(M11M2). The semimajor axisa will be
proportional toxRm and is given by

a5ãS 2M̄BH

M11M2
D x4

x̄3
5jã

x4

x̄3
, ~A2!

whereã is a constant of orderO(1). Consider a black hole
with massM3 in the nearest neighborhood of the binary. L
its comoving separation from the center of mass of the
nary bey. Then the semiminor axisb will be proportional to
~tidal force!3~free fall time!2 and is given by

b5ãb̃S M3xRm

~yRm!3 D S ~xRm!3

~M11M2!/2D
5S 2M3

M11M2
D b̃S x

yD 3

a5hb̃S x

yD 3

a, ~A3!

where b̃ is a constant of orderO(1) and h52M3 /(M1

1M2). ã and b̃ may depend on mass.
If we assume that black holes are formed randomly, th

the probability distribution functionP(x,y,M1 ,M2 ,M3) is

P~x,y,M1 ,M2 ,M3!dxdydM1dM2dM3

5
9x2y2

x̄6
e2y3/ x̄3

dxdyF~M1!F~M2!F~M3!dM1dM2dM3 ,

~A4!
p

s

e

ett

. J
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where we assumed thatx, y do not depend on mass. Equ
tion ~5.4! can be written in terms ofx andy using Eqs.~A2!
and ~A3! as

t5 t̃ S x

x̄
D 37S y

ȳ
D 221

, ~A5!

t̃ 5~hb̃!7S jã x̄

a0
D 4

t0 . ~A6!

Integrating Eq.~A4! for a givent with the aid of Eq.~A5!,
we obtain the probability distribution function of the coale
cence timef t

uneq(t) for the unequal mass case. We shou

take the range of the integration as 0,x,j21/3x̄, x,y

,`. The first conditionx,j21/3x̄ is necessary for binary
formation so thatRm,1. The second condition turns out t
be (t/ t̃ )1/16x̄,y,j237/63(t/ t̃ )21/21x̄ for a given t. Perform-
ing the integration, we have

f t
uneq~ t !dt

5E
0

`E
0

`E
0

` 3

37 S t

t̃
D 3/37

3FGX58

37
,S t

t̃
D 3/16C2GX58

37
,j237/21S t

t̃
D 21/7CG dt

t

3F~M1!F~M2!F~M3!dM1dM2dM3 . ~A7!

To integrate the above equation with mass, we need accu
values ofã andb̃, as well as assuming the form of the ma
fuction F(M ). This is left as a future problem.
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