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The index theorem is employed to extend the no-go theorem for lattice chiral Dirac fermions to translation
noninvariant and nonlocal formulationss0556-282(198)03817-X]
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Lattice regularization of functional integrals is the basis of We consider a gauge theory defined diméte latticewith

the most powerful methods of nonperturbative treatment othe fermion action
non-Abelian gauge theories. As any regularization, the lattice
breaks some properties of the underlying continuous theory.

The Nielsen-Ninomiya theoreifl] imposes nontrivial limi- Sf:g;] YmPmn(A) o 2

tations on those properties of the fermion action that can be

maintained on the lattice. In particular, this theorem State%hereA stands for gauge variables. The lattice may be non-
that if a lattice Dirac operator provides a correct free fermionregular with arbitrary boundary conditions. The Dirac opera-
spectrum in the continuum limit, it cannot simultaneously betor D may be translation noninvariant or nonlocal; it also

(i) lattice translation invariant(ii) local, and(iii) chirally  may not be gauge invariant.

invariant (for a more detailed formulation, s¢2]). The generic form of the Dirac operator in the chiral rep-

Among the propertiesi)—(iii) chiral symmetry is of par- esentation ofy matrices, ys=diag(l,—1) yT =y, reads

. - - . L 1 1 M ﬂ 1

ticular interest due to the role it plays both in the low energy,¢

dynamics of QCD and in the construction of chiral gauge

nition of the Dirac operator as satisfactory if it does no

sphere and a tory®ne had7]

theories. Various attempts have been made to hold chiral M, D_

invariance on the lattice at the cost of losing translation in- D=( ) (©)]
variance[ 3], locality [4], or the correct free fermion spec- D. M-

trum [5].

: : ; -MatricesD, andD _ are lattice transcriptions of the covari-
At the same time, one can hardly consider a lattice deft|ant Weyl operators:, (4, +iA.,) andO'L(é?M'i-iAM), respec-
reproduce, exactly or in some limit, all known exact proper-tively, whereA,, is the gauge fieldo, = (1,i) in two dimen-
ties of the continuum Dirac operator. One of such nontriviaiSions and o, =(l,io;) in four dimensions. MatrixM
properties is a consequence of the Atiyah-Singer index theg= diag(M . ,M__) #consi | is the measure of breaking of
rem[6]. This is a relation between the number of chiral zerochiral symmetryDys+ysD=2Mys. _
modes of the Dirac operator in a smooth external gauge field e now assume that the chirally invariant part@fis
on a compact manifold and the topological num@eof this ~ normal, i.e. D—M)(D—M)"=(D—M)"(D—M). This im-
external field, so that on the manifolds of index zéiike a  Plies that

D'D,=D_DT,
Q=n_-n,, D D,D'=D'D_, (4

wheren, (n_) is the number of zero modes of positive and that operatob —M has a complete orthonormal set of
(negative chirality. Note that on a finite torus relatiqd) is ~ €igenvectors. This ishe only conditionwe impose on the

nontrivial also in the Abelian cassee, for exampldg]). form of the Dirac operator. Note that Ef) is automatically
Inability of some particular lattice Dirac operator to repro- satisfied, ifD.. obey the same relation as the corresponding
duce this property were discussed[@]. The crucial role of continuum operatord _ = -D.

the index theorem in defining both vector and chiral gauge Now all is fixed to prove the following
theories on a lattice was emphasized 16]. Theorem A necessary condition for the lattice Dirac op-

The aim of this paper is to demonstrate that by requiringerator (3), (4) to reproduce a nonzero index (1) isA\D.

relation(1) to hold, at least approximately, on a finite lattice  We give two proofs: a “mathematical,” that uses only
one can extend the no-go theorem to generic chirally invariproperties of linear operators in finite-dimensional Hilbert
ant lattice Dirac operators including translation noninvariantspaces, and “physical,” that uses customary technique of
and nonlocal ones, provided they satisfy a mild spectral conquantum field theory. Both are very simple.

dition. Proof 1 (“mathematical”) If M=0, by definitionn,
—n_=dimker D, —dimker D_, where dimkerD.
mean the dimensions of the kernels of the operdors By

*Email address: zenkin@al20.inr.troitsk.ru virtue of condition (4) and finiteness of the Ilattice,
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one has dim kerD . =dim ker DT+DJr =dimker D_DT Let us make some comments. If on a finite lattice one has
—dim ker DT =dim ker D_ . Hence;n, —n_=0. n,—n_ =0, then a nonzero re_sult_cannot be obtained in any
Proof 2 (“physical”). Define the partition function in an limit. If M#0, the left-hand side n Eq9) generally 'does
external gauge field not equaln+_—n, and may not be integer. However, in suc_h
a case relatior{1l) can be approached in some limit, as it
_ _ happens in the case of Wilson fermidr& (for more refer-
Zf=f 11 du,d zﬁnex% ~S—€>, zpnzpn) =de(D+e), ences see, for instandg,2]). Thus these considerations ex-
n n clude all chirally invariant Dirac operators defined on a finite
(5 lattice and satisfying conditio(¥).
The index theorenfl) is closely related to the existence
of the anomaly in the divergence of the singlet axial current
_ _ _ [13]. On a lattice the current may be defined up to the terms
(O(y, zp)>f=Z{lf H dydy,O(i, ) vanishing in the naive continuum limit. Therefore chiral in-
n variance of a lattice Dirac operator does not exclad®iori

and the fermion expectation values

o the appearance of the anomaly at some definition of the cur-
><exp( ~S—€> ¢n¢n), (6)  rent. By employing the global relatiofl) we completely
n avoid this ambiguity.

. C . _ . Although the considered theorem directly concerns only
V\{heree is an infinitesimal mass introduced to avoid possiblep; 4 fermions, it has some bearing on the construction of
singularities. , , _ _ chiral gauge theories. For instance, it demonstrates that at

The Ward identity assoualed&ththe singlet chiral transqe st one of the operatoBs. satisfying conditior(4) always
formationsy, = explanys) i, ¥n= ' 1expla,ys) [11] reads fails to reproduce all the properties of its continuum counter-
as part. In particular, this means that to define a Weyl fermion

on a lattice it is not sufficient only to define an anti-

.0 — — Hermitian lattice transcription of the covariant derivative
|£|n Zf|a:0: '/fn% 75Dnm'/fm+§ YmDmnysin ‘9,u,+iA;/, (see alsd10]).
" f The conditionM # 0 does not necessarily lead to the com-
- _ plications typical of Wilson fermions. Very interesting ex-
*2€(Ynysin)1=0. ™ amples are the operators constrained by the Ginsparg-Wilson
Taking the sum oven we obtain condition [14-16: 2M y5=rD ysD, wherer is a nonzero

parameter. In fact, this condition ensures a nontrivial realiza-

_ _ tion of exact chiral symmetry on a latti¢&7,2], at least in
> (M mnysin)e+ €20 (Pnysibn)i=0. (8)  some region of phase spad]. It is an interesting question
mn A whether the properties of the Dirac operators satisfying the
Ginsparg-Wilson relation can facilitate the construction of
chiral gauge theories. Note that finite lattice versions of
chirally invariant nonlocal fixed-point actiofl4,19 corre-
sponding tor=0 should be rejected. An example of the
Dirac operator that, despitdl#0, has gauge invariant
modulus of the determinant when the gauge coupling is chi-
ral is proposed i20] (where this operator has been incor-

Now let M=0. Then, by our conditio® is normal and
anticommutes withys. Therefore it has complete orthonor-
mal set of eigenfunctions such thatfif is an eigenfunction
with the eigenvalue\, the functionysf, is an eigenfunction
with the eigenvalue- \, and zero modefk, can be chosen to
be chiral, i.e., such thagsf,= = fy. Then, one has

B ff(n)y f.(n) rectly called chirally invariant This operator obeys the con-
€ (Ynysibn)i=—€ > %:m_m:o, dition M(D—M)=0.
fr, - o
" »r (9 | am grateful to M. Lischer for a clarifying comment on

the conditions of the Nielsen-Ninomiya theorem, and to T.
independently of the configuration of the external gaugen. Chiu, H. Neuberger, and J. F. Wheater for informing me

fields. QED. of some earlier related discussions.

[1] H. B. Nielsen and M. Ninomiya, Nucl. PhyB185 20 (1981); 14, 1627 (1976; C. Rebbi, Phys. Lett. BL86, 200 (1987;
B195 541(E) (1982; B193 173(1981); L. H. Karsten, Phys. S. V. Zenkin, Mod. Phys. Lett. 8, 151(1991); Phys. Lett. B
Lett. 104B, 315(1982); D. Friedan, Commun. Math. Phy&5, 366, 261(1996; A. A. Slavnov,ibid. 348 553(1995.
481(1982. [5]J. L. Alonso, J. L. Corte, F. Lesmes, Ph. Boucaud, and E.

[2] M. Luscher, hep-lat/9802011. Rivas, Nucl. Phys. BProc. Supp). 29B,C, 171(1992.

[3] R. Friedberg, T. D. Lee, and N. Christ, Nucl. Ph210, 337 [6] M. F. Atiyah and I. M. Singer, Ann. Matt87, 546(1968; 93,
(1982; T. W. Chiu, Phys. Lett. B06, 510(1988; C. J. Grif- 139 (1971).
fin and T. D. Kieu, Ann. Phys(N.Y.) 235 204(1994. [7] A. S. Schwarz, Phys. Let67B, 172(1977).

[4] S. D. Drell, M. Weinstein, and S. Yankielowicz, Phys. Rev. D [8] J. Smit and J. C. Vink, Nucl. Phy8286, 485 (1987.

057505-2



BRIEF REPORTS

[9] M. Ninomiya and C.-I. Tan, Phys. Rev. Le&3, 1611(1984);

PHYSICAL REVIEW D 58 057505

Jackiw, Nuovo Cimento A0, 47 (1969.

D. Espriu, M. Gross, P. E. L. Rakow, and J. F. Wheater, Nucl.[14] P. H. Ginsparg and K. G. Wilson, Phys. Rev. 43, 2649

Phys.B275, 39 (1986.

[10] R. Narayanan and H. Neuberger, Nucl. Ph143 305
(1999; Nucl. Phys. B(Proc. Supp). 47, 591 (1996); 53, 658
(1997.

[11] W. Kerler, Phys. Rev. 23, 2384(1981); E. Seiler and I. O.
Stamatescupid. 25, 2177(1982.

[12] C. Gattringer and I. Hip, hep-lat/9712015.

[13] S. Adler, Phys. Revl177, 2426 (1969; J. S. Bell and R.

(1982.

[15] P. Hasenfratz, V.
hep-1at/9801021.

[16] H. Neuberger, Phys. Lett. B17, 141(1998; hep-lat/9801031.

[17] P. Hasenfratz, hep-lat/9802007.

[18] H. Neuberger, Phys. Rev. b7, 5417(1998.

[19] U.-J. Wiese, Phys. Lett. B15 417 (1993.

[20] S. V. Zenkin, Phys. Lett. B95 283(1997.

Laliena, and F. Niedermayer,

057505-3



