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Scalar glueball mass in Regge phenomenology
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~Received 14 April 1998; published 29 July 1998!

We show that linear Regge trajectories for mesons and glueballs, and the cubic mass spectrum associated
with them, determine a relation between the masses of ther meson and the scalar glueball,M (011)
53/A2M (r), which impliesM (011)51620610 MeV. We also discuss relations between the masses of the
scalar and tensor and 322 glueballs, M (211)5A2M (011), M (322)52M (011), which imply
M (211)52290615 MeV, M (322)53240620 MeV. @S0556-2821~98!04317-3#

PACS number~s!: 12.39.Mk, 12.40.Nn, 12.40.Yx, 14.40.Cs
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The existence of a gluon self-coupling in QCD sugge
that, in addition to the conventionalqq̄ states, there may b
non-qq̄ mesons: bound states including gluons~glueballs and
qq̄g hybrids!. However, the theoretical guidance on t
properties of unusual states is often contradictory, and m
els that agree in theqq̄ sector differ in their predictions abou
new states. Moreover, the abundance ofqq̄ meson states in
the 1–2 GeV region and glueball-quarkonium mixing mak
the identification of the would-be lightest non-qq̄ mesons
extremely difficult. To date, no glueball state has been firm
established yet.

Although the current situation with the identification
glueball states is rather complicated, some progress has
made recently in the 011 scalar and 211 tensor glueball
sectors, where both experimental and QCD lattice simula
results seem to converge@1#. Recent lattice calculations pre
dict the 011 glueball mass to be 16006100 MeV @1–4#.
Accordingly, there are two experimental candidates@5#
f 0(1500) andf 0(1710) in this mass range which cannot bo
fit into the scalar meson nonet, and this may be considere
strong evidence for one of these states being a scalar glu
~and the other being dominantlyss̄ scalar quarkonium!.

It is known that in both lattice QCD@3,6–8# and pure
Yang-Mills @9# calculations, the mass of the scalar gluebal
determined by the dimensionless ratio

g[
M ~011!

As
, ~1!

wheres is the string tension, and the following values ofg
have been claimed:

g55
3.95, Ref. @3#

4.7760.05, Ref. @6#,

3.8860.11, Ref. @8#,

'3.3, Ref. @9#,

~2!

so that the data cluster aroundg.4, with an uncertainty of
;15%. The use of the value

As'0.375 GeV, ~3!
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extracted from the light quark Regge phenomenology re
tion @10,11#

a85
1

8s
.0.9 GeV22, ~4!

in Eq. ~1! with g'4 leads to the following estimate for th
scalar glueball mass:

M ~011!.1500 MeV. ~5!

Here we wish to suggest the following formula for th
scalar glueball mass:

M ~011!53A2As'4.24As, ~6!

which, with As given in Eq.~3!, predicts

M ~011!.1600 GeV. ~7!

A naive way to obtain the formula~6! is to follow the
procedure of the minimization of the energy of a bound st
of two massless gluons suggested by West@12#:

E52p1
9

4
sr 2

a

r
, ~8!

where p is the gluon momentum,a is the strong coupling
constant, and 9/4 is a color factor in the long-range confin
piece of the two-body Coulomb1 linear potential. It follows
from the uncertainty principlepr*1 that

E>
22a

r
1

9

4
sr , ~9!

and minimizing the lower bound of Eq.~9! gives

E53A~22a!s'3A2As. ~10!

We note that the procedure of West gives a reasonable re
for, e.g., ordinary mesons: The analogue of Eq.~8! in this
case is

E52Ap21m222m1sr 2
a

r
, ~11!

wherem is the constituent quark mass, and minimizing t
lower bound of the corresponding inequality following fro
Eq. ~11! leads to the solution@in the nonrelativistic approxi-
mationAp21m2'm1p2/(2m)]
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E.3S s2

4mD 1/3

, r .S 2

ms D 1/3

, ~12!

which, with s given in Eq.~3! andm.300 MeV, gives

E.765 MeV, ~13!

in agreement with ther meson mass of;770 MeV andr
.0.7 fm.

The way to derive Eq.~6! we suggest here is the use
the hadronic resonance spectrum. The idea of the spe
description of a strongly interacting gas which is a model
hot hadronic matter was suggested by Belenky and Lan
@13# and consists in considering the unstable particles~reso-
nances! on an equal footing with the stable ones in the th
modynamic quantities, by means of the resonance spect
e.g., the expression for pressure in such a resonance
reads~in the Maxwell-Boltzmann approximation!

p5(
i

gip~mi !5E
Ml

Mh
dmt~m!p~m!,

p~m!5
T2m2

2p2
K2S m

T D , ~14!

whereMl andMh are the masses of the lightest and heav
species, respectively, andgi are particle degeneracies.

Phenomenological studies@14# have suggested that th
cubic density of states,t(m);m3, for each isospin and hy
percharge provides a good fit to the observed hadron s
trum. Let us demonstrate here that this cubic spectrum
intrinsically related to collinear Regge trajectories~for each
isospin and hypercharge!.

It is very easy to show that the asymptotic form of t
mass spectrum of an individual Regge trajectory is cub
Indeed, for a linear trajectory

a~ t !5a~0!1a8t, ~15!

the integer values ofa(t) correspond to the states with inte
ger spin,J5a(tJ), the masses squared of which arem2(J)
5tJ . Let J0 be the spin of the ground state lying on th
trajectory. Since a spin-J state has multiplicity 2J11, the
number of states with spinJ0<J<J for high enoughJ is

N~J!5(
J0

J

~2J11!5~J11!22J0
2.J 2.a82m4~J!, ~16!

in view of Eq. ~15!, and therefore the asymptotic density
states per unit mass interval~the mass spectrum! is

t~m!5
dN~m!

dm
54a82m3. ~17!

It is also clear that for a finite number of collinear traject
ries, the resulting mass spectrum is

t~m!54Na82m3, ~18!

whereN is the number of trajectories, and does not depe
on the numerical values of trajectory intercepts, as far as
asymptotic formm→` is concerned.
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The resultt(m);m3 is strongly supported by the thermo
dynamics of hadronic matter. Indeed, fort(m);m3, Eq.
~14! and the corresponding expression for the energy den
«, lead to the equation of statep,«;T8, «57p @14#. Bebie
et al. @15# have calculated the ratio«/p directly from Eq.
~14! and the corresponding expression for« with all known
hadron resonances with the masses up to 2 GeV taken
account, and found that the curve«/p first decreases very
quickly and then saturates at the value«/p.7, as read off
from Fig. 1 of @15#, which confirms both the cubic mas
spectrum and thermodynamic relations of the type~14!.

It turns out further that the cubic spectrum of the fam
of collinear Regge trajectories enables one to determine
mass of the state this family starts with. Before we dw
upon this point, let us make the following remark.

It is widely believed that pseudoscalar mesons are
Goldstone bosons of broken SU(3)3SU(3) chiral symmetry
of QCD, and that they should be massless in the chira
symmetric phase. Therefore, it is not clear how well the re
nance spectrum would be suitable for the description of
pseudoscalar mesons. Indeed, as we have tested in@16#, this
nonet isnot described by the resonance spectrum. Moreov
pseudoscalar mesons are extrimely narrow~zero width!
states to fit into a resonance description.

Thus, the resonance description should start with vec
mesons, and the cubic spectrum of a linear trajectory ena
one to determine the mass of ther meson, as follows.

We assume that the mass spectrum of hadronic~mesonic!
matter is precisely cubic and given by Eqs.~17!,~18!. This is
again strongly supported by thermodynamics: possible lin
mass corrections to Eqs.~17!,~18! would result in the corre-
spondingT6 corrections in the expressions for the press
and energy density as calculated from relations of the t
~14!. The absence of suchT6 corrections has been esta
lished by Gerber and Leutwyler in chiral perturbation theo
@17#. The same argument about the absence of theT6 correc-
tions led Shuryak to suggest the pion dispersion relationE2

5v2p21m2, v<1 @18# confirmed in a subsequent study b
Pisarski and Tytgat@19#.

Since ther meson has the lowest mass which the re
nance description starts with, let us locate this state by n
malizing ther trajectory to one state in the characteris
mass interval „AM2(r)21/(2a8), AM2(r)11/(2a8)….
With the cubic spectrum~17! of a linear trajectory, one has1

154a82E
AM2~r!21/~2a8!

AM2~r!11/~2a8!
m3dm52a8M2~r!, ~19!

and therefore

M2~r!5
1

2a8
. ~20!

1Since ther trajectory starts with a spin-1 isospin-1 state (r), it
corresponds to the spectrumt(m)5934a82m3. There is therefore
no difference in normalizing this trajectory to nine states or Eq.~17!
to one state, in the vicinity of ther mass.
3-2
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We note that Regge slope is known to have a weak fla
dependence in the light quark sector@11#: ~in GeV22) ann̄

8

50.88, asn̄
8 50.85, ass̄

8 50.81. With a850.85 GeV22, as
the average of the above three values, Eq.~20! gives

M ~r!5767 MeV, ~21!

in excellent agreement with the measuredr meson mass o
768.560.6 MeV @5#.

Note that the result~20! is consistent with the Venezian
amplitude forp1p2 scattering@20#,

A~s,t !5b
G„12a~s!…G„12a~ t !…

G„12a~s!2a~ t !…
, ~22!

wheres,t are the Mandelstam variables, anda(t) is the lin-
earr meson trajectory, for which the Adler consistency co
dition @the vanishing ofA(s,t) at s5t5u5M2(p)] leads to

M2~r!2M2~p!5
1

2a8
, ~23!

in agreement with Eq.~20!, sinceM (p)!M (r).2

It is now tempting to apply similar arguments to gluebal
The slope of glueball trajectories can be related to tha
meson ones by the product of two color and mechani
factors:

aglue8 5gcgmecha8, ~24!

where

gc5 4
9 ~25!

and
gmech5

1
2 . ~26!

Equation~25! is easily understood by looking at the confi
ing pieces of the two-body potentials in Eqs.~8!,~11!, and
Eq. ~4!. The mechanical factor is easily understood, also,
noting that in the string model the glueball represents
closed string, while the ordinary meson an open string, an
spin-energy relation for a closed string has an extra facto
1/2 as compared to that for an open string~e.g., without
color, J5a8E2 for an open string andJ51/2a8E2 for a
closed string, in the classical case! @22#. We note that the
relation aglue8 54/9a8, derived by Simonov via the vacuum
correlators method@23#, capitalizes an only the color facto
Eq. ~25!, but not the mechanical one, Eq.~26!. As we see
here, both factors should be taken into account in the cor
formula for the glueball slope, which is

aglue8 5 2
9 a8.0.2 GeV22. ~27!

We now apply a procedure similar to that above for locat
the r meson mass, in order to locate the lightest state wh
lies on glueball trajectories. It is firmly established that t
lightest glueball state is the scalar glueball@12,24#. We there-
fore locate the scalar glueball mass as that for which

2Note that the pion mass was expressed in terms ofa8 in @21#:
M (p)50.13/a8'140 MeV.
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trajectory is normalized to one state in the mass inter
„M2(011)21/(2aglue8 ),M2(011)11/(2aglue8 )…. Similar to
Eq. ~20!, this procedure leads to

M2~011!5
1

2aglue8
, ~28!

which reduces, through Eqs.~20!,~27!, to

M ~011!5
3

A2
M ~r!. ~29!

We takeM (r)576465 MeV, to accommodate the valu
given in @5# and results on ther0 meson mass, both theore
ical @25# and experimental@26#, which concentrate around
760 MeV. With thisM (r), the above relation yields

M ~011!51620610 MeV, ~30!

in excellent agreement with QCD lattice results1600
6100 MeV @1–4#. It @and Eqs.~3!,~6!# is also in agreemen
with the continuum limit lattice QCD result@27#

r 0M ~011!54.33~5!, ~31!

wherer 0
2150.372 GeV@27#, which leads to

M ~011!51611630 MeV. ~32!

We note that, as follows from Eqs.~4!,~27!,~28!,

M2~011!518s, ~33!

which is equivalent to Eq.~6!.
Finally, we note that the mass spectrum can also estab

a relation between the scalar and tensor glueball mass
deed, as discussed in@28#, the mass splitting betweenS-wave
spin-0 and spin-1 meson states (r and p or K and K* ) is
well reproduced by the linear and cubic spectra of the co
sponding multiplets and Regge trajectories, respectiv
leading to the relations@the first of them is again Eq.~23!!

M2~r!2M2~p!5M2~K* !2M2~K !5
1

2a8
,

in good agreement with the data. A similar procedure in
glueball sector will lead to the relation between the mas
of the spin-0 scalar and spin-2 tensor glueballs:

M2~211!2M2~011!5
1

2aglue8
, ~34!

which implies, through Eqs.~28!,~29!,

M ~211!5A2M ~011!53M ~r!52290615 MeV, ~35!

in excellent agreement with QCD lattice simulations@4,30#
which give 23906120 MeV for the tensor glueball mas
and corresponding three experimental candidates in this m
region @5#, f J(2220), J52 or 4, f 2(2300) and f 2(2340),
the first of which is seen inJ/c→g1X transitions but not in
gg production@5#, while the remaining two are observed
the OZI rule-forbidden processpp→ffn @5#, which favors
the gluonium interpretation of all three states. It is also
3-3
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teresting to note that, as follows from Eqs.~28!,~34!,
M2(211)51/aglue8 , and therefore, the intercept of the te
sor glueball trajectory determined by the relation

25aglue8 M2~211!1aglue~0!

is aglue(0)51. This is in agreement with the fact widel
accepted in the literature that the tensor glueball is the low
resonance lying on the Pomeron trajectory with unit int
cept. It is also interesting to note that if one takes the 322

glueball as the Regge recurrence of the tensor glueball
the above mass value, one will obtainM2(322)52/aglue8 ,
and therefore M (322)5A2M (211)52M (011)53240
620 MeV, consistent with a naive scaling from the tw
gluon 211 glueball to the three-gluon 322 case:M (3g)
.1.5M (2g).3.3 GeV, withM (2g).2.2 GeV. Also, the
original constituent gluon model predictsM (122)/
M (211).M (322)/M (211).1.5 @31#, and QCD sum
rules find the 3g-glueball mass to be.3.1 GeV@32#.

Again, as in a previous paper@28# where we discuss the
a
A

et

u

s
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linear mass spectrum of an individual hadronic multiplet fi
established in@29# and then applied to the problem of th

correct qq̄ assignments for problematic meson nonets
@16#, and the cubic spectrum of a strongly interacting gas
a model for hot hadronic matter, we have demonstrated
a mass spectrum represents a powerful tool for hadron s
troscopy. We have shown that linear trajectories for mes
and glueballs, and the cubic mass spectrum associated
them, determine a relation between the masses of the ligh
states lying on these trajectories, ther meson and the scala
glueball, respectively, which implies that the mass of t
latter is in the vicinity of 1600 MeV. We have also esta
lished a relation between the scalar glueball mass and s
tension@Eq. ~33!# which is the subject of lattice QCD an
pure Yang-Mills calculations, and discussed relations
tween the scalar and tensor and 322 glueball masses.

Correspondence with L. P. Horwitz during the preparat
of this work is very much appreciated.
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