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Lorentz symmetry and the internal structure of the nucleon
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To investigate the internal structure of the nucleon, it is useful to introduce quantities that do not transform
properly under Lorentz symmetry, such as the four-momentum of the quarks in the nucleon, the amount of the
nucleon spin contributed by quark spin, etc. In this paper, we discuss to what extent these quantities provide
Lorentz-invariant descriptions of the nucleon structure.
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In field theory, one often encounters variodensities quantities appears doubtful. However, the exact transforma-
consisting of elementary fields, space-time coordinates, anibn property of the expectation values Bf ; is simple to
their derivatives: baryon current, momentum density, anguladerive.
momentum density, etc. These densities are Lorentz covari- The forward matrix element of the total energy-
ant, i.e., under Lorentz tranformations, they transform propmomentum density in a nucleon state is
erly as four-vectors or four-tensors. In many cases, we are

interested also in thehargesdefined from these densities. (p|T#*|p)=2p*p”. (6)
Considering a generic density**---, one can define a _ o )
charge according to Here the covariant normalization of the nucleon state is used.
From the above equation, one can easily obtain the usual
N 3 matrix element of the momentum operator. The matrix ele-
Q%= f d°x] 1) ments of the quark and gluon parts of the density involve two

Lorentz structures
Generally speaking“- - - no longer transforms properly un-

der Lorentz transformations. The condition - - to be (PITH4IP)=2Aq o()p*p”+2Bg o(1)g"", (7)
Lorentz covariant is well knowri1]: The densityj#*--- ] .
must be conserved relative to the index whereA, 4 andBy, 4 are scalar constants. In comparison with

Eq. (6), one has the following constraints:

d,j*e-=0. 2
o @ Aq(M)+Ag(M):1,
Indeed in most of the applications, one considers charges
from conserved densities. Ba(u)+By(u)=0. (8)
Nevertheless, it is useful to consider charges defined from o
nonconserved densities. For instance, in quantum chromodydoreover, the quark and gluon contributions to the nucleon

namics(QCD), the energy-momentum density consists of thefoUr momentum are
sum of quark and gluon contributions
(PIPY 4lP)=Aq g( ) p*+Bq g()g*%(2p°%). (9

The above equation defines transformation properties of the

The total density is conserved because of translational invareXpectation values d?y ;. The presence of the second term

ance 9, T*’=0. Therefore, the total momentum operator denies them a proper *Lorentz transformation,
P~ On the other hand, if one is interested in tiveee mo-

mentumof the nucleon only, the second term in E8). drops
_ 3.0 out and three components of the matrix elements transform
P#—f d°xT, (4) just like those of a four-vector. Becaudg 4(u«) are Lorentz
scalars, one concludes that the fractions of the nucleon three
tranforms in a manner similar to a four vector under Lorentzmomentum carried by quarks and gluons are invariant under
symmetry. Meanwhile, one can also introduce the notion ot.orentz tranformations. Such a statement, although drawn
the four momenta carried separately by quarks and gluonsfor non-Lorentz-covariant quantities, does carry important
physical significance. Phenomenologicall, o(x«) have
pr ('“):f 43 TOx 5) been extracted from the parton distributions, which have
a.9 a.9’ simple interpretations only in the infinite momentum frame.
According to the above discussion, the fractions of the
where the nonconservation 6% calls for a renormalization nucleon mometum carried by quarks and gluons are also the
scale . It is quite obvious thatP ; does not transform same in ordinary frames. In particular, if a nucleon has a
similar to four-vectors, and therefore the significance of suchmomentum of 1 Ge\, then according to the recent analysis

THY=TH+THY, 3)
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in Ref. [2], roughly 420 MeVt is carried by gluons in the IS maintained in an elaborated way in different reference
form of the Poynting vectof d3xEx B in the MS scheme [rames. The above equation does not offer a convenient start-
and atu=1.6 GeV. ing point to investigate the spin structure of the nucleon.

A more intriguing example concerns the spin structure of To spe_cify the spin states of a nucleon, a polarization
the nucleon, which depends on the QCD angular momenturectors* is usually introduced5]. In the rest frame of the
density. The total densitj1““# is a mixed Lorentz tensor nucleon,s* specifies the direction of the spin quantization

expressible in terms of the energy-momentum derEftyin axis; the convention in the literature is such tlséitrepre-
the Belinfante forn{3] sents a state with positive spin projection 1/2. Thus, in any

Lorentz frame,
Muab=Trbya—Traxh, (10)

1
The relevant charge¥*?= [d3xM°*# are the usual Lorentz (ps|Ws,|ps)/(ps|ps)= 5 (16)
generators(including the angular momentum operatdy,
which transform as the Lorentz tensdr,0)+(0,1).
According to Eq(10), the angular momentum density has
both quark and gluon contributiord #*#=M g“ﬁ+ M g“ﬁ
where

The above equation is linear in angular momentum operators
and is suitable for studying the spin structure if the boost
operators are not present. This is the case for a special choice

of s*=(|p|/M,p°p/M), wherep=p/|p|. W¥s, then is just
MASP=Thlxo—Thexb, (1))  the well-known helicity operatoh=J-p and the above

i . . equation reduces to
Furthermore, the quark part contains the spin and orbital

contributionsM# “#=M &P+ MAaZP where X 1
i (p+[3-plp+)/{p+[p+)=5, (17
MgsP= Zuv [y ¥ 1w,
where+ denotes the positive helicity. Because of the special
choice, Eq.(17) is invariant only under a special class of
(12 Lorentz transformations, i.e., the boosts along the momen-
tum without reversing its direction and rotations around the
Accordingly, the QCD angular momentum operator can benomentum axis. While the conclusion is quite obvious, our

written as a sum of three gauge-invariant contributions, ~ analysis shows that the study of the spin structure can at best
be done in a restricted class of Lorentz frames.

MEP= gy (xiDE—xFiD @) .

) i R ) o In the remainder of the paper, we are going to show that

J=f d3X1pTE¢+J d3x¢Tx><(—iD)zp+J d3xEx B when the angular momentum operator is split into a sum as
in Eqg. (13), the individual contributions to the spin of the

Egaﬂ_—;JrJ—; (13) nucleon are invariant under the special Lorentz transforma-

tions that preserve the helicity.

An individual term in the above expression does not trans- Without loss of generality, let us assume that the nucleon
form as a part of1,0)+(0,1) and does not satisfy the angular momentum is in the positive direction. Then the helicity
momentum algebra by itself. Nonetheless, as we will arguegperator is just?=J*= [d*xM®" Consider the matrix el-
the decomposition is useful in studying the spin structure ofments off d*xM#“# in the nucleon state,

the nucleon.

The angular momentum operator in Efj3) not only gen- ayspuapl ) T i ur o B
erates the spin of a composite particle, but also describes the | P| | d™XM**p ) =U(p)| 5 A(P*[y*¥"]
orbital motion of its center of mass. To separate the two,
Pauli and Lubanski introduced a spin vecWit [4], + Y[ ¥Pp*—y*p*])

w— _ chaPy 2
Wh=—erabfr3 P [(24P?), (14) _,_B(g;w),l?_gﬂﬁya)}u(p)

which reduces to the angular momentum operator only in the 4
rest frame of the particle. The spin quantum numbehar- X(2m)*6%(0) + -, (18

acterizes the eigenvalug(s+1) of the scalar Casimir o _ o

WEW,, in a representation of Poincare algebra. The separgvhere the elipsis denotes terms with derivatives on dhe
tion of internal and external motions in a general Lorentzfunction which are related to the orbital motion. Taking
frame comes with a pricaV* contains not only the angular #=0, a=1, andB=2, we have

momentum operators but also the boost operators. Conse-

quently, the scalar charact@r invariant notion of the spin, (p+[p+)(p+Ip+)=A. (19

Thus A must be 1/2. Now supposkl#“#=3;M#*#  The

' (15 Lorentz symmetry yields

1+1
2

1
(PIWHW,.[p)/(plP)= 5
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<p‘ f d4xMpeB

p> =U<p>[i5Ai<mpﬂ[ya,yﬁ]
+Bi(w) Y (¥ = y*pP)
+Ci(w)(ghyP—ghPy")
xU(p)(2m)*8*(0)+++-, (20)

whereA;(u), Bi(n), andC;(u) are scalar constants. Then
the consistency between Eq48) and(20) yields

1
2 Al =A= 7. (21)
Equation(20) allows us to calculate the contributions to
the nucleon spin from different terms ih=3,J; ,
(p+[3fp+)(p+[p+)=Ai(n), (22

whereJ?= [d®xM®2, The result isndependenof the mag-
nitude of the nucleon momentum. Futhermore, EB1)
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yields a nucleon spin sum rule invariant under the special
Lorentz transformations. Denoting the scalar matrix elements
A; of the angular momentum densities in E@t1),(12) as

Ags= 3 AZ, Ag =L, andA,=J,, Eq.(21) becomeg6]

1

1
FAT () + Lo(p)+3g(u) =3 (23

As the nucleon momentum goes to infinity, the result can be
interpreted according to light-front quantization, in which the
Lorentz generators are defined according tfxM* ¢4, As
such, the quark spin and orbital and gluon angular momen-
tum contributions to the nucleon are the same in both ordi-
nary and light-front coordinates.
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