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QCD sum rules on the light cone are derived for the sumf 11 f 2 of the B→p and D→p form factors
taking into account contributions up to twist four. Combining the results with the correspondingf 1 form
factors calculated previously by the same method, we obtain the scalar form factorsf 0. Our sum rule predic-
tions are compared with lattice results, current-algebra constraints, and quark-model calculations. Furthermore,

we calculate decay distributions and the integrated width for the semileptonic decayB→pt̄nt which is
sensitive tof 0. Finally, the dependence of the sum rules on the heavy quark mass and the asymptotic scaling
laws are discussed.@S0556-2821~98!02117-1#

PACS number~s!: 12.38.Lg, 11.55.Hx, 13.20.Fc, 13.20.He
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I. INTRODUCTION

The weak transitionB→p plays an exceptional role inB
physics, in particular at futureB factories. The amplitude o
this transition is given by the hadronic matrix element

^p~q!uūgmbuB~p1q!&

52 f 1~p2!qm1„f 1~p2!1 f 2~p2!…pm , ~1!

where p1q and q denote the initial and final state fou
momenta, respectively,ūgmb is the relevant weak vecto
current, andf 6 are the two independent form factors. Th
form factor f 1(p2) was calculated in@1,2# using the tech-
nique of QCD sum rules on the light cone. Recently, one
also computed the perturbative QCD corrections tof 1 @3,4#.

In the present paper we complete the calculation of
matrix element~1! by deriving the corresponding light-con
sum rule for the sum of form factorsf 11 f 2. This quantity
turns out to be a pure higher-twist effect. The leading twis
contribution vanishes kinematically. Fromf 11 f 2 and f 1,
one can construct the scalar form factor

f 0~p2!5S 12
p2

mB
22mp

2 D f 1~p2!

1
p2

mB
22mp

2
„f 1~p2!1 f 2~p2!…, ~2!

which determines the matrix element of the divergence of
weak vector current:
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e

^p~q!u]m~ ūgmb!uB~p1q!&5~mB
22mp

2 ! f 0~p2!. ~3!

Using the results onf 1 and f 0 we predict the momentum
transfer and lepton energy distributions as well as the wi

of the semileptonic decayB→pt̄nt . As a by-product, we
also obtain the analogous form factors of theD→p transi-
tion.

Furthermore, we investigate the heavy-mass depende
of heavy-to-light form factors. The asymptotic scaling law
are determined and found to differ at small and large m
mentum transfer. The origin of this difference is explained
detail. We also study the approach to the heavy-quark li
numerically and show that it is reached very slowly. Mor
over, the behavior beyond the physicalb-quark mass turns
out to be very sensitive to the scale dependence of the
wave functions.

The paper is organized as follows. In Sec. II, we der
the light-cone sum rule forf 11 f 2 and compare it with the
corresponding sum rule forf 1. The numerical analysis o
the new sum rule and the resulting prediction of the sca
form factor f 0 are presented in Sec. III. Section IV is devot

to the semileptonic decayB→pt̄nt , and Sec. V to the
heavy-mass dependence of the form factors. Our conclus
are summarized in Sec. VI.

II. LIGHT-CONE SUM RULE FOR f 11f 2

In order to obtain the QCD sum rule for the form fact
combination f 11 f 2 appearing in Eq.~1!, we follow the
method applied tof 1 and explained in detail in@1,2#. The
main object of investigation is the vacuum-pion correlati
function
-
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Fm~p,q!5 i E d4x

3eipx^p~q!uT$ū~x!gmb~x!,b̄~0!ig5d~0!%u0&

5F„p2,~p1q!2
…qm1F̃„p2,~p1q!2

…pm . ~4!

Insertion of a complete set of hadronic states withB-meson
quantum numbers between the currents in Eq.~4! entails
relations between the physical form factorsf 1 and f 11 f 2

and the invariant amplitudesF and F̃, respectively. More
definitely, for F̃ one finds

F̃„p2,~p1q!2
…5

mB
2 f B„f

1~p2!1 f 2~p2!…

mb„mB
22~p1q!2

…

1E
s0
h

`

ds
r̃h~p2,s!

s2~p1q!2
, ~5!

where the term proportional tof 11 f 2 arises from the con-
tribution of the ground stateB meson, while the integral ove
the spectral densityr̃h represents the contributions from e
cited resonances and continuum states above the thres
energyAs0

h. In deriving this hadronic representation ofF̃ we
have used the matrix element~1! and

^Bub̄ig5du0&5mB
2 f B /mb , ~6!

f B being theB meson decay constant.
In @1,2#, the invariant amplitudeF of the same correlation

function ~4! is calculated by expanding theT-product of the
currents near the light-cone atx250. The leading contribu-
tion to the operator product expansion~OPE! is obtained by
contracting theb-quark fields in Eq.~4! and inserting the free
b-quark propagator

^0uT$b~x!b̄~0!%u0&5 i E d4k

~2p!4
e2 ikx

k”1mb

k22mb
2

. ~7!

Substitution of Eq.~7! in Eq. ~4! yields

Fm~p,q!5 i E d4xd4k

~2p!4~mb
22k2!

3ei ~p2k!x~mb^p~q!uū~x!gmg5d~0!u0&

1kn^p~q!uū~x!gmgng5d~0!u0&!. ~8!

This approximation is valid in the region of momentap
1q)2!mb

2 and

p2<mb
222mbx, ~9!

x being amb-independent scale of orderLQCD . Since the
pion is on-shell,q25mp

2 vanishes in the chiral limit adopte
throughout this calculation. The above restrictions ens
that theb quark is sufficiently off-shell, and that the res
nances in theūb channel are sufficiently far away.
05401
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The bilocal vacuum-to-pion matrix elements of ligh
quark fields encountered on the right-hand side~RHS! of Eq.
~8! are expanded aroundx250 leading to a series of contri
butions with increasing twist. The coefficient functions
this expansion can be parametrized by pion wave functi
on the light cone@5–7#. Including terms up to orderx2, the
light-cone expansion of the first matrix element in Eq.~8!
reads

^p~q!uū~x!gmg5d~0!u0&

52 iqm f pE
0

1

du eiuqx
„wp~u!1x2g1~u!…

1 f pS xm2
x2qm

qx D E
0

1

du eiuqxg2~u!. ~10!

Here,wp is the leading twist 2 wave function, whileg1 and
g2 are twist 4 wave functions. Upon substitution ofgmgn5
2 ismn1gmn , the second term in Eq.~8! is decomposed into
the matrix elements

^p~q!uū~x!ig5d~0!u0&5 f pmpE
0

1

du eiuqxwp~u! ~11!

and

^p~q!uū~x!smng5d~0!u0&

5 i ~qmxn2qnxm!
f pmp

6 E
0

1

du eiuqxws~u!, ~12!

with mp5mp
2 /(mu1md). In leading order, these matrix ele

ments involve the twist 3 wave functionswp and ws . It is
worth pointing out that the path-ordered gluon operator

PG5P expH igsE
0

1

da xmAm~ax!J ~13!

ensuring gauge invariance of the above matrix element
unity in the light-cone gauge,xmAm50, assumed here
Therefore, the factorPG is not shown explicitly in Eqs.
~10!–~12!.

Substitution of Eqs.~10!–~12! in Eq. ~8!, integration over
x andk, and collection of all terms proportional topm yield
the following expression for the invariant amplitudeF̃:

F̃QCD„p
2,~p1q!2

…

5 f pE
0

1 du

mb
22~p1uq!2H mpwp~u!1

mpws~u!

6u

3S 12
mb

22p2

mb
22~p1uq!2D 1

2mbg2~u!

mb
22~p1uq!2J . ~14!

The index QCD has been added to distinguish the ab
representation of the invariant functionF̃ in terms of quark
and gluon degrees of freedom from the hadronic represe
3-2
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SCALAR B→p AND D→p FORM FACTORS IN QCD PHYSICAL REVIEW D 58 054013
tion given in Eq.~5!. Note that the twist 2 and 4 wave func
tionswp andg1 , respectively, do not contribute toF̃. This is
obvious from the definition~10!. In general, the correlation
function ~4! also receives contributions from gluon emissi
by the b quark. This correction involves quark-antiquar
gluon wave functions as described in@1,2#. However, direct
calculation shows that up to the twist 3 and 4 the thr
particle correction vanishes in the invariant amplitudeF̃.
Hence, to twist 4 accuracy, the result forF̃ turns out to be
remarkably simple, at least when compared with the co
sponding expression for the invariant amplitudeF given in
@1,2#.

The equality of the two representations~5! and~14! of F̃
implies a sum rule forf 11 f 2 which, however, is only use
ful if one can remove the unknown contributions from t
excited and continuum states. This is possible to a reason
approximation by making use of quark-hadron duality. F
lowing the standard procedure, the integral in Eq.~5! over
the hadronic spectral function above the ground state is
placed by the corresponding integral over the imaginary p
of F̃QCD . Formally, one can substitute

r̃h~p2,s!Q~s2s0
h!5

1

p
Im F̃QCD~p2,s!Q~s2s0

B!, ~15!

wheres0
B is an effective threshold parameter separating

duality interval of the ground state from the one of the high
states. With this approximation, it is straightforward to su
tract the contribution of the excited and continuum sta
from the basic equation given by Eqs.~5! and ~14!. After
performing the obligatory Borel transformation in (p1q)2,
one finally arrives at the sum rule

f B„f
1~p2!1 f 2~p2!…5

mb

pmB
2Emb

2

s0
B

Im F̃QCD~p2,s!

3expS mB
22s

M2 D ds, ~16!

M2 being the Borel mass parameter.
The remaining task is then to derive ImF̃QCD(p2,s) from

Eq. ~14!. This is explained below. Using (p1uq)25(1
2u)p21u(p1q)2 and changing variable fromu to s
5(mb

22p2)/u1p2 one can rewrite Eq.~14! as follows:

F̃QCD„p
2,~p1q!2

…5 (
i 51,2

E
mb

2

`

ds
r i~p2,s!

„s2~p1q!2
…

i
, ~17!

where

r1~p2,s!5
f pmp

s2p2S wp~u!1
ws~u!

6u D , ~18!
05401
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r2~p2,s!5
f p

mb
22p2S 2

mpws~u!

6u
~mb

22p2!

12mbg2~u! D . ~19!

The termi 51 in Eq. ~17! already has the form of a dispe
sion integral in the variable (p1q)2. In order to achieve this
also for the termi 52 one has to perform a partial integratio
yielding in total:

F̃QCD„p
2,~p1q!2

…5E
mb

2

` ds

s2~p1q!2S r1~p2,s!

1
dr2~p2,s!

ds D
2E

mb
2

`

ds
d

dsS r2~p2,s!

s2~p1q!2D . ~20!

Since the wave functionsws and g2 vanish atu50 andu
51, that iss5` and s5mb

2 , respectively, as can be see
from the explicit expressions given in the subsequent sect
the second integral in Eq.~20! is zero. Hence, the imaginar
part of F̃QCD can be directly read off from the integrand o
the first integral:

1

p
Im F̃QCD~p2,s!5r1~p2,s!1

dr2~p2,s!

ds
. ~21!

Substitution of Eq.~21! in Eq. ~16! yields

f B„f
1~p2!1 f 2~p2!…

5
mb

mB
2Emb

2

s0
BS r1~p2,s!1

dr2~p2,s!

ds DexpS mB
22s

M2 D ds

5
mb

mB
2H Emb

2

s0
BS r1~p2,s!1

r2~p2,s!

M2 D expS mB
22s

M2 D ds

1r2~p2,s0
B!expS mB

22s0
B

M2 D J . ~22!

In previous applications of QCD light-cone sum rules w
the exception of the recent calculation of theB→r form
factors in @8#, surface terms similar to the last term on th
RHS of Eq.~22! have been neglected. They originate fro
higher twist contributions to ImF̃QCD and play a minor role
numerically. Nevertheless, in order to subtract the contri
tions from excited and continuum states in the duality a
proximation consistently we take these terms into accoun
the present calculation.

The final sum rule forf 11 f 2 follows from Eqs.~18!,
~19! and ~22! after returning to the variableu:
3-3
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f B„f
1~p2!1 f 2~p2!…

5
f pmpmb

mB
2

expS mB
2

M2D H ED

1du

u
expS 2

mb
22p2~12u!

uM2 D
3S wp~u!1

ws~u!

6u S 12
mb

22p2

uM2 D 1
2mbg2~u!

mpuM2 D
1expS 2

s0
B

M2D S 2
ws~D!

6D
1

2mbg2~D!

mp~mb
22p2!

D J ~23!

with D5(mb
22p2)/(s0

B2p2). For comparison and later us
we also quote the analogous sum rule forf 1 obtained in
@1,2#:

f Bf 1~p2!5
f pmb

2

2mB
2

expS mB
2

M2D
3H E

D

1du

u
expS 2

mb
22p2~12u!

uM2 D
3S wp~u!1

mp

mb
Fuwp~u!

1
ws~u!

3 S 11
mb

21p2

2uM2 D G2
4mb

2g1~u!

u2M4

1
2

uM2E0

u

g2~v !dvS 11
mb

21p2

uM2 D D
1t1~s0

B ,p2,M2!1 f G
1~p2,M2!J . ~24!

Here, we have added the surface termt1 which was ne-
glected previously, and denoted the contribution from
quark-antiquark-gluon wave functions of twist 3 and 4
f G

1 . The explicit expressions fort1 and f G
1 can be found in

the Appendix.
Since very recently, the perturbativeO(as) correction to

the leading twist 2 piece of the light-cone sum rule~24! for
f 1 is also known@3,4#. However, the corresponding QC
corrections to the twist 3 term in Eq.~24! as well as in the
sum rule ~23! for f 11 f 2 still remain to be calculated
Hence, for consistency, we will not include theO(as) ef-
fects in f 1 in the present analysis.

III. NUMERICAL RESULTS

For the numerical analysis of the new sum rule~23! we
use the same input as in the evaluation of the sum rule~24!
in @1,2#. From experiment we takef p5132 MeV andmB
55.279 GeV, whereas the parametersmb54.760.1 GeV,
s0

B53572 GeV2, and f B5140730 MeV are extracted

from the QCD sum rule for the correlator of twob̄g5u cur-
rents. For consistency, theO(as) correction is not included
05401
e

in the latter two-point sum rule. This is reflected by the lo
value of f B . Because of cancellations of QCD corrections
the ratios of Eq.~23! and f B , respectively, Eq.~24! and f B ,
the remaining corrections to the form factors themselves m
in fact be small. This is precisely what happens in the cas
f 1 as has been shown in@3,4#.

Furthermore, the explicit expressions for the pion wa
functions up to twist 4 are collected in@2#. Those entering
the new sum rule~23! are given below for completeness:

wp~u,m!56uūF11a2~m!
3

2
@5~u2ū!221#

1a4~m!
15

8
@21~u2ū!4214~u2ū!211#G ,

~25!

wp~u,m!511B2~m!
1

2
@3~u2ū!221#

1B4~m!
1

8
@35~u2ū!4230~u2ū!213#,

~26!

ws~u,m!56uūF11C2~m!
3

2
„5~u2ū!221…

1C4~m!
15

8
„21~u2ū!4214~u2ū!211…G ,

~27!

g1~u,m!5
5

2
d2~m!ū2u21

1

2
«~m!d2~m!F ūu~2113ūu!

110u3ln uS 223u1
6

5
u2D

110ū3ln ūS 223ū1
6

5
ū2D G , ~28!

g2~u,m!5
10

3
d2~m!ūu~u2ū!, ~29!

with ū512u andm being the renormalization scale. For
detailed discussion of the wave functions we refer the rea
to the original literature@5–7#. Recent reviews and refer
ences can be found in@9,10#. Here, the specification of the
various coefficients together with a few comments may s
fice. The terms proportional to the coefficientsai , Bi and
Ci represent scale-dependent nonasymptotic correcti
They vanish logarithmically asm→`.

In leading order, the value of the scalem is ambiguous.
As a reasonable choice we takemb5AmB

22mb
252.4 GeV.

With this choice, the estimate in@2# gives a2(mb)50.35,
a4~mb!50.18, B2(mb)50.29, B4(mb)50.58, C2(mb)
50.059, C4(mb)50.034, d2(mb)50.17 GeV2, and
«(mb)50.36. Furthermore, the PCAC~partial conservation
3-4
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of axial vector current! relation f p
2 mp(m)522^q̄q&(m) and

^q̄q&(mb)5(2260610 MeV)3 can be used to fix the fina
parameter appearing in Eqs.~23! and ~24!, namely mp

5mp(mb)52.060.25 GeV.
In the case of the sum rule~24! for f 1 the acceptable

range of values of the Borel parameterM2 was found to be
8,M2,12 GeV2 @2#. In the sum rule~23! for f 11 f 2 we
take the same interval after having checked that in this ra
of M2 the twist 4 contribution does not exceed 10%, and t
the excited and continuum states~15! do not contribute more
than 30%. These are the usual conditions posed in sum
applications.

Having specified the necessary numerical input, we
now ready to present quantitative results. In Fig. 1, the s
rule ~23! is plotted as a function of Borel parameterM2. One
can see that the variation is very moderate in the rang
,M2,12 GeV2, at least forp2<15 GeV2. This also applies
to the sum rule~24!. However, atp2.17 GeV2 the depen-
dence onM2 becomes strong, indicating that one is getti
too close to the physical states in this channel. Figur
shows the momentum dependence of the form fac
f 1(p2)1 f 2(p2), f 1(p2), and f 0(p2) for the central value
M2510 GeV2. Here, the scalar form factorf 0 is calculated
from the other two form factors using the relation~2!. In
particular, at zero momentum transfer we predict

f 1~0!5 f 0~0!50.30, ~30!

FIG. 1. Form factor (f 11 f 2) as a function of the Borel param
eter at various values of the momentum transfer:p250 ~solid!,
p2510 GeV2 ~long-dashed! andp2516 GeV2 ~short-dashed!.

FIG. 2. B→p form factors obtained from light-cone sum rules
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f 1~0!1 f 2~0!50.06. ~31!

One of the greatest virtues of the sum rule approach is
possibility to estimate the theoretical uncertainties in the p
dictions, at least in principle. In practice, this task is n
straightforward and, hence, the estimates should be con
ered with caution. The uncertainties in Eqs.~24! and ~23!
induced by the input parametersM2, mb , s0

B , f B , andmp

can be investigated by varying these parameters simu
neously in the sum rules for the form factors and forf B . For
instance, if the Borel mass is allowed to vary within th
interval quoted above,f 0 is found to deviate by63%
(65%) at small~large! p2 from the value obtained with the
nominal choiceM2510 GeV2. The corresponding uncer
tainty in f 11 f 2 can be inferred from Fig. 1. Furthermore,
mb and s0

B are varied in a correlated way within the rang
given at the beginning of this section such that one achie
maximum stability of the sum rule forf B , f 0 changes by
about62% relative to the value obtained with the nomin
choice of parameters. This uncertainty isp2 independent.

Another source of uncertainty is the precise shape of
pion wave functions. Keeping all other parameters fixed,
have studied the sensitivity of our results to the nonasym
totic terms in the twist 2 and 3 wave functions given in Eq
~25!–~27!. In Fig. 3 we compare the prediction onf 0 with
the coefficientsai , Bi , and Ci ( i 52,4) as given earlier in
this section to the result obtained by putting them to ze
The shifts are momentum dependent reaching210% atp2

50 and15% at 15 GeV2. The real uncertainty is certainly
less than that.

In addition, there is some uncertainty due to the truncat
of the light-cone expansion or, in other words, due to
neglect of terms with twist larger than 4. An upper limit o
this uncertainty should be set by the size of the twist 4 c
tribution. The influence of the latter on the scalar form fac
f 0 is displayed in Fig. 4. The twist 4 terms decreasef 0 by
2% at smallp2 and by 5% at largep2.

Finally, the present lack of knowledge of the perturbati
QCD corrections to the twist 3 contributions in the sum ru
~24! and ~23! gives rise to uncertainties which will eventu
ally be removed in near future. The scalar form factorf 0 is
concerned in particular at large momentum transfer wh

FIG. 3. Sensitivity of the form factorf 0 to the light-cone wave
functions: nonasymptotic corrections included~solid! and purely
asymptotic w.f.~dashed!.
3-5
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twist 3 should dominate as expected from the relation~2!.
Conversely, at smallp2 f 0 coincides with the form factorf 1

which receives the leading contribution from the twist
wave functionwp . The O(as) corrections to this piece ar
known. They change the lowest order estimate~30! by only
10% @3#:

f 1~0!5 f 0~0!50.27. ~32!

As already pointed out, this is due to a remarkable cance
tion of the corrections to the sum rule~24! for f 1 f B and the
sum rule forf B in their ratio. Whether or not a similar can
cellation takes place at the twist 3 level is questionable
can only be decided by direct calculation. For the time be
the total uncertainty inf 0 is estimated to be about 20%
small p2 and 30% at largep2.

The sum rules~23! and ~24! for the B→p form factors
are easily converted into sum rules for the correspondingD
→p form factors. Formally, one only has to replace the fl
vor indicesb by c, andB by D. Because of the relatively
light charm mass, the region of validity of the sum rul
covers only the low momentum region 0<p2<1.0 GeV2 of
the kinematically allowed range ofp2. The values of the
input parameters aremc51.360.1 GeV, s0

D5671 GeV2,
and f D5170620 MeV. The scalem is taken to bemc

5AmD
2 2mc

251.3 GeV, while the fiducial range of th
Borel mass is 3 GeV2,M2,5 GeV2. Correspondingly, the
value ofmp is lowered tomp(mc)51.860.5 GeV. The nu-
merical values of the nonasymptotic coefficients in the p
wave functions at the scalemc are given in@2,9#. There, one
can also find further remarks on the above choice of par
eters. Our numerical predictions for theD→p form factors
are illustrated in Fig. 5 using the central values for the va
ous input parameters. At zero momentum transfer, we e
mate

f 1~0!5 f 0~0!50.68, ~33!

f 1~0!1 f 2~0!50.52. ~34!

FIG. 4. B→p form factor f 0: twist 2 and 3 contributions
~solid!, twist 4 contribution~dashed!.
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IV. PREDICTIONS FOR B˜pt̄nt

TheB→p form factors can be measured most directly
the weak semileptonic decaysB→p l̄ n l wherel 5e,m or t.
The distribution of the momentum transfer squared in th
decays is given by

dG

dp2
5

GF
2 uVubu2

24p3

~p22ml
2!2AEp

2 2mp
2

p4mB
2

3H S 11
ml

2

2p2D mB
2~Ep

2 2mp
2 !@ f 1~p2!#2

1
3ml

2

8p2
~mB

22mp
2 !2@ f 0~p2!#2J ~35!

with Ep5(mB
21mp

2 2p2)/2mB being the pion energy in the
B rest frame. Another interesting observable is the distri
tion of the charged lepton energyEl in the B rest frame:

dG

dEl
5

GF
2 uVubu2

64p3 E
pmin

2

pmax
2

dp2H F8
El

mB
~mB

22mp
2 1p2!

24~p214El
2!1

ml
2

mB
2 ~8mBEl23p214mp

2 !2
ml

4

mB
2G

3@ f 1~p2!#21
2ml

2

mB
2 @2mB

21p222mp
2

24mBEl1ml
2# f 1~p2! f 2~p2!1

ml
2

mB
2 ~p22ml

2!

3@ f 2~p2!#2J ~36!

with pmax
min

2
5mB(El6AEl

22ml
2)1O(mp

2 ). Although the

form factors are calculated in the chiral limit, otherwise t

FIG. 5. D→p form factors obtained from light-cone sum rule
f 1 ~solid!, f 11 f 2 ~dashed! and f 0 ~dotted!.
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finite pion mass is taken into account. In the case of li
leptonsl 5e,m the form factorf 0 or, equivalently,f 2 plays
a negligible role because of the smallness of the electron
muon masses. Hence, these decay modes can provide
mation only on the form factorf 1. In contrast, the decay
B→pt̄nt is also sensitive to the form factorf 0. We there-
fore concentrate here on the latter case.

The sum rule results described in the preceding two s
tions allow to predict the decay spectra in the moment
region 0<p2<17 GeV2. In order to include higher momen
tum transfers and to predict integrated widths one has to
another way to calculate the form factors up to the kinem
cal endpointp25(mB2mp)2526.4 GeV2. In @2#, the single-
pole approximation

f 1~p2!5
f B* gB* Bp

2mB* ~12p2/mB*
2

!
~37!

was used. Since the vectorB ground state is only about 5
MeV heavier than the pseudoscalarB, the B* pole is very
near to the endpoint region. Consequently, at maximump2

the single-pole approximation can be expected to be v
good. Moreover, the strongB* Bp coupling which deter-
mines the normalization of the form factor at largep2 can be
calculated from the same correlation function~4! from which
the sum rule~24! for f 1 at low to intermediate values ofp2

is derived. To this end one employs a double dispersion
lation. The method and results are described in@2# and re-
viewed in @9#. Extrapolation of the single-pole model t
smallerp2 matches quite well with the direct estimate fro
the light-cone sum rule~24! at intermediate momentum
transferp2515 to 20 GeV2. This provides us with a consis
tent and complete theoretical prediction off 1.

Unfortunately, it is doubtful that a similar procedure c
be applied to the scalar form factorf 0, because the scalarB
ground state is expected to be about 500 MeV heavier t
the pseudoscalarB. Thus, the scalarB pole may be too dis-
tant from the kinematical endpoint of theB→p transition for

FIG. 6. The B→p form factor f 0: direct sum rule estimate
~solid! and linear extrapolations to the limit~38! ~dashed!. The lat-
tice results are from@13#.
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the single-pole approximation to hold. Nearby nonreson
Bp states and excited scalar resonances may give com
rable contributions.

Interestingly, there exists a model-independent constr
on the behavior of the form factorf 0 at largep2.mB

2 , i.e.,
near the kinematical endpoint. The constraint@11,12# is de-
rived from a Callan-Treiman type relation obtained by co
bining current algebra and PCAC:

lim
p2→mB

2

f 0~p2!5 f B / f p . ~38!

In the following we make use of this bound in order to illu
trate the sensitivity of the decay spectra inB→pt̄nt to the
scalar form factor.

The form factorf 0 is extrapolated linearly from the valu
at p2515 GeV2 where the sum rules~23! and~24! still hold
to the value atp2.mB

2 dictated by Eq.~38!. To be conser-
vative we takef B5150 to 210 MeV in accordance with re
cent lattice data@13# and with QCD sum rule estimates~the
latter including the perturbative correction, see, e.g.,@3#!.
This is shown in Fig. 6 together with lattice estimates off 0.

FIG. 7. Distribution of the momentum transfer squared inB

→pt̄nt . The two curves correspond to the two extrapolations off 0

shown in Fig. 6.

FIG. 8. Distribution of thet-lepton energy inB→pt̄nt . The
two curves correspond to the two extrapolations off 0 shown in Fig.
6.
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Obviously, the lattice data favor the lower extrapolation. T

distributions ofp2 and Et in B→pt̄nt resulting from the
upper and lower bounds onf 0 are plotted in Fig. 7 and Fig
8, respectively. This study demonstrates that measurem
of these decay spectra atB factories should provide interes
ing information on the elusive form factorf 0.

For the integrated partial width we predict

G~B0→p2t1nt!55.7 to 6.5uVubu2 ps21, ~39!

where the range corresponds to the two extrapolations
sidered in Figs. 7 and 8. The theoretical uncertainties in
sum rule calculations discussed in Sec. III are not includ
The latter drop out to a large extent in the ratio

G~B0→p2t1nt!

G~B0→p2e1ne!
50.75 to0.85. ~40!

It should be noted that only the numerator is influenced
the scalar form factor.

The form factorf 0 also plays an important role in nonlep
tonic B decays where it enters the factorized two-body a
plitudes forB→ph. Depending on the mass of the meson
these decays probef 0 in the rangemp

2 ,p2,mc
2 . This is

similar in D decays. However, there the form factorf 0 can-
not be measured independently in semileptonic decays
cause only the electron and muon modes are kinematic
accessible.

V. DEPENDENCE ON THE HEAVY QUARK MASS

The light-cone sum rules~23! and~24! offer the possibil-
ity to systematically investigate the dependence of heavy
light form factors on the heavy quark mass. Using the fam
iar scaling relations for mass parameters and de
constants, to wit

mB5mb1L̄, s0
B5mb

212mbv0 , M252mbt, ~41!

f B5 f̂ B /Amb, ~42!

where in the heavy quark limit L̄, v0 , t, f̂ B are
mb-independent quantities, it is rather straightforward to
pand the sum rules in inverse powers ofmb . At p250, the
leading terms are given by
05401
e

nts

n-
e
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f 1~0!5mb
23/2 f p

2 f̂ B

expS L̄

t
D H E

0

2v0
dr

3expF2
r

2t G
3S 2rwp8 ~1!1mpFwp~1!2

r

12t
ws8 ~1!G D

2
mpv0

6
expS 2

v0

t Dws8 ~1!J 1O~mb
25/2!, ~43!

and

f 1~0!1 f 2~0!

5mb
23/2 f pmp

f̂ B

expS L̄

t
D

3H E
0

2v0
dr expF2

r

2tGFwp~1!1
r

12t
ws8 ~1!G

1
v0

3
expS 2

v0

t Dws8 ~1!J 1O~mb
25/2!, ~44!

wherewa8(1) stands for the derivativedwa /du at the end-
point u51. It is important to note that whereas the twist
and 3 two-particle wave functions survive in the asympto
limit ~43! and ~44!, the higher-twist and three-particle com
ponents are suppressed by one additional power ofmb , and
die out.

The asymptotic scaling laws derived above can be und
stood as follows. At p250, the integration regionD
5mb

2/s0
B<u<1 in Eqs. ~23! and ~24! is rather narrow. In

fact, it vanishes in the infinite mass limit as 12mb
2/s0

B

;2v0 /mb . In this limit, the asymptotic twist 2 and twist 3
wave functions behave like

wp;ws;~12u!;v0 /mb and wp;1. ~45!

Taking into account the extra factor 1/mb multiplying wp ,
and noticing that the factors 1/mb times bracket multiplying
ws in the sum rules approach unity atmb→`, one sees tha
the twist 2 and 3 terms lead to the same asymptotic sca
behavior. The latter is determined by a factormb

21 from the
integrand, a factormb

21 from the integration region, and
factor mb

1/2 from 1/f B . The fact that the light-cone sum rul
predictsf 1(0);mb

23/2 was first noticed in@14#.
The situation changes drastically when the moment

transfer becomes large of ordermb
2 . To be definite, at the

boundaryp25mb
222mbx considered in Eq.~9!, the integra-

tion region in Eqs.~23! and~24! is finite and independent o
mb . Therefore, the asymptotic scaling laws are simply de
mined by the factors in front of the duality integrals in th
sum rules, that is 1/f B;mb

1/2 in the case off 1 and 1/mbf B

;mb
21/2 for f 11 f 2. Explicitly, one obtains
3-8
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f 1~p25mb
222mbx!;mb

1/2 f p

2 f̂ B

expS L̄

t
D H E

D

1du

u
expF2

x~12u!

tu GFwp~u!1
mp

6ut
ws~u!2

1

u2t2S g1~u!2E
0

u

g2~v !dv D G
1

1

x
expS 2

v0

t D Fmp

6
ws~D!2

1

xS 11
x1v0

t D S g1~D!2E
0

D

g2~v !dv D
1

1

x1v0
S dg1~D!

du
2g2~D! D G J 1O~mb

21/2!, ~46!

and

@ f 11 f 2#~p2;mb
222mbx!;mb

21/2 f pmp

f̂ B

expS L̄

t
D H E

D

1du

u
expF2

x~12u!

tu GFwp~u!1
ws~u!

6u S 12
x

ut D1
g2~u!

mput G
1

1

x
expS 2

v0

t D S 2
1

6
~x1v0!ws~D!1

g2~D!

mp
D J 1O~mb

23/2!, ~47!
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whereD5x/(x1v0). In contrast to the heavy quark limit a
p250, here also twist 4 contributes asymptotically. Ho
ever, the contributions from three-particle wave functions
still suppressed by an extra power of 1/mb .

Finally, using the relation~2! it is easy to check that the
asymptotic scaling law of the form factorf 0 coincides with
the expectation~43! for f 1 at smallp2, and with Eq.~47! for
f 11 f 2 at largep2.

The above analysis shows that the light-cone expansio
terms of wave functions with increasing twist is consiste
with the heavy mass expansion. The higher-twist contri
tions either scale with the same power ofmb as the leading-
twist term, or they are suppressed by extra powers ofmb .
The sum rules nicely reproduce the asymptotic depende
of the form factorsf 6 on the heavy quark mass as derived
@11,15# for small pion momentum in the rest frame of theB
meson. In addition, they also allow to investigate the cas
large pion momentum where neither heavy quark effec
theory ~HQET! nor the single-pole model can be truste
Clearly, asp2→0 excited and continuum states are expec
to become more and more important thus leading to a bre
down of the single-pole approximation. The change in
asymptotic mass dependence of the light-cone sum r
when going from large to small momentum transfers can
considered as a signal of this breakdown. Claims in the
erature which differ from Eqs.~43! and~44! are often based
on the pole model and therefore incorrect in our opinion. T
above conclusions corroborate similar analyses carried
for the B→K* @16# andB→r @8# transition form factors.

In order to clarify the relevance of the asymptotic scali
behavior in the mass range betweenmc and mb , we have
studied the functional dependence of the sum rules~23! and
~24! on the heavy quark massmQ numerically. The depen
dence of the parametersmB , s0

B andM2 on mQ is described

approximately by the relations~41! using L̄50.6 GeV, v0
51.4 GeV,t51.1 GeV. Together withmQ54.7 GeV this
choice reproduces the central values ofmB etc. given at the
beginning of Sec. III. In order to consistently include t
05401
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deviations of the decay constantf B from the asymptotic scal-
ing law ~42! we have substitutedf B by the corresponding
two-point sum rule using again the relations~41! analo-
gously to the procedure described above. The logarith
mass dependence of the wave functions and vacuum con

sates through the scalemQ5A2mQL̄ is taken into account.
Figure 9 shows the form factorf 1(0) multiplied by the lead-
ing powermQ

3/2 as a function of 1/mQ . Even atmQ.mb there
is still no sign that one is approaching the asymptotic lim
On the contrary, the mass dependence of the nonasymp
terms in the pion wave function becomes more and m
important, at least for an intermediate mass range. AtmQ
,mb , the integration region is still big enough to wash o
these effects since the wave functions are normalized. In
region betweenmc and mb , the mass dependence can
fitted to the following quadratic polynomial in 1/mQ :

f 1~0!mQ
3/253.3 GeV3/2S 12

1.5 GeV

mQ
1

0.75 GeV2

mQ
2 D ,

~48!

FIG. 9. Dependence of the form factorf 1(0) on the heavy
quark massmQ for purely asymptotic wave functions~solid!, and

the nonasymptotic corrections included at the scalemQ5A2mQL̄
~dashed!.
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indicating the existence of large 1/mQ corrections in the
physical mass range. Similar results have been obtaine
the case ofB→K* @16# andB→r @8# form factors.

VI. CONCLUSION

In this paper, we have derived a new QCD sum rule
the combinationf 1(p2)1 f 2(p2) of B→p ~and D→p)
form factors. The light-cone approach used is designed
heavy-to-light transitions and incorporates the nonpertur
tive dynamics in terms of light-cone wave functions of t
pion. The sum rule is essentially determined by the tw
3 q-q̄ wave functions. Terms involving the leading twist
wave function and theq-q̄-g wave function of twist 3 and 4
are absent, while the twist 4q-q̄ wave functions give only
small contributions. Higher-twist components are neglec
The sum rule is valid in the range of momentum transf
0<p2<17 GeV2.

Combining the new result onf 11 f 2 with the corre-
sponding calculation off 1 in @2# we have been able to pre
dict the scalar form factorf 0. This prediction is compared
with recent lattice results@13# in Fig. 6 and with quark mode
@17# and different sum rule@18# estimates in Fig. 10. Within
the inherent uncertainties of both approaches there is ag

FIG. 10. TheB→p form factor f 0: light-cone sum rule~solid!
in comparison to the quark model prediction from@17# ~dashed! and
the QCD sum rule result from@18# ~dash-dotted!.
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ment with the lattice results. However, the latter tend to
systematically lower than our prediction. This could be
indication for the presence of perturbative QCD correctio
which still need to be calculated. Our result onf 0 also agrees
with the lattice-constrained parametrization of this form fa
tor ~the pole variant! discussed in@19#. The quark model
estimate makes use of the single-pole approximationf 0(p2)
5 f 1(0)/(12m0

2/p2) with m056.0 GeV. In @12# it is sug-
gested to use instead the relation~38! in order to normalize
f 0 at maximum momentum transfer. Extrapolation to inte
mediate and smallp2 then leads to a result very similar to th
one obtained in@17# and shown in the figure. Despite th
rough agreement with our sum rule result we doubt the
lidity of the single-pole model at smallp2 for reasons ex-
plained in Sec. V. Finally, in the framework of the heav
quark-effective theory one has derived a three-point sum
for f 0 @18# giving a result in the region 0,p2,10 GeV2

which is about 30% lower than the expectation from t
light-cone sum rule. Concerning similar applications of t
light-cone sum rules, one should also mention the study
the form factorf 2 of the B→K transition in@20#.

It would be very interesting to confront these predictio
with experimental data, not only to test the theoretical me
ods of calculating form factors, but also sincef 0 enters the
factorized amplitudes for a class of nonleptonic two-bo
decays. Yet, direct measurements off 0 are only feasible in
the semileptonic decayB0→p2t1nt . This mode may get in
experimental reach at futureB factories. We have presente
the expected decay spectra and demonstrated the sens
to f 0.

Last but not least, light-cone sum rules for heavy-to-lig
form factors such asf 0 provide very flexible tools to study
the transition from small to large momentum transfers, a
to relate the physics ofD and B mesons. Moreover, they
provide new insights in the heavy quark mass dependenc
weak matrix elements.
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APPENDIX

Here, we give the explicit expressions for the surface termt1 and the contributionf G
1 from the quark-antiquark-gluon wav

functions in the light-cone sum rule~24!:

t1~s0
B ,p2,M2!5expS 2

s0
B

M2D H mp~mb
21p2!

6mb~mb
22p2!

ws~D!2
4mb

2

~mb
22p2!2S 11

s0
B2p2

M2 D g1~D!1
4mb

2

~s0
B2p2!~mb

22p2!

dg1~D!

du

1
2

mb
22p2F11

mb
21p2

mb
22p2S 11

s0
B2p2

M2 D G E
0

D

g2~v !dv2
2~mb

21p2!

~mb
22p2!~s0

B2p2!
g2~D!J , ~A1!
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f G
1~p2,M2!52E

0

1

u duE Da iQ~a11ua32D!

~a11ua3!2
expS 2

mb
22p2~12a12ua3!

~a11ua3!M2 D
3H 2 f 3p

f pmb
w3p~a i !F12

mb
22p2

~a11ua3!M2G2
1

uM2@2w'~a i !2w i~a i !12w̃'~a i !2w̃ i~a i !#J ~A2!

with Da i5da1da2da3d(12a12a22a3). The definitions and functional forms of the twist 3 wave functionw3p and the
twist 4 wave functionsw'w i , w̃' and w̃ i can be found in@2,7#.
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