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QED logarithms in the electroweak corrections to the muon anomalous magnetic moment
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We employ an effective Lagrangian approach to derive the leading-logarithm two-loop electroweak contri-
butions to the muon anomalous magnetic momapt, We show that these corrections can be obtained using
known results on the anomalous dimensions of composite operators. We confirm the result of Cedralecki
for the bosonic part and present the complet@ jpdependence of the fermionic contribution. The approach
is then used to compute the leading-logarithm three-loop electroweak contributign inally we derive, in
a fairly model-independent way, the QED improvement of new-physics contributicis dad to the electric
dipole momen{EDM) of the electron. We find that the QED corrections reduce the effect of new physics at
the electroweak scale by 6%or a,) and by 11%(for the electron EDNL [S0556-282(98)03017-3

PACS numbgs): 13.40.Em, 12.15.Lk, 14.60.Ef

. INTRODUCTION a)*{h.o. vac pol=(—101+6)x10 % (4)
The measurement of the anomalous magnetic moment afhe most recent theoretical estimate of the hadronic light-by-
the muon[1], light contribution gived6]
0,72 W, a{yxy)=(-79x15x 10" (5

—1=(11 659 233:-84)x 10" 1°,
1)

a. = =
"
2 (eh/2m,) Finally, the SM electroweak contribution at one lood 73

2
provides both a test of the validity of QER] and a probe of EW(q | _ 25uMy 1+ =(1-4s2)2|=195x 10~ 11
possible extensions of the standard ma@&l) electroweak a,"(1loop 243 12 5( Sw) '

theory. From the experimental point of view, the E821 ex- (6)

periment at Brookhaven National Laboratory is expected to 5

improve the accuracy in the, measurement to the level of where G, is the Fermi constant andsy,=sir’ =1

4x1071° and possibly to 1-210 10 if large statistics is —M32/M2. As first noticed in Ref[8], two-loop electroweak

accumulated 3]. Let us consider now the present status ofcorrections are quite substantial, because of large contribu-

the theoretical prediction fa,, . It is convenient to separate tions O(Gumia/w In(M/my)). HereM represents th&V or

the total result into several different parts. The pure QEDZ mass andm; indicates a light fermion mass. Combining

contribution, which is known to ordex® [2], is together the contribution containing closed fermionic loops
[9,10] and the one from the other relevant two-loop diagrams

aSED=(116 584 706:2)x 10 % (20 (usually indicated as the bosonic pai€zarneckiet al. ob-

tain [11]

The part affected by strong-interaction contributions, which ew

contains the largest source of uncertainty, comes from the a."(2loop = (—44=4)x 10", )

hadron vacuum polarization and the hadronic light-by-light . ]

amplitude. A recent analysis relating, by means of dispersiofPr & Higgs boson mas#l;;=250 GeV, where the error is

relations, the hadronic vacuum polarization to data from@Ssociated with the uncertainties i, , the hadronic con-

e"e” annihilation andr decays give$4] tributions, and higher-loop effects. .
In this paper, we show how the leading
aza"(vac po) = (6951+ 75) x 10 1L, (3) O(G#mia/w In(M/my)) two-loop electroweak corrections to

the anomalous magnetic momet,"(2 loop) , can be
The error is dominated by the experimental uncertainty angasily obtained with the help of effective theories and the
will be significantly improved by future measurements at theWilson renormalization group. The relevant anomalous di-
Beijing Electron-Positron CollideBEPQ, at DA®NE in  mensions of composite operators can be extracted from
Frascati, and at VEPP-2M in Novosibirsk. The effects ofknown results of the QCD corrections to flavor-violating
higher-order hadronic contributions have also been evaluatdgpttom-quark transitions mediated by the magnetic dipole
[5]: operatof{12]. In this way, we derivea’"/(2 loop) . without
directly computing any Feynman diagram and confirm the
results of Refs|9—11]. Moreover, since the renormalization-
*Permanent address: Dipartimento di Fisica, UniversitsPa-  group technique actually includes all leading QED loga-
dova, Padova, Italy. rithms, we are able to give an analytic expression for the
fOn leave of absence from INFN, Sezione di Padova, ltaly.  leading three-loop contribution ta;". This contribution
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turns out to be very small, but its knowledge allows us to

eliminate the uncertainty im3" from higher-order effects. Let= —ZV?GMEi GO, (13

Including the different terms, we obtain

) where the operator®; are given in Eqs(10)—(12) (with f
={b,r,c,s,d,u,e}) and the Wilson coefficient€; at the

where the central value correspondsMg = 150 GeV. This  electroweak scalg=M are

a,"'=(153+3)x 10",

leads to a theoretical prediction for the muon anomalous oV3 2 5 1
- . T
magnetic moment: Ch,(M)= 5 a;,"(1 loop) = |1t 3(1—45\2,\,)2},
a,=(116 591 63 77)x 10 1% ) o (14

We also show that this method is well suited to compute 1 1
higher-order corrections to new-physics contributions to Cy (M)= 5(1—456\,)2, Ch (M)= 3 (15
magnetic and electric dipole moments. The only necessary g g
basic assumption is that the new physics gives a one-loop 1
contribution to the dipole moments, but does not signifi- Cy f(M)z__(1_4s\2/\/)(Tf_2QfS\2/\/)a
cantly affect at the tree level composite four-fermion inter- “ 4
actions. Under this assumption, the leading logarithmic two-
loop contribution is determined by infrared effects and it can
be computed from the renormalization-group evolution of
the effective theory below the weak scale. We find that the
QED improvement reduces the one-loop new-physics effedin Eq. (16), T; and Qs are the third isospin component and
by 6% in the case o&, and 11% in the case of the electric electric charge of the fermiofy respectively. The coefficient
dipole moment(EDM) of the electron, assuming that the C,, is obtained by one-loop integration, while the coeffi-

1
Ca, (M)==7Tt. (16)

new physics lies around the weak scale. cients in Egs(15) and (16) correspond to tree-level ex-
change. ThéeW boson can only generate operators with
Il. TWO-LOOP CALCULATION OF  ag" = v which are irrelevant for our analysis, because they can-
not mix under QED withH , as neutrinos carry no electric

The leading two-loop contributions ta" come from ¢
large QED logarithms. These terms correspond to ultraviole . . . -
divergences in the effective theory obtained by integratin We are interested in the Wilson coefficient of the operator

out the heavy modes, and they can be derived in terms of th flf[hat \ECI? sgaleu;i r?Mnt TRerTI]e;dmg—;?g?nthmlﬁ er\i/olutlcl)n
anomalous dimensions of the dipole and current-current o f the YWIISon coetlicients Iro esc 0 a generic scale
erators. s given in terms of the one-loop_ anomalous dimension
We start by defining an effective theory valid below the matrix y and the one-loop beta function. In our case,
electroweak scale, in which th& andZ bosons and the top

harge.

T
guark have been integrated out. The effect from heavy par- Ci(uw)=2, |exp J“"“)deﬂ C;(M)
ticles is reflected in higher-dimensional operators. Here we [ eam)  Ble) |,
are interested in the operator corresponding o .
E a( M ) vl2b .
H ——\[L P E 10 - i N a(,u,)} v __CJ(M)’ 17
7 (477)3 m/.L/‘l’o- M up s ( ) 1

, ) ) ) ) wheree= 4w« is the QED gauge coupling, and the rota-
and to other possible dimension-six operators that mix under

o . . . : tion matrix V is defined such thay=V~1y"V is diagonal.
QED renormalization withH, . Since QED is parity con- L .3 2 . .
serving andH , is parity even, it is easy to realize that we Iiké?]t%et?v];unn%“on ig(e) = —be”/(1677), with the coeffi-
need to consider only the following parity-even four-fermion 9 y
operators:

4
__ 2
1 1 b=—3 2 NiQF. (18)
Vu=5 wY Byt Au=75 my yskuyyysi, (11
In Eqg. (18) the sum is extended over all fermioswith
mass less than the scale electric charge); and multiplic-
ity N¢ (N¢=3 for quarks and\;=1 for leptong. Expanding
In Eq. (12), f indicates a generic fermion different from  EQ. (17) in powers ofa, we obtain
and the factor 1/2 in the definition of the operatdfs and (W M
A, compensates the symmetry factor for two identical cur- _ _ o M

“ C =Cy (M O, H In —Cp (M),
rents in the Feynman rule. The relevant part of the effective HM(M) H#( ) 2| 1OH,) 4 M o )
Lagrangian is (19

V=my'ufy,f, Au=wy ysufy,ysf. (12
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where y(0;,H,)=vyon . Aside from an overall factor 4
2 2 ot i i y(Vu H) == (21)
G,m2/(2v277), the first term on the right-hand sidRHS) A
of Eq. (19) givesa;"(1 loop), while the second term gives
EW,
a, (2loop) . . y(A, H )= 808 (22)
The last ingredient necessary to complete the analysis is wrl e 9

the computation of the elemenjgO; ,H ) of the anomalous

dimension matrix. This requires a calculation of the diver- 32,

gent parts of loop diagrams generatifg, in which a single YVt Hy) = ng N (23
operator(); is inserted and a single photon is exchanged.

Actually, this calculation is completely analogous to the one y(AuHL) =48Q2N;. (24)

of the QCD anomalous dimension matrix for th8=1 ef-

fective Lagrangian, relevant for flavor-violating bottom- These expressions are valid both in dimensional regulariza-

quark transitions. For such a processes a complete list of th@n with the 't Hooft—Veltman prescription foys [14] and

divergent contributions from the various diagrams can bén dimensional reductiofl5]. In both schemes there are no

found in Ref[13]. All we need to do is the proper translation finite operator renormalizations from non-vanishing matrix

from quarks to muons, and from gluons to photons. In thiselements.

way we obtain Replacing in Eq.(19) the matching conditions of Egs.
(14)—(16) and the anomalous-dimension elements of Egs.
(20)—(24), and choosingl =M as the high-energy scale,

y(H,,H,)=16 (20 we obtain

31 M
2 1-as2)2|p 2
1+ 57e(1-4sy)?|In —

G,m> a(m,) | 43
a;,"(2loop) = - M—M[__[

28/272 3

2 2\ /1 g2
T+ 27(Tf 2Qssy)(1—4sy)

36 M
=0 2 Mz
+g EF N;Q? In m } (25)

where the sum is extended over the fermions with a mass Ill. THREE-LOOP CALCULATION OF aEW
threshold betweeM; andm,,, F={b, 7,c,s,d,u}. Equation
(25 confirms the results of Ref$9—-11], but it disagrees
with the one presented in R¢8]. It also shows the complete (17) also contains the information of higher-order terms,

s\"}\,_dependencg, extending the results of R¢%s. 10, in  gjnce it resums all leading logarithms. We can therefore eas-
which the fermionic contribution has been computed in theyy evaluate the magnitude of higher-order corrections. For
limit sj,=1/4. this purpose it is sufficient to expand E(.7) to the next

The contribution from light quarks is not appropriately order ine, because 4/ )In(Mz/m,) is much smaller than 1.
described by Eq(25), since perturbation theory is not justi- The corresponding result will give us the leading logarithmic
fied. Nevertheless, here we will parametrize the effect bypart ofa5"(3 loop).
taking in Eq.(25 mg=m,=m3=ms=0.3 GeV, and vary- RetainingO(«?) terms, the expansion of E(L7) yields
ing mg between 0 and 1 GeV. In this way, our result is
consistent with the estimate of the light-quark contribution a(pw) M
given in Ref.[10], based on a chiral effective Lagrangian. Ci(“):; [5ii_7’jiﬁ|” ;
Tg\l:/ing m.=15GeV and my,=4.5GeV, we find )

— —11 H
iﬂléOZ/loop)LL— —(37x1)x107*. This corresponds  to byt 1(77)11HM|” M ]Cj(M).
o of the one-loop contribution. We recall that the result 2 4 o

in Eqg. (25) includes only the logarithmic contribution. The (26)
terms not enhanced by large logarithms have been computed

in Refs.[9, 11] and amount toa;"(2 loop)y,=—(6+2)  Because of the presence of they) factor, we now need

X 10~ %, where the central value corresponds to a Higgs boinformation on the complete structure of the anomalous di-
son massvl,, =150 GeV and the error to a variation bf,, mension matrix, and not only on the elements given in Egs.
in the range between 100 and 1000 GeV. (200—(24). We start by defining the basis for the required

In the previous section, we have compu@"(z loop), |
by expanding Eq(17) at the first order ine. However, Eq.

+
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parity-even operators. In addition to the operators defined in 52 ,
Egs. (10—(12), we need the following four-fermion opera- Y(As Vi) = 3 Qf (39
tors:
V=S Ty Tl Arma Ty yel Tyuysf 2 16 2

= L A Ty ystiyst (20 Vi Vi) = 3 (QINCHQEN) (30

Vi =fy"ff v, 8", Air=fy"ysff y,ysf’ with f#f',
(28 YVt Assr) = ¥(Agpr Vi) = 12Q¢Qy (37

Y — A’ a’ A ,:_ v ™ ; ' 8
Vag=0a7"0'0" 7.0, Aqe=097"759'0",7sq with qvé(ggj Y(Ve,Vir) = 3QrQp (1+2Ny) (39

In Egs. (27)—(29), f,f’ (q,q’) represent a generic fermion
(quark, and all quark operators are defined with the color 8
indices saturated so that each current isSa¥(3): singlet. Y(Ar, Vi) = §Qfo’ (39
The operatorsf/qq, and qu, cannot be written in terms of
V¢ and A¢¢, with a Fierz rearrangement, because of the a2
different color-index saturation.
The matching conditions for the Wilson coefficients at the YVie V)= ?Qfo'Nf’ (40
scaleu=M are

16
Y(Vstr ,Vign) = ng'Qf'/Nf' (41)

1 1
Cv,(M)=5(T(—2Qssy)%,  Ca(M)=35T¢, (30 o o
Y(Vaq Vaq') = Y(Aqq »Vaq) =12Q4Qq’ (42)

1
T 2 L <2 - ~ 16
Cvff,(M) 2 (Tf 2QfSW)(Tf 2Qf SW)! y(qu, qu) — '}’(Aqq’ qu) — ?Qqu’ (43)
1
Cap (M)=5T(Ty, (31

~ ~ 8
'y(qu' aqu’) = '}’(Aqq’ quq’): §(Q(21+Q§/) (44

1
CY, (M)=Cz (M)=—Aqq, (32) - ~ 8
ad ad 4 ’}/(qur ,qur/): ‘y(Aqq/ ,qu//): §Qq/Qf// y (45)
whereA =1 if g andq’ belong to the same isospin dou-
blet, andA 4, =0 otherwise. The coefficients for the opera-

tors of typeV,A (V,A), are determined by tree-leval (W) _
exchange and we neglect Cabibbo—Kobayashi-Maskawégle

with f'#f, 9’ #q andf"#f,f’.

Inserting in Eq.(26) the Wilson coefficients at the scale
M, [see Egs.(14)—(16) and Egs.(30)—(32)], and the
vant elements of the anomalous-dimension mdsee

angles. _ _ :
The non-vanishing elements of the anomalous—dimensiorﬁqs'(20) (24) and Eqs(33)~(45)], we obtain

matrix for the operators in Eq$27)—(29) are )

aE™(3 loop) = Gl | (M) 2(A+ B). (46

16 " L omnm?| w '
vV, V)= 5 Qf(1+2Ny) (33 _

HereA andB come respectively from they(y)/2 and theby

term in Eq.(26) and, in the approximatios\z,\,z 1/4 andmg
y(Vi,Ap)=12Q¢ (349 =m,=my=my, are given by

=2827n2&_@|n2&_7826n2& 7040|2Mz 2108I 2& 24 Mz My

90 "m, 45" m, 3645 m, 729" m, 405 mg 5 m, " m,

)7
72 M M, 96 M M, 48 M M 128 M M
+€In ZIn—2— ZIn —2In —2— —In —2In —% — ——In —2In —= (47)

- uw 9 Mg m, 5 mg m, 1215 m, m
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179/1 M Mz, 4 M M M 2 mp 4 .m m m
B=— | 2?2 12—+ 22— 4+ 2 I 2 4+ 2 I —2 | + = [ 22+ 22—+ 2 I —= + 2 I —
4513 my, m, 3 m Mg m,/ 5 ;3 mg Mg m,,
8 m m 6/4 _.m, m, A 8 .m
——(2In2—c+2In2—° + ol 2L 2L 21— |~ ZI2 2. (48)
5 Mg m,/ 5\3 m 1119) m, 5 m,

Using the same values for the quark masses as in Sec. Il, wadependent, and it can be applied to specific models in
find which a}"(1 loop) is known, as in the case of supersymme-
try [16], light-gravitino interactions[17], compositeness
ew [18], leptoquarkd19], and light non-minimal Higgs bosons
a, (3loopy a My [20].
aIELW(g loop),, _0'8; In m_# (49 Another case in which the QED logarithms turn out to be
large is represented by the EDM of the electrdp, In the
SM, d. is negligible, but in some of its extensions with new
which corresponds to a 1% reduction aZW(z loop) and sources ofCP violation, it can lie just below the present
givesaﬁW(S loop), . =0.5x 10~ Including all the different €Xperimental upper bound. For instance, this can be the case
contributions, we obtain in some versions of the supersymmetric molcl].
The analysis of the QED renormalization can be done
along the same lines followed fa,. The electron EDM
aEW=(153i 3)x10 1, (500  corresponds to an operator in the effective Lagrangian:

IV. NEW PHYSICS EFFECTS IN af" 4o ”
AND IN THE ELECTRON EDM — 5de0,, 758 F”. (52

The effective-Lagrangian method is well suited to discuss
effects from new physics. Indeed, in the presence of newt is easy to show that in the effective theory below the weak
interactions, characterized by a mass s¢glg of the order  scale, its one-loop anomalous dimension is equal to that of
of the weak scale or larger, only the ultraviolet behavior ofthe magnetic dipole operator that is given in E20). There-
the theory is modified, while the infrared one is unaffected fore, if dgo) describes the new physics contribution obtained

This means that information about new physics can be compyy integrating out the heavy modes with masgp, the
pletely included in the matching conditions of the Wilson QED improved result is

coefficients, while the QED renormalization described by the
anomalous dimension matrix through E47) remains the
same.

Furthermore, it is reasonable to assume that new physics
has a chance to affect sizably only matching conditions of
operators that, in the SM, are not generated at the tree lev o
but possibly at the quantum level. This is indeed what hapt©" AnP= 10(()0?6\/’ the term inside brackets amounts to a
pens in most of the SM extensions generally considered. IFeduction ofde™ of 11%. _
this case, the analysis is particularly simple and predictive. ' N€ resultin Eq(53) is rather model independent. How-

Let us first consider new physics contributions &g . ever, it should be remarked that it is valid onIyAf,\,P is not
Following our assumption, we expect that only the matching™Uch larger than the weak scale. An analysis at very large
condition of the operata , is affected, but not those of the Scales should include the mixing of the operator in &)
four-fermion operator¥ andA. This means that the total, with otherCF_’ violating operators, like the analogue of Eq.
is just given by the sum of the SM result discussed in thd 52 for the dlffere_nt electroweak gauge bosons, and the ana-
previous section and of a new contributiaf)”. If a” is logue of the Weinberg operat¢@2] for the SU2) gauge
known at one loop, the leading contribution at two Ioops,theory' The corresponding anomalous dimension matrix can

enhanced by large QED logarithms, can be simply obtained®® extracted from Ref23]. The _result, hqwevgr, s more
ylarge Q gan 'mpYy ! (ﬁwolved than the one presented in E§3), since it depends

4 A on the separate unknown coefficients of the different opera-
a"P(2 loop) = — B L a"F(1 loop) (51)  tors
® m m, # ' '

4o A N p:| (53)

—dO1_ =
de de[l |

The cogfficient in Eq.5)) correspono!s to the anomalous ACKNOWLEDGMENTS

dimension elementy(H,,H,). For instance, forAyp

=100 GeV, the inclusion of the two-loop contribution re- We wish to thank G. Altarelli and M. Ciuchini for useful
duces the one-loop result by 6%. This result is quite modetliscussions.
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