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QED logarithms in the electroweak corrections to the muon anomalous magnetic moment

G. Degrassi* and G. F. Giudice†

Theory Division, CERN, CH-1211 Geneva 23, Switzerland
~Received 18 March 1998; published 5 August 1998!

We employ an effective Lagrangian approach to derive the leading-logarithm two-loop electroweak contri-
butions to the muon anomalous magnetic moment,am . We show that these corrections can be obtained using
known results on the anomalous dimensions of composite operators. We confirm the result of Czarneckiet al.
for the bosonic part and present the complete sin2 uW dependence of the fermionic contribution. The approach
is then used to compute the leading-logarithm three-loop electroweak contribution toam . Finally we derive, in
a fairly model-independent way, the QED improvement of new-physics contributions toam and to the electric
dipole moment~EDM! of the electron. We find that the QED corrections reduce the effect of new physics at
the electroweak scale by 6%~for am) and by 11%~for the electron EDM!. @S0556-2821~98!03017-3#

PACS number~s!: 13.40.Em, 12.15.Lk, 14.60.Ef
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I. INTRODUCTION

The measurement of the anomalous magnetic momen
the muon@1#,

am[
gm22

2
[

mm

~e\/2mm!
215~11 659 230684!310210,

~1!

provides both a test of the validity of QED@2# and a probe of
possible extensions of the standard model~SM! electroweak
theory. From the experimental point of view, the E821 e
periment at Brookhaven National Laboratory is expected
improve the accuracy in theam measurement to the level o
4310210, and possibly to 1 – 2310210 if large statistics is
accumulated@3#. Let us consider now the present status
the theoretical prediction foram . It is convenient to separat
the total result into several different parts. The pure Q
contribution, which is known to ordera5 @2#, is

am
QED5~116 584 70662!310211. ~2!

The part affected by strong-interaction contributions, wh
contains the largest source of uncertainty, comes from
hadron vacuum polarization and the hadronic light-by-lig
amplitude. A recent analysis relating, by means of dispers
relations, the hadronic vacuum polarization to data fr
e1e2 annihilation andt decays gives@4#

am
had~vac pol!5~6951675!310211. ~3!

The error is dominated by the experimental uncertainty
will be significantly improved by future measurements at
Beijing Electron-Positron Collider~BEPC!, at DAFNE in
Frascati, and at VEPP-2M in Novosibirsk. The effects
higher-order hadronic contributions have also been evalu
@5#:

*Permanent address: Dipartimento di Fisica, Universita` di Pa-
dova, Padova, Italy.
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am
had~h.o. vac pol!5~210166!310211. ~4!

The most recent theoretical estimate of the hadronic light-
light contribution gives@6#

am
had~g3g!5~279615!310211. ~5!

Finally, the SM electroweak contribution at one loop is@7#

am
EW~1 loop!5

5Gmmm
2

24&p2 F11
1

5
~124sW

2 !2G5195310211,

~6!

where Gm is the Fermi constant andsW
2 [sin2 uW51

2MW
2 /MZ

2 . As first noticed in Ref.@8#, two-loop electroweak
corrections are quite substantial, because of large contr
tions O„Gmmm

2 a/p ln(M/mf)…. HereM represents theW or
Z mass andmf indicates a light fermion mass. Combinin
together the contribution containing closed fermionic loo
@9,10# and the one from the other relevant two-loop diagra
~usually indicated as the bosonic part!, Czarneckiet al. ob-
tain @11#

am
EW~2 loop!5~24464!310211, ~7!

for a Higgs boson massMH5250 GeV, where the error is
associated with the uncertainties inMH , the hadronic con-
tributions, and higher-loop effects.

In this paper, we show how the leadin
O„Gmmm

2 a/p ln(M/mf)… two-loop electroweak corrections t
the anomalous magnetic moment,am

EW(2 loop)LL , can be
easily obtained with the help of effective theories and
Wilson renormalization group. The relevant anomalous
mensions of composite operators can be extracted f
known results of the QCD corrections to flavor-violatin
bottom-quark transitions mediated by the magnetic dip
operator@12#. In this way, we deriveam

EW(2 loop)LL without
directly computing any Feynman diagram and confirm
results of Refs.@9–11#. Moreover, since the renormalization
group technique actually includes all leading QED log
rithms, we are able to give an analytic expression for
leading three-loop contribution toam

EW. This contribution
© 1998 The American Physical Society07-1
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turns out to be very small, but its knowledge allows us
eliminate the uncertainty inam

EW from higher-order effects
Including the different terms, we obtain

am
EW5~15363!310211, ~8!

where the central value corresponds toMH5150 GeV. This
leads to a theoretical prediction for the muon anomal
magnetic moment:

am5~116 591 630677!310211. ~9!

We also show that this method is well suited to comp
higher-order corrections to new-physics contributions
magnetic and electric dipole moments. The only necess
basic assumption is that the new physics gives a one-
contribution to the dipole moments, but does not sign
cantly affect at the tree level composite four-fermion int
actions. Under this assumption, the leading logarithmic tw
loop contribution is determined by infrared effects and it c
be computed from the renormalization-group evolution
the effective theory below the weak scale. We find that
QED improvement reduces the one-loop new-physics ef
by 6% in the case ofam and 11% in the case of the electr
dipole moment~EDM! of the electron, assuming that th
new physics lies around the weak scale.

II. TWO-LOOP CALCULATION OF aµ
EW

The leading two-loop contributions toam
EW come from

large QED logarithms. These terms correspond to ultravi
divergences in the effective theory obtained by integrat
out the heavy modes, and they can be derived in terms o
anomalous dimensions of the dipole and current-current
erators.

We start by defining an effective theory valid below t
electroweak scale, in which theW andZ bosons and the top
quark have been integrated out. The effect from heavy p
ticles is reflected in higher-dimensional operators. Here
are interested in the operator corresponding toam ,

Hm52A a

~4p!3 mmm̄snrmFnr , ~10!

and to other possible dimension-six operators that mix un
QED renormalization withHm . Since QED is parity con-
serving andHm is parity even, it is easy to realize that w
need to consider only the following parity-even four-fermi
operators:

Vm5
1

2
m̄gnmm̄gnm, Am5

1

2
m̄gng5mm̄gng5m, ~11!

Vm f5m̄gnm f̄ gn f , Am f5m̄gng5m f̄ gng5f . ~12!

In Eq. ~12!, f indicates a generic fermion different fromm
and the factor 1/2 in the definition of the operatorsVm and
Am compensates the symmetry factor for two identical c
rents in the Feynman rule. The relevant part of the effec
Lagrangian is
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Leff522&Gm(
i

CiOi , ~13!

where the operatorsOi are given in Eqs.~10!–~12! ~with f
5$b,t,c,s,d,u,e%) and the Wilson coefficientsCi at the
electroweak scalem5M are

CHm
~M !5

2&p2

Gmmm
2 am

EW~1 loop!5
5

12 F11
1

5
~124sW

2 !2G ,
~14!

CVm
~M !5

1

8
~124sW

2 !2, CAm
~M !5

1

8
, ~15!

CVm f
~M !52

1

4
~124sW

2 !~Tf22QfsW
2 !,

CAm f
~M !52

1

4
Tf . ~16!

In Eq. ~16!, Tf andQf are the third isospin component an
electric charge of the fermionf , respectively. The coefficien
CHm

is obtained by one-loop integration, while the coef

cients in Eqs.~15! and ~16! correspond to tree-levelZ ex-
change. TheW boson can only generate operators withf
5n which are irrelevant for our analysis, because they c
not mix under QED withHm as neutrinos carry no electri
charge.

We are interested in the Wilson coefficient of the opera
Hm at the scalem5mm . The leading-logarithmic evolution
of the Wilson coefficients from the scaleM to a generic scale
m is given in terms of the one-loop anomalous dimens
matrix g and the one-loop beta function. In our case,

Ci~m!5(
j

Fexp E
e~M !

e~m!

de
gT~e!

b~e! G
i j

Cj~M !

5(
j

H VFa~M !

a~m! G ĝ/2b

V21J
i j

Cj~M !, ~17!

wheree5A4pa is the QED gauge coupling, and the rot
tion matrix V is defined such thatĝ5V21gTV is diagonal.
The beta function isb(e)52be3/(16p2), with the coeffi-
cient b given by

b52
4

3 (
f

NfQf
2 . ~18!

In Eq. ~18! the sum is extended over all fermionsf with
mass less than the scalem, electric chargeQf and multiplic-
ity Nf (Nf53 for quarks andNf51 for leptons!. Expanding
Eq. ~17! in powers ofa, we obtain

CHm
~m!5CHm

~M !2(
i

g~Oi ,Hm!
a~m!

4p
ln

M

m
COi

~M !,

~19!
7-2
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where g(Oi ,Hm)[gOiHm
. Aside from an overall factor

Gmmm
2 /(2&p2), the first term on the right-hand side~RHS!

of Eq. ~19! givesam
EW(1 loop), while the second term give

am
EW(2 loop)LL .

The last ingredient necessary to complete the analys
the computation of the elementsg(Oi ,Hm) of the anomalous
dimension matrix. This requires a calculation of the div
gent parts of loop diagrams generatingHm , in which a single
operatorOi is inserted and a single photon is exchang
Actually, this calculation is completely analogous to the o
of the QCD anomalous dimension matrix for theDB51 ef-
fective Lagrangian, relevant for flavor-violating bottom
quark transitions. For such a processes a complete list o
divergent contributions from the various diagrams can
found in Ref.@13#. All we need to do is the proper translatio
from quarks to muons, and from gluons to photons. In t
way we obtain

g~Hm ,Hm!516 ~20!
a

e

th

ly
i-
b

is
on
n.

u
e
ut

bo
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g~Vm ,Hm!5
40

3
~21!

g~Am ,Hm!5
808

9
~22!

g~Vm f ,Hm!5
32

9
Qf

2Nf ~23!

g~Am f ,Hm!548Qf
2Nf . ~24!

These expressions are valid both in dimensional regular
tion with the ’t Hooft–Veltman prescription forg5 @14# and
in dimensional reduction@15#. In both schemes there are n
finite operator renormalizations from non-vanishing mat
elements.

Replacing in Eq.~19! the matching conditions of Eqs
~14!–~16! and the anomalous-dimension elements of E
~20!–~24!, and choosingM5MZ as the high-energy scale
we obtain
am
EW~2 loop!LL5

5Gmmm
2

24&p2

a~mm!

p H 2
43

3 F11
31

215
~124sW

2 !2G ln MZ

mm

1
36

5 (
f PF

NfQf
2FTf1

2

27
~Tf22QfsW

2 !~124sW
2 !G ln MZ

mf
J , ~25!
s,
as-
or

.
ic

di-
qs.
d

where the sum is extended over the fermions with a m
threshold betweenMZ andmm , F5$b,t,c,s,d,u%. Equation
~25! confirms the results of Refs.@9–11#, but it disagrees
with the one presented in Ref.@8#. It also shows the complet
sW

2 dependence, extending the results of Refs.@9, 10#, in
which the fermionic contribution has been computed in
limit sW

2 51/4.
The contribution from light quarks is not appropriate

described by Eq.~25!, since perturbation theory is not just
fied. Nevertheless, here we will parametrize the effect
taking in Eq.~25! mQ[mu5md5ms50.3 GeV, and vary-
ing mQ between 0 and 1 GeV. In this way, our result
consistent with the estimate of the light-quark contributi
given in Ref. @10#, based on a chiral effective Lagrangia
Taking mc51.5 GeV and mb54.5 GeV, we find
am

EW(2 loop)LL52(3761)310211. This corresponds to
;19% of the one-loop contribution. We recall that the res
in Eq. ~25! includes only the logarithmic contribution. Th
terms not enhanced by large logarithms have been comp
in Refs. @9, 11# and amount toam

EW(2 loop)NL52(662)
310211, where the central value corresponds to a Higgs
son massMH5150 GeV and the error to a variation ofMH

in the range between 100 and 1000 GeV.
ss

e

y

lt

ed

-

III. THREE-LOOP CALCULATION OF aµ
EW

In the previous section, we have computedam
EW(2 loop)LL

by expanding Eq.~17! at the first order ina. However, Eq.
~17! also contains the information of higher-order term
since it resums all leading logarithms. We can therefore e
ily evaluate the magnitude of higher-order corrections. F
this purpose it is sufficient to expand Eq.~17! to the next
order ina, because (a/p)ln(MZ /mm) is much smaller than 1
The corresponding result will give us the leading logarithm
part of am

EW(3 loop).
RetainingO(a2) terms, the expansion of Eq.~17! yields

Ci~m!5(
j

H d i j 2g j i

a~m!

4p
ln

M

m

1Fbg j i 1
1

2
~gg! j i GFa~m!

4p
ln

M

m G2J Cj~M !.

~26!

Because of the presence of the~gg! factor, we now need
information on the complete structure of the anomalous
mension matrix, and not only on the elements given in E
~20!–~24!. We start by defining the basis for the require
7-3
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parity-even operators. In addition to the operators define
Eqs. ~10!–~12!, we need the following four-fermion opera
tors:

Vf5
1

2
f̄ gn f f̄ gn f , Af5

1

2
f̄ gng5f f̄ gng5f , ~27!

Vf f 85 f̄ gn f f̄ 8gn f 8, Af f 85 f̄ gng5f f̄ 8gng5f 8 with f Þ f 8,
~28!

Ṽqq85q̄gnq8q̄8gnq, Ãqq85q̄gng5q8q̄8gng5q with qÞq8.
~29!

In Eqs. ~27!–~29!, f , f 8 (q,q8) represent a generic fermio
~quark!, and all quark operators are defined with the co
indices saturated so that each current is anSU(3)C singlet.
The operatorsṼqq8 and Ãqq8 cannot be written in terms o
Vf f 8 and Af f 8 with a Fierz rearrangement, because of t
different color-index saturation.

The matching conditions for the Wilson coefficients at t
scalem5M are

CVf
~M !5

1

2
~Tf22QfsW

2 !2, CAf
~M !5

1

2
Tf

2 , ~30!

CVf f 8
~M !5

1

2
~Tf22QfsW

2 !~Tf 822Qf 8sW
2 !,

CAf f 8
~M !5

1

2
TfTf 8 , ~31!

CṼqq8
~M !5CÃqq8

~M !5
1

4
Dqq8 , ~32!

whereDqq851 if q andq8 belong to the same isospin dou
blet, andDqq850 otherwise. The coefficients for the oper
tors of typeV,A (Ṽ,Ã), are determined by tree-levelZ (W)
exchange and we neglect Cabibbo-Kobayashi-Mask
angles.

The non-vanishing elements of the anomalous-dimens
matrix for the operators in Eqs.~27!–~29! are

g~Vf ,Vf !5
16

3
Qf

2~112Nf ! ~33!

g~Vf ,Af !512Qf
2 ~34!
05300
in

r

e
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n

g~Af ,Vf !5
52

3
Qf

2 ~35!

g~Vf f 8 ,Vf f 8!5
16

3
~Qf

2Nf1Qf 8
2 Nf 8! ~36!

g~Vf f 8 ,Af f 8!5g~Af f 8 ,Vf f 8!512QfQf 8 ~37!

g~Vf ,Vf f 8!5
8

3
QfQf 8~112Nf ! ~38!

g~Af ,Vf f 8!5
8

3
QfQf 8 ~39!

g~Vf f 8 ,Vf !5
32

3
QfQf 8Nf 8 ~40!

g~Vf f 8 ,Vf f 9!5
16

3
Qf 8Qf 9Nf 8 ~41!

g~Ṽqq8 ,Ṽqq8!5g~Ãqq8 ,Ṽqq8!512QqQq8 ~42!

g~Ṽqq8 ,Vq!5g~Ãqq8 ,Vq!5
16

3
QqQq8 ~43!

g~Ṽqq8 ,Vqq8!5g~Ãqq8 ,Vqq8!5
8

3
~Qq

21Qq8
2

! ~44!

g~Ṽqq8 ,Vq f9!5g~Ãqq8 ,Vq f9!5
8

3
Qq8Qf 9 , ~45!

with f 8Þ f , q8Þq and f 9Þ f , f 8.
Inserting in Eq.~26! the Wilson coefficients at the scal

m5MZ @see Eqs.~14!–~16! and Eqs.~30!–~32!#, and the
relevant elements of the anomalous-dimension matrix@see
Eqs.~20!–~24! and Eqs.~33!–~45!#, we obtain

am
EW~3 loop!LL5

5Gmmm
2

24&p2 Fa~mm!

p G2

~A1B!. ~46!

HereA andB come respectively from the (gg)/2 and thebg
term in Eq.~26! and, in the approximationsW

2 51/4 andms

5mu5md5mQ , are given by
A5
2827

90
ln2

MZ

mm
2

298

45
ln2

MZ

mt
2

7826

3645
ln2

MZ

mb
1

7040

729
ln2

MZ

mc
1

2108

405
ln2

MZ

mQ
1

24

5
ln

MZ

mb
ln

MZ

mm

1
72

5
ln

MZ

mt
ln

MZ

mm
2

96

5
ln

MZ

mc
ln

MZ

mm
2

48

5
ln

MZ

mQ
ln

MZ

mm
2

128

1215
ln

MZ

mb
ln

MZ

mc
~47!
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B52
179

45 S 1

3
ln2

MZ

mb
1 ln2

MZ

mt
1

4

3
ln2

MZ

mc
12 ln2

MZ

mQ
12 ln2

MZ

mm
D1

2

5 S ln2
mb

mt
1

4

3
ln2

mb

mc
12 ln2

mb

mQ
12 ln2

mb

mm
D

2
8

5 S 2 ln2
mc

mQ
12 ln2

mc

mm
D1

6

5 S 4

3
ln2

mt

mc
12 ln2

mt

mQ
12 ln2

mt

mm
D2

8

5
ln2

mQ

mm
. ~48!
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Using the same values for the quark masses as in Sec. I
find

am
EW~3 loop!LL

am
EW~2 loop!LL

.20.8
a

p
ln

MZ

mm
, ~49!

which corresponds to a 1% reduction ofam
EW(2 loop) and

givesam
EW(3 loop)LL50.5310211. Including all the different

contributions, we obtain

am
EW5~15363!310211. ~50!

IV. NEW PHYSICS EFFECTS IN aµ
EW

AND IN THE ELECTRON EDM

The effective-Lagrangian method is well suited to discu
effects from new physics. Indeed, in the presence of n
interactions, characterized by a mass scaleLNP of the order
of the weak scale or larger, only the ultraviolet behavior
the theory is modified, while the infrared one is unaffect
This means that information about new physics can be c
pletely included in the matching conditions of the Wilso
coefficients, while the QED renormalization described by
anomalous dimension matrix through Eq.~17! remains the
same.

Furthermore, it is reasonable to assume that new phy
has a chance to affect sizably only matching conditions
operators that, in the SM, are not generated at the tree le
but possibly at the quantum level. This is indeed what h
pens in most of the SM extensions generally considered
this case, the analysis is particularly simple and predictiv

Let us first consider new physics contributions toam .
Following our assumption, we expect that only the match
condition of the operatorHm is affected, but not those of th
four-fermion operatorsV andA. This means that the totalam
is just given by the sum of the SM result discussed in
previous section and of a new contributionam

NP. If am
NP is

known at one loop, the leading contribution at two loop
enhanced by large QED logarithms, can be simply obtain

am
NP~2 loop!52

4a

p
ln

LNP

mm
am

NP~1 loop!. ~51!

The coefficient in Eq.~51! corresponds to the anomalou
dimension elementg(Hm ,Hm). For instance, forLNP
5100 GeV, the inclusion of the two-loop contribution r
duces the one-loop result by 6%. This result is quite mo
05300
we

s
w

f
.
-

e

cs
f
el,
-

In
.

g

e

,
d:

el

independent, and it can be applied to specific models
which am

NP(1 loop) is known, as in the case of supersymm
try @16#, light-gravitino interactions@17#, compositeness
@18#, leptoquarks@19#, and light non-minimal Higgs boson
@20#.

Another case in which the QED logarithms turn out to
large is represented by the EDM of the electron,de . In the
SM, de is negligible, but in some of its extensions with ne
sources ofCP violation, it can lie just below the presen
experimental upper bound. For instance, this can be the
in some versions of the supersymmetric model@21#.

The analysis of the QED renormalization can be do
along the same lines followed foram . The electron EDM
corresponds to an operator in the effective Lagrangian:

2
i

2
deēsnrg5eFnr. ~52!

It is easy to show that in the effective theory below the we
scale, its one-loop anomalous dimension is equal to tha
the magnetic dipole operator that is given in Eq.~20!. There-
fore, if de

(0) describes the new physics contribution obtain
by integrating out the heavy modes with massLNP , the
QED improved result is

de5de
~0!F12

4a

p
ln

LNP

me
G . ~53!

For LNP5100 GeV, the term inside brackets amounts to
reduction ofde

(0) of 11%.
The result in Eq.~53! is rather model independent. How

ever, it should be remarked that it is valid only ifLNP is not
much larger than the weak scale. An analysis at very la
scales should include the mixing of the operator in Eq.~52!
with otherCP violating operators, like the analogue of E
~52! for the different electroweak gauge bosons, and the a
logue of the Weinberg operator@22# for the SU~2! gauge
theory. The corresponding anomalous dimension matrix
be extracted from Ref.@23#. The result, however, is more
involved than the one presented in Eq.~53!, since it depends
on the separate unknown coefficients of the different ope
tors.
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