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Supergravity and the large N limit of theories with sixteen supercharges
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We consider field theories with sixteen supersymmetries, which includeU(N) Yang-Mills theories in vari-
ous dimensions, and argue that their largeN limit is related to certain supergravity solutions. We study this by
considering a system of D-branes in string theory and then taking a limit where the brane world volume theory
decouples from gravity. At the same time we study the corresponding D-brane supergravity solution and argue
that we can trust it in certain regions where the curvature~and the effective string coupling, where appropriate!
are small. The supergravity solutions typically have several weakly coupled regions and interpolate between
different limits of string M theory.@S0556-2821~98!01916-X#
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I. INTRODUCTION

String theory contains D-branes which are solitonic o
jects@1#. When we consider the full theory in the presence
these solitons we have modes that propagate in the bulk
modes that propagate on the solitons. The modes on the
ton interact with each other and with the bulk modes. It
possible, however, to define a limit of the full theory
which the bulk modes decouple from the modes residing
the D-brane. This is typically a low energy limit, in whic
we tune the coupling constant so as to keep only the in
actions among the modes residing on the D-brane. In
limit the D-brane theory becomes super-Yang-Mills theo
~for p<3). Separating the branes by some distance co
sponds in the field theory to giving Higgs expectation valu
to some fields. Since we want to keep these expectation
ues finite when we take the limit, we should consider
branes at substringy distances@2#.

Since D-branes carry some mass and charge, they e
the bulk gravity modes and we can find supergravity so
tions carrying the same mass and charges. Naively the su
gravity solution describes only the long range fields of
D-branes, since we do not expect supergravity to be vali
short distances. General covariance, however, tells us tha
can trust the supergravity solution as long as curvatures
locally small compared to the string scale~or the Planck
scale!. A more careful analysis shows that for a system w
a large number of branes, largeN, the curvatures are sma
and we can trust the supergravity solutions even at the
stringy distances involved in the decoupling limit describ
above. The situation is similar to the one studied in@3# for
conformal field theories~see also@4,5#!. In particular for the
4D N54U(N) super-Yang-Mills theory associated withN
D3-branes, it has been argued in@3# that it is ‘‘dual’’ to type
IIB string theory onAdS53S5 in the largeN limit.
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The aim of this paper is to explore analogous connecti
in the more general case of non-conformal field theories. T
supergravity solutions corresponding top11 super-Yang-
Mills theory are blackp-brane solutions. They are extende
along p11 spacetime dimensions. We interpret the rad
variable as being related to the energy scale of the pro
involved. One of the reasons for this interpretation is the f
that a Dp-brane sitting at some positionr corresponds to
giving a Higgs expectation value to some fields which bre
the gauge groupU(N11)→U(N)3U(1). Large values of
r correspond to very large Higgs expectation values, wh
have dimension of energy, and therefore correspond to la
energy scales. Hence, large values ofr correspond in the
field theory to the UV region and small values to the
region. The curvature and the value of the dilaton depend
the radial variabler . The radial dependence of the dilato
represents the running of the effective coupling const
~which in these theories is simply given by dimension
analysis!. For p,3 the solutions have large curvatures f
large values ofr , and we cannot trust them in this regio
This is not a problem since in the UV we can trust the p
turbative description and we do not expect perturbat
theory and gravity to be valid at the same time. As we mo
to smaller values ofr , i.e. lower energies, we find a regio
with small curvature and small string coupling. In this regi
we can trust a string theory description of the correspond
background. All Yang-Mills theories considered here cont
strings in this sense~as in thep53 case@3#!. These ex-
amples realize the general description of largeN gauge theo-
ries proposed by Polyakov@6#. In the language of@6# the
radial variable is related to the Liouville field. This strin
theory description is valid for intermediate values ofr . In
some cases we can use a dual description for the smar
region. In general we have a reliable supergravity descrip
in the largeN limit only for certain energy scales~which is
to be expected since the coupling depends on the energ!.

For p.3 we have a similar situation with the couplin
running in the reverse direction: smallr corresponds to
weakly coupled super-Yang-Mills theory and for larger we
will have to use dual descriptions.
© 1998 The American Physical Society04-1
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NISSAN ITZHAKI et al. PHYSICAL REVIEW D 58 046004
Since the conformal casep53 is the borderline case, w
shall discuss first thep,3 theories and then thep.3 theo-
ries. The paper is organized as follows. In Sec. II we desc
some general properties which are common to all Dp-bra
In Sec. III we consider D2-branes and obtain a relation w
the 211 conformal field theory at low energies. In partic
lar, the flow of the super-Yang-Mills theory in 211 dimen-
sions to a superconformal field theory with SO~8! R-
symmetry is realized by the supergravity solution of the
branes. We also relate the super-Yang-Mills theory w
small temperature to the near extremal M2-branes soluti
In Sec. IV we discuss D1-branes. We show that for largeN
there is an intermediate region between perturbative su
Yang-Mills theory in the UV and the orbifold (R8)N/SN con-
formal field theory ~CFT! with the Dijkgraaf-Verlinde-
Verlinde vertex operators@7# in the IR. This intermediate
region is described by type IIB string theory on a non-triv
background. In Sec. V we study D0 branes and the rela
to black holes in matrix theory@8,9,10,11#. In Sec. VI we
consider D4 branes and the relation with the six-dimensio
~0,2! field theory compactified on a circle. The flow of th
~0,2! theory on a circle to the (411)-dimensional super
Yang-Mills theory in the IR has a counterpart in the sup
gravity solution. In Sec. VII we briefly discuss the case
D5 branes and their relation to type IIB Neveu-Schwarz~NS!
5-branes and we make, in Sec. VIII, a digression to type
NS five-branes. Finally, in Sec. IX we consider D6-bran
where we conclude~as in@12,13,14#! that the theory does no
decouple from the bulk. We show that a finite temperat
configuration is described by a Schwarzschild black hole
five dimensions. To make the outcome of the analysis
each case clearer, we give a short summary of the con
sions at the end of each section.

The connection between Yang-Mills theories and sup
gravity solutions was explored following a different meth
in @15#.

II. GENERALITIES

We study Dp-branes in the field theory limit1 @16,13,14#:

gY M
2 5~2p!p22gsa8~p23!/25fixed, a8→0, ~1!

where gs5ef`, and gY M is the Yang-Mills coupling con-
stant. We keep the energies fixed when we take the limit.
p<3 this limit implies that the theory decouples from th
bulk since the ten dimensional Newton constant goes to z
It also suppresses higher order corrections ina8 to the ac-
tion. Forp.3 we havegs→` which implies that we should
use a dual description to analyze the decoupling issue.

1We use conventions in whichgs→1/gs under S-duality for type
IIB. The type IIA conventions are such that the radius of the el
enth circle isR115gsAa8. The eleven dimensional Planck length
defined asl p5g1/3Aa8.
04600
e
s.
h

h
s.

r-

l
n

al

-
f

s

e
n
f

lu-

r-

or

o.

When we take the limit~1! we are interested in finite
energy configurations in the field theory. This corresponds
finite Higgs expectation values. We are, therefore, consid
ing the limit

U[
r

a8
5fixed, a8→0. ~2!

In terms of the field theoryU is the expectation value of th
Higgs field. Note that in this limitr / l s→0 which means that
we study the system at substringy distances. At a given
ergy scale,U, the effective dimensionless coupling consta
in the corresponding super-Yang-Mills theory isge f f

2

'gY M
2 NUp23. Thus, perturbative calculations in supe

Yang-Mills theory can be trusted in the region

ge f f
2 !1⇒H U@~gY M

2 N!1/~32p!, p,3,

U!1/~gY M
2 N!1/~p23!, p.3.

~3!

The type II supergravity solution describingN coincident
extremal Dp-branes is~in the string frame! @17#

ds25 f p
21/2~2dt21dx1

21 . . . 1dxp
2!

1 f p
1/2~dxp11

2 1 . . . 1dx9
2!,

e22~f2f`!5 f p
~p23!/2, ~4!

A0 . . .p52
1

2
~ f p

2121!,

wheref p is a harmonic function of the transverse coordina
xp11 , . . . ,x9 ,

a82f p5a821
dpgY M

2 N

U72p , dp52722pp923p/2GS 72p

2 D .

~5!

In the field theory limit of Eqs.~1!, ~2! the solution is

ds25a8S U ~72p!/2

gY MAdpN
dxi

21
gY MAdpN

U ~72p!/2 dU2

1gY MAdpNU~p23!/2dV82p
2 D ,

ef5~2p!22pgY M
2 S gY M

2 dpN

U72p D ~32p!/4

;
ge f f

~72p!/2

N
. ~6!

Note that the effective string coupling,ef, is finite in the
decoupling limit. In terms ofge f f the curvature associate
with the metric~6! is

a8R'
1

ge f f
;AU32p

gY M
2 N

. ~7!

From the field theory point of viewU is an energy scale
Thus, going to the UV in the field theory means taking t
limit U→`. In this limit we see from Eq.~6! that for p

-

4-2
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SUPERGRAVITY AND THE LARGEN LIMIT O F . . . PHYSICAL REVIEW D 58 046004
,3 the effective string coupling vanishes and the theory
comes UV free. Forp.3 the coupling increases and w
have to go to a dual description before we can investiga
reliably. This property of the supergravity solution is close
related to the fact that forp.3 the super-Yang-Mills theo
ries are non-renormalizable and hence, at short distan
new degrees of freedom appear.

We further note that, as in@3#, we havea8 in front of the
metric, which might lead to the incorrect conclusion that o
should only consider the zero modes of the fields. Howe
a field theory quantum of energyv will have proper energy

wproper5vAgtt5
1

Aa8
v

gY MAdnN

U ~72p!/2

which remains finite in string units. Therefore we can co
sider excitations which have proper energies comparabl
the string mass.

Consider the case that we breakU(N11)→U(N)
3U(1) by a Higgs expectation valueU. In the supergravity
description we get a Dp-brane sitting at the correspond
position U. The mass of a string stretched between theN
branes and the probe ism5U/2p from the gauge theory
point of view. This is a Bogomol’nyi-Prasad-Sommerfie
~BPS! state whose mass does not depend on the couplin
the supergravity side this state is represented by a st
stretched between the probe and the horizon~at r 50). If we
calculate its ‘‘gauge theory’’ energy from supergravity, w
find that it is againU, since in curved space this energ
contains a factor ofAgrr ~due to the fact that we shoul
consider the proper distance! which is canceled by theAgtt
factor needed to convert from local proper energies to ga
theory energies~canonically conjugate tot).

We will also consider near extremal configurations wh
correspond to the decoupled field theories at finite temp
ture. On the supergravity side we start from a near extre
blackp-brane solution and we take the limit~1!, keeping the
energy density on the brane finite. In this limit only the m
ric is modified:

ds25a8H U ~72p!/2

gY MAdpN
F2S 12

U0
~72p!/2

U ~72p!/2D dt21dyi
2G

1
gY MAdpN

U ~72p!/2S 12
U0

~72p!/2

U ~72p!/2D dU2

1gY MAdpNU~p23!/2dV82p
2 J . ~8!

The dilaton is the same as in Eqs.~6! and

U0
72p5apgY M

4 e, ap5

GS 92p

2 D21122pp~1323p!/2

~92p!
. ~9!
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Heree is the energy density of the brane above extrema
and corresponds to the energy density of the Yang-M
theory. With these formulas one can calculate the entr
per unit volume and we find

s5
S

V
5S GS 92p

2 D 2

24327pp1323p

~72p!72p~92p!92p
D 1/2~72p!

3gY M
~p23!/~72p!ANe~92p!/2~72p!. ~10!

The temperature follows from the first law of thermodyna
ics.

In order to trust the type II supergravity solution~6! we
need both the curvature~7! and the dilaton~6! to be small.
This implies

1!ge f f
2 !N4/~72p!. ~11!

We see that, as expected, the perturbative super-Yang-M
and supergravity descriptions do not overlap@see Eq.~3!#.
We will later see that the supergravity description can
extended to the regionN4/(72p),ge f f

2 but in terms of a dual
theory. In particular, we see that we can trust the entro
computation~10! as long as the energy density above ext
mality is such thatge f f(U0) obeys Eq.~11! with U0 as in
Eqs.~9!.

The isometry group of the metric~6! is ISO(1,p)
3SO(92p) ~for pÞ3). From the super-Yang-Mills poin
of view the ISO(1,p) symmetry is the Poincare´ symmetry
andSO(92p) is the R-symmetry. It is an R-symmetry sinc
spinors on the world volume of the Dp-branes transform a
as spinors in the directions transverse to the brane, and
underSO(92p), whereas the brane scalars transform in
vector representation ofSO(92p).

III. 2 11 SUPER-YANG-MILLS THEORY
AND D2-BRANES

We start by considering a collection ofN D2-branes in
the super-Yang-Mills limit,

U5
r

a8
5fixed, gY M

2 5
gs

Aa8
5fixed, a8→0, ~12!

where gs5ef`, gY M is the Yang-Mills coupling constan
which has dimensions of (energy)1/2 andU is the expectation
value of the Higgs boson. After taking the limit~12! we
decouple the bulk from the theory on the D2 branes wh
turns out to be aU(N) super-Yang-Mills theory in 211
dimensions, with 16 supersymmetries. At a given ene
scale,U, the dimensionless effective coupling of the gau
theory is ge f f

2 ;gY M
2 N/U and, hence, perturbative supe

Yang-Mills theory can be trusted in the UV region whe
ge f f is small:

gY M
2 N!U. ~13!
4-3
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NISSAN ITZHAKI et al. PHYSICAL REVIEW D 58 046004
The supergravity solution ofN D2-branes@17# yields, in this
limit,

ds25a8S U5/2

gY MA6p2N
dxi

21
gY MA6p2N

U5/2 dU2

1gY MA6p2N/UdV6
2D

ef5S gY M
10 6p2N

U5 D 1/4

. ~14!

The type II supergravity description can be trusted when
curvature~7! in string units and the effective string couplin
are small:

gY M
2 N1/5!U!gY M

2 N. ~15!

We see that a necessary condition is to haveN@1. In the
regionge f f'1 we have a transition between the perturbat
super-Yang-Mills description and the supergravity desc
tion.

In the regionU,gY M
2 N1/5 the dilaton becomes large. I

other words the local value of the radius of the eleve
dimension,R11(U), becomes larger than the Planck sca
sinceR115e2f/3l p . Even though the string theory is becom
ing strongly coupled we will be able to trust the supergrav
solution if the curvature is small enough in eleven dime
sional Planck units. The relation between the eleven dim
sional metric and the ten dimensional type IIA string metr
dilaton and gauge field is

ds11
2 5e4f/3~dx111Amdxm!21e22f/3ds10

2 ~16!

which implies that the curvature in 11D Planck units is

l p
2R;e2f/3

1

ge f f
;

1

N1/3 S gY M
2

U D 1/3

. ~17!

For largeN, in the regiongY M
2 ,U, the curvature in 11D

Planck units is small. We show below that in the regionU
,gY M

2 we should use a different solution corresponding
M2-branes localized on the circle associated with the 1
dimension. The curvature ofN M2-branes in the field theory
limit is l p

2R;1/N1/3 @3#. Note that the curvature does n
depend onU since the theory is conformal in the IR limi
We conclude, therefore, that for largeN the supergravity
description is valid in the regionU!gY M

2 N1/5.
The 11 dimensional solution that we get by uplifting t

D2 brane solution~14! using Eq.~16! is not exactly the M2
brane solution.2 The uplifted solution is the M2 brane solu
tion averaged over one of the transverse directions. Let u

2‘‘Uplifting’’ means that we find the eleven dimensional metr
and four-form field strength~independent ofx11) which give the
solution ~14! upon Kaluza-Klein reduction.
04600
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more explicit. The M2 brane solution is characterized by
harmonic functionH and is given by

ds11
2 5H22/3dxi

21H1/3dx'
2 ~18!

and there is also a four-form field strength given in terms
H. When we takeH;N/x6 we have a solution where th
M2 branes are localized in the eight transverse non-com
dimensions. If one of the dimensions is compact~let us say
the 11th dimension!, we can takeH;N/r 5 where nowr
denotes the radial distance in the seven transverse
compact dimensions. This is the solution we get from upl
ing Eqs.~14!. We will later see that this solution is unstab
when we raise the temperature a little bit. The more phys
solution is the one in which we take the M2 branes to
localized in the compact dimension so that the harmo
function is

H5 (
n52`

` 25p2Nlp
6

@r 21~x112x11
0 12pnR11!

2#3 ~19!

with x11;x1112pR11. For distances much larger thanR11
we can Poisson resum this expression to

l p
3H5

6p2N

U5 1 (
m51

`

Ne2mU/gY M
2

cos~mx11
0 /R11!O~U25!

~20!

where we have used thatR115gY M
2 a8. For gY M

2 !U we can,
therefore, use the uplifted solution to describe the phys
while for smaller values ofU we should use Eq.~19!. Note
that for such small energy scales it becomes necessar
specify the expectation value off115gY M

2 x11
0 /R11 which is

the new scalar coming from dualizing the vector in 211
dimensions. In fact it was shown in@18# that thev4 term in
the effective action of a D2-brane probe receives instan
contributions which produce the whole series~20!. For very
low energies

U!gY M
2 , ~21!

we are very close to the M2 branes and we can neglect
‘‘images’’ in Eq. ~19!. Thus, the solution will resemble tha
of M2 branes in non-compact space and we have the con
mal field theory with SO~8! symmetry, which is the case
described in@3#. We note that the physical size of the ele
enth circle at the point of the transition between the localiz
and the delocalized solution,U;gY M

2 , is much larger than
the Planck length,R11

physuU5gY M
; l pN1/6. Hence, we can trus

the supergravity solution whenever we have some non-tri
dependence of the solution onx11 and we have a smooth
transition to the type IIA supergravity regime when th
physical size ofR11 becomes small. In other words, startin
from the IR and flowing to the UV the eleven dimension
supergravity solution becomes independent ofx11 before
R11

phys(U) becomes smaller than the eleven dimensio
Planck length.

We would like to consider now finite temperature co
figurations in the super-Yang-Mills~SYM! theory. We al-
4-4
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SUPERGRAVITY AND THE LARGEN LIMIT O F . . . PHYSICAL REVIEW D 58 046004
ways take the energy above extremality and the temp
ture to be finite in the decoupling limit~12!. The supergrav-
ity solution corresponding to a near extremal D2 brane
type IIA string theory has one more harmonic functi
h512U0

5/U5 as in Eq.~8!. The parameterU0 is finite in the
decoupling limit and is given by

U0
55

240p4

7
gY M

4 e, ~22!

wheree is the energy density. This is the energy density
the field theory, and it corresponds to the energy density
the brane above extremality. This solution describes
physics appropriately as long asU0@gY M

2 ~although it might
be necessary to uplift the solution to eleven dimension!.
WhenU0!gY M

2 the uplifted solution~which is a valid solu-
tion of the equations of motion! becomes unstable@19#. This
is just a classical instability associated with non-extrem
black p-branes. There is an easy way to understand it. Le
first remember how the delocalized solution is generated.
start with M-theory onT23S1 and we take the radius ofS1

to be much larger than the Planck length. We conside
Schwarzschild black hole solution in the 711 non-compact
dimensions. Then we apply a boost along one of the dir
tions of theT2 ~a symmetry of the supergravity equation!
which generates some Kaluza-Klein momentum charge
then we U-dualize it into M2 branes wrapped onT2. This
procedure gives a solution which does not depend on
coordinate alongS1, which we call the ‘‘eleventh’’ dimen-
sion. This can actually be done foranysupergravity solution
of M-theory onT2, regardless of whether it is localized o
the extraS1 or not. More explicitly, if we start from an
uncharged static solution in 811 dimensions ds118

2

5g00dt21gi j dxidxj ~whereg00, gi j depend onxi), then the
solution with M2 brane charge obtained after performing t
process, ‘‘uplifted’’ to eleven dimensions, will be

ds11
2 5~cosh2a1sinh2ag00!

22/3@g00dt21dy1
21dy2

2#

1~cosh2a1sinh2ag00!
1/3gi j dxidxj ~23!

whereyi are the two spatial coordinates along the brane
the periodic coordinate is among thexi . Therefore, proper-
ties of the uncharged solution will translate into properties
the near extremal M2 brane configuration. Consider the
charged Schwarzschild solution in 711 non-compact di-
mensions described above. It is translational invariant al
S1. It is, therefore, a black string. This black string is u
stable when the Schwarzschild radius of the string beco
smaller than the radius ofS1 @19#. It seems plausible to think
that the solution decays into a solution which is localiz
along the circle, which looks like a black hole in 811 di-
mensions~though we have not shown this explicitly! @19#.
This is supported by the observation that the entropy of
811 black holes is bigger than the entropy of the bla
string when their Schwarzschild radii are smaller than
radius of the circle. Of course, in order for the supergrav
analysis to be valid all these radii should be much big
than the Planck length. To describe more precisely this tr
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sition one should find supergravity solutions which are loc
ized in the compact dimensions. These solutions would lo
like an infinite array of Schwarzschild black holes~they do
not collapse on each other because of the periodicity co
tions!. Some solutions of this type were found in 311 di-
mensions with one compact spatial dimension@20#. After we
do the boosts and U-duality transformations to produce
brane charge we see that the point where the Schwarzs
radius is comparable to the radius of theS1 corresponds, in
the new solution, to the point where

U0;gY M
2 . ~24!

In summary, forU0.gY M
2 we have a translational invarian

solution~alongx11) while for U0,gY M
2 we have a localized

solution. WhenU0!gY M
2 we can find an approximate nea

extremal solution by considering a linear superposition
Schwarzschild black holes and performing the above pro
dure. The thermodynamics for this solution will be, by co
struction, the same as the one for the near extremal M2 b
in non-compact 11 dimensions. This is what we expect
211 SYM theory at low energy, i.e. that the results shou
be those of the corresponding IR superconformal fi
theory.

Conclusions. We are always considering (211)-
dimensional super-Yang-Mills theory. This theory has
large N dual which is the supergravity solution describ
above. This supergravity solution has various regions. T
supergravity description requires thatU!gY M

2 N ~when
gY M

2 N!U perturbative Yang-Mills theory is a good descri
tion!. In the regionN1/5,U/gY M

2 ,N we have a type IIA
string theory description; we expect to have strings, etc.
in @3#. WhenU/gY M

2 ,N1/5 we should use an eleven dimen
sional supergravity solution. The transition from the ten
mensional to the eleven dimensional solution is smooth fr
the point of view of supergravity and the gradient of t
dilaton remains always small~for largeN). WhenU!gY M

2

the geometry becomes that ofAdS43S7 which is the one
that corresponds to the low energy conformal field the
with SO~8! R-symmetry.

Similarly when we consider a near extremal configurat
we see that for very low temperatures the behavior is tha
the M2 brane conformal field theory. One could, in princip
follow the transition between the near extremal M2 bra
and the near extremal D2 brane behavior if one knew m
precisely the localized supergravity solution~see Fig. 1!.

IV. 1 11 SUPER-YANG-MILLS THEORY AND D1-BRANES

Next we turn our attention to a collection ofN D1-branes
corresponding to the casep51 in Sec. II!. The decoupling
limit now takes the form

U5
r

a8
5fixed, gY M

2 5
1

2p

gs

a8
5fixed, a8→0. ~25!

The supergravity solution in this limit yields
4-5
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ds25a8S U3

gY MA26p3N
dxi

21
gY MA26p3N

U3 dU2

1gY M

A26p3N

U
dV6

2D ,

ef5S gY M
6 28p5N

U6 D 1/2

. ~26!

Super-Yang-Mills theory in 111 dimensions is super
renormalizable and it can be trusted at high energ
gY MAN!U. The curvature in string units~7! is small for
U!gY MAN. From Eqs.~26! we see that the expansion
string coupling is valid in the regiongY MN1/6!U. There-
fore, the type IIB supergravity solution~26! can be trusted in
the region gY MN1/6!U!gY MAN. In the region U
!gY MN1/6 the string coupling is large. To get a more acc
rate description we need to apply S-duality, which takesf

→2f and hencegs→g̃s51/gs . Since the ten dimensiona
Newton constant,GN

1058p6gs
2a84, is invariant, S-duality

also takesa8→ã85gsa8. Note that in the decoupling limi
we consideredã8→0. S-duality, therefore, maps Eqs.~26! to
the smallr region of the fundamental string solution@22#:

ds25ã8S U6

gY M
4 27p4N

dxi
21

1

2pgY M
2 dU21

U2

2pgY M
2 dV2D ,

ef5S gY M
6 28p5N

U6 D 21/2

. ~27!

In the IR limit (U→0) the string coupling vanishes. Th
curvature in the new string units is

FIG. 1. The D2-brane map: The horizontal dashed line separ
between the smallN region and the largeN region. The other
dashed line separates the IR region from the rest. The UV des
tion is via perturbative super-Yang-Mills theory~a!. In the IR the
theory flows to a super-conformal region~the marked region! with
SO~8! R-symmetry@21#. For largeN we have a region described b
type IIA supergravity~b!, a region described by the periodic arra
of M2-branes solution in eleven dimensions~c! and finally in the IR
we have M-theory on theAdS43S7 background~d!.
04600
s

-

ã8R;
gY M

2

U2 , ~28!

and does not depend onN. The reason is that the dependen
of the metric onN drops out after the coordinate changexi

→xi /AN. Note that there is a curvature singularity in the
limit. This means that the supergravity description brea
down3 for small U. In fact the IR limit of super-Yang-Mills
theory is a trivial orbifold @(R8)N/SN# conformal field
theory. Furthermore, the first irrelevant operator that appe
in this theory was found in@7#. We could now consider the
theory at finite temperature and ask when the orbifold CFT
a valid description. The orbifold is characterized byN fields
and the first correction is given by the twist operat
(1/gY M)Vi j wherei , j label the two fields on which the twis
is acting @7#. The power ofgY M follows from dimensional
analysis. We compute the partition function for the orbifo
and we see at which temperature the correction due to
twist operator becomes large. We find that the free fi
theory will be a good approximation if the temperature s
isfiesT!gY M /N1/2. This in turn translates into a paramet
U0 of the near extremal solution~8! which is U0!gY M.4 It
implies that the point where the supergravity solution bre
down is related to the point where the free conformal fie
theory takes over. Notice that it would have been imposs
to have a free field theory dual to a supergravity system.

Conclusions.The (111)-dimensional super-Yang-Mills
theory under consideration flows for anyN both in the UV
and IR to free field theories. The largeN dual of these theo-
ries is a supergravity solution that is valid in the intermedi
regiongY M!U!gY MAN. At both ends of this limit the cur-
vature grows and the solution breaks down. Furthermore,
gY M!U!gY MN1/6 the proper description is through the fun
damental string solution while forgY MN1/6!U!gY MAN we
should use the D-string supergravity solution~see Fig. 2!.

V. D0-BRANES AND SUPER QUANTUM MECHANICS

In this section we consider the super quantum mechan
theory associated withN D0-branes in the limit

U5
r

a8
5fixed, gY M

2 5
1

4p2

gs

a83/25fixed, a8→0.

~29!

Notice thatU/gY M
2/3 ;r / l p as in @2#. Perturbation theory in

quantum mechanics can be trusted at high energiesge f f!1
which givesU.gY M

2/3 N1/3.
The supergravity solution in the decoupling limit gives

3This breakdown of the fundamental string solution was also st
ied by Sen@23#.

4The same conclusion was reached in@24#.
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ds25a8S 2
U7/2

4p2gY MA15pN
dt21

4p2gY MA15pN

U7/2 dU2

1
4p2gY MA15pN

U3/2 dV2D ,

ef54p2gY M
2 S 240p5gY M

2 N

U7 D 3/4

. ~30!

For this solution the effective string coupling and the curv
ture in string units are small in the region

gY M
2/3 N1/7!U!gY M

2/3 N1/3. ~31!

Thus, in this region one can trust the type IIA description
Now we would like to study the low energy region. T

this end we need to uplift the solution to eleven dimensi
This solution can be generated by starting with an unchar
black string alongx11 and then boosting it alongx11 while
taking the limit

g→`, gm5
N

2pR11
2 5fixed, ~32!

wherem is the mass per unit length of the black string in
rest frame. As we show below this plane wave descript
cannot be trusted forU,gY M

2/3 N1/9. This region is closely
related to the matrix model black holes@10,11#.

The eleven dimensional solution which corresponds to
uplifted near extremal D0 brane solution is translational
variant along the circle. This solution is unstable for sm
enough energies above extremality. In the D2-M2 case
estimated the energy scale at which this instability was h
pening by starting from the neutral black string solution a
tracing through the steps in the solution generating te
nique. In this case we do the same. The solution is gotten
performing a boost along an uncharged black string. As
plained in@11# the instability appears when

FIG. 2. The D1-brane map: The horizontal dashed line separ
between the smallN region and the largeN region. The other
dashed line separates between the IR region and the rest. For aN
the UV region is described by perturbative SYM theory~a! and in
the IR by a free orbifold CFT~d!. When N is large there is an
intermediate region~b!,~c! which is described by a type IIB supe
gravity solution interpolating between the D1 brane solution~b! and
the F-string solution~c!.
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U0;gY M
2/3 N1/9 ~33!

which is the ‘‘correspondence’’ point of@25,26#. Of course
this localization makes sense only in the largeN limit where
we keep a fractionM!N of the total momentum as gravi
tons so that the total system of gravitons plus black hole i
a momentum eigenstate.

For U0!gY M
2/3 N1/9 we have a Schwarschild black ho

boosted along the eleventh direction. It is interesting to n
that the Schwarschild radius of the black hole in Planck un
is given by

S r s

l p
D 8

;
E1/2N1/2

gY M
1/3 ;

U0
7/2N1/2

gY M
7/3 . ~34!

So that we trust the gravity description ifU0@gY M
2/3 N21/7.

For lower values of the energy we expect that the sys
should start to behave more as a single graviton. Notice
if we keep the ratior s / l p fixed, then the energy above extre
mality goes asE;1/N as we expect@8# ~see Fig. 3!.

VI. D4-BRANE, 411 SYM THEORY AND THE „0,2… 6D
SUPER-CONFORMAL FIELD THEORY

ON A CIRCLE

Let us consider now a system ofN D4 branes in the limit

U5
r

a8
5fixed, gY M

2 5~2p!2gsAa85fixed, a8→0.

~35!

This system is better described by considering a system
M5-branes wrapped on the eleventh dimensional circle
M-theory and taking the limitl p→0 while keepingR11

5gsAa85gY M
2 /(2p)2 fixed. So we have the~0,2! six di-

mensional conformal field theory on a circle, which, at lo
energies, reduces to (411)-dimensional super-Yang-Mills
theory @25#.

es

y

FIG. 3. The D0-brane map: The horizontal dashed line separ
between the smallN region and the largeN region. For anyN the
UV description is via perturbation theory in super quantum m
chanics~a!. For largeN we have a region~b! which is described by
the type IIA D0 brane solution, which for smaller energies becom
a gravitational wave background in eleven dimensions~c!. Finally,
at very low energies~d! we enter into the matrix black hole region
4-7
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The supergravity description involves a type IIA supe
gravity region and an M-theory region. The type IIA solutio
is

ds25a8S 2ApU3/2

gY MAN
dxi

21
gY MAN

2ApU3/2
dU21

gY MANU

2Ap
dV2D ,

ef5S U3gY M
6

210p9ND 1/4

. ~36!

The ‘‘perturbative’’ super-Yang-Mills5 description can be
trusted in the IR region where the effective coupling is sm
ge f f

2 5gY M
2 NU!1. In the region whereN21!gY M

2 U the cur-
vature ~7! is small in string units. The dilaton is small fo
gY M

2 U!N1/3. Therefore the type IIA supergravity solutio
can be trusted in the regionN21!gY M

2 U!N1/3. In the region
N1/3!gY M

2 U the dilaton is large and the description is v
11D supergravity. Using Eq.~16! we find the 11D solution
of N NS5-branes wrapped along thex11 direction,

ds25 l p
2S Ũ2

~pN!1/3
dxi

214~pN!2/3
dŨ2

Ũ2
1~pN!2/3dV4

2D ,

~37!

where Ũ25(2p)2U/gY M
2 5U/R11. This describes an M-

theory background ofAdS73S4 @3# with an identification
along a circle. The radius of the anti–de Sitter space and
radius of the sphere are large~in eleven dimensional Planc
units! for large N. Hence, the solution can be trusted f
largeN, as long as the physical length of the circle that
are identifying is large enough.

Note that thegY M dependence drops out in Eq.~37!. This
is a result of the theory being conformal at the UV andgY M

2

having dimensions of length.
Conclusions.In the present case we are dealing with t

~0,2! theory compactified on a circle, which becomes
11)-dimensional Yang-Mills theory at low energies. Th
theory is free in the IR. For largeN we have a dual super
gravity description. It involves a type IIA supergravity sol
tion in the region N21!gY M

2 U!N1/3 and M-theory on
AdS73S4 with identifications in the regionN1/3!gY M

2 U ~see
Fig. 4!.

VII. D5-BRANES AND TYPE IIB NS FIVE-BRANES

For the system ofN D5-branes the relevant decouplin
limit is

U5
r

a8
5fixed, gY M

2 5~2p!3gsa85fixed, a8→0.

~38!

5We have put ‘‘perturbative’’ in quotes because the theory is n
renormalizable. In principle we could use perturbation theory
calculate diagrams which are finite. Examples of finite diagrams
the v4 terms@8# ~and, of course, all tree level diagrams!.
04600
-

l,

he

In this limit the supergravity solution gives

ds25a8S ~2p!3/2U

gY MAN
dxi

21
gY MAN

~2p!3/2U
dU2

1
gY MANU

~2p!3/2 dV6
2D ,

ef5
gY MU

~2p!3/2AN
. ~39!

The super-Yang-Mills can be trusted in the IR regi
gY MU!1/AN. In the region 1/AN!gY MU!AN the string
coupling and the curvature in string units are small, and
one can trust the type D5-brane supergravity solution.
AN!gY MU the string coupling is large and we have to go
the S-dual system ofN NS5-branes where

ã85gsa85gY M
2 /~2p!3 ~40!

and, therefore, it remains finite in the limit~38!. The solution
for the NS5-branes is

ds25dxi
21ã8S N

U2 dU21NdV2D ,

ef5S ~2p!3N

gY M
2 U2 D 1/2

. ~41!

The curvature in string units isã8R;1/N, and, therefore, it
is small in string units for largeN and hence the supergravit
description is valid for largeN @26#. It is, however, possible
to have an exact conformal field theory description of t
background as a classical solution of string theory~which is
appropriate in this region where the dilaton is becom
small! @27#. This case is different from other field theor

-
o
re

FIG. 4. The D4-brane map: The horizontal dashed line separ
between the smallN region and the largeN region. The UV region
is described by a super-conformal theory on a circle~the marked
region! ~c!,~d!, which is dual for largeN to M-theory on a back-
groundAdS43S7 ~c! ~with an identification!. In the IR the theory is
described by ‘‘perturbative’’ super-Yang-Mills theory~a!. For large
N we have the intermediate region~b! described by the type IIA D4
brane solution.
4-8
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cases because massive particles can propagate all the w
infinity along the throat. The throat is infinite in the lim
~38!.

Conclusions.We have the theory defined as thegs→0
limit of NS type IIB five-branes@28#. This theory is charac-
terized by a scalegY M

2 ;ã8. For largeN we can analyze
properties of the theory using supergravity. This theory flo
in the IR, gY MU!N21/2, to super-Yang-Mills theory. Fo
scalesN21/2!gY MU!N1/2 we should use the D5 brane s
pergravity solution. Finally forN1/2!gY MU we should use
the NS five-brane solution. This solution involves an infin
throat region~for largeU) which does not decouple from th
physics@26# and should therefore be included in the descr
tion ~see Fig. 5!.

VIII. TYPE IIA NS FIVE-BRANES

This system was studied in@26# for high temperatures. In
this section we add some comments which are relevant
the description at lower temperatures~and largeN). We ob-
serve that in the region where the dilaton is large we can
to an eleven dimensional description where nothing sing
happens~for large N), and we flow in the IR toAdS73S4

which is the largeN dual of the~0,2! conformal field theory,
so that things work as expected. We are interested in
system ofN NS five-branes in the limit

gs→0, a85fixed, U5
r

gsa8
5fixed. ~42!

Notice the additional factor ofgs in the definition ofU; this
ensures that the tension of D2-branes stretched between
ferent five-branes is constant. The supergravity solution
the same as Eqs.~41!. This system was analyzed in@26# for
large temperature. For low energies it is more appropriat
go to eleven dimensions and, therefore, consider M5 bra
transverse to a compact circle. An instability of the ty
described for the M2 branes will lead us to consider M
branes localized on the circle.~The instability would be
present only for non-zero temperature.! The supergravity
solution is then

FIG. 5. The D5-brane map: The horizontal dashed line separ
between the smallN region and the largeN region. In the IR the
theory is described by ‘‘perturbative’’ SYM theory~a!. For the UV
the description is via type IIB on NS background~c!,~d! which has
a supergravity description for largeN ~c!. For largeN there is an
intermediate region described by the D5 brane background~b!.
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ds25H21/3dxi
21H2/3dx'

H5 (
n52`

` pNlp
3

@r 21~x1112pR11n!2#3/2

;
Na8

r 2 1N (
m>1

e2mr/R11O~r 22! ~43!

where r /R115UAa8. Hence, for U!1/Aa8 we are very
close to one of the centers in Eqs.~43! and we flow into the
~0,2! conformal field theory. Again as in the case of the D
brane we see that we first go into the eleven dimensio
description and then into the localized description~if N is
sufficiently large!. These localized solutions were analyz
in detail in @29#, but for the present discussion it is ver
important thatN be large; otherwise we cannot trust the s
pergravity solutions. Notice that even though the radius
the eleventh dimension seems to go to zero very far aw
from the NS brane, it becomes large close to the NS bran
is so large that we are arguing that we should use a su
gravity solution that explicitly depends on the eleventh
mension. If we heat up the system, considering it at a fin
temperature, we expect to have a localized solution for sm
energy densities (e!1/a83), with the thermodynamic be
havior of the~0,2! theory. An approximate solution can b
found as for the D2-M2 brane case. For larger energy de
ties we expect to have a solution that is translational inv
ant along the eleventh dimension.

IX. D6-BRANE AND 6 11 SUPER-YANG-MILLS THEORY

The last system we analyze in this paper is the system
N D6-branes. The candidate decoupling limit in this ca
seems to be

U5
r

a8
5fixed, gY M

2 5~2p!4gsa83/25fixed, a8→0,

~44!

which is better analyzed by going to M-theory on a circ
with N Kaluza-Klein monopoles. The limit is now simpl
l p5fixed, R11→` which leaves an asymptotically local Eu
clidean ~ALE! singularity with l p5gY M

2/3 /(2p)4/3. The type
IIA supergravity solution in the limit~44! gives

ds25a8S ~2p!2

gY M
A2U

N
dxi

21
gY M

~2p!2 A N

2U
dU2

1
gY M

~2p!2
&

ANU3/2dV2D ,

ef5
gY M

2

2p S 2
U

gY M
2 ND 3/4

. ~45!

The super-Yang-Mills effective coupling isge f f
2 5gY M

2 NU3.
Thus, super-Yang-Mills theory is a good approximati
at low energies,U!1/gY M

2/3 N1/3. The curvature~7! is small
in string units in the region 1/gY M

2/3 N1/3!U. The dilaton is

es
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small in the region U!N/gY M
2/3 . Thus the type IIA

supergravity solution can be trusted in the regi
1/gY M

2/3 N1/3!U!N/gY M
2/3 . In the regionN/gY M

2/3 !U we get
from Eqs.~45! that R11

phys(U)@ l p ; hence we should lift up
the type IIA solution to eleven dimensions. Using Eq.~16!
we get, for the 11D metric,

ds25dxi
21

l p
3N

2U
dU21

l p
3NU

2
~du21sin2udw2!

1
2Ul p

3

N Fdf1
N

2
~cosu21!dwG2

~46!

wheref[x11/R11 has periodf;f12p. Defining the new
variables y252Nlp

3U, ũ5u/2, w̃5w1f/N, f̃5f/N we
obtain the metric

ds25dxi
21dy21y2~dũ21sin2ũdw̃21cos2ũdf̃2!,

~47!

where 0<ũ<p/2 and 0<w̃, f̃<2p with the identification
(w̃,f̃);(w̃,f̃)1(2p/N,2p/N). This identification leads to
an asymptotically locally Euclidean ALE space with a
AN21 singularity @30#. Note that we are saying that an AL
singularity in M-theory has, for largeN, a region which is
properly described by a type IIA solution.

The Riemann curvature tensor of Eq.~47! vanishes and
the identifications involve circles of large proper length ify
@ l pN ~i.e. gY M

2/3 U@N). This means that unlike the cases an
lyzed so far the 11D supergravity solution can be trusted
the UV for any N. Since the largeU solution is just flat
eleven dimensions, we do not expect to find any seven
mensional field theory in the UV which flows, in the IR,
super-Yang-Mills theory in 611. In particular, this implies
that discrete light cone quantization~DLCQ! of M-theory on
T6 is as complicated as M-theory@13,14#.

Another way to state the difference between this case
the previous ones is to observe that, in the present c
massive geodesics can escape all the way to infinity. The
a second asymptotic region which is eleven dimensional
is described by M-theory itself. For other branes~except for
NS 5 branes! all massive geodesics either fall back into t
smallU region~IR! or the supergravity solution is invalid fo
large U and is replaced by perturbative super-Yang-Mi
theory~for p,3). In the anti–deSitter cases the only geod
sics that reach infinity are the massless geodesics. In
quantum description one sees that only s-waves can pr
gate to infinity.

In order to analyze this decoupling problem more clos
we consider a near extremal configuration. We conside
system of D6 branes at finite temperature in the limit~44!
and analyze the corresponding supergravity solution.
small energy densities above extremality we are in the su
Yang-Mills regime. For intermediate energy densities
have a description involving the type IIA supergravity so
tion ~8!. However, if the energy densities above extrema
are large,e@Nlp

27 , we should use the eleven dimension
description. As we saw the 11D supergravity can be trus
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for any N in the UV. Starting with the near extremal D
brane solution~8! and ‘‘uplifting’’ it, as we did for the ex-
tremal one, we find a metric which corresponds to the me
of an uncharged Schwarzschild black hole sitting at the A
singularity. More explicitly we get the metric

ds252S 12
y0

2

y2Ddt21
dy2

S 12
y0

2

y2D
1y2~dũ21sin2ũdw̃21cos2ũdf̃2!1dxi

2 ~48!

wherei 51,...,6 and the angles have the same identificati
that they had before. The parametery0 is related to the en-
ergy above extremality via the formulay0

252Nlp
3U0 with U0

given in terms of the energy density as in Eqs.~9!. The
Hawking temperature isTH;1/ANlP

9e. We find, therefore,
that we have Hawking radiation into the asymptotic regi
where we have bulk eleven dimensional supergravity. T
we conclude as in@14,13# that there is no decoupled limit fo
the D6 brane theory.

The main difference between the discussion in this s
section and@26# is that here the supergravity description c
be trusted for anyN while the supergravity solution found in
@26# is valid only for largeN ~and large energy density as i
our case!.

Conclusions.For any N the UV region is described by
M-theory on a flat background~an AN21 singularity!. Note
that there is no field theory description in the UV for anyN.
This theory flows in the IR to super-Yang-Mills theory. Fo
large N there is an intermediate region which can be d
scribed by the type IIA D-six-brane solution~see Fig. 6!.
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FIG. 6. The D6-brane map: The horizontal dashed line separ
between the smallN region and the largeN region. The IR is
described by SYM theory~a!. For anyN the UV region is described
by M-theory on an ALE space withAN21 singularity ~c!. In the
largeN limit there is a region described by the type IIA D6 bran
solution ~b!.
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