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Electroweak origin of cosmological magnetic fields
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Magnetic fields may have been generated in the electroweak phase transition through spontaneous symmetry
breaking or through the subsequent dynamical evolution of semiclassical field configurations. Here I demon-
strate explicitly how magnetic fields emerge spontaneously in the phase transition also when no gradients of
the Higgs field are present. Using a simple model, I show that no magnetic fields are generated, at least
initially, from classical two-bubble collisions in a first-order phase transition. An improved gauge-invariant
definition of the electromagnetic field is advocated which is more appropriate in the sense that it never allows
electrically neutral fields to serve as sources for the electromagnetic field. In particular, semiclassical configu-
rations of theZ field alone do not generate magnetic fields. The possible generation of magnetic fields in the
decay of unstableZ strings is discussed.@S0556-2821~98!05414-9#

PACS number~s!: 98.80.Cq, 11.15.Ex, 11.27.1d, 12.15.Ji
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I. INTRODUCTION

It is known that our galaxy and many other spiral galax
possess a large-scale correlated magnetic field wit
strength of the order of 1026 G @1#. In each case the directio
of the field seems to accord with the rotation axis of t
galaxy, which suggests that it was generated by a dyna
mechanism in which an initial field was amplified by th
turbulent motion of matter during the epoch of galaxy fo
mation @2#. This mechanism usually requires a seed field
the order of 10221 Gauss or larger which is primordial i
nature~see, however, Ref.@3# for an alternative possibility!.
Various cosmological explanations for such a seed field h
been suggested@4–12#. The present paper focuses on sc
narios in which a strong magnetic field of magnitu
102021023 Gauss was generated during the electrow
phase transition and was thenceforth diluted by the exp
sion of the universe to values appropriate for a seed fiel
the time of onset of galaxy formation.

There have been several models proposed in which
strong magnetic field is produced by the turbulence of
conductive plasma during the phase transition@4,5#. In con-
trast, I shall restrict myself to mechanisms where the m
netic field would be generated directly from the dynamics
the order parameter~the Higgs field! and from the gauge
fields in the process of breaking the electroweak symm
SU(2)L3U(1)Y to U(1)EM . Such mechanisms include th
spontaneous generation of magnetic fields, collisions
bubbles of broken phase in a first-order phase transition,
the formation and dynamics of nontopological defects.
addition, there are scenarios in which magnetic fields
produced by bound pairs of monopoles in standard and
tended electroweak models@7#, but I shall not consider them
here.

Vachaspati@8# has suggested that strong magnetic fie
may emerge spontaneously in the phase transition bec
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the covariant derivatives of the Higgs field in causally d
connected regions must be uncorrelated. The electric cur
that produces these fields can receive contributions from
dients of the phases of the Higgs field and charged vec
boson currents or both, depending on which gauge is u
Recently the electric current from the Higgs field was calc
lated in Ref.@13# and was found always to be zero. For th
reason, it was claimed that no coherent magnetic fields
generated by the rolling Higgs field in the electroweak ph
transition. I will show below that these statements are inc
rect.

A useful tool in the investigation of magnetic phenome
and magnetogenesis is the gauge-invariant definition of
electromagnetic field tensor introduced in Ref.@8#. It has
recently been employed by Grasso and Riotto@9# in the
study of semiclassical configurations of theZ andW fields.
They discovered a set of puzzling paradoxes in which
electrically neutralZ field appears to act as a source f
magnetic fields. In particular, it seemed that a magnetic fi
would always be present along the internal axis of an e
troweakZ string.

These surprising and counterintuitive results ha
prompted me to reexamine the gauge-invariant definition
the electromagnetic field tensor. I find that it is indeed n
suited to situations where the magnitude of the Higgs fi
deviates from its vacuum value. I propose a different defi
tion of this tensor which, in addition to resolving the par
doxes, proves to be a potent calculational tool. For exam
it follows immediately that no magnetic field is generat
initially from the classical dynamics of the Higgs field in
collision between two bubbles in a first-order electrowe
phase transition.

The paper is organized as follows. In Sec. II I describe
problems with the conventional gauge-invariant definition
the electromagnetic field tensor and argue why it should
modified. I then present an improved definition and descr
its general properties. In Sec. III I point out that the cont
bution to the electric current from the Higgs field actua
does not vanish. I go on to demonstrate that in an arbitr
gauge one can always construct electrically charged field
rections in the Lie algebra and corresponding charged vec

t,
:
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OLA TÖRNKVIST PHYSICAL REVIEW D 58 043501
boson fields. The current resulting from these fields is
general nonzero and will give rise to electromagnetic fiel

In Sec. IV I present an alternative description of the sp
taneous generation of magnetic fields where the uni
gauge is imposed. In this gauge there are no angular deg
of freedom of the Higgs field. Instead, the magnetic fie
arise from SU~2! and U~1! vector potentials that were prese
already in the ground state of the symmetric phase. As
SU(2)L3U(1)Y symmetry breaks, the vector potentials fin
themselves having random nonvanishing components a
new physical directions of the Lie algebra which are t
eigenstates of mass and electric charge. This reinterpreta
confirms Vachaspati’s original proposal that magnetic fie
can be generated spontaneously in the electroweak p
transition@8#.

In Sec. V, I show that no magnetic field is generat
initially from the classical dynamics of the Higgs field in
collision between two bubbles in a first-order electrowe
phase transition. This is shown for arbitrary difference a
relative orientation of the phases of the Higgs field in the t
bubbles. The result is in stark contrast to that of the Abel
U~1! model, in which a field strength is present from t
instant of collision@14,15#.

In Sec. VI the field configurations of the electroweakZ
string @16# andW string @17# are investigated, using the re
defined electromagnetic field tensor. I verify that they ca
neither magnetic fields nor electric currents. In Ref.@9# it
was suggested that magnetic fields may be generated in
decay of electroweak strings. In the case of theZ string, the
source of the magnetic field would be chargedW fields
which are initially present in the decay. By constructing t
unstableW mode responsible for the decay, I verify expli
itly that a magnetic field is indeed generated. Estimates
the strength and correlation length of the generated magn
field are provided, for each mechanism separately, at the
of Secs. IV, V, and VI, respectively.

II. GAUGE-INVARIANT DEFINITION
OF THE ELECTROMAGNETIC FIELD

The conventional gauge-invariant definition of the ele
tromagnetic field tensor in the SU(2)3U(1) Yang-Mills-
Higgs system is given by@8#

Fmn
em[2sinuw f̂aFmn

a 1cosuw Fmn
Y

2 i
sin uw

g

2

F†F
@~DmF!†DnF2~DnF!†DmF#,

~1!

where

f̂a[
F†taF

F†F
, Dm5]m2 i

g

2
taWm

a 2 i
g8

2
Ym[]m2 iAm .

This definition ofFmn
em has the attractive property that, in

‘‘unitary’’ gauge whereF5(0,r)Á, f̂a52da3, with r real
and positive, it reduces to the usual expressionAmn[
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]mAn2]n Am , whereAm5sinuw Wm
3 1cosuw Ym . This holds

true, however, only when the magnituder is a constant. For
a general~positive! r5r(x), it is easy to show that

Fmn
em5Amn22 tanuw~Zm]n ln r2Zn]m ln r!

(unitary gauge) ~2!

with Zm5cosuw Wm
3 2sinuw Ym .

While such a definition certainly is possible, its physic
consequences become highly disturbing when one consi
the dynamical equation forFmn

em in this gauge, which takes
the form @9#

]mFmn
em52 ie@Wm†~DmWn2DnWm!2~DmWn

2DnWm!†Wm#2 ie]m~Wm
† Wn2Wn

†Wm!

22 tanuw ]m@Zm]nln r~x!2Zn]mln r~x!#

(unitary gauge). ~3!

Here Wm
† and Wm[(Wm

1 2 iWm
2 )/A2 are the charged vecto

bosons, andDmWn[(]m2 igWm
3 )Wn .

From Eq.~3! one would infer that an electromagnetic fie
could be generated from currents involving the fieldsZn and
r. From most points of view such a result seems abs
since, in the unitary gauge,Zn andr are electrically neutral.
In fact, the charge operator (11t3)/2 annihilates (0,r)Á and
commutes with theZ direction in the Lie algebra,TZ
}cos2uwt32sin2uw 1. The fieldsZn and r remain neutral
also whenr is coordinate dependent because the form of
charge operator can depend only on the choice of gauge.
change fromr5const to r5r(x) does not constitute a
change of gauge, since no angular degrees of freedom o
Higgs field are involved.

The definition~1! thus implies that electromagnetic field
can be produced by neutral currents. A more reasonable
practical definition should exclude this possibility.

Through a slight modification of a definition given by
Hooft @18# for the SO~3! Georgi-Glashow model one obtain
an improved gauge-invariant definition of the electroma
netic field tensor

F mn
em[2sinuw f̂aFmn

a 1cosuw Fmn
Y

1
sin uw

g
eabcf̂a~Dmf̂!b~Dnf̂!c, ~4!

where (Dmf̂)a5]mf̂a1geabcWm
b f̂c. This definition depends

on the Higgs field only through the unit vectorf̂a which is
independent of the magnituder5(F†F)1/2. Therefore, the
problematic terms in Eqs.~2! and ~3! involving gradients of
r will not appear in the unitary gauge, where the field ten
now always reduces to the familiar expressionF mn

em5Amn .
An intricate interplay between the first and last term in E
~4! ensures that the electrically charged SU~2! vector fields
cancel~in any gauge!, leaving only the neutral componen
2sinuw f̂a(]mWn

a2]nWm
a ). The definition~4! has been pro-
1-2
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ELECTROWEAK ORIGIN OF COSMOLOGICAL MAGNETIC . . . PHYSICAL REVIEW D58 043501
posed earlier by Hindmarsh@19#, but has not been applie
before in the study of magnetic fields in the electrowe
phase transition.

It can be shown that the Bianchi identityemnab]nF ab
em

50 is satisfied everywhere except along world lines arou
which f̂a takes ‘‘hedgehog’’ configurations@18#. This en-
sures that there is no magnetic charge or magnetic curre
the absence of magnetic monopoles. The conventional d
nition, Eq. ~1!, does not have this property.

Repeating the calculation done in Ref.@9# for the field
tensor of Eq.~1!, one may derive the field equation for th
redefined field tensorF mn

em using the equations of motion fo
Fmn

a andFmn
Y and a few Fierz identities. One thus obtains

]mF mn
em5 j n

e

[2sin uw~Dmf̂!aFmn
a

1
sin uw

g
]m@eabcf̂a~Dmf̂!b~Dnf̂!c#, ~5!

where j n
e is the gauge-invariant electric current.

It should be remarked that no physics is affected by us
one definition of the electromagnetic field rather than
other. In fact, in any chosen gauge the field configuration
completely specified by the componentsWm

a and Ym of the
gauge potentials, as defined by their occurrence in the c
riant derivativeDm , together with the four real componen
of the Higgs field. Two observers, using different definitio
~1! and~4! of the electromagnetic field, may then disagree
whether this same field configuration constitutes an elec
magnetic field or not. Clearly, this does not affect the sub
quent evolution of the field configuration. In the absence
topological defects, it will evolve into a state with uniform
magnitude of the Higgs field, where the two definitions c
incide.

The choice of definition is, however, important for th
interpretation, description, and understanding of phys
processes wheneverF†F is not constant. In particular, on
should be aware that it may be meaningless to make st
claims about the presence or absence of magnetic field
situations that involve a nonuniform magnitude of the Hig
field, unless one is careful to specify which definition of t
electromagnetic field tensor is used.

In this paper, I adopt the modified definition~4! which
ensures that there is no magnetic charge or magnetic cu
and that no electromagnetic field is generated from elec
cally neutral sources. Even so, one should remember
there is no exact standard by which definition~1! would be
incorrect.

In Ref. @9# it was stated that, because of the last term
Eq. ~3!, the formation of a magnetic field is always asso
ated to the appearance of a semiclassicalZ configuration. As
is seen from the above arguments, such a statement dep
on the definition of the electromagnetic field. In the view
the modified definition, Eq.~4!, no magnetic field would ac
company the neutral-charge configuration.
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III. A NONVANISHING ELECTRIC CURRENT

It was originally suggested by Vachaspati@8# that electro-
magnetic fields may emerge in the electroweak phase tra
tion through the process of spontaneous symmetry break
The principal idea is that as the Higgs field magnituder
5(F†F)1/2 becomes nonzero in the phase transition, the
variant derivativeDmF[(]m2 iAm)F cannot remain every-
where zero, because that would imply an inexplicable co
lation of phases and gauge fields over distances greater
the causal horizon distance at the time of the phase tra
tion.

In the much simpler case of a global U~1! symmetry~i.e.,
with the gauge potentialAm set to zero!, an instructive anal-
ogy can be made with the phase transition in superfluid H4

@20#. When such a system is rapidly quenched, the comp
field F emerges from the falseF[0 ground state attempting
to find a new true minimum on the circleuFu5v but is
forced to assign values for its phase more quickly than
time it takes information to propagate across the conta
~given by the speed of ‘‘second sound’’!. Gradients of the
phase thus appear and, because the fluid velocity is pro
tional to the gradient of the phase, a flow is generated.

The analogy with the superfluid has sometimes led to
misinterpretation that magnetic fields in the electrowe
phase transition are generated only by gradients of the ph
of the Higgs field. Recently, it was claimed@13# that the
electric current resulting from Higgs gradients is alwa
zero, and that for this reason no magnetic field would
produced during the phase transition due to spontane
symmetry breaking. As I will explain below, these concl
sions were contingent upon using an incomplete expres
for the electric current from the Higgs field as well as n
glecting the electric current from charged vector bosons.1 In
general the electric current receives contributions both fr
charged vector fields and from gradients of the phases of
Higgs field. For example, in Sec. IV it is shown that ma
netic fields emerge spontaneously in the electroweak ph
transition also when no gradients of the Higgs field a
present.

Let us begin by considering the gauge-covariant cha
operator proposed in Ref.@13#,

Q52
1

2
f̂ata1

Y

2
, f̂a5

F†taF

F†F
, ~6!

where I define the hyperchargeY of the Higgs doublet to be
11. This operator has the property thatQF50, which can
be understood as follows. Due to gauge freedom, one m
represent the Higgs field of the vacuum state in any ‘‘co
dinate system’’ of choice through applying a gauge transf
mation to (0,v)Á. This would not constitute an active
physical change of the state, but merely a change of bas
the Lie algebra and its representations. In the unitary ga
the vacuum state is represented by

1The latter point was also made in Ref.@9#.
1-3
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F05S 0

v D , Am5]ml~x!Q, lPR,

Q5Q0[
1

2
~11t3!, ~7!

where the u~1! ‘‘pure-gauge’’ form ofAm is the most genera
expression for whichDmF0 and the field tensorsFmn

a and
Fmn

Y vanish. This vacuum state can be equivalently re
pressed as

F05
F

~F†F!1/2
v, F~x! arbitrary,

Am5]ml~x!Q2 i ~]mV!V† ~8!

through a gauge transformationF0→VF0 with VPSU(2)
defined by

V5
1

~F†F!1/2
@~ i t2F!* F#. ~9!

Under this transformation,Q0→Q[VQ0V†. It can be
checked that this definition ofQ agrees with Eq.~6!.

We see that when the charge operatorQ is defined cova-
riantly as in Eq.~6!, F is always proportional to the vacuum
Higgs fieldF0 with a real factor. Thus,F in this formulation
is always electrically neutral. The end result is a reformu
tion of the unitary gauge in an arbitrary basis.

Let us now focus on the issue of the electric current.
Ref. @13# a current involving the Higgs field was derive
using the relation j n[2]LH /]An , where LH
5(DmF)†D mF is the Higgs kinetic term in the Lagrangia
andAn is the Lie-algebra component alongQ. The resulting
expression,

j n5 ie@F†QD nF2~D nF!†QF#, ~10!

is zero by virtue ofQF50. This current, however, is not th
electric current, because theAn used here is not the vecto
potential whose curl givesF mn

em. A vector potential with such
a property can in fact be constructed@21#. The electric cur-
rent corresponding toF mn

em is given by Eq.~5! and includes a
contribution from gradients of the phases of the Higgs fie
Therefore, magnetic fields can be produced by the classic
evolving Higgs field in the electroweak phase transition.

Magnetic fields also arise from charged vector-boson c
rents in the absence of gradients of the Higgs field. In
remainder of this section I shall construct the charged ve
fields for an arbitrary choice ofF in Eq. ~8! and proceed to
show that they give rise to an electric current which in ge
eral is nonzero.

The charged vector-boson fields can be found by de
mining the SU(2)3U(1) Lie-algebra eigenstates under t
adjoint action of the gauge-covariant charge operatorQ. Af-
ter some algebra and using a series of Fierz identities,
can readily verify that
04350
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@Q,T6#56T6 , @Q,T3#5@Q,1#50, ~11!

@T3 ,T6#56T6 , @T1 ,T2#52T3 , ~12!

where

T1[
~2 iF†t2!ÁF†

F†F
, T2[

F~ i t2F!Á

F†F
5T1

†,

T3[2
1

2

F†taF

F†F
ta, ~13!

andQ5T31Y/2. ThusT1 andT2 are the generators of th
Lie algebra corresponding to charged field directions. Us
T65T16 iT2 we can write

Am5gW̃m
a Ta1

g8

2
Ỹm11]ml~x!Q2 i ~]mV!V†, ~14!

whereW̃m
a 5Ỹm50 corresponds to the vacuum, Eq.~8!. Un-

der an SU~2! gauge transformationF→UF the generators
Ta , a51,2,3,(1,2), transform according to the adjoint rep
resentationTa→UTaU†, and it can be shown that the field
W̃m

a are gauge invariant. Furthermore, the field tensor co

ponents F̃mn
a 52Tr(TaFmn)/g are invariant under genera

SU(2)3U(1) gauge transformations.
The important point is that, in general, there will b

charged vector-boson fieldsW̃m[(W̃m
1 2 iW̃m

2 )/A2 and W̃m
†

present regardless of what gauge we choose for the vacu
corresponding to the components of the Lie algebra al
T1 andT2 . I shall now show that these charged fields gi
rise to an electric current and therefore magnetic fields. F
let us evaluate the electromagnetic field tensor. Inserting
components ofAm and Fmn5]mAn2]nAm2 i @Am ,An# into
Eq. ~4!, one finds after rather lengthy calculations that t
derivatives]mTa in the first term cancel against the last term
and we retrieve

F mn
em5sinuw~]mW̃n

32]nW̃m
3 !1cosuw Fmn

Y . ~15!

Turning next to the field equation forF mn
em, Eq. ~5!, insertion

and yet more algebra produces

]mF mn
em52 ie@Wm†~DmWn2DnWm!2~DmWn

2DnWm!†Wm#2 ie]m~Wm
† Wn2Wn

†Wm!,

~16!

where, as a final step, the tildes were omitted. This is exa
the expression~3! obtained in the unitary gauge, but withou
the objectionable last term, as was discussed in the prev
section.

I have thus established that the treatment of Ref.@13# is
equivalent to a treatment in the unitary gauge, where
Higgs field possesses no angular degrees of freedom. T
degrees of freedom are absorbed into the vector bos
1-4
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However, the current from charged vector bosons was o
ted in Ref.@13#. In general this current, given by Eq.~16!, is
nonzero and will give rise to electromagnetic fields. In t
next section we shall see an example of how this can hap

IV. SPONTANEOUS GENERATION
OF MAGNETIC FIELDS

Previous descriptions@8,13# of the spontaneous gener
tion of magnetic fields in the electroweak phase transit
have borrowed from the analogy with superfluids in that th
attribute the magnetic fields to the presence of gradient
phases of the Higgs field. I present here an alternative
scription of magnetogenesis where the unitary gauge is
posed. In this gauge, there are no angular degrees of free
of the Higgs field. Instead, the magnetic fields arise fr
SU~2! and U~1! vector potentials that were already present
the ground state of the symmetric phase. As the SU(L
3U(1)Y symmetry breaks, these vector potentials find the
selves having random nonvanishing components along
physical directions of the Lie algebra which are the eig
states of mass and electric charge.

When the symmetry breaks, unstable nontopological
fects such asW strings andZ strings typically form carrying
large fluxes of gauge fields. In the core of these defects
Higgs fieldF goes to zero, at which points the unitary gau
is ill defined. For now, I shall consider a region of spa
where such defects are absent. Nontopological defects
be considered in more detail in Sec. VI.

In the symmetric phase, the vacuum state of the e
troweak model is characterized byF[0, Fmn

a 5Fmn
Y 50.

Surely, in the high-temperature electroweak plasma th
will be fluctuations around the vacuum values, but the
fluctuations are expected to have a small correlation len
of the order (2pT)21, and we are primarily interested in
mechanism that may generate magnetic fields correlated
larger scale. The macroscopic spatial average ofFmn

a and
Fmn

Y on such a scale will also vanish, and therefore the L
algebra valued vector potential is a Maurer-Cartan form

Am52 i ~]mV!V†[2 i @]mU~x!#U~x!†1]mx~x!1,
~17!

whereVPSU(2)3U(1), UPSU(2), andxPR. The group-
valued functionV maps to the group manifoldS33S1, the
direct product of a three-sphere and a circle, and is co
pletely arbitrary. Because the energy is independent of
space dependence ofV(x), there is no reason thatV should
be uniform over space.

Let us now consider the process of symmetry breaki
and for simplicity use the unitary gauge in the broken sta
We shall assume that the temporal componentA0 is a con-
tinuous function of the space coordinates and require in
dition that the ‘‘electric fields’’F0i

a and F0i
Y be everywhere

finite. Then the spatial componentsAi , i 51,2,3, are continu-
ous functions of time, and the initialAi immediately after the
phase transition are given by Eq.~17!. In general,Ai will not
be aligned with the vector potential of the broken-symme
vacuum, Eq.~7!. This would happen only in the special ca
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whenV is restricted to the embedded circleV5eil(x)Q asx
covers space. For other choices ofV, for example, V

5ei j(x)t1
, it is easy to check that there will be physica

electrically chargedW-boson fields present immediately a
ter the phase transition. The ensuing state is a coherent s
classical field configuration which cannot be construc
from the new vacuum by perturbative means.

Let us now look at a concrete example of how the ma
netic field is generated. The condition

05Fkl
3 [~]kWl

32] lWk
3!1g~Wk

1Wl
22Wl

1Wk
2! ~18!

can be satisfied if both the first term and the second term
nonzero but cancel exactly. The first term enters in
unitary-gauge definition of the magnetic field in the brok
phase:

Akl5sinuw~]kWl
32] lWk

3!1cosuw Fkl
Y , ~19!

where in our caseFkl
Y 50.

The emerging magnetic field can therefore be traced
‘‘random’’ partitioning of fields into the two cancelling
terms of Eq.~18!. In the symmetric phase, these terms h
no independent physical meaning, and fields could be mo
from one to the other through arbitrary gauge transform
tions while keepingFkl

3 zero. When the symmetry is broken
the terms take on a new physical meaning. The first term
Eq. ~18! has components alongAkl as well as along
Zkl5]kZl2] lZk . The second term in Eq.~18! can be written

ig~Wk
†Wl2Wl

†Wk! ~20!

in terms of the chargedW fields. It is now apparent that ther
can be no spontaneous generation of magnetic fields in
electroweak phase transition without the simultaneous g
eration of chargedW-boson currents which act as the on
source~in the unitary gauge! for that magnetic field. In fact,
the field equation for the electromagnetic field in the unita
gauge, whenFmn

a 50, is2

]mAmn52 ie]m~Wm
† Wn2Wn

†Wm!. ~21!

The term on the right-hand side of this equation is the m
netization current corresponding to the anomalous magn
dipole moment of theW boson@22–24#. The initial magnetic
field can therefore be viewed as being entirely comprised
magnetization of the vacuum due toW bosons. This state ha
previously been investigated in the context of the QC
vacuum@25#.

Let us now see explicitly how the two terms of Eq.~18!
obtain nonzero values from a random vector potential in
symmetric ground state. BecauseFmn

a 5Fmn
Y 50 the initial

gauge potential must be given by Eq.~17!. The most genera
SU(2)3U(1)-valued functionV can be written

2It should be noted that when the two terms in Eq.~18! are non-
zero, a state withFmn

a 50 does not remain an exact solution in th
broken phase because of the mass terms that appear there.
1-5
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V~x!5eil/2S ei ~l/22b!cosv 2ei ~a2l/2!sin v

ei ~l/22a!sin v ei ~b2l/2!cosv
D

5eil/2U, UPSU~2!. ~22!

The su~2! algebra part of the gauge potential is given
Wn

ata52(2i /g)(]nU)U†. The curl of its components can b
calculated from

] [mWn]
a ta5

2i

g
~] [mU !~]n]U

†!, ~23!

where@m•••n# indicates antisymmetrization, using the tra
identity Tr tatb52dab. One then finds

]kWl
32] lWk

35
2

g
sin 2v ~v [,ka ,l ]1v [,kb ,l ]2v [,kl ,l ] !

52g~Wk
1Wl

22Wl
1Wk

2!, ~24!

where a comma denotes partial differentiation. Here we
that the two terms of Eq.~18! have the opposite sign and i
general assume non-zero values that vary as one change
group-valued functionV. One of these terms gives rise to th
magnetic field, according to Eq.~19!:

Akl5
2 sin uw

g
sin2v ~v [,ka ,l ]1v [,kb ,l ]2v [,kl ,l ] !.

~25!

Thus, in this semiclassical description it is a random vec
potential in the symmetric phase that gives rise to a magn
field in the broken phase. In this sense, the magnetic fi
was already present in the ground state of the symme
phase, but took on a different physical meaning after
symmetry was broken and eigenstates of mass and ele
charge became well defined.

We must now address the issue of gauge invariance
far we have used the unitary gauge to calculate the magn
field resulting from a vector potentialAm expressed as th
Maurer-Cartan form~17!. This potential is, however, gaug
dependent, so it is necessary to show that the magnetic
generated is independent of our choice of gauge.

Let us therefore pick an arbitrary gauge in which the v
tor potential in the symmetric phase is some particular fu
tion Ak52 i (]kL)L† with LPSU(2)3U(1). Then L is
uniquely determined up to right multiplication (L→LM ) by
an arbitrary constant group elementM . By continuity, the
vector potential is the same in the broken phase immedia
after the phase transition. In addition, we obtain in the b
ken phase some isospin orientation of the Higgs field, wh
in the same gauge can be characterized by the ma
VPSU(2) defined by Eq.~9!, such thatF5V (0,r)Á. Now
we can evaluate the magnetic field, either directly from
gauge-invariant definition~4!, or equivalently by making a
gauge transformation to the unitary gauge using the SU~2!
elementV†5V21. In this gauge we obtain the vector pote
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tial Ak852 i @]k(V
†L)#(V†L)†[2 i (]kV)V†, where V

5V†L. Let us now show that the magnetic field resultin
from Ak8 is gauge invariant.

Under a general gauge transformationg given by g
5ei j/2U with UPSU(2), we have thatL→gL, while V
PSU(2) transforms asV→gVh†, whereh[ei jQ is an elec-
tromagnetic U~1! gauge transformation. HereQ5(11t3)/2.
Therefore, under the full gauge transformation,V→hV. The
electromagnetic part of the vector potential then chan
only by a pure gradient, corresponding to the remain
gauge symmetry of the broken phase. Furthermore,Ak8 is
invariant under the transformationL→LM for constantM ,
so this ambiguity in the definition ofL has no significance
The resulting magnetic field, obtained from Eqs.~22! and
~25! with V5V†L, is therefore independent of which gaug
was used originally to expressAk and the Higgs field.

Given a gauge potentialAm of the form ~17! in a unitary
gauge, withV given by Eq.~22!, we may conversely set th
gauge potential to zero by means of a gauge transforma
with group elementV21. The phases will then reappear
the Higgs field, which becomes

F5rS eia sin v

e2 ib cosv
D . ~26!

The phasel does not appear here because the bro
vacuum still has the electromagnetic U~1! symmetry.

Therefore, as long asFmn
a can be considered to vanish

one can give twoequivalentdescriptions of magnetogenes
in two different gauges.~a! In a gauge where all vector po
tentials are identically zero, the magnetic field arises spo
neously from the angular degrees of freedom of the Hig
field and is given by the last term of Eq.~4!. ~b! In the
unitary gauge, withF5(0,r)Á, the initial magnetic field is
the result of SU(2)3U(1) vector-potential remnants of th
symmetric phase whose associated field tensor finds i
with a nonzero projection along the electromagnetic fi
after symmetry breaking.

There are several reasons to prefer the second gauge.
is that in this gauge the constant operatorQ5(11t3)/2 de-
fines simple charge eigenstates for all fields, while in the fi
gauge there is no simple global definition of electric char
More importantly, the equivalence of gauges holds only
long as Fmn

a 50. As soon as the symmetry breaks, ma
terms appear for the chargedW bosons and for theZ field,
and the fields will start evolving into states with nonze
Fmn

a . Vector-field degrees of freedom of this type can
longer be transferred into the Higgs field by a gauge tra
formation. Even in the simplest case of a U~1! symmetry,
only the longitudinal degree of freedom of the vector fie
can be exchanged with a phase of the Higgs field, while
transverse degrees of freedom are unaffected by gauge t
formations. The vector fields thus contain more dynami
degrees of freedom than does the Higgs field. Theref
treating the issue of generation of magnetic fields from
point of view of the vector-boson fields is more appropria

Having shown that a magnetic field can be genera
spontaneously in the phase transition, it remains to determ
1-6
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the initial strength and correlation length of the field. Es
mates of these two quantities are required in order to pre
the properties of the magnetic seed field at the onset of
axy formation.

To begin with, let us assume that the phase transitio
second order with critical temperatureTc , so that the Higgs
expectation value forT,Tc has the generic temperature d
pendencev(T)5v(12T2/Tc

2)1/2 wherev5174.1 GeV, and
100 GeV&Tc&300 GeV. The magnetic field will ‘‘freeze
out,’’ i.e., become insensitive to thermal fluctuations,
some temperatureTB,Tc , whereTB is to be determined in
what follows.

Although the correlation length and strength of the ma
netic field can be calculated from the gauge-invariant exp
sion ~5!, the computations simplify considerably in the un
tary gauge, where one may use Eq.~16! with F mn

em[Amn .
Since the electromagnetic fieldAm is massless, no natura
scale emerges from the homogeneous part of the equa
]mAmn50. The correlation lengthj of the magnetic field is
instead determined by the source terms of Eq.~16!. Because
they are at least quadratic in the charged fieldsWm andWm

† ,
and since the correlation length of each of these fields
MW

21(TB) at the temperature TB , we find j
5@2MW(TB)#21.

Next, let us estimate the magnetic field strength. As
temperature is lowered fromTc to TB , the Higgs potential
energy density decreases by the amountl@v(TB)#4

5@v(TB)#2@MH(TB)#2/4, wherel is the quartic Higgs cou-
pling. The lost potential energy is redistributed to the oth
positive definite terms in the energy density. Let us assu
that each such term receives approximately the same frac
g;1021 of the energy density. In particular, we then hav

uD~m!W~n!2D~n!W~m!u2;
1

2
g2v2~TB!uW~m!u2;gl@v~TB!#4,

~27!

where indices enclosed in parentheses indicate that the
no summation. HereWm andDmWn are defined below Eq
~3!. Inserting these estimates and the expression forj into
Eq. ~16! we obtain

B;
sin uw

g
gMH

2 ~TB!. ~28!

In Ref. @26# it was argued that magnetic fields becom
stable to thermal fluctuations when the temperature dr
below the so-called Ginzburg temperatureTG , defined as the
temperature below which thermal fluctuations become
weak to restore the symmetry locally. Here we shall prov
a more conservative estimate, and assume that the mag
field freezes out at a temperatureTB,TG when the typical
energy of thermal fluctuations drops below the magne
field energy contained within a correlated domain of a
proximate volumej3. Hence,TB is determined by the con
dition j3B2/2;TB . Inserting the characteristic temperatu
dependence of the masses, we obtain for a second-o
phase transition
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TB
2

Tc
2

;F11
Tc

2

MW
2 S 4g

g sin uw

MW
2

MH
2 D 4G21

. ~29!

Thus, except in the case of a very high value of the Hig
boson mass,TB /Tc is not near unity, and masses at tempe
ture TB are well approximated by their values at zero te
perature.

If the phase transition is first order, magnetic fields c
still be generated spontaneously within the bubbles of bro
phase. The masses forT,Tc are close to their values at zer
temperature. From the conditionj3B2/2;TB we obtain for a
first-order phase transition

TB;S g sin uw

4g

MH
2

MW
2 D 2

MW . ~30!

This temperature approximates that of Eq.~29! in the limit of
a low Higgs-boson mass. Note that the magnetic freeze
temperatureTB is generally lower than the Ginzburg tem
perature, which may be very close to the critical temperat
@9#. This is to be expected, since the magnetic field conta
only part of the energy released by the Higgs potential in
phase transition and thus may be destroyed by smaller t
mal fluctuations.

In summary, for spontaneously generated magnetic fie
in either a first- or second-order electroweak phase transit
the above estimates of the magnetic field strengthB and
correlation lengthj give

Bsp;F MH

100 GeVG
2

31022 G, jsp;1022 GeV21.

~31!

These estimates are in rough agreement with those derive
Ref. @8#.

V. MAGNETIC FIELDS FROM BUBBLE COLLISIONS

Let us now consider the possibility of forming magne
fields in the collision of two bubbles of broken vacuum in
first-order electroweak phase transition. Such collisions w
investigated in Refs.@27,9# for some special cases. Using th
same model as those references for the initial evolutio
shall show here that no magnetic field is generated for a
trary difference and relative orientation of the Higgs pha
of the two bubbles.

For initial times, the Higgs field configurations of tw
disjoint bubbles of arbitrary shape and size are, respectiv

F i
1~x!5S 0

r1~x!
D and F i

2~x!5expF i
u0

2
nataG S 0

r2~x!
D ,

~32!

where n̂5(n1,n2,n3) is a constant unit vector. The phas
and orientations of the Higgs field within each bubble ha
equilibrated to constant values. A constant U(1)Y factoreiw0

was excluded fromF i
2 , since w0 can be absorbed into
1-7
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u0n3/2. Becausenata is the only Lie-algebra direction in
volved, one may write the initial complete Higgs field as@27#

F i~x!5expF i
u~x!

2
nataG S 0

r~x!
D . ~33!

Furthermore, the authors of Refs.@27,9# have assumed
that all gauge potentials and their derivatives vanish initia
As we learned in the preceding section, one is free to cho
such a gauge as long as the field tensorsFmn

a and Fmn
Y also

vanish.
Proceeding as the references, we assume that the a

expressions are valid until the two bubbles collide. One m
easily evaluatef̂a which may be written asf̂5cosu f̂0

1sinu n̂3f̂012 sin2(u/2)(n̂•f̂0)n̂ where f̂05(0,0,21)Á.
Then ]mf̂a takes the particularly simple form]mf̂5]mu

n̂3f̂. The last term of the electromagnetic fieldF mn
em @Eq.

~4!# thus vanishes, and sinceFmn
a andFmn

Y are zero, the elec
tromagnetic field vanishes. Similarly, the electric current~5!
vanishes.

It is instructive to check this result by transforming th
Higgs field into the unitary gauge, using the group-valu
function V5U5exp@2inatau/2#. This leads to a vector po
tential of the form~17!. It follows easily from Eqs.~23!, or
alternatively from Eqs.~22! and ~25!, that their contribution
to the magnetic field is zero. From the latter of these eq
tions it is apparent that the phases of ourU are rather special
and that there in general would be a magnetic field. T
absence of a magnetic field can be traced directly to the
that the unit vectorn̂ is a constant or, more precisely, that t
Higgs phases depend on only one parameteru. In Ref.@27# it
was proven that the Higgs field in any two-bubble collisi
can be written in the form~33! for constantna. We thus
conclude that no magnetic field is generated from the ini
classical evolution of the Higgs field in an electroweak tw
bubble collision. One should remember, though, that the
pression~33! is probably too simplistic to describe wha
takes place once the bubbles overlap significantly. Magn
fields could then emerge gradually ifn̂ develops a spatia
dependence.

The present result is in stark contrast to that of the A
lian U~1! model @14,15#, in which a field strength is presen
from the instant of collision. The principal difference is th
the U~1! vector field in that model is massive and the cor
sponding field strength is generated as a result of the c
pling of the U~1! field to the Higgs field. In contrast, th
electromagnetic U~1! field in the broken electroweak theor
is distinguished as that direction of the Lie algebra that d
not couple to the Higgs field.

In the electroweak theory, in order to generate a magn
field already at the instant of bubble collision, one wou
need an initial configuration in whichn̂ has a spatial depen
dence, i.e., where the Higgs phases are generated by at
two elements of the Lie algebra. The simplest example
this would be a three-bubble collision@28#.

If one relaxes the assumption that the gauge potentials
zero initially, magnetic fields may also emerge sponta
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ously within each bubble by the mechanism described in
previous section. When the presence of the plasma is ta
into account, other processes may lead to the creation
magnetic fields. In particular, magnetic fields may stem fr
the motion of dipole charge layers that develop on bub
walls because of the baryon asymmetry@5#. It is also pos-
sible that bubble collisions give rise to field configuratio
which indirectly produce magnetic fields. This will be inve
tigated in Sec. VI.

Let us now provide some coarse estimates of the stren
and correlation length of the magnetic field, assuming o
that it arises from some mechanism directly associated w
bubble collisions. The growth of nucleated bubbles in t
electroweak phase transition has recently been studied
merically by Kurki-Suonio and Laine@29#, using model pa-
rameters obtained from lattice computations. For a we
first-order transition withMH.68 GeV, they find that the
average radius of the bubbles at the time of collision isR
&1027tEW;106 GeV21, wheretEW is the Horizon scale a
the time of the phase transition. Under the assumption
the magnetic field is coherent on the scale of a bubble rad
we may takej;R as the correlation length. One can the
derive a naive estimate of the magnetic field strength, us
rAidxi as the expression for the magnetic flux enclosed b
loop the size of a bubble. Noting thatAi;] iq/g for some
angle q on the Higgs vacuum manifoldS3, and that the
average difference in the value ofq between two adjacen
bubbles is of the order ofp, we obtainBR2;p/g, and thus
a lower bound on the magnetic field,B*108 Gauss. The
correlation length of this field is much larger, and th
strength much smaller, than for fields arising from oth
mechanisms described in this article. Nevertheless, the
sults of Ref. @29# indicate that an even weaker first-ord
phase transition leads to smaller bubbles, and hence a la
magnetic field.

On the other hand, taking into account the effects of
finite conductivity of the plasma after two of the bubbl
have initially touched, Ahonen and Enqvist@15# argue, sub-
ject to some approximations, that diffusion causes magn
flux to become concentrated around the expanding circle
most recent intersection of the two bubbles. In this way, th
predict a correlation length ofj;104 GeV21 and a magnetic
field strength ofB;1020 G.

We see that the presence of the plasma may have a
matic effect on the order of magnitude of the magnetic fie
A numerical field-theory simulation of multibubble colli
sions in the full electroweak theory is currently in progre
initially neglecting the plasma. Once the results of this sim
lation are known and understood, the various plasma eff
can be incorporated. It should then become possible to
vide more precise predictions of the strength and correla
length of magnetic fields that arise in electroweak bub
collisions.

VI. MAGNETIC FIELDS
FROM NONTOPOLOGICAL DEFECTS

It was recently suggested by Grasso and Riotto@9# that
magnetic fields may arise from nontopological defe
1-8
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ELECTROWEAK ORIGIN OF COSMOLOGICAL MAGNETIC . . . PHYSICAL REVIEW D58 043501
formed in the electroweak phase transition, such asZ strings
@16# andW strings@17#. These are stringlike embedded vo
tex solutions of the electroweak theory characterized by
winding of a phase of the Higgs field around a core wh
the Higgs field goes to zero. The core encloses a flux qu
tum of one of the gauge-field components which attains c
siderable field strength, since the characteristic width
given by the inverse vector-boson mass. In a U~1! model,
these defects are topologically stable, but in the electrow
theory the phase can unwind by slipping over the sim
connected vacuum manifold, and the defect decays to
vacuum.

Saffin and Copeland@27# have shown thatW-string and
Z-string configurations may be generated during bubble
lisions in the SU(2)L3U(1)Y theory. In terms of the nota
tion of the previous section, this occurs in the two spec
cases when the unit vectorn̂ is perpendicular or parallel to
f̂0, respectively. In these cases, the effective symme
group of the problem reduces to U~1!, for which vortex pro-
duction in bubble collisions has been studied earlier@14,15#.
In simulations the strings form as circular loops along
circle of intersection of the two bubbles, with the axis of t
loop coinciding with the line through the two bubble cente

There are three important questions that need be answ
in connection with the possible generation of magnetic fie
from nontopological defects:~1! Do the defects themselve
carry magnetic fields?~2! Do the defects contain electricall
charged fields which could produce electric currents?~3! Are
electromagnetic fields generated when these unstable de
decay? I shall defer the last question to the end of this sec
and begin instead to address the first two questions. F
reasonable set of definitions, and in the absence of magn
monopoles, they should be equivalent.

In defiance of such expectations, some surprising res
were recently obtained in Ref.@9#. The results seemed t
indicate that a magnetic field would always be present al
the internal axis of aZ string, which is known to contain
only neutral fields. This interpretation was based on the c
ventional gauge-invariant definition of the electromagne
field tensor, Eq.~1!, which led to the inclusion of the las
term of Eqs.~2!, ~3! in the unitary gauge.

As we have learned in Sec. II, there exist alternative d
nitions of the electromagnetic field tensor which coinci
only when the magnitude of the Higgs field is constant
have argued that the definitions of the field tensor and e
tric current given in Eqs.~4! and~5! are more appropriate, in
that F mn

em always reduces toAmn in the unitary gauge and
electrically neutral fields never serve as sources for the e
tromagnetic field. Indeed, with the new definitions eve
thing becomes perfectly consistent with naive expectatio
In order to illustrate this, let us investigate the field config
rations for theZ andW strings in some detail. They can b
written in the form

Aw
Z5

mv~r !

r S cos 2uw 0

0 21D , FZ5r~r !S 0

eimwD
~34!

and
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Aw
W5

mṽ~r !

r S 0 eid

e2 id 0 D , FW5 r̃~r !S ieid sin mw

cosmw
D ,

~35!

wherer ,w are cylindrical coordinates,d is an arbitrary real
number labeling a family of gauge-equivalentW vortex so-
lutions, andm is the integer winding number. Because of
particular phase singularity atr 50, there is no nonsingula
expression for theW vortex in a gauge, where the uppe
component of the Higgs field is zero@30#.

For theZ-string configuration, we obtainf̂a52da3, and
thus the last term of Eq.~4! vanishes. The first two term
combine to give sinuw ] [mWn]

3 1cosuw Fmn
Y 50 and soF mn

em

vanishes. With the electric current, Eq.~5!, we find that
(Dmf̂)35Fmn

1 5Fmn
2 50, and the last term is just a derivativ

of the term we previously found to be zero, so there is
electric current.

Next, let us investigate theW-string solution. It is conve-
nient to recognize that it is of the formAw5mnataṽ(r )/r
andF5exp@imwnata#@0,r̃(r )#Á for n̂5(cosd,2sind,0). Us-
ing the method of the previous section, we findf̂
5cos(2mw)f̂01sin(2mw)n̂3f̂012sin2(mw)(n̂•f̂0)n̂ where
f̂05(0,0,21)Á. The only nonzero field-tensor componen
areFrw

a 5@mṽ8(r )/r #na. Becausenaf̂a[naf̂0
a50, we have

that the termf̂aFrw
a 50 in Eq. ~4! vanishes. In the last term

of this equation, one of the factors is]f̂b/]r 50. ThusF rw
em

vanishes.
The issue of whether there is an electric current is m

interesting in the case of theW string, since its gauge field
involve charged fieldsWw

1 andWw
2 . On the other hand, also

the phases of the Higgs field are charged, as compared
the unitary-gauge vacuum. We find the last term of the c
rent~5! to be zero as before. Since]f̂a/]r 50 and there is no
radial componentAr , only the r component of the curren
may be nonvanishing. We now make use of the relat
]wf̂52mn̂3f̂ and can write (Dwf̂)52m$@11v(r )#/r %n̂
3f̂. This is perpendicular ton̂, and so the term (Dwf̂)aFwr

a

vanishes, and there is no electric current.
Although this section has so far only confirmed what w

expected, it has served as a nice illustration of the proper
and applicability of the new definition of the electromagne
field tensorF mn

em. We have established that it works and th
it gives results that are reasonable in cases where the
ventional definition appears to lead to absurdities.

Finally, I shall discuss the suggestion made in Ref.@9#
that magnetic fields may be generated in the decay oZ
strings. It is well known that the unstableZ string decays
initially through chargedW-boson fields@31,30#. The idea is
that theseW fields form a ‘‘condensate’’ which then in turn
would act as a source of magnetic fields. One extrem
important caveat is that the presence ofW fields is highly
transient, as theZ string is known to decay to a vacuum
configuration@32#. It is conceivable, however, that the larg
conductivity of the plasma in the early universe@2,11,33#
may cause the magnetic field lines to freeze into the fluid
1-9
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that it remains preserved at later times.
The instability of theZ string is a result of the occurenc

in the energy density of a term

ig cosuw Z12~W1
†W22W2

†W1! ~36!

which couples the field strengthZ125]1Z22]2Z1 with the
magnetic dipole moment of theW boson. The energy is low
ered through a suitable alignment of this magnetic mom
corresponding toW152 iW2[W for Z12.0. The instability
is greatest at the center of the vortex, whereZ12 is largest and
where theW mass term is reduced by the vanishing of t
Higgs field. Let us make the simplified assumption thatZ12 is
approximately uniform in the core of the vortex. This is a
tually justified if the Higgs-boson mass is considerably lar
than theZ-boson mass. In such a case, the unstable mode
the W field are well known@22,23#. The mode that peaks in
the center of the vortex is given by

W~r !5W~0!expS 2
1

4
gCr2D , ~37!

whereC5cosuw Z12. For this mode, it is easy to check th
Fi j

1 5Fi j
2 50. This is in fact true for any unstable mod

@22,23#. Neglecting back reactions on the Higgs field, w
still have f̂a52da3. The last term of Eq.~4! evaluates to
2euWu2 which cancels against parts of the first term, leav
F i j

em5Ai j as usual. In the current Eq.~5! something more

interesting happens. Since (Dif̂)350, we are left only with
the last term, and the equation for the magnetic field can
written

] i~F 12
em22euWu2!50. ~38!

The ~nonuniform! magnetic fieldB5F 12
em is thus entirely

comprised of the magnetization from theW bosons. It is
apparent that theW bosons initially present in the decay o
the Z string do indeed generate a magnetic field.

Let us now compute the strength and correlation length
the magnetic field produced by this mechanism. An up
bound on the magnitude ofuWu2 can be obtained by studyin
the growth of theW field in a fixed Z-string background,
which is limited by the quartic term in the energy densi
g2uW1

†W22W2
†W1u2/2. The instability ceases at a maxim

value uWu25cosuw Z12/g. From Eq.~38! one then obtains
the bound

B&sin2uw Z12. ~39!

To find an estimate forZ12 one can use the flux quantizatio
condition*d2xZ1254p cosuw /g, which arises from requir-
ing the covariant derivative of the Higgs field to vanish a
ymptotically. The integral here is evaluated over a surfa
perpendicular to theZ string. Assuming that the flux is con
fined to an approximate cross-sectional areapMZ

22 , we find
Z12;4 cosuw MZ

2/g, and therefore

B&
8 cos2uw sin uw

g
MZ

2 . ~40!
04350
t,

-
r
of

g

e

f
r

,

-
e

The growth ofW fields, and therefore of a correlated ma
netic field, is limited to the region whereZ12 is large and
F†F is small. These regions have characteristic widthsMZ

21

and LH , respectively, whereLH
215min(MH ,2MZ) @34,30#.

The correlation length of the magnetic field is thusj
;min(MZ

21 ,LH);MZ
21) .

In summary, for magnetic fields generated by decay
nontopological defects, we obtain the following numeric
estimates:

Bntop&1024 Gauss, jntop;1022 GeV21. ~41!

VII. CONCLUSIONS

The main results of this paper are as follows: I have
tablished that magnetic fields are indeed generated cla
cally from Higgs and gauge fields in the electroweak ph
transition through the mere process of spontaneous sym
try breaking, as was originally suggested by Vachaspati@8#.
Reformulating the problem in the unitary gauge, I have e
plicitly constructed the magnetic field thus generated. Pre
ous claims that no such magnetic field is produced w
based on an investigation in which an incomplete express
for the electric current from the Higgs field was used, a
currents from charged vector bosons were neglected.

Moreover, I have shown that no magnetic field resu
initially from the classical evolution of the Higgs field in
collision of two bubbles in a first-order electroweak pha
transition. This was shown for arbitrary difference and re
tive orientation of the phases of the Higgs field. The reas
is that only one constant direction in the Lie algebra is
volved. Nevertheless, one should not exclude the possib
that later evolution of the fields could give rise to magne
fields. These issues are currently being investigated.

Furthermore, I have pointed out that the notion of an el
tromagnetic field tensor is ambiguous whenever the ma
tude of the Higgs field is not constant. With the convention
gauge-invariant definition, Eq.~1!, electrically neutral cur-
rents may give rise to electromagnetic fields. In particu
magnetic fields may be present inside electrically neu
configurations such as theZ string. In order to remedy this,
have proposed a different gauge-invariant definition of
electromagnetic field, Eq.~4!, which ensures that no electro
magnetic fields are generated from neutral sources and w
coincides with the other definition for constant Higgs-fie
magnitude.

The issue of the definition of the electromagnetic fie
tensor is important for the interpretation and description
physical phenomena, but should have no bearing on
physics, as the various fields evolve independently of h
we interpret them. One particular example concerns the
multaneous collision of multiple similar-sized bubbles at t
time of percolation, after which the Higgs magnitude is e
pected to fluctuate violently@35#. In the presence ofZ fields
one would then conclude from Eq.~3!, which follows from
definition~1!, that electromagnetic fields are created from t
gradients of this magnitude. In such a context it is import
to realize that any statement about the presence or absen
electromagnetic fields will depend on which definition of t
1-10
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electromagnetic field tensor is used, and agreement will o
be reached if the evolution of all fields is traced to a la
time when the Higgs magnitude has assumed a unif
value. Nevertheless, if one makes the assumption that
Higgs field relaxes to a uniform value without exciting a
new dynamics in the angular degrees of freedom, the n
definition ~4! has the property that it predicts the same m
netic field during the fluctuating stage as it does after
fluctuations of the Higgs magnitude have subsided.

Finally, I have verified that a magnetic field is produc
in the initial decay of theZ string, as was suggested in Re
@9#. Although such a field is transient in the pure Yang-Mill
Higgs model, it is conceivable that it may survive until lat
times due to the high conductivity of the plasma in the ea
universe.

Estimates of the strength and correlation length of
initial magnetic field have been provided for each of t
three mechanisms of production: Spontaneous genera
bubble collisions, and decay of nontopological defects. T
subsequent evolution of correlated domains may be ca
lated according to the recipe presented in Ref.@36#. The cor-
relation length may increase faster than the scale factora(t)
due to the presence of magnetohydrodynamic Alfve´n waves
@36#. Such waves serve to bring two initially uncorrelat
domains into causal contact, so that the magnetic field m
untangle and smoothen.

With the possible exception of bubble collisions, o
finds in all cases that the correlation length at the time
equal matter and radiation energy densities,teq;1011 sec, is
,

ys

,

e

a-

04350
ly
r
m
he

w
-
e

y

e

n,
e
u-

y

f

smaller than the magnetic diffusion lengthl d;1023 GeV21.
This remains true also when enhancement due to Alf´n
waves is taken into account. In order to evolve into a se
field of sufficient correlation length and strength at the on
of galaxy formation, fields of such weak correlation m
require, depending on how the root-of-mean-square ave
of the magnetic field is calculated@37#, some additional
mechanism which stretches the correlation length, such
nonlinear inverse cascade@10#.

In the case of bubble collisions it is still an open questi
whether one may produce a correlated, strong magnetic
without the need to invoke complicated models of magne
hydrodynamic turbulence such as nonlinear inverse casc
This issue is likely to be resolved with the results from cu
rent and future computer simulations of bubble collisions
the electroweak theory.
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