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Spacecraft Doppler tracking as a narrow-band detector of gravitational radiation

Massimo Tinto* and J. W. Armstrong†

Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109
~Received 31 March 1998; published 27 July 1998!

We discuss a filtering technique for reducing the frequency fluctuations due to the troposphere, ionosphere,
and mechanical vibrations of the ground antenna in spacecraft Doppler tracking searches for gravitational
radiation. This method takes advantage of the sinusoidal behavior of the transfer function to the Doppler
observable of these noise sources, which displays sharp nulls at selected Fourier components. The non-zero
gravitational wave signal remaining at these frequencies makes this Doppler tracking technique the equivalent
of a series of narrow-band detectors of gravitational radiation distributed across the low-frequency band.
Estimates for the sensitivities achievable with the future Cassini Doppler tracking experiments are presented in
the context of gravitational wave bursts, monochromatic signals, and a stochastic background of gravitational
radiation.@S0556-2821~98!08116-8#

PACS number~s!: 04.80.Nn, 07.60.Ly, 95.55.Ym
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I. INTRODUCTION

Successful detection of gravitational waves~GWs! has
important implications both for astronomy~where new infor-
mation about astrophysical sources will be obtained! and for
fundamental physics~where aspects of relativistic theories
gravity can be tested! @1#. Current experimental efforts in
volve three types of detector: resonant bars~narrow band
devices sensitive at about one kilohertz center frequen!,
ground-based laser interferometers~broadband devices sen
sitive between 10s of Hz to;few kilohertz!, and Doppler
tracking of distant spacecraft~sensitive at much lower fre
quencies,'1025 to 1021 Hz!. For at least the next decad
until laser interferometers with very long arm lengths can
flown in space@2#, the only experimental access to the low
frequency band will be by using Doppler tracking of spac
craft.

In the Doppler tracking technique, the Earth and an int
planetary spacecraft act as free test masses. The Do
tracking system continuously measures their relative dim
sionless velocity,Dv/c5Dn/n0 ~hereDv is the relative ve-
locity, Dn is the Doppler frequency fluctuation, andn0 is the
nominal frequency of the microwave link!. A gravitational
wave of strain amplitudeh(t) propagating through the radi
link causes small perturbations in the Doppler time series
Dn(t)/n0 . These perturbations are of orderh and are repli-
cated three times in the tracking record with a characteri
pattern that depends on the source-Earth-spacecraft angl@3#.
These three events in the time series can be thought of as
to the GW buffeting the Earth, the GW buffeting the spac
craft, and the original Earth buffeting event transpond
back to the Earth at a time 2L/c later, whereL is the dis-
tance between the Earth and the spacecraft, andc is the
speed of light. The sum of these three Doppler perturbati
is zero. This overlap of the three events, and partial can
lation, occurs for GW pulses having widths larger than ab
L. This sets the lower band edge, for which one has
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sensitivity, to be'c/L. Frequency stability of the maste
oscillator driving the Doppler system and finite signal-t
noise ratio on the radio links set the high frequency ba
limit to be '0.1 Hz.

Detection of GW signals in this millihertz band is com
plicated by various noises. The principal noise sources
@4–9#: ground electronics noise~including frequency stan-
dard and frequency distribution noise!, antenna mechanica
noise~unmodeled motion of the antenna!, thermal noise~fi-
nite signal-to-noise ratio on the radio links!, spacecraft noise
~electronics and unmodeled motion of the spacecraft!, and
propagation noise~phase scintillation as the radio beam
pass through irregularities in the troposphere, ionosph
and the solar wind!. Electronic and thermal noises can b
made very small, and propagation noises can be mitiga
through use of higher or multiple radio frequencies to su
press or remove entirely charged particle scintillation, and
employing water vapor radiometers to measure~and cali-
brate! tropospheric scintillation. Residual uncalibrated trop
sphere and antenna mechanical noise are expected to be
ing noise sources in the future gravitational wa
experiments performed with the Cassini project@9#, a scien-
tific mission to Saturn sponsored by the National Aeron
tics and Space Administration~NASA!, the European Spac
Agency ~ESA!, and the Italian Space Agency~ASI!.

In this paper we show that, when the limiting nois
sources in Doppler tracking data are the troposphere, io
sphere, and the mechanical vibrations of the ground ante
one can take advantage of the sinusoidal behavior of t
transfer functions to the Doppler observable to achieve lo
noise levels. These transfer functions are all equal, but
ferent from the ‘‘3-pulse’’ transfer function connecting th
GW excitation to the Doppler response. The noise trans
function has sharp nulls at specific frequencies in the po
spectrum. We show how this modulation of the noise sp
trum can be exploited in a very robust way to improve t
sensitivity of a Doppler GW search for bursts, sinusoids, a
stochastic background waveforms.

In Sec. II we derive the transfer functions of the vario
noise sources affecting the Doppler response. After poin
out that the Cassini gravitational wave experiments will
© 1998 The American Physical Society02-1
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FIG. 1. The temporal autocorrelation function of 10-second time resolution Mars Global Surveyor Doppler data taken on April 1
when the two-way light time,T252L/c, was equal to 504 seconds. The inset plot shows the power spectrum, with the frequenc
marked in units of 1/T2 .
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limited by the residual frequency fluctuations introduced
the troposphere, and the noise due to the mechanical v
tions of the ground antenna, we show how to effectively ta
advantage of the sinusoidal behavior of the transfer func
of these noises in the Doppler observable in order to sign
cantly reduce their magnitude at selected Fourier frequ
cies. In Sec. III we estimate the one-sided power spec
density of the noise for the Cassini gravitational wave
periments. Since Cassini will take advantage of a multil
radio system for removing the frequency fluctuations int
duced by the interplanetary plasma in the Doppler data,
find a root-mean-squared noise~r.m.s.! sensitivity level to
sinusoids of about 5.0310217 in the lower part of the band
In Sec. IV we present our comments and conclusions.

II. NOISES AND DOPPLER TRANSFER FUNCTIONS

The main noises affecting precision Doppler tracking o
servations map into the Doppler observable through cha
teristic transfer functions@6,10,11#. In a spacecraft Dopple
tracking experiment, an interplanetary spacecraft cohere
transponds back the signal it receives from the ground. T
is, the spacecraft coherently generates the phase of the s
it transmits back to the Earth from the signal it receives fr
the ground. The contribution to the two-way Doppler trac
ing time series due to plasma fluctuations can be made s
via high radio frequencies or multifrequency links@4,12,13#;
the transfer function to the observable is given in@3,14#. The
noise introduced by the frequency reference clock has
stead the following transfer function@6,10,11#

d~ t22L/c!2d~ t !, ~2.1!
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and produces an anticorrelation at time lag of 2L/c. Tropo-
spheric scintillation and antenna mechanical noises, wh
are non-dispersive and expected to be the leading n
sources in the Cassini Doppler data@9#, each have the sam
transfer function to the Doppler observable

d~ t22L/c!1d~ t !. ~2.2!

For current generation precision Doppler experiments, uti
ing approximately 8 GHz radio links, observations in t
antisolar hemisphere have significant contributions from t
pospheric and extended solar wind scintillation, while ion
spheric, frequency standard, and antenna mechanical n
are secondary disturbances in the Doppler link@14#. As an
example, in Fig. 1 we show the temporal autocorrelat
function of 10-second time resolution Mars Global Survey
~MGS! data taken on April 17, 1997, when the two-way lig
time 2L/c was equal to 504 sec. The clear positive corre
tion at time lag of 504 sec indicates that tropospheric sc
tillation and possibly fluctuations induced by mechanical
brations of the ground antenna dominate the noise on
data set.

A consequence of thed(t)1d(t22L/c) transfer function
is that the power spectrum, the Fourier transform of the
tocorrelation function, will be modulated by cos2(pfT2),
whereT252L/c is the two-way light time. The inset plot in
Fig. 1 shows the power spectrum of the MGS data, w
frequency scale marked in units of 1/T2 . No smoothing of
the spectrum has been done and much of its spikiness is
to estimation error@15#. The cosine-squared modulation
however evident, showing that there are nulls at odd m
tiples of 1/(2T2). At these frequencies, fluctuations fro
2-2
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SPACECRAFT DOPPLER TRACKING AS A NARROW- . . . PHYSICAL REVIEW D 58 042002
other noise sources will dominate the power spectrum. If
spectral level of these secondary noises is low, there
potentially large improvement in SNR for gravitational wa
signals having Fourier power at the nulls of the troposphe
antenna mechanical transfer function. In its simplest fo
filtering the data to pass a comb of narrow bands centere
the nulls of the cosine-squared transfer function blocks
troposphere-antenna mechanical noise while passing
power of gravitational wave signals at these frequenc
This is robust, in that nothing needs to be known about
signal except that it~by hypothesis! has power at odd mul
tiples of 1/(2T2). In this paper we estimate the SNR achie
able with some waveforms, while practical effects such
the change inT2 over an observing interval, are presented
the next section.

III. APPLICABILITY AND PERFORMANCE

From the considerations made in the previous sec
about the transfer functions of the various noise sources
fecting Doppler tracking, we can write the Doppler respon
y(t) to a gravitational wave in the following form@6,11#:

y~ t ![
Dn~ t !

n0

52
~12m!

2
h~ t !2mh„t2~11m!L…

1
~11m!

2
h~ t22L !1C~ t22L !2C~ t !12B~ t2L !

1T~ t22L !1T~ t !1AE~ t22L !1Asc~ t2L !

1TR~ t2L !1EL~ t !1P~ t !, ~3.1!

whereh(t) is equal to

h~ t !5h1~ t !cos~2f!1h3~ t !sin~2f!. ~3.2!

Here h1(t), h3(t) are the wave’s two amplitudes define
with respect to two axis, (X,Y), chosen in the plane of th
wave, ~u,f! are the polar angles describing the location
the spacecraft with respect to the right-handed triad (X,Y,Z)
~with Z orthogonal to theX2Y plane!, m is equal to cosu,
and the speed of lightc has been chosen to be equal to 1

We have denoted withC(t) the random process assoc
ated with the frequency fluctuations of the clock,B(t) the
joint effect of the noise from buffeting of the probe by no
gravitational forces and from the antenna of the spacec
T(t) the joint frequency fluctuations due to the troposphe
ionosphere and ground antenna,AE(t) the noise of the radio
transmitter on the ground,Asc(t) the noise of the radio trans
mitter on board,TR(t) the noise due to the spacecraft tra
sponder,EL(t) the noise from the electronics on the groun
andP(t) the fluctuations due to the interplanetary plasma

Since the frequency fluctuations induced by the plas
are inversely proportional to the square of the radio f
quency, by using high frequency radio signals or by mo
toring two different radio frequencies transmitted to t
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spacecraft and coherently transmitted back to Earth,
noise source can be suppressed to very low levels or ent
removed from the data respectively@12#. Searches for gravi-
tational radiation with Doppler tracking utilizing only on
radio frequency are usually performed around solar opp
tion in order to minimize the frequency fluctuations induc
by the plasma@16#. If the frequency of the radio signal i
Ka-Band ~32 GHz! ~as it will be the case with the Cassin
gravitational wave experiments!, and the tracking is per-
formed at solar opposition, at 1000 seconds integration t
the plasma noise is equal to about 7.0310216 @8#. If dual
frequencies are used instead, such as X ('8 GHz) and Ka
bands for instance, by linearly combining the Doppler data
these two radio frequencies we can entirely remove the
order frequency fluctuations due to the plasma. The ma
tude of the first higher order term is equal to abo
7.0310230 @12#, making it totally negligible with respect to
other non-dispersive noise sources@8#.

If we denote withỹ( f ) the Fourier transform of the Dop
pler responsey(t) calculated over the time of observation 2t,
this is defined as follows:

ỹ~ f !5E
2t

t

y~ t !e2p i f tdt, ~3.3!

and at the Fourier frequencies

f k5
~2k21!

2T2
; k51,2,3,. . . . ~3.4!

Equation~3.1! can be rewritten in the following approximat
form @11#:

ỹ~ f k!'@211 i ~21!kmep/2 i ~2k21!m#h̃~ f k!

22C̃~ f k!1T̃~ f k!S p iL

2t D
1 i ~21!k11@2B̃~ f k!1TR̃~ f k!1Asc̃~ f k!]

2AẼ~ f k!1EL̃~ f k!1 P̃~ f k!. ~3.5!

In Eq. ~3.5! we have assumed that the time dependenc
the two-way light time is such that during the time scalet
over which the Fourier transform is performed the freque
cies f k change by an amount smaller than the frequency re
lution D f 51/2t. In practical experiments this is not true. I
the case of MGS, for example, the time variation ofT2
causes the position of the xylophone nulls to move by m
than the Fourier resolution bin in coherent integrations t
are longer than about 8 hours. More relevant, however, is
magnitude of theT2-correlated noise with respect to that
the other noise sources. The variation ofT2 smears the spec
trum of theT2-correlated noise, reducing the depth-of-null
the xylophone frequencies. TheT2-correlated noise level
however, is still reduced to that of the remaining noi
sources in the neighborhood of the xylophone frequenc
This will be the case for the Cassini experiments.
2-3
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FIG. 2. The estimated one-sided power spectral density of the noise that will affect the Cassini Doppler data. Curve ‘‘a’’ repres
configuration in which 80 percent of the noise due to the troposphere has been calibrated and removed by means of water vapor r
curve ‘‘b’’ corresponds to the configuration without calibration of the troposphere.
e
-

e
a

ni

u

he

1
ike
ve
-
va

,

te

no
id

e
d
e

i-

ne
nts
re-
e
ing
the
pler
ns
nds
to
por
of

ua-
cies
we
he

ise
be
oral
b-
es,
the

vi-
hey
nted

nd
. A
ole,
ant
ich
of
We note from Eq.~3.5! that the Fourier components of th
random processT at the frequenciesf k are reduced in mag
nitude by the factor (pL)/(2ct). With a two-way light time
of about five hundred seconds, and an observation tim
eight hours, the reduction factor for the frequency fluctu
tions due to the troposphere, ionosphere, and the mecha
fluctuations of the ground antenna, is equal to 2.731022 for
the MGS data. In the case of Cassini instead this factor co
be as small as 2.531023 for the first opposition~40 days
integration, distance to the spacecraft 5.5 a.u.!.

In Eq. ~3.5! we provide also the antenna pattern of t
remaining signal at the frequenciesf k . As expected it is
equal to zero whenm561, and has a maximum value of
at m50. For sources randomly distributed over the sky, l
in the case of a stochastic background of gravitational wa
we can assume the angles~u,f! to be random variables uni
formly distributed over the sphere and over the inter
@0,2p# respectively. The average over~u,f! of the antenna
pattern given in Eq.~3.5! is equal to zero, while its variance
which we will denote withSh

2(k), is equal to the following
monotonically increasing function of the integerk

Sh
2~k!5

4

3
2

8

p2~2k21!2 , k51,2,3,. . . . ~3.6!

From Eq.~3.5! we can derive the expression for the expec
one-sided power spectral densitySy( f k) of the noise in the
Doppler responsey(t) at the frequenciesf k . Under the as-
sumption that the random processes representing each
source are uncorrelated with each other, and their one-s
power spectral densities are as given in@8,9#, we can plot
Sy( f k) for different radio tracking configurations. Sinc
Cassini will be simultaneously tracked at X and Ka ban
only at one of the three complexes of the Deep Space N
work ~DSN!, and tracking at the remaining two DSN facil
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ties will be performed at X-Band, we conclude that for o
third of the duration of these gravitational wave experime
the effects of the interplanetary plasma can be entirely
moved from the Doppler data, while for two thirds of th
observing time the plasma noise will be one of the lead
noise sources in the Doppler data. In Fig. 2 we plot
one-sided spectral density of the noise in the Cassini Dop
residual, from which the interplanetary plasma scintillatio
have been removed. The continuous-line curve correspo
to the configuration in which eighty percent of noise due
the troposphere has been calibrated out with water va
radiometry, while the dotted-line assumes no calibration
the troposphere. Since the power of the frequency fluct
tions due to the troposphere are reduced, at the frequen
f k , to a level smaller than the remaining noise sources,
see why the two curves plotted in Fig. 2 coincide at t
frequenciesf k .

Figure 2 also allows us to estimate the signal-to-no
ratios for various waveforms. Gravitational waves can
classified into three categories, depending on their temp
behavior and their time duration relative to the time of o
servation. A complete review of gravitational wave sourc
and estimates of the corresponding strengths of interest in
millihertz frequency band, are given in Ref.@1#. Here we will
briefly summarize some of the anticipated sources of gra
tational waves and compare the amplitude of the waves t
are expected to radiate to the noise spectral levels prese
in Fig. 2 for the Cassini experiments.

Gravitational wave bursts in the millihertz frequency ba
could be emitted during different astrophysical scenarios
collapse of a star cluster to form a supermassive black h
for instance, might generate a waveform whose domin
spectral components coincide with the frequencies at wh
the effects of the troposphere and mechanical vibrations
the ground antenna are suppressed.
2-4
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SPACECRAFT DOPPLER TRACKING AS A NARROW- . . . PHYSICAL REVIEW D 58 042002
Another astrophysical scenario implying the emission o
gravitational wave burst is the fall of small black holes into
super massive black hole, as it might happen at the end o
merger of two galaxies hosting at their centers a black h
Although the temporal dependence of the gravitational w
burst radiated during the merger is unknown, the radiat
emitted by the newly formed hole during the settling proc
can be described mathematically quite well@17,18#. The ra-
diation in this case is strongly dominated by the black-h
quasinormal modes, whose frequencies and damping ti
depend on the mass of the hole and its angular momen
The strongest and most slowly damped of these mode
expected to be the fundamental, whose gravitational w
tensor can be written as follows@17#

hi j ~ t !5H ei j h0e2~ t2ts!/t0sin@2p f s~ t2ts!#, for t>ts

0 for t,ts
,

~3.7!

whereei j is the polarization tensor,h0 is the wave’s ampli-
tude at its time of arrivalts , and f s andt0 are the quasinor-
mal mode’s frequency and damping time respectively. T
analytic expressions for the amplitudeh0 , the frequencyf s
of the damped mode, and the damping timet0 are as follows
@17,18#

h05
1

r S G

p2c3

DE

f s
D 1/2

~3.8!

f s5
c3

2pMG
@120.63~12a!0.3#

~3.9!

p f st052~12a!20.45>2. ~3.10!

Here r is the physical distance to the black-hole,DE is the
energy radiated in the form of gravitational waves over
time scale 1/f s , a is the dimensionless rotation paramet
andM is the mass of the black-hole. Whena approaches 1
we have a relativistically rotating black-hole, whilea50
corresponds to the radiation from a perturbed Schwarzsc
hole @17#. Note that, in order for the signal to perform on
oscillation before getting damped, the black-hole must ro
with an angular momentuma as large as 0.633@the right-
hand-side of Eq.~3.10! must be equal top in order to have
t051/f s#.

It is well known that the largest signal-to-noise ratio
achieved by applying matched filtering to the data@19#. We
have calculated the signal-to-noise ratio achievable w
matched filtering for the quasi-normal mode waveform giv
by Eqs.~3.7!–~3.10! in the presence of noise having spe
trum as in Fig. 2. Under the assumption that the propaga
direction of the signal is orthogonal to the radio beam,
signal-to-noise ratio@SNR(f s ,a)# given by matched filtering
is @18#
04200
a

he
e.
e
n
s

e
es
m.
is
e

e

e
,

ild

te

h
n

n
e

SNR~ f s ,a!5
h0

2f s
2

2p2 E
2`

1`

3

sin2S p f

2 f s
D

Sy~ f !@ f 42A f21B#
d f , ~3.11!

where we have denoted withA and B the following func-
tions:

A52F12
~12a!9/10

16 G f s
2 ~3.12!

B5F11
~12a!9/10

16 G2

f s
4. ~3.13!

If we assume the energyDE emitted in the form of gravi-
tational radiation to be proportional to the rest energy of
black-hole (DE5eMc2), by substituting Eq.~3.9! into Eq.
~3.8! it is easy to derive the following expression for th
wave’s amplitudeh0 :

h05
c

pr f s
H @120.63~12a!0.3#e

2p J 1/2

. ~3.14!

Note from Eq.~3.14! that, for a fixed angular momentuma,
fractional radiated energye, and source distancer , the am-
plitude of the wave increases inversely with the center f
quency, f s . This is because the mass of the system is
versely proportional tof s @Eq. ~3.9!#. For example, for a
frequency f s51024, the corresponding mass of th
Schwarzschild black hole is about 108 M ( .

Owing to the spectral modulation, the signal-to-noise ra
of the filter matched to a quasi-normal mode waveform w
vary with center frequency,f s . In Figs. 3~a,b! we plot this
signal-to-noise ratio versusf s for non-rotating (a50) and
highly-rotating (a50.99) waveforms for the two noise spe
tra given in Fig. 2. Note that the signal-to-noise ratios ha
been plotted fore51024 andr 51 Mpc; the explicit depen-
dence of the SNR on these two parameters is proportiona
e1r 22.

As an example application of Fig. 3, consider gravi
tional radiation from quasinormal mode perturbations o
black hole in the Andromeda galaxy. There is evidence t
Andromeda (r 5770 kpc) has a (125)3107 M ( black hole
@20#. For a rapidly-rotating 53107 M ( black hole, f s
50.00054 Hz. The Cassini first opposition hasu'117° with
respect to Andromeda, giving good angular response.
achieve a matched filter SNR of 10, the quasinormal mo
vibrations of the black hole in Andromeda requires an e
ciency e'331025. For more massive holes~up to
'109 M () in the Virgo cluster or a less massive ho
('106 M () at the Galactic center, the quasinormal mo
radiation efficiency would need to be comparable,e
'1024, to achieve SNR510 with Cassini.

Let us now turn to the two remaining classes of gravi
tional waveforms, namely sinusoids and stochastic ba
grounds of gravitational radiation. In the case of the stoch
2-5
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FIG. 3. Signal-to-noise ratio~SNR! for matched filtering to quasinormal mode gravitational waves incident at right angles to
earth-spacecraft line, as a function of the normal mode frequencyf s and two values of the angular momentum parameter,a50 ~dashed! and
a50.99 ~solid!. ~a! SNR for no tropospheric corrections.~b! SNR for 80 percent of the tropospheric noise removed.
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tic background with bandwidth equal to center frequency,
sensitivity of the Doppler data at the frequenciesf k is given
by the expected root-mean-squared~r.m.s.! noise levels( f k)
of the frequency fluctuations in the bins of widthf k . This is
given by the following expression:

s~ f k!5@Sy~ f k! f k#
1/2, k51,2,3,. . . ., ~3.15!

whereSy( f k) is the one-sided power spectral density of t
noise sources in the Doppler responsey(t) at the frequency
f k , as given in Fig. 2.

When searching for a stochastic background of grav
tional radiation, best sensitivity is achieved at the lowest
lophone frequency. For the first Cassini opposition,f 159
31025 Hz. We get an energy density per unit logarithm
frequency and per unit critical energy densityV @1# equal to
04200
e

-
-

'1022, after taking into account the effect of the r.m.s. a
tenna pattern (Sh

2)1/2(k51) given in Eq.~3.6!. Subsequent
Cassini oppositions have lower first xylophone frequenc
giving V'431023. Cassini will give the best observationa
upper limit on a gravitational wave background in the mil
hertz band.

Sources of sinusoidal gravitational waves in the millihe
frequency band are expected to be spiraling binary syst
containing black holes@21#. As such a system evolves, th
frequency of the emitted radiation slowly increases due
gravitational radiation reaction. If the source radiates n
one of the frequenciesf k and is sufficiently far from coales
cence then it will radiate predominantly as a sinusoid. In
millihertz band we can describe mathematically the radiat
they emit quite accurately in the Newtonian approximatio
In this framework the maximum amplitude radiated by t
2-6
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system, and the time it spends around a specified frequenf
are given by the following expressions:

h~ t !5
4G5/3

c4

m

r
@p f ~ t !M #2/3 ~3.16!

f ~ t !

ḟ ~ t !
[h~ t !5

5c5

96G

@p f ~ t !#28/3

m~GM!2/3
,

~3.17!

wherer is the physical distance to the binary system,G is
the gravitational constant,c is the speed of light,h is the
characteristic time spent by the system around the freque
f (t), and m and M are the reduced and total mass of t
system respectively. Since the maximum signal-to-noise
tio at the frequenciesf k will be achieved when the signal’
frequency does not change more than the frequency res
tion D f of the Fourier transform, the following conditio
must be satisfied:

ḟ 2t,
1

2t
. ~3.18!

If we divide both sides of Eq.~3.18! by one of the frequen-
cies f k , we obtain the following inequality relating the tim
spent by the signal’s frequency around the frequencyf k , hk ,
to the integration time 2t:

hk. f k~2t!2. ~3.19!

Note that, the smaller the frequency at which we will pe
form our observation the easier will be to have binary s
tems radiating sinusoidally over the period of observation.
9.031025 Hz, and with an observation time of 40 days, w
will be able to integrate coherently for signals that spe
about 4.03108 seconds around such a frequency. If we n
multiply Eqs. ~3.16!, ~3.17!, we note that the producthh
does not depend on the mass of the system, and is a fun
only of the frequencyf and the physical distancer @22#:

h3h5
5c

24r ~p f !2 ~3.20!

By assuming equal mass objects, and the smallesth consis-
tent with Eq.~3.19! (4.03108 seconds!, the implied mass for
a 9.031025 Hz radiation frequency is'105 M ( . For this
value of h, and an equivalent sinusoidal sensitivity
,
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i
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'10216 at f 1 , we find that such a system could be observ
with SNR.10 to a distance'100 kpc, which includes
many members of the Local Group.

IV. CONCLUSIONS

The main result of our analysis is that, during searches
gravitational radiation, it is possible to reduce the noise
the troposphere, ionosphere, and mechanical vibration
the ground antenna at selected Fourier components of
power spectrum of two-way Doppler tracking data. A
equivalent sinusoidal signal sensitivity of'5.0310217 at a
frequency of 2.031023 has been estimated for the futu
Cassini gravitational wave experiments, which will be pe
formed starting in November 2001. For quasi-normal mo
burst waves, we analyzed Cassini’s sensitivity as a func
of dominant wave frequency, radiation efficiency, angu
momentum, and distance. We found that fractional radia
energye greater than about 331025 is required for reliable
detections of quasinormal mode radiation from known m
sive black hole candidates. For a stochastic backgroun
gravitational radiation, at the xylophone frequencyf 159
31025 Hz we estimated an energy density per unit logari
mic frequency and per unit critical energy densityV equal to
'1022 with the expected Cassini noise spectrum.

The data analysis technique presented in this paper ca
extended to a configuration with two spacecraft track
each other through microwave or laser links in order to mi
mize the noise of the onboard frequency references. Fu
space-based laser interferometric detectors of gravitatio
waves@2#, for instance, could implement this technique as
backup option, if failure of some of their components wou
make the normal interferometric operation impossible.
this case, the secondary noises are much smaller than
principal noise source, leading to very dramatic sensitiv
improvements at the xylophone frequencies. We will explo
in a forthcoming paper the strain sensitivities achieva
with spacecraft to spacecraft Doppler tracking systems.
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