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Relativistic quantum model of confinement and the current quark masses
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We consider a relativistic quantum model of confined massive spinning quarks and antiquarks which de-
scribes the leading Regge trajectories of mesons. The quarks are described by the Dirac equations and the
gluon contribution is approximated by the Nambu-Goto straight-line string. The string tension and the current
quark masses are the main parameters of the model. Additional parameters are phenomenological constants
which approximate nonstring short-range contributions. A comparison of the measured meson masses with the
model predictions allows one to determine the current quark masses~in MeV! to be ms522765, mc

51440610, andmb54715620. The chiral SU3 model makes it possible to estimate from here theu- and
d-quark masses to bemu56.260.2 Mev andmd511.160.4 Mev. @S0556-2821~98!03313-X#

PACS number~s!: 12.60.Rc, 12.15.Ff
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It has been believed for a long time that the properties
quarks confined in a meson are closely related to those o
relativistic string with a Nambu-Goto self-interaction@1#.
The anomaly in quantum string theory in four-dimension
space-time has led to other important applications of str
theory @1#. Nevertheless, hadron theory can use particu
simple configurations of the string for an approximate d
scription of the hadrons if these configurations admit rela
istic quantization. If the approximate hadron model obtain
in this way appears to be in acceptable agreement with
experiment one can try next more complicated string c
figurations, having in mind that at some step the whole
tion of a string may fail, especially when more experimen
information about hadron daughter trajectories will be av
able.

The simplest string configuration, a straight-line strin
was quantized in@2,3# in accordance with Poincare´ invari-
ance and gave good agreement with the spectrum of
light-quark mesons lying on the leading Regge trajecto
The next approximation was to take into account the mas
and the spins of the quarks attached to the ends of the st
This has been done in@4–16# with various assumptions.

The distinctive features of the present approach as c
pared with those of Refs.@4–16# are the consistent treatme
of the quark spins and the canonical quantization. The ga
invariant formalism is used throughout the paper. We a
show that there is no radial motion of the quarks along
rotating straight-line string. This means that the daughter
son states correspond to higher modes of the string~vibra-
tions!.

The advantage of the present approach as compared
the potential models~@17# for example! is relativistic invari-
ance~in @17# it is only approximate! and use of current quar
masses~in @17# constituent quark masses are used!. The dis-
advantage of the present paper is restriction to the lea
Regge trajectories, i.e., in the potential model language
the lowest radial excitations.

We consider the Nambu-Goto straight-line string w
pointlike massive spinning quarks attached to its ends. T
is an extended relativistic object@18,19# called a rotator for
which the explicitly relativistic description introduces aux
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iary variables resulting in a symmetry of the rotator Lagran
ian. The Hamiltonian of the rotator is given by an implic
function which can be calculated numerically. For importa
particular cases~light or heavy quarks! series expansions fo
the Hamiltonian are obtained.

The quark spins are described by anticommuting s
variables obeying constraints@20#. Special care has bee
taken to ensure conservation of these constraints@21,22#.

Canonical quantization of this system preserving
Poincare´ invariance yields meson states with different sp
and parities lying on Regge trajectories which depend on
quark masses. The 16-component wave function of a c
posite meson satisfies two Dirac equations and a spe
condition which can be compared with the experimen
mass spectrum.

The spectral condition contains a contribution of the u
versal string confining mechanism together with nonstr
short-range contribution which is treated phenomenolo
cally. The dominant part of the short-range contribution
not depend on the meson spinJ and its decreasing withJ
part is seen only in low-J quarkonia. The string contribution
dominates when at least one quark is light and grows w
the meson spin. On the other hand, it is near threshold
low-spin heavy-quark mesons. The string contribution to
Y(1S) mass is about 20 MeV and to thexb2(1P) mass
– 320 MeV.

So, the present approach in its simple form is applica
to mesons containing at least one light quark where the n
relativistic potential models are not applicable. For hea
quarkonia the string mechanism should be supplemen
with other small~compared to heavy-quark masses! contri-
butions to account for the fine structure of the levels.

We compare the model with experiment for the trajec
ries with P5C5(21)J and lowest states havingJPC

5122. For these trajectories mesons with highest spins w
observed and mixing with other trajectories is negligible.

This comparison with meson masses allows to estim
the currents-, c- andb-quark masses assuming that the c
rent u- and d-quark masses are zero within error bars. W
then use the chiral SU3 model @23# to estimate theu- and
d-quark masses through thes-quark mass to check the con
sistency of the calculations.
© 1998 The American Physical Society05-1
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To check the model we have used the obtained qu
masses to calculate the masses of mesons not used i
input. We compare the predicted masses with experim
and with the results of the potential model@17# and discuss a
possible interpretation of the gluon string in terms of t
potential model.

So, let us consider a simplest extended relativistic obj
a straight-line:

x~t,s!5r ~t!1 f ~t,s!q~t!, ~1!

where r is a 4-vector corresponding to a point on t
straight-line,q is an affine 4-vector of its direction,f is a
scalar monotonic function ofs labelling points on the line,
and t is a scalar evolution parameter. We shall not fix t
coordinatesf i(t)5 f „t,s i(t)… of the end points of the string
considering them as dynamical variables to be determi
from extremum of an action. Then the explicit Poincare´ co-
variance of Eq.~1! introduces superfluous variables not ne
essary for description of the straight-line as a physical obj
so that theory in terms of Eq.~1! must be invariant under a
group of three sets oft-dependent transformations~gauge
transformations!.

~1! The shift of r alongq:

r→r 1 f ~t!q. ~2!

~2! The multiplication ofq by an arbitrary scalar function:

q→g~t!q. ~3!

~3! The reparametrization oft, which means that the La
grangian must satisfy the condition

L„h~t!ż,h~t!~h~t!ż!˙…5h~t!L~ ż,z̈!, ~4!

whereż and z̈ mean everyt-derivative in the Lagrangian.
This symmetry implies that the phase-space variable

our system obey three constraints which are in involut
with respect to their Poisson brackets; the canonical Ha
tonian is zero and the total Hamiltonian is a linear combi
tion of the constraint functions.

Invariants of a symmetry play an important role in t
description of a symmetric system. In our case they are
thonormal vectors along line direction, velocity of the lin
rotation, and velocity of its movement as a whole:

n5~2q2!21/2q, v15b21ṅ, v05~ ṙ'
2 !21/2ṙ' , ~5!

where

b5~2ṅ2!1/2 ~6!

and

ṙ'
k 5~gkl1nknl1v1kv1l ! ṙ l . ~7!

The angular velocityb is invariant under Eqs.~2! and~3! and
transforms as the Lagrangian under Eq.~4!. The scalar in-
variant of the symmetry is
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l 5b21~ ṙ'
2 !1/2. ~8!

We shall label points on the string with respect to the inst
center of its rotationz:

~2q2!1/2f 5z1y, ~9!

z5b21ṙv1 ~10!

~velocity of the pointr 1zn, orthogonal toq, is orthogonal to
v1). The length of the rotator at fixedt is uy22y1u. From
ẋi

2>0 it follows that uyi u< l .
We shall take quark spins into account later on. Witho

quark spins the Lagrangian of our model is a sum of
Nambu-Goto Lagrangian for an open string with a strin
tension parametera and two Lagrangians for free pointlik
particles with massesm1 andm2 and velocities of the ends o
the string

L52aE
s1

s2
g1/2ds2(

i
mi~ ẋi

2!1/2, ~11!

where g5( ẋx8)22 ẋ2x82 is minus determinant of the in
duced metric of the string worldsheet andẋi
5dx„t,s i(t)…/dt, i 51,2 are velocities of the string end
Using the notations introduced above we can rewrite
~11! for the straight-line string~1,9! in the form

L52bF, ~12!

whereF is a gauge and Poincare´ invariant function

F5aE
y1

y2
~ l 22x2!1/2dx1( mi~ l 22yi

22wi
2!1/2, ~13!

wi5b21~ ẏi1 ż2 ṙ n!. ~14!

We shall consider the case when

bÞ0 ~15!

~this is a gauge invariant condition!. Then we must conside
wi as independent variables and the stationary condition w
respect to them yields

wi50. ~16!

The other way to obtain this result@16# is to consider the
Euler-Lagrange equations following directly from Eq.~11!
which give for the straight-line string

ẏ50, ż2 ṙ n50. ~17!

Equation~16! follows from here by continuity.
We conclude that for our model

F5aE
y1

y2
~ l 22x2!1/2dx1( mi~ l 22yi

2!1/2 ~18!

with yi satisfying the stationary condition
5-2
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RELATIVISTIC QUANTUM MODEL OF CONFINEMENT . . . PHYSICAL REVIEW D58 035005
]F/]yi50, ~19!

or

~21! i yi5„l 21~mi /2a!2
…

1/22~mi /2a!. ~20!

Calculating the momentap andp canonically conjugate tor
andq,

p52]L/] ṙ , p52]L/]q̇, ~21!

we get three constraintsf i50, i 51,2,3 where the con
straint functions are

f15pq, f25pq, ~22!

f35L2K. ~23!

Here

L5„~q22~qp!2/p2!p2
…

1/2 ~24!

is the magnitude of the conserved orbital spin

Lm5emnrspnM rs/2m, ~25!

where

Mmn5r [mpn]1q[mpn] ~26!

is the angular momentum tensor.K is a function of m
5(p2)1/2, implicitly given by the equations

K5 lm2F, ~27!

]F/] l 5m. ~28!

The rotator Hamiltonian is a linear combination of the co
straint functions

H5 (
i 51,2,3

cif i . ~29!

It determines the dynamical equations for any variableX

Ẋ5$X,H%, ~30!

f i50 after calculating the brackets and the nonzero Pois
brackets are

$pm,r n%5$pm,qn%5gmn. ~31!

We can choose gauge conditions to fixc1,250 in Eq. ~29!:

pp50, q21150. ~32!

To obtain the Poisson brackets in this gauge we introd
new variables having vanishing brackets with the constra
~22! and ~32!:

p, r 05r 1„~pp!q2~pq!p…/p2, v5~2qp
2!21/2qp , L

~33!
03500
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m5(gmn2pmpn/p2)qn#. To have zero brackets of the ex

ternal coordinate of the rotation centerr 0 with the internal
coordinatesv andL we use four orthonormal vectorsea ,a
50,1,2,3,

e05p/m, eaeb5gab , ~34!

and introduce new variables

na52eav, La52eaL, a51,2,3, ~35!

z5r 01
1

2
eabcean

]eb
n

]p
Lc. ~36!

The nonzero Poisson brackets of the new variables are

$pk,zl%5gkl, $La,Lb%5eabcL
c, $La,nb%5eabcn

c.
~37!

The constraint functionf3 now takes the form

f35„~La!2
…

1/22K~m! ~38!

and the solution of the dynamical equations~30! can be eas-
ily obtained to be

z5z01 lVp/m, ~39!

n5n0cosV2n1sinV, ~40!

V5E c3dt. ~41!

From Eq.~39! the laboratory time of the rotation center

t5z02z0
05 lVp0/m ~42!

and the space coordinates of this point

za5z0
a1pat/p0 ~43!

correspond to its movement in the laboratory with const
velocity pa/p0. The direction of the rotator rotates with con
stant angular velocity

v5
m

p0l
, ~44!

wherel 5 l (m) from Eq. ~28!.
The canonical quantization can now be performed qu

easily. We replace our variables by operators and their P
son brackets~37! by commutators. The constraint equatio
now holds for the wave function

@„~La!2
…

1/22K~m!2a0#c50, ~45!

where in the operator form of Eq.~38! we have added a term
a0 to account for nonstring short-range contributions.

Our quantum system is relativistic because the quant
tion procedure transforms the classical Poisson bracket
pm and M ns into commutators without any change in the
form, so that the Poincare´ algebra is fully preserved.
5-3
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L. D. SOLOVIEV PHYSICAL REVIEW D 58 035005
Quark spins are important especially for smallL. They
were taken into account in@21,22# where the spinless
particle Lagrangians in Eq.~11! were replaced by those o
Berezin and Marinov@20# and a special term was added
preserve conservation of the spin constraints, with the re
that for the leading Regge trajectories one can simply rep
the orbital spinL in Eq. ~45! by the total meson spinJ. This
yields

„J~J11!…1/25K~m!1a0 ~46!

for the physical eigenstates with fixed dependence of sp
and charge-conjugation paritiesP andC on J.

The functionK(m) is given by Eqs.~18!, ~20!, ~27!, and
~28!. We must solve Eq.~28! to find l as a function ofm and
put this function into Eq.~27!. This can be done numericall
for any quark masses. For important particular casesK can
be expanded into a series. For light quarks,

yi5pmi /m!1, ~47!

K~m!5
m2

2paF12
4

3p( yi
3/2S 12

3

20
yi D

1
1

~3p!2S ( yi
3/2D 2

1O~yi
7/2!G . ~48!

For heavy quarks

D5m2m12m2!mi , ~49!

K~m!5
1

aS 2

3
D D 3/2

n1
21/2F11

7

36

n3

n1
2

D1OS S D

mi
D 2D G ,

~50!

nn5( mi
2n . ~51!

For light and heavy quarks

d5m2m2 , y15
pm1

2d
!1, x25

2d

pm2
!1, ~52!

K~m!5
d2

paF12
8

3p
y1

3/22
2

p
x21

9

p2
x2

2

2S 54

p3
2

7

6p D x2
31S 378

p4
2

35

2p2D x2
41O~y1

5/2!

1O~y1
3/2x2!1O~x2

5!G . ~53!

We see that the slope of the trajectory for mesons formed
a heavy and a light quark~antiquark! is twice as big as for
light-quark mesons.

The terma0 in Eq. ~46! can in general depend onJ, but it
cannot grow withJ. An analysis of Coulomb-like short
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range interaction suggests the following dependence ofa0 on
J @or on m, what is practically the same when Eq.~46! is
satisfied#:

a05A1S 16m1m2

~m11m2!m~2J11!2D 2

B, ~54!

whereA andB do not depend onJ. In all cases considered
below the first term in Eq.~54! dominates, so the precis
form of the second term is not important for our conclusio
As a first approximation one could neglect the second te
to get the quark masses within error bars following fro
comparison with experiment. On the other hand the sec
term allows one to get good agreement with the experime
heavy-quarkonia spectrum. The errors in the quark masse
this case formally reduce and to estimate their values one
to go outside of the model and to analyze the interact
between mesons and their decay channels. An approxim
analysis of this problem was performed in Ref.@17# with the
result that the error in the heavy-quark meson masse
about 10 MeV. We tentatively take this value as an error
the heavy-quark masses deduced from a precise fit to ex
mental meson masses with the help of the second term in
~54!.

AssumingB in Eq. ~54! to be of order 1 we see that th
second term in Eq.~54! is negligible when one or both
quarks are light. It is negligible also for thess̄-mesons be-
low.

We shall apply Eq.~46! to the leading trajectories with
P5C5(21)J and the lowest states havingJPC5122. Es-
timates show they do not mix with other trajectories with t
sameJPC having much heavier states.

Applying Eq.~46! to the leadingr andK! trajectories we
have

K~mrJ!5K~mK!J!, ~55!

or, neglecting theu- andd-quark masses,

ms

mK!J

5
1

p
zJ

2/3S 11
1

10
zJ

2/31
1

18p
zJ1O~zJ

4/3! D , ~56!

zJ5
3p

4 S 12
mrJ

2

mK!J
2 D . ~57!

The error from neglecting theu- andd-quark masses can b
estimated from thev- and r-mass difference to be 1.8%
Using experimental data for the meson masses from@24# we
obtain the corresponding values for the strange quark m
shown in Table I. The error in the averagems corresponds to
the accuracy of calculations and, partly, to the accuracy
the model.

We get the following values for the other model para
eters:

a50.176 GeV2, 2pa[a82151.11 GeV2, ~58!

a05A50.88. ~59!
5-4
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The parameter~59! is the same for the light and the stran
quarks and corresponds to the intercept parameter~of J with
the K50 axis! J050.51.

Knowing the strange-quark mass we can estimate
light-quark masses from the linear approximation of the c
ral SU3 model @23#:

mu /md50.55460.002, ms /md520.1360.03. ~60!

Using ms from Table I here we get~in MeV!

mu56.260.2, md511.160.4. ~61!

We see that neglecting these masses in the above cal
tions does not introduce any noticeable error.

To check these results we can use them to calcu
masses of mesons consisting ofss̄, Table II. They are in

TABLE I. The input meson masses and the predicted curr
quark masses in the present model.

Meson Input meson Quark masses in MeV
spin J masses@24# Calculated in Other estimates@24#

the present model

1 r,K! ms522064
2 a2 ,K2

! ms523464
3 r3 ,K3

! ms5204618
average ms522765 ms 5100 to 300

1 D!,D2
! mc51440610 mc51.0 to 1.6 GeV

1 Y,B!,xb2 mb54715620 mb54.1 to 4.5GeV

TABLE II. The model predictions for meson masses~in MeV!
and comparison with the potential model predictions of Ref.@17# (q
stands foru or d).

Quark Meson Present Experimental Potentia
content spinJPC model values model@17#

qq̄ 211 1317 1318.160.7 1310

322 1690 169165 1680
411 1993 2010
522 2255 2300

qs̄ 41 2080 204569 2110

ss̄ 122 1019 1019.41360.008 1020

211 1520 152565 1530
322 1873 185467 1900
411 2160 2200

cq̄ 32 2780 2830

cs̄ 12 2134 2112.460.7 2130

21 2561 2573.561.7 2590
32 2870 2920

cc̄ 322 3830 3850

bq̄ 21 5720 5800

bs̄ 12 5430 5450

bc̄ 12 6410 6340

bb̄ 322 10110 10160
03500
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good agreement with the experimental values.
To obtain thec-quark mass we consider Eqs.~46!,~54! for

the D! andD2
! mesons. The second term in Eq.~54! is neg-

ligible and

A25K~D!!1A~c!, A65K~D2
!!1A~c!, ~62!

what allows us to calculate thec-quark mass through thos
of D! andD2

! ~Table I! and to estimateA(c):

A~c!50.90. ~63!

We see that it is close to the constantA for the light quarks
~59!. To describe this closeness let us remark that the s
0.02 in a0 yields the shift from210 to 217 MeV in the
vector-meson masses. This shift decreases for higher m
spins.

Application of Eqs.~46!,~54! to the cc̄-mesonsJ/c and
xc2(1P) gives the constants

A~cc̄!50.90, ~64!

which coincides with Eq.~63!, and

B~cc̄!51.43. ~65!

For theb-quark we cannot carry out a similar analysis b
cause the mass ofB2

! is not known. To get an estimate of th
b-quark mass we have to rely on an assumption. The sa
assumption seems to be

A~b!5A~bb̄! ~66!

similar to the case of thec-quark~63!,~64!. Using the masses
of B!,Y(1S) andxb2(1P) mesons we get theb-quark mass
in Table I and

A~b!5A~bb̄!50.77, ~67!

B~bb̄!53.14. ~68!

Experimental measurement of theB2
! mass is important for

checking the assumption~66!.
Now we can calculate masses of other mesons belon

to our trajectory. Some of them are presented in Table
together with experimental data available and predictions
the potential model of Ref.@17#. This model is based upon
linear rising potential, Coulomb-like short-range potent
from perturbative QCD, approximate relativistic correction
and constituent quark masses among other parameters.

It is tempting to conclude from Table II that the prese
model agrees slightly better with the data and that fut
precise measurements might distinguish both models. Bu
more impressive is the similarity of the results of apparen
quite different calculations. This similarity confirms the ma
physical motivation for considering the gluon string, name
the string describes two separate mechanisms of the pote

t

5-5
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L. D. SOLOVIEV PHYSICAL REVIEW D 58 035005
approach, confining potential, and the constituent qu
masses.

In conclusion, let us discuss the relation between qu
masses in this model and in QCD. The present model
quantum mechanical model of free quarks bound in mes
Since it agrees with experimental data it is reasonable
assume that the quark masses of this model are the cu
quark masses entering as parameters into the QCD Lagr
n,

r-
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ian when one uses the on-mass-shell perturbative renor
ization procedure summed to all orders.

It would be interesting to check the obtained values of
current quark masses in other applications.

The author is grateful to V.A. Petrov, Yu.F. Pirogov, an
A.V. Razumov for discussions and to Professor A. D. Kris
for the kind hospitality at the University of Michigan wher
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