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Strongly coupled U„1… lattice gauge theory as a microscopic model of Yukawa theory

W. Franzki and J. Jersa´k
Institut für Theoretische Physik E, RWTH Aachen, Aachen, Germany

~Received 25 November 1997; published 9 July 1998!

Dynamical chiral symmetry breaking in a strongly coupled U~1! lattice gauge model with charged fermions
and a scalar is investigated by numerical simulation. Several composite neutral states are observed, in particu-
lar a massive fermion. In the vicinity of the tricritical point of this model we study the effective Yukawa
coupling between this fermion and the Goldstone boson. The perturbative triviality bound of Yukawa models
is nearly saturated. The theory is quite similar to strongly coupled Yukawa models for sufficiently large
coupling except for the occurrence of an additional state—a gauge ball of mass about half the mass of the
fermion. @S0556-2821~98!05115-7#

PACS number~s!: 11.15.Ha, 11.30.Qc
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The question of whether the Higgs-Yukawa mechani
of symmetry breaking and particle mass generation in c
temporary high energy physics might be an effective the
to some more fundamental renormalizable quantum fi
theory with dynamical symmetry breaking has been rai
many times. It is of particular interest with respect to t
large top quark mass, stimulating, e.g., the idea of top co
The pursuit of this question leads frequently to devis
strongly coupled gauge theories beyond the standard m
with speculative nonperturbative dynamics. It might be
spiring to have prototypes of such ‘‘microscopic’’ gaug
models of Yukawa theory with a solid and accessible
namical framework. Numerical lattice methods are justifi
for this purpose provided a lattice model can be found w
the required basic dynamical properties, though neglec
various phenomenological aspects. In particular, these p
erties should be preserved when approaching the contin
limit; i.e., the model should be nonperturbatively renorm
izable.

A promising lattice model has been suggested in Ref.@1#.
This ‘‘xUf model’’ consists of a charged fermion fieldx
with strong vectorlike coupling to a compact U~1! gauge
field U, and a scalar fieldf of the same charge. Here w
summarize the results of our extensive systematic invest
tions of this model in four dimensions by means of nume
cal simulations with dynamical fermions. Though we cann
decide by currently available means whether the mode
renormalizable, we find some encouraging properties. A
tailed account is given in a parallel paper@2# and in some
previous works@3–6#.

The same model has been investigated also in lower
mensions. There is little doubt that thexUf model defines a
renormalizable quantum field theory in two dimensions,
longing to the universality class of the chiral Gross-Nev
model @7#. Also first results in three dimensions sugge
renormalizability@8#.

Finding a ‘‘promising’’ lattice model meets two majo
difficulties. Strongly coupled lattice gauge theories with fe
mions exhibit frequently the required dynamical chiral sy
metry breaking. However, this phenomenon comes mo
along with undesirable confinement of fermions acquir
mass. Furthermore, at strong coupling, it is difficult to find
second order phase transition required for an approac
continuum.
0556-2821/98/58~3!/034509~4!/$15.00 58 0345
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In the xUf model, the scalar fieldf helps to solve both
problems. First, it shields the fermion charge and gives
to an unconfined, i.e., physical massive, fermionF5f†x in
the phase with chiral symmetry broken dynamically by t
gauge interaction~Nambu phase!. Second, the scalarsup-
pressesthis symmetry breaking and at sufficiently stron
gauge coupling induces a second order transition to a ch
symmetric~Higgs! phase, thus opening a way to continuu

We find that one particular point of the phase transiti
line, the tricritical pointE, represents a new kind~new uni-
versality class! of dynamical symmetry breaking mechanis
in strongly coupled gauge theories with fermions in four
mensions. We present some evidence that a strongly cou
effective Yukawa theory results. It describes the interact
between the composite fermionF and somex̄x ‘‘mesons.’’
At this point the model could serve as a microscopic mo
of Yukawa theory. But in addition, the mechanism produc
also a scalar gauge ball.

To explain these findings, we now summarize the m
relevant features of the model~more details can be found in
@2#!. The model is defined by the action

S5Sx1SU1Sf ,

Sx5
1

2(x
x̄x (

m51

4

hxm~Ux,mxx1m2Ux2m,m
† xx2m!

1am0(
x

x̄xxx ,

SU52b(
P

cos~QP!,

Sf52k(
x

(
m51

4

~fx
†Ux,mfx1m1H.c.!.

HereQPP@0,2p) is the plaquette angle, i.e., the argument
the product of U~1! gauge field link variablesUx,m along a
plaquetteP. Taking QP5a2gFmn , where a is the lattice
spacing, andb51/g2, one obtains for weak couplingg the
continuum gauge actionSU5 1

4 *d4xFmn
2 . The staggered fer-

mion fieldx has~real! bare massam0 in lattice units. It leads
© 1998 The American Physical Society09-1
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W. FRANZKI AND J. JERSÁK PHYSICAL REVIEW D 58 034509
to four fermion species in the continuum limit. Sign facto
hxm are standard for staggered fermions. The complex sc
field is constrained,ufu51. As its ‘‘hopping parameter’’k
increases, it drives the model into the usual Higgs phase

We note that there is no Yukawa coupling betweenx and
f, as both fields have the same charge. The model has~1!
global chiral symmetry in the limit of vanishing fermion ba
mass in physical units,m050. This is the case we are real
interested in. The numerical simulations have to be car
out at nonvanishingm0, however, and an extrapolation to th
chiral limit performed. Foram0Þ0, the chiral transforma-
tion relates the model at6am0.

The phase diagram atm050 is shown in Fig. 1. One limit
case isk50, corresponding to the massless compact lat
QED. Another important limit case isb50. Here the model
can be rewritten exactly as the lattice NJL model@9# with the
critical point N. The strong four-fermion coupling of tha
model corresponds to smallk. The Nambu phase thus con
nects the broken chiral symmetry phases of both these l
models. Only a part of its boundary, the NE line, represe
second order phase transitions.

Point E is far away from any limit case and it does n
appear to be accessible by any reliable analytic method,
ther on the lattice nor in continuum. It is ‘‘tricritical’’ be-
cause in the full parameter space~including am0) there are,
apart from NE, two further second order ‘‘wing’’ lines en
tering E from the positive and negativeam0 directions. The
existence of a common point E of these three second o
lines is neither predicted nor understood. The evidenc
purely numerical, but quite strong@2#. Its position is bE
50.62(3),kE50.32(2).

The importance of point E is rooted in the experien
from statistical mechanics that a tricritical point belongs t
universality class different from that of any of the seco
order lines entering into it@10#. ~The basic properties of tri

FIG. 1. Phase diagram of thexUf model in the chiral limit,
m050. The b50 limit corresponds to the Nambu–Jona-Lasin
~NJL! model. The NE line is a line of second order phase tran
tions. Other lines are lines of first order transitions. In the Nam
phase, chiral symmetry is broken dynamically and the ferm
F5f†x is massive. In the Higgs phase,F is massless. E is the
tricritical point where the scaling behavior is different from the N
model. The Coulomb and Higgs phases extend untilb5`. The
data points are positions of the phase transitions extrapolated t
infinite volume.
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critical points relevant in our context are summarized, e.g.
@11#.! The usual universality of second order line
suggests—and this is supported by our earlier investigat
@3#—that the whole NE line except point E corresponds
the same continuum model as point N, the NJL model. T
gauge field is presumably auxiliary and the model is the
fore of limited interest there. However, point E is expected
be different, the gauge field playing an important role.

To verify this expectation, we have investigated the cr
cal exponents and spectrum of the model in the vicinity of
The study of the exponents uses advanced techniques o
tistical physics and is described in@2#. Here we only mention
the found valuen t.1/3 of the correlation length tricritica
exponent. It is different fromn.1/2 along the NE line, con-
firming the particularity of E. It also differs from the predic
tion of the classical theory of tricritical points usually b
lieved to hold in four dimensions@10# and predictingn t

51/2. This indicates that point E is a tricritical point with th
important role of quantum fluctuations.

Some insight into the continuum physics, which might
obtained at point E, is provided by the spectrum and its s
ing behavior. The massesamQ are in lattice units and thus
only their ratios are physical. They are determined in
Nambu phase without any gauge fixing from the correlat
functions of various gauge invariant composite operatorsQ.
In this sense the massive physical fermionF, as well as other
physical states, is composite. The interaction between th
is due to the van der Waals remnant of the fundame
interactions.

The fermion massamF.0 decreases when the NE line
approached from the Nambu phase and there it is rathe
sensitive to the lattice size. It is small in the Higgs phase
finite lattices, decreasing with increasing lattice size. T
data are consistent with the expected vanishing ofamF in the
Higgs phase in the infinite volume limit.

We find severalx̄, x bound states and borrow their nam
from QCD. One of them is the obligatory pseudoscalar Go
stone bosonp with the dependence onam0 as required by
current algebra. Thep meson is massless in the chiral lim
in the whole Nambu phase. It would get ‘‘eaten’’ if the glo
bal chiral symmetry of thexUf model were gauged. This
process would be identical with the standard Higgs mec
nism. Thus we do not need to discuss it and mention it o
for completeness.

We obtain some results for the pion decay constant. T
data suggest a large ratiof p /mF increasing when point E is
approached. However, the value is sensitive to the lat
volume and we cannot yet extrapolate it to the infinite v
ume and continuum limit. If the ratio diverges, it would in
dicate the triviality of the model@12#. Its current value
f p /mF.1/3 for amF.0.4 can be considered as a low
bound.

Also the s meson in the antifermion-fermion channel
observed. Thes mass is quite dependent both on the latt
size and bare fermion mass, preventing its prediction in
continuum limit with m050. A strong lattice size depen
dence off p ands mass has been observed and explained
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STRONGLY COUPLED U~1! LATTICE GAUGE THEORY . . . PHYSICAL REVIEW D 58 034509
means of the Schwinger-Dyson equations in the limit c
b50, the NJL model, and holds apparently also in the
cinity of E.

Ther mass is insensitive to the lattice size and scales
the fermion mass, with the approximate valuemr.2mF .
We cannot distinguish between a bound state and a r
nance.

Also a neutral scalar~S boson! is seen, appearing as
composite off† andf and as a state of pure gauge field.
the Higgs phase it corresponds to the Higgs boson assoc
with the perturbative Higgs mechanism occurring in th
phase at largeb. In the Nambu phase it is more natural
interpret theS boson as a scalar gauge ball. The transit
between both interpretations is smooth, however, and
corresponding channels appreciably mix in the vicinity of

The massamS is nonzero in all phases and goes to ze
when the two wing critical lines are approached for anyam0.
For am050, the massamS goes to zero only at point E. Thi
illustrates the particular character of the tricritical point
Whereas only one of the massesamF or amS vanishes on
each of the second order lines, they both vanish at the
ritical point. As their ratio remains finite, both correspondi
states are present in the continuum limit taken at this po
This is the best evidence that the physical content~univer-
sality class! of point E differs from that of any of the adja
cent second order lines and thus does not correspond to
NJL model obtained at N.

As amS is only moderately dependent on the lattice si
we can estimate its scaling behavior when point E is
proached. This is shown in Fig. 2 fork50.30, which is
approximately thek coordinate of E. The ratiomS /mF re-
mains constant whenamF decreases, as long as finite si
effects are negligible. The sudden rise of the data at sm
amF is due to the strong finite size dependence ofamF in the
Higgs phase and shifts correspondingly to smalleramF when
the lattice volume increases. These observations sugges
the valuemS /mF.1/2 would be obtained in the continuum
limit at E.

In the rest of this paper we concentrate on the renorm
ized Yukawa couplingyR betweenF and p. It is obtained
from the three-point function of the corresponding compos
operators and thus can be interpreted as an effective Yuk

FIG. 2. Mass ratiomS /mF as a function of the fermion mas
when point E is approached. The data have been obtained on316
~open circles! and 8324 ~solid circles! lattices.
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coupling, which would describe the interaction betweenF
andp in the regime where their composite structure can
neglected. Our measurement, performed in a similar way
in @13#, is described in detail in@2,6#. In spite of the com-
plexity of the corresponding expressions,yR is measurable
with good precision. The reason is the strict locality of t
used operators. An attempt to measure also an analo
coupling of theS boson failed becauseS is described by
extended operators.

The renormalized Yukawa couplingyR is presented in
Fig. 3 ~solid symbols! for three differentam0 at k50.30 in
the Nambu phase close to E. We show it in dependence
amF and compare it with the tree level relation

yR
~ tree!5

amF

^x̄x&
AZp. ~1!

The agreement is so good that the open symbols represe
Eq. ~1! in Fig. 3 are nearly invisible.

The values foryR are not significantly dependent onam0.
Therefore we expect that the value foryR in the chiral limit

FIG. 4. yR of thep meson for different couplings along line NE
For b50.55 the tree level definition was used. Most data have b
taken on a 8324 lattice ~at b50 on 6316) with am050.01 ~at b
50.55 isam050.02). Shown is also the curve of maximalyR as it
results from the first order perturbative expansion in a correspo
ing Yukawa model. This curve goes to 0 foramF→0, as expected
from triviality.

FIG. 3. Effective Yukawa couplingyR of the p meson toF
~solid symbols! and the tree level relation~1! ~open symbols! as a
function of amF for different am0 at k50.30 on a 8324 lattice.
9-3
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W. FRANZKI AND J. JERSÁK PHYSICAL REVIEW D 58 034509
is rather well represented by our results atam050.01. In
Fig. 4 we show these results for substantially different ga
couplings. The results close to point E, forb50.64,k50.30,
andb50.55, are very similar. The values ofyR atb50 ~NJL
model! are significantly below the other data, however. T
implies that the Yukawa coupling gets stronger as one mo
from the NJL model to the vicinity ofE by increasingb at
fixed amF .

In the intervalyR.2 – 5, where the Yukawa coupling i
determined reliably, we compare our result with the curve
maximal renormalized coupling, resulting from the first o
der perturbative calculation in the Yukawa model~triviality
bound!:

yR max5
1

A2b0u ln~amF!u
, b05

NF

4p2
, ~2!

with NF54 the number of fermions including lattice dou
blers. In the lattice Yukawa models this upper bound
nearly saturated by the values ofyR obtained at the maxima
.
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possible bare Yukawa coupling@14,15#. As seen in Fig. 4,
also in our model close to E, the data are only slightly bel
the curve~2!. Thus, in this interval,yR has the same form a
that in the strongly coupled Yukawa models.

For yR,2, the data are significantly influenced by th
finite size effects, and we cannot make any conclusion
might be that some deviation from Yukawa theory occu
there. The fact thatyR is stronger in the vicinity of E than in
the NJL model suggests the question of whether it vanis
in the continuum limit,amF50, taken there. Is it zero as i
Yukawa theory, or could triviality be avoided at the tricrit
cal point? A reliable extrapolation ofyR to amF50 at the
tricritical point of thexUf model is a challenge for future
investigations.
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