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Long-baseline neutrino oscillation experiments andCP violation in the lepton sector
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We discuss possibilities to investigate the effects ofCP ~andT) violation in the lepton sector in neutrino
oscillation experiments. We consider the effects ofCP violation in the framework of two schemes of mixing
of four massive neutrinos that can accommodate the results of all neutrino oscillation experiments. Using the
constraints on the mixing parameters that follow from the results of short-baseline neutrino oscillation experi-
ments, we derive rather strong upper bounds on the effects ofCP violation in nhm�nhe transitions in long-
baseline neutrino oscillation experiments. We show that the effects ofCP violation in nhm�nht transitions in
long-baseline oscillation experiments can be as large as is allowed by the unitarity of the mixing matrix. The
matter effects, which complicate the problem of searching forCP violation in long-baseline experiments, are
discussed in detail. We consider theT-odd asymmetries whose measurement could allow to revealT andCP
violation in the lepton sector independently from matter effects.@S0556-2821~98!02313-3#

PACS number~s!: 14.60.Pq, 14.60.St
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I. INTRODUCTION

The violation ofCP invariance is one of the most impo
tant problems in particle physics. So far,CP violation has
only been observed in theK0K̄0 system@1#. Many future
experiments will investigate the effects ofCP violation in
decays ofB mesons and are aimed at revealing the origin
CP violation in the quark sector~for recent reviews see, e.g
Ref. @2#!. In the standard model of electroweak interactio
CP violation resides in a phase in the Cabibbo-Kobayas
Maskawa mixing matrix@3#. In the lepton sector an analo
gous mixing matrix is expected to exist if neutrinos are m
sive and, consequently, it is plausible to assume the pres
of CP-violating phases in the neutrino mixing matrix a
well.

At present there are some indications that neutrinos
massive and mixed particles coming from the results of s
neutrino experiments~Homestake @4#, Kamiokande @5#,
GALLEX @6#, SAGE @7# and Super-Kamiokande@8#!, of at-
mospheric neutrino experiments~Kamiokande@9#, IMB @10#,
Soudan@11# and Super-Kamiokande@12#! and of the accel-
erator Liquid Scintillation Neutrino Detector~LSND! experi-
ment @13#. The analysis of the data of these experiments
terms of neutrino oscillations indicates the existence of th
different scales of neutrino mass-squared differences:

Dmsun
2 ;1025 eV2 @14# or Dmsun

2 ;10210 eV2 @15#,
~1.1!

Dmatm
2 .531023 eV2 @12#, ~1.2!

0.3&DmLSND
2 &2.2 eV2 @13#. ~1.3!
0556-2821/98/58~3!/033001~15!/$15.00 58 0330
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The two possibilities forDmsun
2 correspond, respectively, t

the Mikheyev-Smirnov-Wolfenstein ~MSW! @16# and
vacuum oscillation~see Refs.@17–19#! solutions of the solar
neutrino problem. At present there is no information onCP
violation in the lepton sector.

Here we consider possibilities to reveal effects ofCP
violation in neutrino oscillations in schemes of neutrino m
ing that can provide three independent neutrino ma
squared differences. These schemes are based on th
sumption that the flavor neutrino fields are superpositions
four massive neutrino fields. This means that the neutr
mixing matrix can containCP-violating phases and effect
of CP violation in the lepton sector could be observed
neutrino oscillation experiments.

In principle, short-baseline~SBL! accelerator neutrino os
cillation experiments could be important sources of inform
tion on CP violation in the lepton sector, but in the case
four massive neutrinos only the largest mass-squared di
enceDm2[DmLSND

2 is relevant for SBL oscillations and th
effects ofCP violation cannot be revealed in SBL exper
ments@20#. This fact is discussed in Sec. II, where we revie
some general aspects ofCP violation in neutrino oscilla-
tions. In the rest of the paper we discuss the effects ofCP
violation that can be expected in future accelerator lo
baseline~LBL ! neutrino oscillation experiments@K2K @21#,
MINOS @22#, Imaging of Cosmic and Rare Underground E
periments~ICARUS! @23# and others@24#!.

In Refs. @25,26# we have shown that among all the po
sible schemes with four massive neutrinos only two can
commodate the results of all neutrino oscillation experime
~see also Ref.@27#!. These two schemes are presented in S
III. In Sec. IV we apply to these schemes the general me
© 1998 The American Physical Society01-1
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ods presented in the Appendixes A–C that allow one to
tain limits on the parameters that characterize theCP-odd
asymmetries in different LBL channels from the exclusi
plots obtained in SBL experiments. We show that in t
schemes under consideration there are rather severe
straints on the parameterI em that characterizesCP violations
in the nhm�nhe channels in vacuum, whereas the parame
I mt that characterizesCP violations innhm�nht LBL transi-
tions in vacuum can reach its maximum value determined
the unitarity of the mixing matrix.

The possible effects ofCP violation in LBL neutrino os-
cillation experiments have been discussed recently in the
erature@28–30# in the framework of three-neutrino schem
that could accommodate the results of some, but not
neutrino oscillation experiments~in particular, in these
schemes the solar neutrino problem cannot be explained
neutrino oscillations!. In Sec. V we apply the methods pre
sented in this paper in order to obtain the limits on the
rameters that characterize theCP-odd asymmetries in differ-
ent LBL channels in the framework of these schemes
mixing of three massive neutrinos.

In Sec. VI we discuss the implications of matter effec
for the possibility to observeCP violation in LBL experi-
ments. Matter effects can be large and they represent a
ous problem for the investigation ofCP violation in LBL
experiments because the interaction of neutrinos and
tineutrinos with matter is notCP symmetric. In order to
extract theCP-violating phases of the mixing matrix from
the measured asymmetries it is necessary to have det
information on the absolute values of the elements of
mixing matrix and on the neutrino mass-squared differenc
To avoid this problem, we consider theT-odd asymmetries
whose measurement could revealCP violation in the lepton
sector independently from the presence of matter~the matter
contribution to the effective Hamiltonian isT-symmetric!
@31#. Measurements of such asymmetries may be possib
the future, for example, with neutrino beams from muon c
liders @32,33#.

II. NEUTRINO OSCILLATIONS AND CP VIOLATION

In accordance with the neutrino mixing hypothesis~see,
for example, Refs.@17–19#!, a left-handed neutrino fieldnaL
is a mixture of the left-handed componentsnkL of the ~Dirac
or Majorana! fields of neutrinos with definite massesmk :

naL5(
k

UaknkL with a5e,m,t,s, . . . , ~2.1!

where U is the unitary mixing matrix. Herek>3 and
nsL , . . . are possible sterile neutrino fields. The mixing
Eq. ~2.1! implies that the transition probabilities in vacuu
of neutrinos and antineutrinos with momentump at a dis-
tanceL of the neutrino detector from the neutrino source
given by
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Pna→nb
5U(

k
UbkUak* expS 2 i

Dmk1
2 L

2p DU2

, ~2.2!

Pn̄a→ n̄b
5U(

k
Ubk* UakexpS 2 i

Dmk1
2 L

2p DU2

, ~2.3!

whereDmk1
2 [mk

22m1
2 ~we takem1<m2<•••). From Eqs.

~2.2! and ~2.3! it follows that the transition probabilities o
neutrinos and antineutrinos are connected by the relation

Pna→nb
5Pn̄b→ n̄a

. ~2.4!

This relation reflectsCPT invariance.
If CP invariance in the lepton sector holds, then there

conventions for the arbitrary phases such that in the cas
Dirac neutrinos we have

Uak5Uak* , ~2.5!

whereas in the case of Majorana neutrinos we have

Uak52Uak* hk , ~2.6!

wherehk56 i is the CP parity1 of the Majorana neutrino
with massmk ~see, for example, Ref.@18#!. It is obvious that
the CP paritieshk do not enter in the expressions for th
transitions amplitudes. Hence, in both the Dirac and Ma
rana cases,CP invariance implies that@35#

Pna→nb
5Pn̄a→ n̄b

. ~2.7!

Let us introduce theCP-odd asymmetries

Da;b[Pna→nb
2Pn̄a→ n̄b

. ~2.8!

From CP invariance it follows that

Da;b52Db;a . ~2.9!

Furthermore, from the unitarity of the mixing matrix w
have

(
bÞa

Da;b50. ~2.10!

We observe that in the case of transitions among three fla
states (ne ,nm ,nt) the CP asymmetries satisfy the relation
@20#

De;m5Dm;t5Dt;e , ~2.11!

which follow from Eqs.~2.9! and ~2.10!.

1The CP parities of Majorana neutrinos could be important f
neutrinoless double-beta decay; for example, if thenk’s have dif-
ferentCP parities, their contributions to the amplitude of neutrin
less double-beta decay could cancel each other@34#.
1-2



o
y

ne

in

rs
n
n

eu
m
e
e

no

-

to
to

ith
est

ge

s
as-

our
ales

are
p of

LONG-BASELINE NEUTRINO OSCILLATION . . . PHYSICAL REVIEW D58 033001
In the general case of mixing of an arbitrary number
massive neutrinos, the transition probabilities are given b

P nha→nhb
5(

j
uUa j u2uUb j u2

12(
k. j

Re@Ua jUb j* Uak* Ubk#cos
Dmk j

2 L

2p
6

1

2
Da;b ,

~2.12!

where the plus~minus! sign applies to neutrinos~antineutri-
nos!. The expression for the asymmetries is

Da;b5(
k. j

I ab; jksin
Dmk j

2 L

2p
, ~2.13!

with

I ab; jk[4 Im@Ua jUb j* Uak* Ubk#. ~2.14!

These parameters are invariant under rephasing of the
trino mixing matrix and~apart from a factor of 4! are the
analogues in the lepton sector of the well-known rephas
invariant parameters in the quark sector@36–38#. In Secs.
IV–VI we will derive the constraints on the paramete
I ab; jk which follow from the results of neutrino oscillatio
experiments in the framework of schemes with four a
three massive neutrinos.

CP violation in the lepton sector can be observed in n
trino oscillation experiments only if at least one of the ter
of the sum in Eq.~2.13! does not vanish because of th
averaging over the neutrino energy spectrum and the siz
the neutrino source and detector.

If only one mass-squared difference~denoted byDm2) is
relevant for short-baseline neutrino oscillations, the neutri
can be divided into two groupsn1 , . . . ,n r andn r 11 , . . . ,nn
with massesm1<•••<mr and mr 11<•••<mn , respec-
tively, such that, in SBL experiments,

Dmk j
2 L

2p
!1 for j ,k<r or j ,k.r , ~2.15!
e

on
e
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whereas

Dmk j
2 .Dm2 for k.r and j <r . ~2.16!

In this case, for theCP asymmetries in SBL neutrino oscil
lation experiments we obtain@20#

Da;b
~SBL!5S (

r>k. j
1 (

k. j .r
1 (

k.r> j
D I ab; jksin

Dmk j
2 L

2p

. (
k.r> j

I ab; jksin
Dm2L

2p
50. ~2.17!

The last step follows from the definition~2.14! and the uni-
tarity of the mixing matrix. Consequently, it is necessary
consider neutrino oscillations in LBL experiments in order
have some possibility to observe effects ofCP violation in
the lepton sector.

In the rest of this paper we will consider schemes w
four and three massive neutrinos, in which only the larg
mass-squared differenceDm2 is relevant for neutrino oscil-
lations in SBL experiments, having a value in the wide ran

1021 eV2<Dm2<103 eV2, ~2.18!

which include the interval~1.3! allowed by the results of the
LSND experiment.

III. FOUR MASSIVE NEUTRINOS

All existing indications in favor of neutrino oscillation
can be accommodated by a scheme with mixing of four m
sive neutrinos@39,40,25–27#. In Refs. @25,26# we have
shown that from the six possible spectral schemes of f
massive neutrinos, which correspond to three different sc
of mass-squared differencesDmk j

2 , only two schemes are
compatible with the results of all experiments~see also Ref.
@27#!. In these two schemes the four neutrino masses
divided in two pairs of close masses separated by a ga
;1 eV:
~3.1!
In scheme A,Dm21
2 is relevant for the explanation of th

atmospheric neutrino anomaly andDm43
2 is relevant for the

suppression of solarne’s. In scheme B, the roles ofDm21
2

andDm43
2 are reversed.

Let us define the quantitiesca ~with a5e,m,t,s) as

ca[ (
k51,2

uUaku2. ~3.2!

Taking into account the results of SBL neutrino oscillati
experiments and those of solar and atmospheric neutrino
 x-

periments, in the two schemes A and B the parametersce
andcm are constrained by@25,26#

~A! ce<ae
0 , cm>12am

0 , ~3.3!

~B! ce>12ae
0 , cm<am

0 , ~3.4!

where

aa
05

1

2
~12A12Ba;a

0 ! ~a5e,m! ~3.5!
1-3
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FIG. 1. Contour plot of the
function f (x,y) given in Eq.~4.2!.
The dotted line is the borderline
g(x)52(12x)/(22x) between
the regions wheref 5 f 1 and f
5 f 2. The two solid lines represen
the functionsy1(x)5222x and
y2(x)512x/2.
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andBa;a
0 is the experimental upper bound for the oscillati

amplitude@26#,

Ba;a54ca~12ca!, ~3.6!

in SBL disappearance experiments. The values ofae
0 andam

0

obtained, respectively, from the 90% exclusion plots of
Bugey @41# n̄e→ n̄e reactor experiment and of the CDH
@42# and CCFR@43# nm→nm accelerator experiments ar
given in Fig. 1 of Ref.@44#. From that figure one can see th
ae

0 is small (ae
0&431022) for Dm2 in the wide range~2.18!

and am
0 is small (am

0 &1021) for Dm2*0.5 eV2. In the fol-
lowing we will use also the upper boundsAa;b

0 for a5m and
b5e,t on the SBL oscillation amplitudes@26#

Aa;b54U (
k51,2

UbkUak* U2

54U (
k53,4

UbkUak* U2

, ~3.7!

which are obtained from the 90% C.L. exclusion plots of t
BNL E734 @45#, BNL E776 @46# and CCFR@47# nhm→nhe
appearance experiments and of the Fermilab E531@48# and
CCFR @49# nhm→nht appearance experiments. The result
the LSND@13# n̄m→ n̄e appearance experiment, which is cr
cial for the arguments in favor of the 4-neutrino schemes
and B @25–27#, will be of importance in the further discus
sion mainly through the allowed range~1.3! of Dm2.

It can be seen from the neutrino mass spectra~3.1! that
the expressions of the oscillation probabilities in scheme
03300
e

f

B

follow from the corresponding expressions in scheme
through the exchange of indices

1,2�3,4. ~3.8!

Since this permutation of indices transforms the conditio
~3.3! into 12ce<ae

0 and 12cm>12am
0 , which are identical

with those of Eq.~3.4!, it follows that schemes A and B ar
indistinguishable with neutrino oscillations@50#. Note, how-
ever, that these schemes could in principle be distinguish
for instance, in (bb)0n decay or with the measurement of th
high-energy part of theb-spectrum of 3H @25,26#. In the
following we will perform all calculations in scheme A, bu
all bounds onCP-violating observables which we will de
rive hold in both schemes.

Short-baseline neutrino oscillation experiments are se
tive to Dm2[Dm41

2 *0.1 eV2 with a distanceL between
neutrino source and detector such that

Dm21
2 L

2p
!1 and

Dm43
2 L

2p
!1. ~3.9!

As discussed in the previous section, with these assumpt
on the neutrino mass spectrum there are no effects ofCP
violation in SBL neutrino oscillations. On the other han
long-baseline neutrino oscillation experiments are planne
be sensitive to the ‘‘atmospheric neutrino range’’ 1023 eV2
1-4
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&Dmk j
2 &1021 eV2. In scheme A, the probabilities ofna

→nb and n̄a→ n̄b transitions in LBL experiments are give
by

Pna→nb

~LBL,A !5UUb1Ua1* 1Ub2Ua2* expS 2 i
Dm21

2 L

2p DU2

1U (
k53,4

UbkUak* U2

, ~3.10!

Pn̄a→ n̄b

~LBL,A !
5UUb1* Ua11Ub2* Ua2expS 2 i

Dm21
2 L

2p DU2

1U (
k53,4

Ubk* UakU2

, ~3.11!

respectively. Matter effects are not included in these form
las which have been obtained from Eqs.~2.2! and ~2.3!, re-

FIG. 2. Upper bound for the parameteruI emu which characterizes
the CP-odd asymmetry in thenm→ne channel for the SBL param
eterDm2 in the range 1021 eV2<Dm2<103 eV2. The solid curve
represents the upper function in Eq.~4.4! and is obtained from the

90% C.L. exclusion plot of the Bugeyn̄e→ n̄e experiment. The
dash-dotted curve improves the solid curve wheream

0 <ae
0/2 @the

lower function in Eq.~4.4!#. It is obtained from the 90% C.L. ex

clusion plots of the Bugeyn̄e→ n̄e experiment and the CDHS an
CCFRnm→nm experiments. The dashed curve is obtained from

90% C.L. exclusion plots of the Bugeyn̄e→ n̄e experiment and the

BNL E734, BNL E776 and CCFRnm→ne andn̄m→ n̄e experiments
@see the upper function in Eq.~4.8!#. The shadowed region corre
sponds to the range~1.3! of Dm2 allowed at 90% C.L. by the result
of the LSND experiment. The solid curve represents also an u
bound foruI etu.
03300
-

spectively, by taking into account that in LBL experimen
Dm43

2 L/2p!1 and averaging out the oscillating terms wi
phases much larger than 2p (Dmk j

2 L/2p@2p for k53,4
and j 51,2).

From Eqs. ~3.10!, ~3.11! and ~3.8! it follows that the
CP-odd asymmetriesDa;b

(LBL) in LBL experiments in scheme
A and B are given by

Da;b
~LBL,A !5I ab

~A!sin
Dm21

2 L

2p
, ~3.12!

Da;b
~LBL,B !5I ab

~B!sin
Dm43

2 L

2p
, ~3.13!

with the oscillation amplitudes@see Eq.~2.14!#

I ab
~A![I ab;12 and I ab

~B![I ab;34. ~3.14!

In the following we will only study scheme A and drop th
superscript A (I ab

(A)[I ab) for the reasons mentioned above
the context of Eq.~3.8!.

Finally, we want to mention that the phases of the pro
ucts of elements of the mixing matrix whose imaginary pa
give the quantitiesI em , I et andI mt are not independent@38#,
as can be seen from the obvious relation

e

er

FIG. 3. Upper bound for the parameteruI mtu which characterizes
the CP-odd asymmetry in thenm→nt channel. The solid curve is
obtained from the 90% C.L. exclusion plots of the CDHS a
CCFR nm→nm experiments@see Eq.~4.5!#. The dashed curve is
obtained from the 90% C.L. exclusion plots of the FNAL E531 a
CCFR nm→nt experiments@see Eq.~4.9!#. The shadowed region
corresponds to the range~1.3! of Dm2 allowed at 90% C.L. by the
results of the LSND experiment.
1-5
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arg@Um1Ut1* Um2* Ut2#5arg@Ue1Ut1* Ue2* Ut2#

2arg@Ue1Um1* Ue2* Um2#,

~3.15!

which is valid if I em , I et andI mt are all different from zero.
Hence, a measurement ofI em , I et andI mt can give informa-
tion on only two independent linear combinations of t
three CP-violating phases which are possible in the fou
neutrino schemes. In order to obtain information on the v
ues of all the threeCP-violating phases it is necessary
measure also some of the otherI ab;k j’s.
ue
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IV. CP VIOLATION IN THE SCHEMES WITH FOUR
NEUTRINOS

In this section we discuss bounds on the vacuum qua
ties ~3.14!. For the reasons explained in Sec. III we confi
ourselves to scheme A in the derivations of the bounds.
shown in Appendix B, the unitarity of the mixing matri
implies the ‘‘unitarity bound’’

uI abu< f ~ca ,cb! ~4.1!

where f (x,y) is a continuous function,
f ~x,y!5H f 1[xy for 2~12x!~12y!>xy,

f 2[2@~x1y21!~12x!~12y!#1/2 for 2~12x!~12y!,xy,
~4.2!
is

e

defined on the unit square 0<x<1, 0<y<1. In Fig. 1 we
have drawn a contour plot of the functionf (x,y), which is
helpful for the determination of the maximal allowed val
for f (ca ,cb) when ca and/or cb are bounded. The dotte
line in Fig. 1 is the borderlineg(x)52(12x)/(22x) be-
tween the regions wheref 5 f 1 and f 5 f 2. Note that f is
continuous along this borderline.

In order to determine the maxima off (x,y), the following
considerations are useful~for details consult Appendix C!.
Increasingx at fixed y, the function f increases monoto
nously from f 50 at x50, until the straight liney1(x)522
2x (1/2<x<1) depicted in Fig. 1 is reached. There, t
value of f is given byf 5yA12y. After this intersection, the
function f decreases monotonously tof 50 at x51. From
the symmetryf (x,y)5 f (y,x), it follows that for fixedx and
increasingy the function f increases monotonously fromf
50 at y50 to f 5xA12x when the straight liney2(x)51
2x/2 (0<x<1) depicted in Fig. 1 is crossed. After th
intersection,f decreases monotonously tof 50 at y51.

The absolute maximum of the functionf ~see Appendix
C! lies at the intersection of the linesy1 andy2 and is given
by f max52/3A3'0.385. Therefore, from the unitarity of th
mixing matrix we have an absolute maximum foruI abu:

uI abu<
2

3A3
'0.385. ~4.3!

With the help of Fig. 1, one can see that Eq.~4.1! with the
constraints~3.3! on ce andcm implies that
uI emu<H f 2„ae
0 ,y2~ae

0!…5ae
0~12ae

0!1/2 for am
0 >ae

0/2,

f 2~ae
0,12am

0 !52@~ae
02am

0 !~12ae
0!am

0 #1/2 for am
0 <ae

0/2.
~4.4!
und
S

ore
The solid curve in Fig. 2 shows the limituI emu<ae
0A12ae

0

with ae
0 obtained from the 90% C.L. exclusion plot of th

Bugey @41# n̄e→ n̄e experiment. The dash-dotted curve
Fig. 2 represents the improvement reached with the lo
part of Eq.~4.4! at the values ofDm2 for which am

0 <ae
0/2,

with am
0 obtained from the 90% C.L. exclusion plots of th

CDHS @42# and CCFR@43# nm→nm experiments. From this
figure one can see that the upper bound foruI emu is very
small (uI emu&431022) for Dm2 in the wide range~2.18!.

The bound represented by the solid curve in Fig. 2 is va
also for uI etu, because there is no experimental informati
on ct .

For uI mtu, again by inspection of Fig. 1, one can see th
Eq. ~4.1! with the constraint~3.3! on cm implies that
er

d

t

uI mtu< f 2„12am
0 ,y2~12am

0 !…5~12am
0 !Aam

0 . ~4.5!

The solid curve in Fig. 3 represents the corresponding bo
obtained from the 90% C.L. exclusion curves of the CDH
@42# and CCFR@43# nm→nm experiments. ForDm2&0.3
eV2 there are no experimental data and theref
uI mtumax'0.385 by virtue of Eq.~4.3!.

Taking into account the expression~3.7! for Aa;b , in both
schemes A and B we have also the ‘‘amplitude bound’’~for
the proof of this inequality, see Appendix A!

uI abu<
1

2
AAa;b~4cacb2Aa;b!. ~4.6!
1-6
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With the upper boundAa;b<Aa;b
0 we obtain

uI abu<H 1

2
AAa;b

0 ~4cacb2Aa;b
0 ! for Aa;b

0 <2cacb ,

cacb for Aa;b
0 >2cacb .

~4.7!

For uI emu, with the constraints~3.3!, the inequality~4.7! be-
comes

uI emu<H 1

2
AAm;e

0 ~4ae
02Am;e

0 ! for Am;e
0 <2ae

0,

ae
0 for Am;e

0 >2ae
0.

~4.8!

The dashed curve in Fig. 2 shows the limit~4.8! obtained
using the 90% exclusion plots of the Bugey@41# n̄e→ n̄e

experiment for the determination ofae
0 and the BNL E734

@45#, BNL E776 @46# and CCFR@47# nm→ne experiments
for the determination ofAm;e

0 . One can see that the upp
bound foruI emu is extremely small (uI emu&1022) for Dm2 in
the wide range~2.18!, which includes the LSND-allowed
range~1.3!.

Since the constraints~3.3! do not put an upper bound o
the possible values ofcm and ct , in the case ofuI mtu the
inequality ~4.7! becomes
e

re

03300
uI mtu<
1

2
AAm;t

0 ~42Am;t
0 !. ~4.9!

The dashed curve in Fig. 3 shows the limit~4.9! obtained
using the 90% exclusion plots of the Fermilab E531@48# and
CCFR @49# nm→nt experiments for the determination o
Am;t

0 .
The shadowed regions in Figs. 2 and 3 correspond to

range~1.3! of Dm2 allowed at 90% C.L. by the results of th
LSND and all the other SBL experiments. From Fig. 3 it c
be seen that, taking into account the LSND signal,uI mtu
could be close to the maximal value 2/3A3 allowed by the
unitarity of the mixing matrix.

V. THREE MASSIVE NEUTRINOS

Though not all present indications in favor of neutrin
mixing can be taken into account in scenarios with mixing
three massive neutrinos, it is nevertheless interesting to
vestigate also this case with the methods developed in
paper. Let us assume for definiteness that of the two dif
ences of squares of neutrino masses one is relevant for
oscillations and the other one for LBL oscillations~see also
Refs. @28–30,50#!. These assumptions give rise to the fo
lowing two three-neutrino mass spectra:
he
he

e
the
o

ino
e
no

4

~5.1!

Furthermore, the results of the disappearance experim
allow us to define the three regions~see Refs.@51,44,40#!

~1! uUeku2>12ae
0 , uUmku2<am

0 ,

~2! uUeku2<ae
0 , uUmku2<am

0 , ~5.2!

~3! uUeku2<ae
0 , uUmku2>12am

0 ,

with k53 for scheme I andk51 for scheme II@for the
definition of ae

0 and am
0 , see Eq.~3.5!#. The neutrino and

antineutrino LBL oscillation probabilities in scheme I a
given by

Pna→nb

~LBL,I !5UUb1Ua1* 1Ub2Ua2* expS 2 i
Dm21

2 L

2p DU2

1uUb3u2uUa3u2, ~5.3!

Pn̄a→ n̄b

~LBL,I !
5UUb1* Ua11Ub2* Ua2expS 2 i

Dm21
2 L

2p DU2

1uUb3u2uUa3u2. ~5.4!
nts

From a comparison of Eqs.~5.3! and ~5.4! with Eqs. ~3.10!
and ~3.11!, it is obvious that theCP-odd asymmetries
Da;b

(LBL,I) are given by the same formulas~3.12! and~3.14! as
in the 4-neutrino case with superscript I instead of A. T
transition probabilities in scheme II are obtained from t
expressions~5.3! and ~5.4! by a cyclic permutation of the
indices: 1→2→3→1. Therefore, as in the case of th
schemes A and B for four neutrinos, the bounds on
CP-odd parametersI ab are the same in the three neutrin
schemes I and II.

The methods for the derivation of the bounds onI ab

which are described in the appendixes for the four-neutr
schemes~3.1! are valid also in the case of mixing of thre
neutrinos. Obviously, the derivations of the four-neutri
case A~B! are carried over to the three-neutrino case I~II ! if
we put Ua450 (Ua150 and change the indices 2,3,
→1,2,3) for all a5e,m,t. This implies that the amplitude
bound~A10! applies also to the three neutrino schemes~5.1!.
In order to derive the unitarity bound from Eq.~A10!, one
must notice that from the unitarity of the 333 mixing matrix
we haveAa;b54(12ca)(12cb) and ca1cb>1. Hence,
the equality sign applies in Eq.~B2! and there is no such
distinction as defined by Eq.~B4!. Consequently, by simple
1-7
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substitution ofAa;b54(12ca)(12cb) in Eq. ~A10!, in the
case of mixing of three neutrinos one obtains the unita
bound~B6!: i.e.,

uI abu< f 2~ca ,cb!. ~5.5!

Notice that f 2(ca ,cb) vanishes on the unitarity boundar
ca1cb51. Since the maxima off (ca ,cb) and f 2(ca ,cb)
coincide and are reached forca5cb52/3 ~see Appendix C!,
the absolute maximumuI abumax52/3A3 of the 4-neutrino
case extends its validity to three neutrinos.2

Furthermore, since in the 3-neutrino case theCP-odd
asymmetries in different oscillation channels are connec
by Eq. ~2.11!, we have

I em5I mt5I te . ~5.6!

In the following we will give LBL bounds for each of the
regions~5.2!, along the lines of the previous 4-neutrino se
tion.

Region 1. With respect to SBL and LBL neutrino oscilla
tions, the 3-neutrino schemes I and II in region 1 corresp
to the 4-neutrino schemes A and B, respectively, with
same bounds onuI emu @Eqs.~4.4!, ~4.8! and Fig. 2!. Because
of Eq. ~5.6!, the stringent bounds onuI emu given in Fig. 2 are
valid also foruI mtu.

Region 2. Actually, this region is disfavored by the resul
of the LSND experiment~see Refs.@51,44,40,26#!. Also the
results of the atmospheric neutrino experiments@9–12# taken
together with the results of the CHOOZ experiment@52# in-
dicate that this region is disfavored. Indeed, in this regionct

is small (ct<ae
01am

0 ) and the atmospheric neutrino anoma
can be explained only with dominantnm�ne oscillations,
which are forbidden by the results of the CHOOZ expe
ment. Since this evidence could disappear when the res
of future more accurate experiments will be available, let
discuss the bounds onCP violation with the methods de
scribed in the appendixes. They are given by the amplit
bound

uI emu<
1

2
AAm;e

0 ~42Am;e
0 ! ~5.7!

and the unitarity bound

uI emu< f 2~12ae
0,12am

0 !52Aae
0am

0 ~12ae
02am

0 !. ~5.8!

Both bounds are less restrictive than the correspond
bounds in region 1. By Eq.~5.6! these bounds hold in al
neutrino transition channels.

Region 3. In this region, wherece>12ae
0 and cm<am

0 ,
the full set of atmospheric neutrino data cannot be explai
in the framework discussed here@26#. Applying nevertheless
our methods for obtaining bounds onCP violation, we get
the results

2This value corresponds to the maximal value of the Jarls
parameterJ @36,37# for CP violation in the Kobayashi-Maskawa
matrix, uJumax51/6A3, with an additional factor of 4 due to th
definition ~2.14!.
03300
y

d

-

d
e

-
lts
s

e

g

d

uI emu<
1

2
AAm;e

0 ~4am
0 2Am;e

0 ! ~5.9!

and

uI emu<H am
0 ~12am

0 !1/2 for ae
0>am

0 /2,

2@~am
0 2ae

0!~12am
0 !ae

0#1/2 for ae
0<am

0 /2.
~5.10!

The amplitude bound is more stringent than the one in reg
2, but less restrictive than the one in region 1 and in
4-neutrino schemes A and B~for ae

0,am
0 ). From Eq.~5.6! it

follows that the bounds~5.9! and~5.10! are valid also for the
parameteruI mtu that characterizes theCP-odd asymmetry in
the nm→nt channel.

Summarizing the results of this section, we have sho
that in regions 2 and 3 the strong bounds of region 1 and
the 4-neutrino schemes A and B onuI emu are somewhat re-
laxed. However, regions 2 and 3 are disfavored by pres
hints for neutrino oscillations.

Let us also emphasize that the solar neutrino problem c
not be explained by neutrino oscillations in the thre
neutrino schemes considered in this section. Hence, we
gard them as remote possibilities.

VI. MATTER EFFECTS AND CP VIOLATION

Since in LBL neutrino oscillation experiments the ne
trino beam travels a long distance through the Earth’s cr
matter effects influence the neutrino oscillation probabiliti
The effective Hamiltonians in the flavor basis of neutrin
and antineutrinos in the case of the mixing of four neutrin
are given, respectively, by3

Hn5
1

2p
@UM̂2U†1diag ~aCC ,0,0,aNC!#, ~6.1!

H n̄5
1

2p
@U* M̂2UT2diag ~aCC ,0,0,aNC!#,

~6.2!

whereaCC andaNC are given by@16#

aCC52A2GFNep.2.331024 eV2S r

3g cm23D S p

1 GeVD ,

~6.3!

aNC5A2GFNnp.
1

2
aCC , ~6.4!

respectively, andM̂25diag(m1
2 ,m2

2 ,m3
2 ,m4

2). HereGF is the
Fermi constant,Ne andNn are the electron and neutron num
ber density, respectively, andr is the density of matter. With
an average density of approximately 3 g cm23 in the litho-
sphere we get

g
3Since active and sterile neutrinos are present in the scheme

der consideration, both charged-current and neutral-current inte
tions contribute to the effective Hamiltonians.
1-8
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aCCL

2p
.0.5831023S L

1 kmD . ~6.5!

Therefore, large matter effects are to be expected for b
lines L*1000 km.

In the following we apply the simplifying approximatio
of constant electron and neutron number densities, whic
rather accurate in the case of LBL experiments. In orde
obtain the neutrino oscillation probabilities in matter w
have to diagonalize the Hamiltonians~6.1! and ~6.2! with
unitary matricesU8 and Ū8, respectively, leading to the e
genvaluese j /2p of Hn and ē j /2p of H n̄ . Thus, we have

Hn5U8
ê

2p
U8† and H n̄5Ū8*

eC

2p
Ū8T ~6.6!

with the diagonal matricesê5diag(e1 ,e2 ,e3 ,e4) and eC

5diag(ē1 ,ē2 ,ē3 ,ē4) for neutrinos and antineutrinos, respe
tively ~in the limit aCC ,aNC→0 of vanishing matter effects
we getU8,Ū8→U ande j ,ē j→mj

2).
Analogously to the definition ofI ab; jk in Eq. ~2.14!, it is

useful to define

I ab; jk8 [4 Im@Ua j8 U8b j* U8ak* Ubk8 #,

Ī ab; jk8 [4 Im@Ūa j8 Ū8b j* Ū8ak* Ūbk8 #. ~6.7!

The usefulness of these definitions lies in the fact thatfor the
proof of the existence of CP violation due to neutrino mix

the quantities Iab; jk8 and Īab; jk8 are as good as Iab; jk. In
other words,I ab; jk50 for all values of the indicesa,b, j ,k if
and only if I a8b8; j 8k8

8 50 ( Ī a8b8; j 8k8
8 50) for all values of

a8,b8, j 8,k8. Let us prove this statement forI ab; jk8 ~an analo-

gous proof holds in the case ofĪ ab; jk8 ). First we assume tha
I ab; jk50 for all values ofa,b, j ,k. This is possible only if
the mixing matrixU can be written asU5eirŨeis, wherer

and s are real diagonal matrices andŨ is real. Since the
matter part in the Hamiltonian~6.1! is real and diagonal, the
effective Hamiltonian~6.1! can be written as

Hn5eir
1

2p
@ŨM̂2Ũ†1diag~aCC ,0,0,aNC!#e2 ir

[eirH̃ne2 ir, ~6.8!

whereH̃n is a real and symmetric matrix. Hence, the mat
U8 can be written asU85eirŨ8 whereŨ8 is real. This form
of U8 implies that I ab; jk8 50 for all values ofa,b, j ,k. In
order to prove the inverse statement, i.e. thatI ab; jk50 for all
values of a,b, j ,k if I a8b8; j 8k8

8 50 for all values of
a8,b8, j 8,k8, we note that

UM̂2U†5U8êU8†2diag~aCC ,0,0,aNC!. ~6.9!

Now the rôles ofU andU8 are exchanged. Hence, the sam
reasoning as before leads to the inverse statement.

The possibility of finding evidence forCP violation in the
lepton sector through the quantitiesI ab; jk8 and Ī ab; jk8 leads us
03300
e-

is
o

to the search for methods that could allow us to extract th
quantities from the transition probabilities of neutrinos a
antineutrinos measured in long-baseline oscillation exp
ments.

The formula in Eq.~2.12! for the probability ofnha→nhb
transitions is adapted to the matter case by the substitut
U→U8 and I→I 8 for neutrinos andU→Ū8 and I→ Ī 8 for
antineutrinos:

Pna→nb
5(

j
uUa j8 u2uUb j8 u212(

k. j
Re@Ua j8 Ub j8* Uak8* Ubk8 #

3cos
ek jL

2p
1

1

2(k. j
I ab; jk8 sin

ek jL

2p
, ~6.10!

Pn̄a→ n̄b
5(

j
uŪa j8 u2uŪb j8 u212(

k. j
Re@Ūa j8 Ūb j8* Ūak8* Ūbk8 #

3cos
ēk jL

2p
2

1

2(k. j
Ī ab; jk8 sin

ēk jL

2p
, ~6.11!

with ek j[ek2e j andēk j[ēk2 ē j . From these two equation
it is clear that in matter the transition probabilities of neut
nos and antineutrinos are different even ifCP is conserved,
i.e. if all the quantitiesI ab; jk8 and Ī ab; jk8 are equal to zero.
Hence, simple measurements of the asymmetries~2.8! do not
allow us to obtain direct information onCP violation @28–
30#. This is due to the fact that the matter contribution to t
effective neutrino and antineutrino Hamiltonians~6.1!,~6.2!
is notCP symmetric. However, since the matter contributi
to the effective neutrino~antineutrino! Hamiltonian is real
and the matter density is symmetric along the path of
neutrino beam in terrestrial long-baseline experiments, m
ter effects areT symmetric@31#. In other words, there is no
difference in the matter contributions to thenha→nhb andnhb
→nha channels and a difference of the corresponding tra
tion probabilities can only be due to a fundamental violati
of T in the lepton sector. Since theCPT theorem implies
that a violation ofT is equivalent to a violation ofCP, we
are led to explore the possibility of obtaining direct eviden
of CP andT violation in the lepton sector through measur
ments of theT-odd asymmetries

Tab[Pna→nb
2Pnb→na

and T̄ab[Pn̄a→ n̄b
2Pn̄b→ n̄a

~6.12!

in long-baseline oscillation experiments. In the case of a c
stant matter density along the neutrino path~which is a good
approximation for terrestrial LBL experiments with a bas
line shorter than about 4000 km!, from Eqs.~6.10! and~6.11!
it is straightforward to obtain the following expressions f
the T-odd asymmetries:

Tab5(
k. j

I ab; jk8 sin
ek jL

2p
and T̄ab5(

k. j
Ī ab; jk8 sin

ēk jL

2p
.

~6.13!

It is clear that findingTab and/or T̄ab different from zero
would be direct evidence ofT ~and CP) violation in the
lepton sector independent from matter effects.
1-9
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The T-odd asymmetries~6.12! cannot be measured in th
accelerator LBL experiments of the first generation@21–23#
because the initial beam will contain almost exclusivelynm .
In order to have some possibility of measuring theT-odd
asymmetries it will be necessary to wait for the second g
eration of accelerator LBL experiments, as those that will
nm1 n̄e and n̄m1ne neutrino beams from a muon collide
@32,33#.

Let us now consider the four-neutrino schemes~3.1!,
whose phenomenology ofCP violation in long-baseline neu
trino oscillation experiments in vacuum has been discus
in Secs. III and IV. We will discuss explicitly only the neu
trino T-odd asymmetriesTab in the scheme A, but all the
conclusions are valid also for the antineutrinoT-odd asym-
metries T̄ab in scheme A and for the neutrino and a
tineutrino T-odd asymmetries in scheme B@with the ex-
change of indices given in Eq.~3.8!#.

In Ref. @50# we have shown that apart from small corre
tions of orderaCC /Dm2, one can decomposeU8 into

U85UR with R5S Ratm 0

0 Rsun
D , ~6.14!

where Ratm and Rsun are 232 unitary matrices. The block
structure ofR implies that

(
j 51,2

Ua j8 Ub j8* 5 (
j 51,2

Ua jUb j* ~6.15!

and therefore

ca[ (
j 51,2

uUa j u25 (
j 51,2

uUa j8 u2. ~6.16!

Since the bounds onI ab[I ab;12 derived in Sec. IV depend
only on quantities of the type~6.15! and~6.16!, we arrive at
the interesting conclusion that the upper bounds onI ab are
also valid for

I ab8 [I ab;128 and Ī ab8 [ Ī ab;128 . ~6.17!

In this sense the upper bounds represented by the curv
Figs. 2 and 3 include matter effects.

Using a method analogous to that employed for the d
vation of Eq.~3.10!, for the probability ofna→nb LBL tran-
sitions in matter we obtain

Pna→nb

~LBL ! 5uUb18 Ua18* 1Ub28 Ua28* e2 ifu2

1uUb38 Ua38* 1Ub48 Ua48* e2 ivu2

5(
k

uUbk8 u2uUak8 u212 Re@Ua18 Ub118* Ua28* Ub28 #cosf

12 Re@Ua38 Ub38* Ua48* Ub48 #cosv1
1

2
I ab8 sin f

1
1

2
Jab8 sinv, ~6.18!

with the definitions
03300
-
e

d

in

i-

f[
e22e1

2p
L, v[

e42e3

2p
L and Jab8 [I ab;348 .

~6.19!

The expressions for the quantitiese22e1 and e42e3 in
terms of the neutrino mixing parameters and of the ma
density have been derived in Ref.@50#.

From Eq.~6.18!, for the neutrinoT-odd asymmetries we
obtain the expression

Tab5I ab8 sin f1Jab8 sin v. ~6.20!

Therefore, in matter theT-odd asymmetryTab depends not
only on the parameterI ab8 relative to the atmospheric secto
@see Eq.~6.14! and the definitions~6.7! and~6.17!#, but also
on the parameterJab8 relative to the solar sector. In Ref.@50#
we have shown that in the case of accelerator LBL exp
ments the maximal value of the parameterv is given by

vmax.
3

2

aCCL

2p
5

3

2
A2GFNeL58.631024S L

1 kmD
~6.21!

for r53 g cm23. Notice that the value ofvmax does not
depend on the neutrino energy, but only on the propaga
distanceL. From Eq.~6.21! one can see that the contributio
of the term in Eq.~6.20! proportional to sinv could be rel-
evant forL*100 km and therefore cannot be neglected
the analysis of the results of LBL experiments.

As we have seen above, the upper bounds onI ab

[I ab;12 are also valid forI ab8 and Ī ab8 . An analogous rea-
soning leads to the conclusion that the upper bounds on
parameters

Jab[I ab;34 ~6.22!

are also valid forJab8 and J̄ab8 [ Ī ab;348 . Hence we are led to
the investigation of the upper bounds for the parame
Jab . Following the methods presented in the Appendix
A–C, one can derive the unitarity bound

uJabu< f ~12ca,12cb! ~6.23!

and the amplitude bound

uJabu<
1

2
AAa;b@4~12ca!~12cb!2Aa;b#. ~6.24!

Taking into account the constraints~3.3! on ce and cm
obtained from the exclusion curves of SBL reactor and
celerator disappearance experiments, the unitarity bound
uJemu is given by
1-10
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uJemu<H f 2„am
0 ,y2~am

0 !…5am
0 ~12am

0 !1/2 for ae
0>am

0 /2,

f 2~am
0 ,12ae

0!52@~am
0 2ae

0!~12am
0 !ae

0#1/2 for ae
0<am

0 /2.
~6.25!
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The numerical value of this bound, obtained from the 90
C.L. exclusion plot of the Bugey@41# n̄e→ n̄e experiment
and from the 90% C.L. exclusion plots of the CDHS@42# and
CCFR@43# nm→nm experiments, is shown by the solid curv
in Fig. 4. The dashed curve in Fig. 4 represents the amplit
bound

uJemu<H 1

2
AAm;e

0 ~4am
0 2Am;e

0 ! for Am;e
0 <2am

0 ,

am
0 for Am;e

0 >2am
0 ,

~6.26!

obtained from the 90% C.L. exclusion plots of the CDH
@42# and CCFR@43# nm→nm experiments and from the 90%
C.L. exclusion plots of the BNL E734@45#, BNL E776 @46#
and CCFR@47# nhm→nhe experiments. The shadowed regio

FIG. 4. Upper bound for the parameteruJemu @see Eq.~6.22!#.
The solid curve represents the unitarity bound~6.25! and is ob-

tained from the 90% C.L. exclusion plots of the Bugeyn̄e→ n̄e

experiment and those of the CDHS and CCFRnm→nm experi-
ments. The dashed curve represents the value of the ampl
bound ~6.26! obtained from the 90% C.L. exclusion plots of th
CDHS and CCFRnm→nm experiments and those of the BNL E73

BNL E776 and CCFRnm→ne andn̄m→ n̄e experiments. The shad
owed region corresponds to the range~1.3! of Dm2 allowed at 90%
C.L. by the results of the LSND experiment.
03300
e

corresponds to the range~1.3! of Dm2 allowed at 90% C.L.
by the results of the LSND and all the other SBL expe
ments. From Fig. 4 it can be seen thatuJemu&1021 for
Dm2*0.27 eV2, which is an interval that includes th
LSND-allowed range~1.3!.

For uJmtu we have the unitarity bound

uJmtu< f 2„am
0 ,y2~am

0 !…5am
0A12am

0 . ~6.27!

This limit is more stringent than the corresponding one
uI mtu given in Eq.~4.5!. Its numerical value obtained from
the 90% C.L. exclusion plots of the CDHS@42# and CCFR
@43# nm→nm experiments is shown by the solid curve in Fi
5. The dashed curve in Fig. 5 represents the value of
amplitude bound

de

FIG. 5. Upper bound for the parameteruJmtu @see Eq.~6.22!#.
The solid curve represents the unitarity bound~6.27! obtained from
the 90% C.L. exclusion plots of the CDHS and CCFRnm→nm

experiments. The dashed curve depicts the value of the ampli
bound ~6.28! obtained from the 90% C.L. exclusion plots of th
CDHS and CCFRnm→nm experiments and those of the FNA
E531 and CCFRnm→nt experiments. The shadowed region corr
sponds to the range~1.3! of Dm2 allowed at 90% C.L. by the result
of the LSND experiment.
1-11
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uJmtu<H 1

2
AAm;t

0 ~4am
0 2Am;t

0 ! for Am;t
0 <2am

0 ,

am
0 for Am;t

0 >2am
0 ,

~6.28!

obtained from the 90% C.L. exclusion plots of the CDH
@42# and CCFR@43# nm→nm experiments and from the 90%
exclusion plots of the Fermilab E531@48# and CCFR@49#
nm→nt experiments. From Fig. 5 one can see thatuJmtu
&0.25 for Dm2*0.3 eV2, including the LSND-allowed
range~1.3!, anduJmtu&831022 for Dm2*0.5 eV2.

Since 12ce is large and there is no constraint on t
value of ct ~and the available information onAe;t is rather
poor!, the parameteruJetu is only subject to the unitarity
bound

uJetu< f 2„12ae
0 ,y2~12ae

0!…5~12ae
0!Aae

0. ~6.29!

This bound is much less stringent than the corresponding
for uI etu, represented by the upper function in Eq.~4.4! and
depicted as the solid curve in Fig. 2. Sinceae

0&431022 for
Dm2 in the wide range~2.18!, we obtain the upper boun
uJetu&0.2, which is about half of the unitarity limit 2/3A3
.0.385.

From the bounds depicted in Figs. 2 and 4, it is clear t
the observation of a non-zeroT-odd asymmetryTme ~and
T̄me) in future LBL experiments is a very difficult task. O
the other hand, from Figs. 3 and 5 one can see that theT-odd
asymmetryTmt ~andT̄mt) could be rather large, close to th
maximal value allowed by the unitarity of the neutrino mi
ing matrix. Also theT-odd asymmetryTet ~and T̄et) could
be rather large, but not more than half of the maximal va
allowed by the unitarity of the neutrino mixing matrix an
only if the matter effect is important and enhances the c
tribution of Jet8 . Hence, we conclude that long-baseli

nm�nt ~andn̄m� n̄t) experiments are favored for the inve
tigation of CP ~and T) violation in the lepton sector if the
four-neutrino schemes~3.1! are realized in nature.

We would also like to mention that theCP-odd param-
etersJab are relevant for theCP-odd asymmetries that coul
be measured by extremely long-baseline~ELBL! oscillation
experiments with neutrino beams propagating in vacuum,
which Dm21

2 L/2p@2p andDm43
2 L/2p;1 ~in scheme A!,

Da;b
~ELBL!5Jabsin

Dm43
2 L

2p
, ~6.30!

although we do not know if it will ever be possible to ma
such experiments.

Concluding this section, we briefly discuss the matter
fects in the case of the 3-neutrino schemes considered in
V. We consider, for simplicity, only scheme I, but analogo
conclusions are valid in scheme II. The 3-neutrino schem
corresponds to the 4-neutrino scheme A, with the differe
that the solar sector of the mixing matrix is absent, i.e.Ua4
50 for a5e,m,t andRsun51 ~apart from negligible correc
tions of orderaCC /Dm2). Hence, in the 3-neutrino scheme
the neutrinoT-odd asymmetriesTab @see Eq.~6.12!# are
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given by Eq.~6.20! with Jab8 50. Using the same reasonin
as that employed in the case of the 4-neutrino schemes,
can see that the upper bounds onI ab derived in Sec. V in the
case of the 3-neutrino schemes are also valid forI ab8 and

Ī ab8 . Hence,Tem is very small if the neutrino mixing param
eters lie in region 1 and is less suppressed in regions 2 an

VII. CONCLUSIONS

In this paper we have considered possibilities to rev
effects ofCP violation in the lepton sector in future acce
erator long-baseline~LBL ! experiments~K2K @21#, MINOS
@22#, ICARUS @23# and others@24#!.

At present there are three experimental indications in
vor of neutrino oscillations which correspond to three diffe
ent scales of neutrino mass-squared differences: the s
neutrino deficit, the atmospheric neutrino anomaly and
result of the LSND experiment. These indications and
negative results of numerous short-baseline~SBL! neutrino
experiments can be accommodated in the two four-neut
schemes A and B presented in Eq.~3.1! @25–27#.

Working in the framework of the neutrino mixing
schemes A and B, we have derived constraints on the par
eters I ab (a,b5e,m,t) @see Eq.~3.14!# that characterize
CP violation in nha→nhb LBL neutrino oscillation experi-
ments in vacuum. These parameters are given in terms o
quantitiesI ab; jk which appear in the generalCP-odd asym-
metries@see Eqs.~2.13! and~2.14!# asI ab5I ab;12 in scheme
A and I ab5I ab;34 in scheme B. We have developed metho
for deriving upper bounds on the parametersI ab from the
data of SBL experiments which can be applied not only
the schemes A and B but to arbitrary schemes with any n
ber of neutrinos. We have shown that theCP-odd parameter
I em is bounded byuI emu&1022 @see Fig. 2# and a similar
suppression applies toI et . On the other hand, sizableCP
violation can be expected innm→nt oscillations. The
CP-odd parameter relative to this channel could be close
its maximally allowed valueuI mtumax52/3A3'0.385, result-
ing from the unitarity of the mixing matrix~see Fig. 3!.

For LBL accelerator experiments the matter backgrou
is important. In this case the parametersI ab; jk for neutrinos
~antineutrinos! are replaced by theCP-violating parameters
I ab; jk8 ( Ī ab; jk8 ) which include matter effects@see Eq.~6.7!#.
Using a physically motivated approximate method of inc
porating matter effects@50#, we have demonstrated that th
quantitiesuI ab8 u (u Ī ab8 u) are bounded by the same functions
the SBL mass-squared differenceDm2 as uI abu apart from
terms of orderaCC /Dm2. Therefore, the bounds depicted
Figs. 2 and 3 apply also to the correspondingI ab8 and Ī ab8 .

However, although findingI ab8 Þ0 and/or Ī ab8 Þ0 would
prove the existence ofCP violation in the neutrino mixing
matrix U, the knowledge of the parametersI ab8 and/or Ī ab8
cannot easily be transformed into information onI ab and
thusU, because both sets of parameters are related in a c
plicated, non-linear way involving also the ‘‘matter pote
tials’’ aCC , aNC and the mass-squared difference relev
for LBL neutrino oscillations.
1-12
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We have also shown that in matter a secondCP-violating
parameterJab8 ~given by Jab8 5I ab;348 in scheme A andJab8
5I ab;128 in scheme B! appears in thena→nb transition prob-
ability. Its contribution is only significant if the oscillation
phasev defined in Eq.~6.19! is sufficiently large. An evalu-
ation of the maximal value that the phasev can assume in
accelerator LBL experiments shows that the contribution
Jab8 could be relevant for baselines longer than;100 km
@see Eq.~6.21!#. We have argued that the parameterJab8 ~and

the analogous parameterJ̄ab8 for antineutrinos! is subject to
the same bounds asJab ~with Jab[I ab;34 in scheme A and
Jab[I ab;12 in scheme B!. These bounds are presented
Eqs.~6.25!–~6.28! and their numerical values obtained fro
the results of disappearance and appearance SBL neu
oscillation experiments are shown by the curves in Figs
and 5. There is no analogue of the parametersJab8 andJ̄ab8 in
the 3-neutrino case.

Since a measurement of theCP-odd asymmetriesDa;b
defined in Eq.~2.8! does not allow us to obtain direct infor
mation onCP violation if matter effects are important, w
have considered the long-baselineT-odd asymmetriesTa;b

(T̄a;b) defined in Eq.~6.12!. Since the matter contribution t
the effective neutrino and antineutrino Hamiltonians~6.1!,
~6.2! is real and the matter density is symmetric along
path of the neutrino beam in terrestrial LBL experiments~to
a good approximation it is even constant for baselines sho
than;4000 km) the matter effects areT symmetric. There-
fore, theT-odd asymmetriesTa;b (T̄a;b) are only different
from zero if CP is violated in the lepton mixing matrixU.
We have shown that in the four-neutrino schemes A an
the T-odd asymmetries depend on the parametersI ab8 ( Ī ab8 )

andJab8 ( J̄ab8 ) @see Eq.~6.20!#. Hence, they are subject to th
constraints derived from the results of SBL experiments.

In conclusion, we have shown that in the four-neutri
schemes A and B the channelsnhm�nhe are disfavored for the
search ofCP-violation effects in future LBL oscillation ex-
periments, the channelsnhe�nht could allow to reveal rela-
tively largeCP-violating effects where matter plays an im
portant role and the channelsnhm�nht could show
CP-violating effects as large as is allowed by the unitarity
the neutrino mixing matrix.

APPENDIX A: DERIVATION OF THE AMPLITUDE
BOUND

In this appendix we discuss the derivation of the ‘‘amp
tude bound.’’ The starting point is the quantity

I ab54 Im@Ua1Ub1* Ua2* Ub2# ~aÞb!, ~A1!

which determines theCP-odd asymmetry in the four
neutrino scheme A. The same bound can be derived in
scheme B with the change of indices~3.8!.

It is obvious thatI ab is invariant under the phase tran
formations

Ua j→eig jUa j , Ub j→eig jUb j , ~A2!
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where theg j are arbitrary phases. Thus the elementsUa j can
be taken to be real. Taking into account the definition~3.2!,
we can write

Ua j5Acaej
~1! with j 51,2 ~A3!

and the orthonormal basis

e~1!~u!5~cosu,sinu!, e~2!~u!5~2sinu,cosu!.
~A4!

We expandUb j with respect to this basis as

Ub j5Acb (
r51,2

prej
~r!, ~A5!

wherep1 andp2 are complex coefficients such that

(
r51,2

upru251. ~A6!

With the help of Eqs.~A3!–~A6! we easily find

I ab52cacbsin 2u Im~p1* p2!

52cacbup1uA12up1u2 sin 2u sind, ~A7!

whered is the phase ofp1* p2.
The parameterup1u is connected to the oscillation ampl

tudeAa;b and the parametersca ,cb . In fact, from Eqs.~A3!
and ~A5! we have

Aa;b54U (
j 51,2

Ua jUb j* U2

54cacbup1u2, ~A8!

which impliesup1u5AAa;b /4cacb. Inserting this expression
into Eq. ~A7!, we obtain

I ab5
1

2
AAa;b~4cacb2Aa;b! sin 2u sind ~A9!

and thus we arrive at the ‘‘amplitude bound’’

uI abu<
1

2
AAa;b~4cacb2Aa;b!. ~A10!

Let us stress that this derivation is based only on the obvi
inequality

usin 2u sindu<1. ~A11!

Sinceca , cb and Aa;b do not restrictu and d, the bound
~A10! is the optimal one.

APPENDIX B: DERIVATION OF THE UNITARITY
BOUND

Up to now we did not use the unitarity of the mixin
matrix. Taking this fact into account will allow us to obtai
an upper bound onuI abu depending solely onca andcb .

The unitarity of the mixing matrix tells us that

(
j 51,2

Ua jUb j* 52 (
j 53,4

Ua jUb j* . ~B1!
1-13
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This relation allows us to write the oscillation amplitud
Aa;b in the two forms of Eq.~3.7!. Using the Cauchy-
Schwarz inequality, one can see that~in scheme A!

Aa;b54U (
j 53,4

Ua jUb j* U2

<4S (
j 53,4

uUa j u2D S (
j 53,4

uUb j u2D
54~12ca!~12cb!. ~B2!

The right-hand side of the inequality~A10!, as a function
of Aa;b , reaches its maximum,cacb , at ~here we do not take
into account possible experimental information onAa;b)

~Aa;b!052cacb . ~B3!

Consequently, if the condition
t

-

0

-

y,

e-
op
M

03300
2~12ca!~12cb!>cacb ~B4!

is satisfied, the upper bound~B2! on Aa;b is larger than
(Aa;b)0. In this case we have

uI abu<cacb . ~B5!

If the condition~B4! is not fulfilled, the upper bound~B2! is
smaller than (Aa;b)0 and has to be inserted forAa;b into Eq.
~A10!, leading to

uI abu<2A~ca1cb21!~12ca!~12cb!. ~B6!

Thus, we arrive at the ‘‘unitarity bound’’

uI abu< f ~ca ,cb!, ~B7!

with the function
f ~x,y!5H f 1[xy for 2~12x!~12y!>xy,

f 2[2@~x1y21!~12x!~12y!#1/2 for 2~12x!~12y!,xy,
~B8!
nt

th

t

e

defined on the unit square 0<x<1,0<y<1. The function

g~x!5
2~12x!

22x
~B9!

represents the borderline separating the two regions in
definition of the function~B8!. It is clear from our derivation
~and also easy to check! that f is continuous along this bor
derline.

APPENDIX C: DISCUSSION OF THE FUNCTION f

Since we do not have definite experimental values ofca
andcb , but only bounds on these quantities@see Eqs.~3.3!
and ~3.4!#, which define allowed rectangles in the square
<ca<1, 0<cb<1, we are interested in the behavior off in
order to evaluate the unitarity bound.

From the partial derivative off in the regiony>g(x),

] f

]x
5

] f 2

]x
}~222x2y!, ~C1!

one can see that, at fixedy, the functionf increases monoto
nously fromx50 to the pointx512y/2, where the partial
he

derivative in Eq.~C1! is zero. The pointsx512y/2 lie on
the straight liney1(x)5222x. In the range 12y/2<x<1
the functionf decreases monotonously. Taking into accou
the symmetryf (x,y)5 f (y,x), we see that at fixedx the
function f increases monotonously fromy50 to the point
y512x/2, where the partial derivative off with respect toy
is zero. These points lie on the straight liney2(x)512x/2.
Beyond this linef decreases monotonously. Note that bo
straight lines lie in the range off 2.

Figure 1 shows a contour plot of the functionf (x,y),
together with the linesy1 andy2 which intersect at the poin

x5y5
2

3
. ~C2!

At this point both partial derivatives off are equal to zero
and therefore the point~C2! corresponds to the absolut
maximum of f , given by

f max5 f 2S 2

3
,
2

3D5
2

33/2
'0.385. ~C3!

This number constitutes the absolute upper bound foruI abu.
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