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Gravitational lensing effect on cosmic microwave background polarization
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We investigate the effect of gravitational lensing by matter distribution in the universe on the cosmic
microwave background polarization power spectra and temperature-polarization cross-correlation spectrum. As
in the case of the temperature spectrum, gravitational lensing leads to a smoothing of narrow features and the
enhancement of power on the damping tail of the power spectrum. Because the acoustic peaks in polarization
spectra are narrower than in the temperature spectrum the smoothing effect is significantly larger and can reach
up to 10% forl <1000 and even more above that. A qualitatively new feature is the generatiBriygfe
polarization even when onl§ is intrinsically present, such as in the case of pure scalar perturbations. This
may be directly observed with Planck and other future small scale polarization experiments. The gravitational
lensing effect is incorporated in the new versi@w) of the cMBFAST code.[S0556-282(98)05214-X]

PACS numbds): 98.70.Vc, 98.80.Cq

[. INTRODUCTION than for temperature, one expects gravitational lensing effect

to be more significant in the former and indeed our results

Over the next few years a number of ground based, ba.léonfirm this. In addition, a qualitatively new effect is the
mixing betweenE and B types of polarization, which

loon, and satellite experiments will measure the cosmic mi
crowave backgroun@CMB) sky with an unprecedented ac- changes the pattern of polarization. The outline of the paper

curacy and detail. The promise of a one percent precision oy the foliowing. In Sec. Il we develop the formalism: this
the measured power spectrum of CMB anisotropies requiresection contains all the main analytic expressions needed for
a similar accuracy in theoretical predictions, if we are t03 numerical implementation of the effect. These have been
exploit all the information present in the data. The rewardS‘numerica"y imp|emented in the new version of tti@BFAST

will be rich: among other things this will allow an accurate package[5] (version 2.4 and require only a marginal in-
determination of a number of cosmological parameters andrease in the CPU time for their evaluations. In Sec. Il we
testing of current structure formation theorigd. In prin-  compute the effect for a typical cosmological model and ad-
ciple such a program is possible since the anisotropies wermdress the question of direct observability of the effect. We
produced when the universe was still in the linear regimepresent the conclusions in Sec. IV.

which makes the calculations of model predictions very ac-

curate. In practice there are a number of important effects Il. TWO-POINT CORRELATORS

that need to be included if this goal is to be realized. One of IN THE PRESENCE OF LENSING

the most important among these is the gravitational lensing e |arge scale density fluctuations in the universe induce

effect. _ _random deflections in the direction of the CMB photons as
As photons propagate through the universe from their lasfyey propagate from the last scattering surface to us. This
scattering to our detectors they are randomly deflected by thgiars the power spectrum of both the temperature and polar-
gravitational force exerted upon them by the inhomogeneous 4tion anisotropies. The quantity is responsible for the de-
mass distribution. Previous work has shown that gravitafiections is the projected surface density. Since the structures
tional lensing has an effect on the temperature anisotropyye not very correlated on large scales the gravitational lens-
power spectrum which is not insignifical#,3]. The random 4 effect is only relevant at the small angular scales in the
deflections smear out the sharp features in the correlatiopyg Wwe may hence use the small scale limit formali&h
function or power spectrum, leading to a suppression ofyhich simplifies the calculations.
acoustic oscillations. Gravitational lensing can also enhance The gbserved CMB temperature in the directidis T(6)
power on the damping tail, causing it to decay less rapidly,ng equals the unobservable temperature at the last scattering
than predicted on very small angular scaiéf Gravitational gurfacerl'(0+ 80), where 586 is the angular excursion of the

lensing effect on the temperature anisotropies has been di hoton as it propagates from the last scattering surface until
cussed several times in the literature and the formalism t bropag . 9
e present. In terms of Fourier components we have

calculate it using the evolution of density power spectrum
both in linear and nonlinear regime has been presented in - _
Ref. [3]. In this paper we extend this calculation to the two T(O)=T(0+ 50)2(277)72f d2e (P o0T(). (1)
linear polarization power spectra and to the cross-correlation

spectrum between temperature and polarization. Becauséhe same relation applies to the two Stokes parame@ers
acoustic oscillations are narrower for polarization spectraandU that describe linear polarizatig]. In the small scale
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limit we take the direction of observation to be ngand we  The remaining average in E¢f) is over the lensing fluctua-
orient the local coordinate system orthogonat to defineQ  tions. Only the cross correlation betwe@nandT is differ-
and U: Q is the difference between the photon intensitiesent from zero and we denote@c(6). Even in the presence
along X andy, while U is the difference between photon Of lensingU does not cross correlate with eith&ror Q
intensities along the two diagonals. In terms of Fourier combPecause these quantities have opposite parities.

ponents these can be expressed with opposite parity Fourier The correlation function of the excursion angle can be
componentE(l) andB(l) [7]: used to calculate the expectation value in Ej.[3],

2

(explil(50—60')})= eXp{ - IE[aé( 0)+cog2¢y)a5(6)]
X[E(l)cog2¢)) —B(l)sin(2¢)) ], 12
~1-5Log(0)+cog2¢)o3(0)]. (5)

Q(O=Q(0+ 50)2(277)*2'[ d2|el! (6+60)

U(e)=0(6+50)

:(277)—2] d2leil (0+36) The exponential above has been expanded out assuming
1205(6) and1?03(6) are small and we numerically verified
YTE(sin(2d) + B(1)cog 2 _ 2 this to be an excellent approximatideee also Ref[10]).
[E(Dsin2¢)+B(l)cos2¢,)] @ The two functions characterizing the rms dispersion of the
The Fourier components satisfy photons arg3]
(XMX(1"))=(2m)*Cx8°(1-1"), (3)

o 0'(2)( 0)5167rzf ksdkfxreCP¢(k,T= 70— X)W2( X, Xred
with X=T,E,B and the average is over different realizations 0 0
of the CMB field.

The correlation function of the temperature between two
points in the skyé* and ¢ only depends on their angular
separationd. With our choice of coordinate system the cor- ) 2 (3 Xrec
relations between the polarization variables are also a func- 02(0)=16m fo k dkfo Py(k, 7=7o—x)
tion of azimuthal anglep [7]. This is not the natural coordi-
nate system in which to define these correlation functions. XW2(x, Xred J2(KO singx). (6)
Instead one should align the local coordinate system with the
great circle that connects the two poif®. With this choice ) ) o ]
parity conservation requirég andQ to be uncorrelated with W€ denote withy=7,— 7 the comoving radial distance,is
U and the correlation functions only depend on separation the conformal time, and;, corresponds to its value today.
To obtain this set of correlation functions in our coordinateThe_llgomo‘f/Qg ~angular diameter distance is kSin
system we can calculate the correlation between the variablggK ~ SINK™y in a closedilL;;l\{erseI(i/(Z)), X in a flat
at the origin and another point separated by an afglong ~ Universe K=0), and (-K)~"*sinh(=K)““y in an open
thex axis. The correlation functions are calculated from EqsUniverse K<0). The curvaturek can be expressed using
(2) and (3): the present density curvature paramefbf=1—Q,—Q,

and the present Hubble paramelts asK= —QKH(Z). The
d?| 16 cosdn/ il (567 56) power spectrum of the gravitational potential at times
Crlo)= f omEs e )Gy P(K,7) andW(x, Xred = Sink(Xec~ X)/SiN(xred, Where xec
(2m) is the radial distance to the last scattering surface at recom-
bination. We include the nonlinear evolution of the power
di (505 55 t ing the fitting formulas of Peacocks and Dodd
il 0 cosdi il (30" 50PN oo o2 (2) spectrum using the fitting formulas of Peacocks and Dodds
(217)2 [9]. These expressions are thus valid in a general Robertson-
Walker metric, both in the linear and nonlinear regimes. The
+Cg SiF(2¢y)], nonlinear effects are, however, not very important except on
, small angular scales.
del . A spB ) We use Eqs(5) and(6) together with Eq(4) to obtain the
(2m)? gl v ool (P07 20N C, sin(2¢h) final expression for the correlation functions:

+Cfg cos(2¢)],

X[1—Jo(kO sinex)],

CQ(ﬁ):f

co0)- |
Idl 12
) CT<6)=fgCa(Jo<w) 1- 5 o5(6)
eilacos¢|<eil-(60A—603)>Ca cog24y). 2 2
(4) +§0'2(0)J2(|49)],

CC(H)ZJ (2m)?
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Id 12,
Cq(0)+Cu(0)=f§(CE|+C§|) Jo(10)| 1= 5 05(6)

|2
+EU§(9)32(|9)],

Idl 12
cQ(m—cu(e):fZ(Ca—c-éo[ma) 1= 5 05(6)
|2
+ 7 05(0)[32(10)+ 3! e)]},

Idl 12 )
CC(G)Z_JECEI(Jz(m) 1_5‘70(9)

|2
+Za§(9>[30<m)+34<m)]}_ (7)
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13 rn
> f 0d63o(16){05(6)I(1 6)— a5(6)Io(1" 6)},
0

'3 -
—f 0d0J4(I6)[%(r§(6)[J2(I’6)+J6(I’0)]
0

—aé(a>J4<l'e>],

|/_|,3 - 1 5 , ,
Wsl—?fo 0d035(16)| 5 05(O)[Jo(1"0)+34(1" )]

—a3(6)J( e)]. (10

Equations(9) and (10) are the main result of the paper.

The results for polarization are new and represent a gener-

alization of previous results for the temperat{8¢ The im-
portant qualitatively new feature is that lensing mi¥eand

The power spectrum in Fourier space has become thB polarization modes. On small scales where the lensing
most widely used way to characterize the CMB anisotropieseffect is important all cosmological models proposed so far
We can compute the different power spectra from the correpredict onlyE type polarization ancCg =0. Lensing will,

lation functions:

CT|=27Tfﬂ0d0CT(0)JO(I 9,
0

CE|=ZWIOWGdG{[CQ(0)+CU(G)]JO(I 9)

+[Cq(0)—Cuy(0)]134(10)},

CB|=27Tf0w0d0{[CQ(0)+CU(0)]JO(I 9)
—[Co(0)—Cuy(0)] Ja(10)},
CC|=—27rfow0d6CC(0)J2(I0). ®)

Equations(7) and (8) give the mapping between the ob-

served CMB power spectra and the primordial one. Explic-

itly,

Cqr=Cxq+ WI1,|C?|' )

1 r ’ l ’ !
Cer=Cait 5[ W+ Wy lCa + 5[Wy—WalCa,

1 I! |! 1 |! I!
Cai=Cait 5[Wy=WalCair+ 5 [Wy+ W2 Cair

Cei=Cei+WyCa, )

the sum ovell’ is implicit. The window functions are de-
fined to be

however, generatB type polarization in the observed field,

Cg= %[W'l’I —W'2’|]Cg|,¢0. In the next section we will cal-
culate the lensed power spectra in a typical cosmological
model to address the significance of the effect. Before ad-
dressing this issue let us explore a simplified model to un-
derstand why the two polarization types are mixed through
lensing.

So far we have introducel andB type polarizations in
Fourier space. We can also define real space quantities

E(0)=(277)*2f d?le''%e (1),

B(0)=(27-r)_2f d?le'’B(1). (11)
These two quantities describe completely the polarization
field and it proves easier to understand the effect of lensing
in terms of these. They can also be computed directly from
Q andU in real spacg11]:

E<0>=f 020 (|0 — 6)Q.(6"),

B<0)=f d?0' (10— 6)U,(8"). (12)
We have defined), and U, , the Stokes parameters in the
polar coordinate system centered @t If #=0 then Q,
=cos 'Q(@#')—sin2p'U(#) and U,=cos 2p'U(0')
+5sin 2¢'Q(#'). The window is w(6)=—1/76?(6+0),
w(6)=0(0=0).

We consider as a toy model an unlensed polarization field
which is a radial pattern around the origin in a ring of size
6. We haveQ(6)=—E,6,5°(6— 6,)/2 cos 2p and U(6)
=—E6y6°(0— 0,)/2 sin 2. In the absence of lensing we
would observe at the origik(#=0)=E, andB(8=0)=0.
This follows fromU,=0 (because polarization is tangential
and Eq.(12). We now consider what happens if we shift the
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FIG. 1. The upper panel shows the two functiang(6) and FIG. 2. The upper panel shows tfie E, andC power spectra.

a»(6) for the cosmic concordance model discussed in the text. Th®ashed(solid) lines correspond to the lensgdnlensed spectra.
lower panels ShO\é[W|1'|iV\/'2’|] for | = 2000. The window function  1he bottom left panel shows the relative difference between the

_ (lensed
for the mixing betweefE andB is not well localized inl space and  'ensed and unlensed spectra far and E (8C,/C,=(Ci™
is rapidly oscillating as a function dt — cpnlenseg cunensey and shows both suppression of oscillations

and enhancement of power on small scales. The bottom right panel
shows theB type polarization induced by lensing. We include Ehe
andB spectra for inflationary model where scalars and tensors pro-

with angle &, where| 54| ~| 56|/ 6,. Each segment acquires duce_equal amount of power in the temperature on COBE scales
a random component of nonradial polarization and since WéT/S_ 1.

are assuming the segment shifts are uncorrelated the integral

of U, over ¢ does not vanish. It has mean zero and variancgy, are very similar, making their difference much smaller
(U2)yox(56160)?QZ . The measured power in t& mode is  than their sum. One thus expects the generBtegbe polar-
(B?(0=0))oc (561 6,)°E3. This example shows that the pat- ization from a pureE type (and vice verspato be very small.
tern of polarization vectors on the_sky Qetermin(_es the amounty fact Wlsl is also very similar, the three windows only
of E andB type polarization. Lensing distorts this pattern by giffer at the 1% level. The windows are oscillatory as a func-

shifting the positions of the photons in the plane of the skyiion of |” and their main contribution is concentrated around
relative to the last scattering surface. It can thus gendate |

pattern out of initially purée polarization. In the next section Figure 2 (upper panél shows the lensed and unlensed

position of the photons by a random angle of sé# Each
segment of the ring will be mapped to a different position

we discuss the amplitude of this effect. power spectra. On intermediate scales lensing has the general
effect of smearing the peaks in the spectrum by redistributing
lll. ESTIMATE OF THE LENSING EFFECT power. Polarization receives contribution only from velocity

The effect of gravitational lensing on the temperaturegradients at the last scattering surface and the acoustic peaks

power spectrum has been studied in detail in previous Worg(r)?]svegyét;h?rrghInveggz;c{asgnt(jen:j%enr;';ureofreCﬁxii_g(;?tglr)]u-
[3]. We will explore here the effects on polarization and y y P Y

assess the detectability of tBesignal. In these examples we plasma "’.‘”d the two are out of phe}se with each other, leading
. . . - to a partial cancellation of acoustic peaks. One thus expects
will use the cosmic concordance mofi&2] with Hy=65 km

s Mpc L 0, =0.65,0,=0.35 0,h?=0.015, anch=1. the effect of lensing to be larger for polarization and indeed

The model is normalized by the Cosmic Background Exncl i it S, SRETRES S 2o B L e tor
plorer (COBE) and satisfies the constraints on 8hVipc P 9. < P

cross correlatiof13]. In the damping tail the power is en-
scale from the abundance of clusters. .
. . . hanced over the unlensed case as can be seen in the general
Figure 1 shows the functions that characterize the rm : . .
. rend in the relative difference between lensed and unlensed
deflection of the photonsy(6) ando,(6#). On small scales

. . spectra(Fig. 2).
the rms relative deflection between two photons approachesDTo assess the detectability of the induddolarization

15%, justifying the weak lensing assumption over most of i § the Planck mission. W. hat

the sky (for caustic formation one require86~ 6, which we witl Tocus on the Flanck mission. Qa;sumet al mea-
_ ) Y surements of the temperatui,type polarization, and-E

will occur only on rare occasiopsWe also show;[ W3, cross correlation have allowed the determination of the cos-

iW'z',] for =2000. The two window functions’f/v'l] and  mological parameters accurately enough so that we know the
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approximate shape of tH& power spectra induced by lens- time does not significantly increase with this feature and
ing. We will attempt to determine just one parameter, thesince the effect can be significant we feel the lensing effect
overall normalization of thi8 signal, which expresses the should be included in any calculation where high precision
overall effect of the matter fluctuations along the line of accuracy is important, such as in the design and analysis of
sight. If the signal to noise were large enough we could alsthe CMB experiments. The method is self-consistent in the
attempt to determine the power spectrum of the lensing efsense that for any cosmological model we use the actual

fect, by exploring the signal iB as a function of . power spectrum computed in the code to compute the lensing
The relative error on the overall amplitude of the inducedeffect. The power spectrum is normalized to COBE using the
B componentB is CMB spectrum computed from the same code output. This
approach gives the correct amplitude of gravitational lensing
AB 2 effect for the particular model in question. It should be
— = —— (13 pointed out that if the model is inconsistent with the small
B fory =1(20+1)/(1+wp *B, ?/Cg))? scale constraints such ag normalization then the amplitude

of the lensing effect will also be incorrect. For example,
fsy is the fraction of observed sky which we take to be COBE normalized standard CDM has a much larger gravita-
fsy=0.8. We assume the noise and beam width tm/r,ié tional lensing effect than what we find using the cosmic con-

=(0.025 1K)? and Bl—zzeﬂug with o= 0FWHM/2\/TnZ cordance model, but this is only a reflection of standard

=9x10~%. The effective number of modes contributing in- CPM model having too much small scale power to be com-
formation is Ng=f.S,(21+1)/(1+wp B 2/Cg))?, SO patible with small scale constraints. For models that are cor-
eff ™ ' sky P B )

B~ . e rectly normalized on small scales the relative change of the
ggi;véﬁ/ﬂ:s ZE&“A ﬁlj%rwtg(; ?Iz(rfisnrr:sgril tﬁgfctg'grae“c;?: polarization power spectra can reach 10%l-at1000 and
eﬁ"" -~ .

only eight independent modes Bftype polarization that can even more at highdr. This is larger than in the temperature

. . . trum and is caused by the sharper acoustic peaks in the
be observed with Planck, each a Gaussian random variabjg ScTum X .
with 0 mean and so the signal will be at the limit of detect- polarization spectra. In the damping region the lensed spectra

ability by Planck. TheB signal peaks af=1000 and a show an enhancement above the unlensed spectra just as in

round based experiment observing a small patch of the s the temperature case, although the sensitivity to this effect is
g " P . 9 P: . kt)f)o small for satellite missions to detect it in polarization
for a sufficiently long time to reduce the noise per plxel[14]

(14]:

would be more effective to detect this signal. Gravitationa Gravitational lensing also mixe& and B type polariza-

Ens(;ﬁ]gri';:t?gsch's:g: dn?rto";lnS'tge?]';'g?T;gggtsam'r;ﬁf?;ﬁ;;g? tion by deforming the polarization pattern on the sky relative
P P Yio that at the last scattering surface. This will geneBatgpe

models [14], the latter being dominant on large angular |arizati f theE larizati it th
scaleqFig. 2, bottom right panel, where we assumed tensor?O arization out of t type po erlzanon even | .t ere was
" y no B present at the last scattering surface. This induged

;Tgesggé?é; are of equal amplitude in the temperature OMhode is rather small in typical models and will be only mar-

ginally detectable by the Planck Surveyor. It peaks at fairly

small angular scales aroumé 1000 and so does not affect
IV. CONLUSIONS the measurement of gravity waves frdBnpolarization on
The change in the CMB spectra induced by random deI_arger scales. A ground based experiment observing_ a small
flections of the photons by the large scale structure of thgatch of the sky would be more swtable to observe this effect
universe has to be included in the calculations of theand would a”QW one to determine the power spectrum of
anisotropies when comparing theory and observations. ymatter fluctuations. This would allow a detection of a com-

have presented a formalism to calculate the effect of gravi-BmeOI gravitational effect from structures spanning a much

tational lensing on all four CMB power spectra. The final larger range in redshift space than currently reachable by

expressions are given in a compact and numerically efficien?ther methods.

form that is adequate for numerical implementation. These
expressions have been implemented in twBFAST pack-
age, freely available from the authors. The computational M.Z. was supported by NASA Grant No. NAG5-2816.
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