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Bounding the effect of penguin diagrams inaCP„B
0
˜p1p2

…
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A clean determination of the anglea of the unitary triangle fromB→pp decays requires an isospin
analysis. If theB→p0p0 andB̄→p0p0 decay rates are small it may be hard to carry out this analysis. Here
we show that an upper bound on the error on sin 2a due to penguin diagram effects can be obtained using only
the measured rate B (B6→p6p0) and an upper bound on the combined rate B(B→p0p0)1B(B̄→p0p0).
Since nob flavor tagging is needed to measure this combined rate, the bound that can be achieved may be
significantly better than any approach which requires separate flavor-tagged neutral pion information.
@S0556-2821~98!00915-1#
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I. INTRODUCTION

The extraction of the anglea of the unitary triangle from
a measurement of the time dependenceCP asymmetry in
B→p1p2 is plagued with uncertainty due to penguin di
grams@1#. This problem can in principle be solved, up
certain discrete ambiguities, by the Gronau-London isos
analysis@2#, which requires the measurement of all char
and neutralB→pp decays rates. In practice, however, th
theoretically clean determination ofa may be difficult to
achieve. The major problem is expected to be the meas
ments of B(B→p0p0) and B(B̄→p0p0): The two neutral
pion final state is harder to detect and reconstruct than s
with charged pions; furthermore, arguments based on c
suppression@3# predict a smaller branching ratio for th
channel than for the two-charged-pion channel.

Many ways were proposed to disentangle the penguin
lution in the determination ofa @2,4#. In this Brief Report we
explain how to set a bound on the error ina induced by the
penguin diagram contribution to theCP asymmetry inB
→p1p2. This bound requires the measurement of B(B6

→p6p0) and only an upper bound on the combined r
B(B→p0p0)1B(B̄→p0p0) in addition to the CP-
asymmetry. The fact that we use only the average of theB0

and B̄0 rates removes the need for tagging of these low r
events, making this measurement simpler than the meas
ments of each of the rate separately. The error ina decreases
when the upper bound on the combined rate decrease
penguin contributions are large, then they may enhance
B→p0p0 decay rate. If this is so, the full isospin analys
can, hopefully, be carried out. Conversely, if these de
rates are small, the isospin analysis is difficult, but as we
show, the uncertainty due to penguin effects in the deter
nation ofa is small, since the bound on the penguin diagr
contribution is stronger. In both cases, one can get a m
ingful improvement in the knowledge ofa, compared to
measuring the charged pion asymmetry alone.

II. DERIVATION OF BOUNDS

We start with definitions. The time-dependentCP asym-
metry in B decays into a finalCP even statef is defined as
@1#
0556-2821/98/58~1!/017504~4!/$15.00 58 0175
in
e

re-

tes
or

l-

e

te
re-

If
he

y
ll
i-

n-

af~ t ![
G@B0~ t !→ f #2G@B̄0~ t !→ f #

G@B0~ t !→ f #1G@B̄0~ t !→ f #
, ~2.1!

and is given by

af~ t !5af
coscos~DMt !1af

sinsin~DMt !, ~2.2!

with

af
cos[

12ul f u2

11ul f u2
, af

sin[
22 Iml f

11ul f u2
, l f[

q

p

Āf

Af
,

~2.3!

wherep andq are the components of the interaction eige
states in the mass eigenstates,Af(Āf) is theBd(B̄d)→ f tran-
sition amplitude, and we will useuq/pu51 @1#. The time-
dependent measurement can separately extractaf

cos andaf
sin.

In particular,

sin@arg~l f !#5
Iml f

ul f u
~2.4!

can be determined. Notice, however, that

af
sin5

22Iml f

11ul f u2
52sin@arg~l f !#A12~af

cos!2. ~2.5!

For f 5p1p2, and in the absence of penguin diagrams,l
5e2ia anda12

cos 50 ~we usel[l12). Thus, we expecta12
cos

to be small, and difficult to determine accurately. Howev
this quantity only enters quadratically in the correction b
tween sin@arg(l)# and a12

sin . Thus the error in the value o
sin 2a that comes from neglecting this quantity is small. Fu
thermore, we will show that, for any value of the tree a
penguin contributions, the difference between sin 2a and
a12

sin is maximized forulu51 (a12
cos 50). Hence, our bound

is obtained without any dependence ona12
cos .

We further define
© 1998 The American Physical Society04-1
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A12[A~B0→p1p2!, Ā12[A~B̄0→p1p2!,

A00[A~B0→p0p0!, Ā00[A~B̄0→p0p0!,

A10[A~B1→p1p0!, Ā20[A~B2→p2p0!.
~2.6!

Isospin symmetry relates these amplitudes:

1

A2
A121A005A10,

1

A2
Ā121Ā005Ā20,

uA10u5uĀ20u. ~2.7!

These equations can be represented by two triangles
unknown orientation in the complex plane. Moreover, sin
the charged final state of two pionsp1p0 is a pure isospin 2
channel and thus receives no gluon penguin diagram co
butions, theCP-conjugate amplitudesA10 and Ā20 are
equal in magnitude.~Here we neglect the contribution o
electroweak penguin effects, since these are at most a
few percent level@5#.! With this approximation we can draw
the two triangles with a common baseuA10u; see Fig. 1. This
is the Gronau-London construction.

We note in passing that a test for the size of electrow
penguin effects can be made by looking for directCP vio-
lation in theB6→p6p0 channel since these can only occ
due to interference between tree and electroweak pen
terms. While a null effect could be due to a vanishing re
tive strong phase between the tree and electroweak pen
terms, any non-zero effect would be evidence for enhan
electroweak penguin effects or possible beyond stand
model contributions. Hence it is interesting to search for
rect CP violation in this channel, precisely because it is e
pected to be small in the standard model.

Returning to the Gronau-London construction, we furth
remark that, with the common sideA10 for the two triangles,
the angle between the sides proportional touA12u anduĀ12u

FIG. 1. The isospin triangles of Eq.~2.7!.
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is the difference between arg(l) and 2a ~see Fig. 1!. ~This is
a simple way of stating how the Gronau-London constr
tion allows extraction of a corrected value of 2a.! Measure-
ment of this angle and of the directCP violating asymmetry
a12

cos in addition to the asymmetrya12
sin is sufficient to obtain

a correctly, independent of the size of the penguin effec
Likewise, it is now a straightforward matter to investiga
what constraints on this angle can be obtained from a bo
on the sum of thep0p0 rates forB0 and B̄0.

To make this explicit we rewrite Eq.~2.5! as

a12
sin 52sin 2~a1d!A12~a12

cos !2, ~2.8!

where we define 2d as the angle betweene2ia andl, namely
the angle between the12 sides of the two triangles with a
common baseuA10u ~see Fig. 1!. A fourfold ambiguity in 2d
arises because we can flip the orientation of either of the
triangles about the common side. For any set of values of
rates, the larger value ofu2du, and thus the largest correctio
to a, occurs when the two triangles are on the opposite si
of the base; in our subsequent derivation of a bound on
correction we will consider only this orientation. Flippin
both triangles about their common side reverses the sig
the correction, and so our bound will be on the magnitude
the correction, with either sign possible.

We define the combined rate, and the rate ratio

^B&00[
B~B0→p0p0!1B~B̄0→p0p0!

2
,

B00[
^B&00

B~B1→p1p0!
. ~2.9!

We consider what we can learn ifa12
sin and B(B1

→p1p0) are measured, and an upper bound onB00 is es-
tablished. Our goal is to set an upper bound onudu. We
emphasis that in what follows we always assume thatudu is
small. Actually, the proofs are correct as long asudu,p/2. In
practice, of course, we hope to get a much tighter bound

Let us define the angles within the triangles by the lab
of the sides that are opposite them; thusf00 is the angle
opposite to the side of lengthuA00u, etc. Then, 2d5f00

2f̄00. ~We use the pion charges as the labels for the sid
and denote angles in theB̄ rate triangle by a bar over th
name.! We use the sine theorem to write

sin f005
uA00usin f10

uA10u
, sin f̄005

uĀ00usin f̄10

uA10u
.

~2.10!

First we note that, for a given upper bound onB00, udu has a
maximum. Geometrically, the maximum is reached when
two isospin triangles have opposite orientation and they
right triangles,uf10u5uf̄20u5p/2, so that the sine terms o
the right side of Eq.~2.10! are maximal~see Fig. 2!. This
4-2
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maximum applies with no knowledge about the values
uA12u and uĀ12u. Using Eq.~2.10! we get

usin f00u<
uA00u

uA10u
, usin f̄00u<

uĀ00u

uA10u
. ~2.11!

Using the fact that for fixedx21y2 the maximum value of
uxu1uyu occurs forx5y and the definition ofB00 in Eq. ~2.9!
we see thatudu is maximized whenudu5uf10u5uf̄10u, and
obtain

sin2d<B00. ~2.12!

This is a general bound on sind. Note also that in this situ-
ation the two triangles are congruent, which means that th
is no directCP violation, when this bound is saturated an
thus that the bound ond is achieved whena12

cos 50, as stated

above. The known values ofA12 and Ā12 may constrain
the correction to be slightly less than this generic maximu
but they cannot make it larger.

While we found the maximum value ford, we still have
to show that the absolute value of

D[sin 2a1a12
sin 5sin 2a2sin 2~a1d!A12ua12

cos u2

~2.13!

has a maximum atulu51. Note thatuDu is symmetric for
positive and negativea12

sin . Moreover, sinceA12ua12
cos u2

<1, it is clear that forusin 2(a1d)u.usin 2au the effect of
uluÞ1 is to reduceuDu. Thus, we have to check only the ca
in which usin 2(a1d)u,usin 2au. In particular, it is enough to
check only for 0<a<p/4 and2a<d<0. We differentiate
D with respect toulu, taking into account how our bound o
udu is decreased asulu moves away from 1. We find, keepin
uA00u5uĀ00u and using the geometry of the triangle constru
tion, that, nearulu51, we can write

FIG. 2. The isospin triangles in the maximum penguin con
bution case.
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dD

dulu
5~ ulu21!

cos~2a1d!

sin d
,

d 2D

dulu2U
ulu51

5
cos~2a1d!

sin d
.

~2.14!

~In the above we keptuluÞ1 only when it appears in the
combinationulu21.! Thus, we see that the shift in sin 2a is
extremal atulu51. Since we are concerned with the sind
,0 and cos(2a1d).0 case, it is also clear that this is indee
a maximum.

Equation ~2.12! is the main result of this Brief Report
Small improvements to this result can sometimes be mad
the actual values ofA12, Ā12 and A10 are inconsistent
with the congruent right triangle possibility. From the cosi
law for the two triangles, with a little algebra and calculu
one can show a more general bound

sin2d<
~22k2k̄ !~2B002k22k̄2!

4~12k!~12k̄ !
, ~2.15!

where we have defined the ratios

12k5
uA12u

A2uA10u
, 12k̄5

uĀ12u

A2uA10u
, ~2.16!

and thusulu5(12k̄)/(12k). If the neutral rates are too
small to measure, this is unlikely to be a significant improv
ment over the simpler bound stated above. However, it
completely general result, and ifk or k̄ is negative, it may
provide a slight improvement over Eq.~2.12!.

III. CONCLUSION

We wish to stress a few points in our argument leading
Eq. ~2.12!.

~1! Since the general bound was saturated forulu51, it
does not require a measurement ofa12

cos .
~2! Since the general bound was obtained for the cong

ent right triangle case, it does not require measurement o
actualB0 and B̄0 to charged pion decay rates, but only th
asymmetrya12

sin , which reduces sensitivity to errors from
cuts that remove backgrounds in theB0 decay channels.

~3! Finally, since the bound depends only on the sum
the B0 and B̄0 decays to neutral pions, it can be determin
from untagged data in this channel.

With all these advantages, it is clear that the bound,
~2.12!, can significantly limit the error on the value ofa if a
bound onB00&0.1 can be achieved.

In conclusion, we have shown that a measurement
B(B1→p1p0) and an upper bound on the combinedB0

→p0p0 andB̄0→p0p0 decay rate can be used to bound t
penguin diagram induced error on the extraction of sina
from the CP asymmetry,a12

sin , measurement. The boun
takes the simple form

a12
sin 52sin 2~a1d!,

-
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sin2d<
B~B0→p0p0!1B~B̄0→p0p0!

B~B1→p1p0!1B~B2→p2p0!
. ~3.1!

If the B’s into neutral pion decay rates are too small to
measured, then this bound will provide a determination
er
n

s.

01750
f

the theoretical uncertainty in the value ofa extracted from
the asymmetry in two-charged-pion modes without the
sumption of small penguin diagram effects.
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