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Coherence of neutrino oscillations in the wave packet approach

C. Giunti
INFN, Sezione di Torino, and Dipartimento di Fisica Teorica, Universitd orino, Via P. Giuria 1, 1-10125 Torino, Italy

C. W. Kim
Department of Physics & Astronomy, The Johns Hopkins University, Baltimore, Maryland 21218
and School of Physics, Korea Institute for Advanced Study, Seoul 130-012, Korea
(Received 19 November 1997; published 9 June 1998

The temporal and spatial coherence widths of the microscopic process by which a neutrino is detected are
incorporated in the quantum mechanical wave packet treatment of neutrino oscillations, confirming the obser-
vation of Kiers, Nussinov, and Weiss that an accurate measurement of the neutrino energy in the detection
process can increase the coherence length. However, the wave packet treatment presented here shows that the
coherence length has an upper bound, determined by the neutrino energy and the mass-squared difference,
beyond which the coherence of the oscillation process is [I86656-282198)01415-3

PACS numbegps): 14.60.Pq

A complete understanding of neutrino oscillations mustmomentum spaceé,(p;pa,o,p) have the following Gauss-
take into account the localization of the microscopic pro-ian form, which enables us to carry out an analytical calcu-
cesses by which a neutrino is produced and detected. Thiation of the transition probability:
localization is appropriately described by a wave packet
treatment of neutrino oscillationd—9] (different treatments ) _ 2 \_1a (p—pa)?
are discussed if10,11)). As the authors df9] noticed, in the Ya(PiPa,opp) = (2mapp)eXp — 402,
guantum mechanical wave packet approach presented] in
the dependence of the oscillation probability on the temporalvhere p, are the average momenta of the different mass
and spatial coherence widths of the detection process wasgenstates andp is the momentum width of the wave
neglected. In this Brief Report, we wish to incorporate, in apackets. The average momemiaare determined by the ki-
simple and straightforward way, the temporal and spatial conematics of the production process taking into account the
herence widths of the detection process in the quantum menassesn, of the mass eigenstates. We assume that all the
chanical wave packet description of neutrino oscillations andnass eigenstates are extremely relativistic, pg>m,. In
show that, as an immediate consequence of this, performingnis caseAE=Ap and o,p is determined by theninimum
an accurate measurement of the energy of the detected nepetween the neutrino energy and momentum uncertainties in
trino leads to an increase of the coherence length for neutrinthe production procesé possible dependence of the mo-
oscillations, as was noticed for the first time[#l. mentum widths from the index can be estimated to be very

Let us consider a neutrino of flavarproduced by a weak small and negligible for relativistic neutrinosHence, from
interaction process at the origin of the space-time coordithe uncertainty principle it is clear that,p is determined by
nates and detected at a distahcafter a imé T by a weak  the maximumbetween the spatial and temporal coherence
interaction process capable of detecting a neutrino of flavowidths of the production process.

B. As in [4], we describe the neutrino propagating between We assume that the Gaussian wave functi¢®s are
the production and detection processes with the timesharply peaked around the corresponding average momen-

. @

dependent state in the Schinger picture: tum, i.e.o,p<E3/m,, with E;=E,(p,). Under this condi-
tion the energyE,(p) can be approximated bl,(p)=E,
|Va(t)>:2 Uzaf dpwa(p;pa,app)e‘iEa(p)tlva(p», +va(p—pa), Wherev,=p,/E, is the group velocity of
a each wave packet. In this case, the neutrino wave function in

(1) coordinate spacdy,(x,t))=(x|v,(t)), is easily calculated

after a Gaussian integration to be given b
where E,(p) = \p°+ maz. This state is a superposition of g g y

mass eigenstate wave packet stdtabeled by the index) ”

weighted by the complex-conjugated elements of the mixing | 7o(X,1))=(2ma%p) vey Uk,

matrix U of the neutrino fields. For simplicity, we consider 2

only one space dimension in the source-detector direction ) ) (X—v,t)?

and we assume that the mass eigenstate wave functions in XeXF{—IEaHIDaX— 402, [va), (3)
X

with the orthonormal statgs’,) belonging to the mass Fock

Taking into account the spatial and temporal coherence widths o$Pace (va|vp) = 8,p). The widthop of the mass eigenstate
the production and detection processes;0, t=0 and x=L, t wave packets in coordinate space is related to the momentum
=T are their average space-time coordinates. width o,p by the uncertainty relatiow,popp=1/2. From
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the considerations presented after B).it is clear that the The amplitude of the flavor changing process is given by
value of o,p is given by the maximum between the spatial the overlap
and temporal coherence widths of the production process.
Let us consider now the detection process which takes
place at a distande and after a tim& from the origin of the
space-time coordinates and is capable of detecting a neutrino ) )
with flavor 8. In [4] the amplitude of the flavor changing The integral ovex is Gaussian and leads to
process was obtained by projecting the stpte(L,T)),

AaB(L!T):f dX<Vﬁ(X_L)|Va(XiT)>' (6)

which describes the propagating neutrino, on the flavor state _ 20%p0xD *

|vg)=2aU%,|va). This procedure neglects the temporal and Aap(LT) o2 ; UaaUpa

spatial coherence widths of the detection process. In order to 2

take them into account, the detected neutrino must be de- Xexr{—iEaTJripaL— (L—val) (D
scribed by a wave packet state analogous to that in(Hg. 4ch2

with
Ivﬁ>=§ Uzafdpwa(p:pa,opo)lva(p»- (4)

2__ 2 2
ox=0ypt Oyp- ®)

The value of the momentum wid#h,p, is given, for relativ-  This relation is very important in that it clearly shows that
istic neutrinos, by the minimum between the neutrino energythe width o, which determines the coherence of the flavor
and momentum uncertainties in the detection process. Thehanging process depends on the spatial and temporal coher-
state|v;) does not evolve in time because it does not repreence widths of both the production and detection processes.
sent a propagating neutrino. The average momppta the  The amplitude(7) has the same form as that [i#A], with an
mass eigenstate Gaussian wave functions describing the dénportant difference: the widthr, in [4] was determined
tected neutrino are the same as those of the correspondingly by the production process, whereas in Ef).also the
mass eigenstate Gaussian wave functions describing the negletection process is properly taken into account.

trino propagating between production and detection. This In order to calculate the oscillation probability, the mass
property is a consequence of causality: after the average meigenstate energies can be approximated by

mentap, have been determined by the kinematics of the
production process, the mass eigenstates propagate between A
the two processes and determine the kinematics in the detec- Ea=E+¢ 2E’ ©

tion process. For example, the moduli of the average mo-

mentap, of the mass eigenstate wave packets of a muoRvhereE is the energy determined by the kinematics of the
neutrino produced in pion decay at rest are fixed by the kiproduction process for a massless neutrino aisla dimen-
nematics of the process. When this neutrino is detected, fafionless quantity that is determined by energy-momentum
example, by scattering with a nucleus at rest, each massonservation in the production process to first order in
eigenstate determines with its average momerpyrand its mi/EZ. The quantityé is typically of order unity; for ex-

massm, a different value for the momenta of the recoil ample, in neutrino production by pion decay at rest we have
particles. Neutrino oscillations are observed if the differents~0 2. with this approximation we havey,~E—(1

mass eigenstates are detected coherently, i.e. if the differ- £)m2/2E andv,~1-m2/2E2. From Eqs(7) and(9), the
ences of the energies and momenta of the recoil partideﬁrobability
corresponding to different mass eigenstates are smaller than
the energy and momentum uncertainty of the detection pro-

2

of v,— v transitions is given by

cess. Pap(L T 2, UkaUgaUanUy
Taking into account that the detection process takes place ab
at a distanceé. from the origin of the coordinates, the wave Amgb
function in coordinate space describing the detected neutrino Xexp{ —i 5E [6T+(1- §)L]]
is given by

(L—v,T)2+(L—v,T)?
XeX - 2
Yo

], (10)
|y3(x—L)>=(2m§D)—1’4§ Uka
) with Am2,=m2—m2.

(x—L) |va) (5) In principle, P, 4(L,T) is @ measurable quantity, but in all

4ofD an realistic experiments the distanteis a fixed and known
quantity, whereas the timé€ is not measured and can have

where o,y is defined by the uncertainty relation,popp Ny value, because the source and the detector typically op-

=1/2. Hence, the value af,p is given by the maximum erate for times much longer than the oscillation times

between the spatial and temporal coherence widths of thémE/AmZ,. Therefore, the quantity that is measured in all

detection process. experiments is the oscillation probabilify,z(L) at a fixed

xexp{ipa(x—L)—
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distanceL, given by the time average & ,5(L,T). After  without limit by an extremely precise measurement of the
integrating ovefT and imposing the normalization condition neutrino energy in the detectidgand/or productionprocess,

3P ,p(L)=1, we obtain the oscillations lose the coherence or=L 3}, because the
factorF,, becomes important and has the effect of suppress-
H H osc H
Paﬁ(L)ZE U*,U 5,U abUEb ing t_he interference ob, and v, fc_)r oLy Phy_s|cally
ab this is due to the fact that the spatial or temporal width of the

2 detection(or production process becomes larger than the

. L L oscillation length, leading to the washout of the oscillatibns

Xexpg —27 —sse— | ~onl |Fapn, (1) ' X X .
ab L In order to understand the reason for this washing-out let us
consider, for example, the case in which the detection pro-

ab

where cess has a small spatial coherence width and a large temporal
AnE MWio.E2 coherence width that don_minatgs the total' coherence width
oS g%h:—; (120  ox- As shown by Eq(10), in this case the interference be-
Amgy, |Amg,| tween the mass eigenstateandb is not suppressed if the

_ average detection time does not differ fronl/v, andL/vy,
are the oscillation wavelengths and coherence lengths, r%-y more than- o This is due to the fact that the modes of
spectively, and the detection process corresponding to the different mass
eigenstates oscillate coherently during a time interval of
width o, aroundT, even when the mass eigenstate wave
(13) packets are far fronh.® Then it is clear that ifo, is larger
than the oscillation length, the phase of the interference term
depends crucially on the value of In this case, the average

of the transition probability oveT washes out the interfer-

2
ag
Fab:ex;{—zqﬁgz( OXSC> .

ab

Equation(11) contains, in addition to the usual expression
for the neutrino oscillation probabilitithe first term in the ence. This result is in agreement with the fact that if the

T Lecant frm 1 ihe cxpanntl o s e L2U o enerdy i knoun wih an acuracy smaller thantre
coungt the coherence of the conrt)ributions of different masse nergy difference between the o mass eigenstajend
implied by Eq.(9), AE.p,=£AMZJ2E=27¢/LSE, only

eigenstate wave packets and the second being the additiondl ' ; )
¢ ) o 0s one of the two mass eigenstates contributes to each event and
actor F,,. The factorF,;, is equal to unity ifo,<|Lgp],

which is a necessary condition for the observation of neu:[he interference of the contributions of the two mass eigen-
y states that produces neutrino oscillations is abészs[3]).

trino oscillations that must be satisfied by any realistic ex- Therefore, using Eq12) one can see that the coherence
periment. If this condition is not satisfied, the mten‘erenceltejpgth has the upper bound

among different mass eigenstate wave packets is washed o
and | 0n|l)2/| a|2 constant transition probabilityP 4 1672E3
=3,/U U can be observed. coho iy L —

It is ?%portl;ant to notice that the integration over the os- bab=E(Lab (Amg,)?’ b
cillation time is a crucial step in the wave packet treatment of
neutrino oscillations in space, because it allows us to elimi-
nate the time degree of freedom, which is not measured ibeyond which the coherence length loses its meaning, be-
realistic experiments. This elimination is done at the classicatause the coherence of the process is lost for any value of the
level by integrating the probability, which is a classical distanced..
quantity, and without any unphysical assumption on the en- In conclusion, we have shown that the temporal and spa-
ergies and momenta of the mass eigenstates, which are dgal coherence widths of the detection process can easily be
termined by the production procegE2]. An unphysical as-
sumption would be, for example, the imposition of equal
energy to the different mass eigenstates, §e.0, which
would eliminate the time dependence of the oscillatory term,
in the probability(10). obtained by averagin®,,z(L,T) overL. Such a situation is real-

From ths.(s) and. (12) one can see that the coherehnceized, for example, in the calculation of the effects of neutrino os-
lengthLgy' is proportional tooy,=\oyp+oyp. Hence,Lgy'  cillations in the early universe.
is dominated by the largest among the temporal and spatial®Notice that ifop is dominated by the temporal coherence width
coherence widths of the production and detection process. l6f the detection process, the Gaussian approximation ir(Edor
particular, a precise determination of the neutrino en€ogy the wave function of the detected neutrino introduces an unphysical
momentum in the detection process implies a small, and  interaction for times smaller than the time of arrival of the propa-
a large o,p, leading to a large coherence Iengtlg%h gating neutrino to the detector. In this case a more realistic approxi-
=420,pE?|AMS| (if oy,p<o,p). Hence, as noted iff], ~ mation can be obtained by inserting in ES) and (6) a 6(x—L
the coherence length can be increased by measuring acc#w,p), whereo,p is the spatial coherence width of the detection
rately the energy of the detected neutrino. However, even ifprocess. This approximation requires a numerical solution of the
at least in principle, the coherence length can be increasegtegral in Eq.(6) and will be discussed in detail elsewhéi)].

Notice that a similar effect is obtained if the distaricérom the
ource is not known and the time-dependent probalilify(T) is

017301-3



BRIEF REPORTS PHYSICAL REVIEW D 58 017301

incorporated in the quantum mechanical wave packet treatan increase the coherence length. However, the wave packet
ment of neutrino oscillations. As a result, we confirm thetreatment presented here shows that the coherence length
observation presented j6] that an accurate measurement of cannot be increased beyond the upper bound given by Eq.
the neutrino energyor momentum in the detection process (14) without losing the coherence of the oscillation process.
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