
PHYSICAL REVIEW D, VOLUME 58, 016003
Hadronic masses and Regge trajectories

Silvana Filipponi
Physics Department, Harvard University, Cambridge, Massachusetts 02138

and Dipartimento di Fisica and Istituto Nazionale di Fisica Nucleare, Universita´ di Perugia, I-06100 Perugia, Italy

Yogendra Srivastava
Dipartimento di Fisica and Istituto Nazionale di Fisica Nucleare, Universita´ di Perugia, I-06100 Perugia, Italy

and Physics Department, Northeastern University, Boston, Massachusetts 02115
~Received 9 January 1998; published 22 May 1998!

A comprehensive phenomenological analysis of experimental data and some theoretical models is presented
here~for mesons! to critically discuss how Regge trajectory parameters depend on flavor. Through the analytic
continuation of physical trajectories~obtained from resonance data! into the spacelike region, we derive the
suppression factor for heavy flavor production. The case of ourD Regge exchange, for bothD and Lc

production, is considered in some detail. Good agreement with data is reached, confirming that indeed the
slopes of heavier flavors decrease. This result suggests that the confinement potential has a substantial depen-
dence on the quark masses. In a simple nonrelativistic model, constrained to produce linear Regge trajectories,
it is shown that a linear quark mass dependence is required~in the confinement part of the potential! in order
for the slope to decrease in the appropriate way.@S0556-2821~98!00113-1#

PACS number~s!: 11.55.Jy, 12.39.2x, 13.60.Le, 14.40.2n
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I. INTRODUCTION

Hadron internal dynamics is described by QCD, but
deriving its properties many problems arise essentially du
the mathematical complexity of relativistic bound state pro
lems in non-Abelian gauge theories. This has led to te
niques and approximation schemes to perform phenom
logical calculations that differ according to the species of
hadron. Since QCD is flavor independent but the hadrons
not, it is only natural that quark masses that distinguish
vor appear as crucial quantum numbers not only in fixing
scale of the hadronic masses but in determining the choic
the approximation itself.

A relativistic or nonrelativistic model is usually invoke
depending upon whether the ratiom/Lx,1 or .1, where
Lx is the hadronic scale andm the quark mass. It would the
appear that the dynamics for light quarks should be larg
detemined byL and by m for heavy flavors. The case o
heavy-light systems would lie somewhere in between. T
purpose of this work is to investigate the question of qu
mass dependence in a systematic way.

Our analysis is based on the construction of Regge tra
tories under the the following two hypotheses. First, we
sume all trajectories to be linear in the squared mass~of the
hadronic state! for all flavors.

a~s!5a~0!1sa8. ~1!

For light baryons and mesons, we have ample and com
ling phenomenological evidence supporting this assumpt
Our analysis finds no evidence for strong deviations fr
linearity also for heavier flavors.

The second assumption is that the functional depende
of the two parametersa(0) and a8 on quark masses i
through the combinationm11m2. Arguments in support of
this hypothesis are presented in Sec. II.
0556-2821/98/58~1!/016003~12!/$15.00 58 0160
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In Sec. III through an analysis of Regge trajectories
mesons of all flavors, we obtain analytic forms for the slo
as well as the intercept parameters as a function ofm11m2.
The ‘‘distances’’ between trajectories are also investigated
the same fashion. In Sec. IV trajectories are constructed
which physical mesons lie. In Sec. V, we employ their an
lytic continuation into the spacelike region to discuss h
heavy flavor production is suppressed. The case ofD meson
trajectory exchange is analyzed in some detail. Our mo
predictions are compared successfully with available exp
mental data. In Sec. VI we address the implications that
Regge trajectories may have on the dynamics underne
The decrease in the slope for heavier flavors is argued
imply that the confining potential is strongly flavor depe
dent. A nonrelativistic potential model exhibiting linear tr
jectories is constructed where a simple linear dependenc
the quark mass~for the confinement term! reproduces the
appropriate behavior in the slope.

II. CHOICE OF THE VARIABLE m11m2

Let us consider a meson of massM (m1 ,m2) as a bound
state of a quark of massm1 and an antiquark of massm2.
Quite generally,M may be parametrized as a function ofr

5Am1m2 and m̃5m11m2. Since quarks have never bee
observed as free particles, there is no unique definition ofm1
andm2. Transcending the bound state dynamics, this unc
tainty further complicates howM depends onr andm̃. For
the constituent quark picture adopted here, we present a
ments below in favor ofm̃ being the relevant parameter upo
which M depends, for practically all cases where data
available. In some cases, where the dependence onr turns
out to be small but not negligible, it may be incorporat
perturbatively.

As a widely accepted convention, quarks are conside
© 1998 The American Physical Society03-1
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light if m,Lx(u,d,s) and heavy ifm.Lx(c,b,t), indicat-
ing that very different properties arise depending on t
scale (Lx'1 GeV!. Given the above classification for qua
masses, there are four types of mesons:~i! both quarks are
light, ~ii ! both quarks have the same mass,~iii ! one quark is
light and the other heavy, and~iv! both quarks are heavy. Fo
case~i!, bothr andm̃ are much smaller thanLx and hence
negligible in our scale for all quark masses. For case~ii !, r

andm̃ degenerate into a single parameter. For case~iii !, m̃ is
the only remaining parameter. Hence the question whethem̃
is the dominant parameter is of relevance only for case~iv!.
For the subclass of~iv! that can be described via nonrelati
istic dynamics, the dependence onr ~or, equivalently on the
reduced mass! must by implication be small. In such cases
can be included perturbatively. For the rest of class~iv!, the
dependence onr cannota priori be guaranteed to be sma
In practical terms, this may be quite relevant only for thebc̄
system, where appreciable differences in masses may o
in parametrizations with or without the inclusion of term
containingr. Thus data on this system would be crucial
distinguishing between the two choices.

All the analysis of the next section will be performe
using them̃ variable. Without the above justification, th
same choice has also been made in@1#. Corrections due to
electric charge or isospin are not included here.

III. PHENOMENOLOGICAL ANALYSIS

A. a8 and a I „0… parameters of the Regge trajectories

In this section, we derive analytic forms for the slope a
intercept parameters for the Regge trajectories for all m
sons. For this purpose, we use experimental data@2# as well
as results from theoretical models. Theoretical information
required to supplement the experimental one for mes
composed of heavy quarks where only the lowest part of
spectra has been measured. We selected some models t
the measured energy levels and predict the masses for h
resonances. For some states, quark model needs to b
voked to fix the spin@2#, whenever it has not been dete
mined experimentally. The spin quantum number being c
cial for our analysis, it is essential to verify whether t
quark model prediction is confirmed by other independ
calculations. As experimental spectra are almost unkno
for theB mesons and poorly measured for theD mesons, we
do not attempt for them the same detailed analysis as
been done for charmonium and bottomium. For theD sys-
tem, only a rough determination of the Regge trajectories
be made from experimental data.

While using experimental data, our choices for the qu
masses are

mu5md50.03 GeV, ms50.5 GeV,

mc51.7 GeV, mb55 GeV. ~2!

While using inputs from theoretical models, values for qua
masses are fixed according to the ones used in the parti
model.
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Let us begin with the slope parameter. In Fig. 1 input d
for the slopes are presented.

For light mesons, we refer to a recent analysis of Reg
trajectories in@3# and to the MIT bag model@4#, which gives
the theoretical value forabag8 '0.9 GeV22. In this model,
the bag is supposed to be a rapidly rotating, linearly exten
object, where the massless quarks are fixed at the ends
slope parameter is obtained through a classical calculatio
the energy and angular momentum of the bag.

The four experimental points~the bullets! for light me-
sons have been determined analyzing leading Regge tra
tories for systems with different isospin~along with their
quark content!: I 50, bothv (uū1dd̄ bound states! andf

(ss̄ bound states! resonances, with slightly different slope
I 51, r resonances;I 51/2, K resonances. For charmonium
we calculate the slope parameter using the masses of the
states that have been experimentally measured both for
leading [J/c(1s)2xc2(1p)# and for the second trajector
[hc(1s)2xc1(1p)#, which differ by one unit of spin. A
similar situation is found for bottomium. For both these sy
tems a more complete spectrum is provided by theoret
models@5–7#. We check that an almost linear behavior
reproduced with the predicted masses for the higherJ states.
For both systems, the calculated slopes are very close to
ones derived from our analysis. This is not an obvious re
because the model predictions for the unknownJ states are
given in a completely independent way without imposi
any linear behavior. The theoretical models we analyze
nonrelativistic potential models~relativistic correction terms
are included by hand! where a central potential describes t
interaction. In@5# a smooth function interpolating betwee
the Coulomb and the linear term fits the spectra. The ot
choices for the potential areV(r )5A1Br0.1 for @6# and
V(r )5Ã1B̃/r 0.1 for @7#. For these three models, the slop
are calculated and included in our analysis.

Experimental data for theD and Ds mesons are used t
obtain their slope. Predictions from a semirelativistic mod
in @8# for the D andB mesons are also included.

All the inputs described above have been used in
analysis and are shown in Fig. 1, along with a global fit. T
analytic behavior for the slope is found to be

a85
0.9

110.2S m11m2

GeV D 3/2 GeV22. ~3!

An identical analysis has also been carried out fora I(0),
where the subscriptI refers to the leading Regge trajector
All input data points are shown in Fig. 2, along with th
analytic expression

a I~0!50.572
m11m2

GeV
. ~4!

In Fig. 2 only two entries~they refer to theBc system! have
too small a value compared to the general trend. We
unable to explain these deviations from the expected beh
ior.
3-2
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FIG. 1. Slope parameter for various mesons as a function ofm11m2.
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Before concluding this section, we consider some con
quences following from our result for the slope parame
~3!. The 3/2 power implies a rather large value for the kine
energy possessed by bound state of heavy quarks. This
comes substantial already for theBc system and is certainly
so for toponium and top mesons. Unfortunately, mass spe
are completely unknown in the first case@9#, while top bound
states are predicted not to form, due to the large mass
short lifetime~through weak decays! of the top quark. Pres
ently, it is not possible to verify from data whether such
large kinetic energy term exists.

It must be emphasized that parametrizations that incl
quark mass dependences other thanm11m2 alone might
change significantly the 3/2 power law. The accuracy of
present data renders difficult such an analysis in terms
more than one combination of the quark masses.

In string-type models@10#, where the associated kinet
energies are not overly large, 1/a8 would be linear inm̃
5m11m2 ~within our assumption thata8 only depends
uponm̃). Hence we tried to constrain the fit to reproduce t
behavior. A phenomenological problem arises, howev
with the light sector. Sincea85a8(0)/(11Am̃) has a large
negative derivative for smallm̃, there appear significan
variations for the slope in that region. On the other hand,
require for all the slopes of the light sectora l ight8 '0.8
20.9 GeV22. Such can be obtained only with an almo
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perfect degeneracy in theu, d, ands quark masses.
We hope to return to this interesting but delicate quest

elsewhere. Below we continue our analysis with the unc
strained fit~3!, which reproduces the observed falloff in th
slope quite well.

B. Level splitting through the a„0…[a I „0…2a II „0…
parameter

Let us now consider the spacing between the first a
successive trajectories for various mesons. This distanc
defined to be the energy squared gap between states of
J for successive trajectories@EJ

I 11#22@EJ
I #2. We also ana-

lyze the corresponding energy level splitting@EJ
I 11#2@EJ

I #.
There is phenomenological evidence suggesting that

cessive trajectories alternate between states of normal
abnormal parity. That is, the first trajectory contains the n
mal set starting withJP512, followed by the abnormal se
with JP502, and so on. In particular, lowestJ51 states for
any meson@2# have negative parity. As energy increases,
encounter a state of positive parity, followed by a negat
parity state and so on. This trend is summarized in Table

Exceptions to this regularity are present and we disc
them briefly in the following. For example, for thev reso-
nances, we have two closely lying statesv(1420) and
v(1600), which have both been assigned negative parity
similar situation is found for the charmonium stat
3-3
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FIG. 2. a I(0) parameter for various mesons as a function ofm11m2.
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c(2s;3686.0060.09 MeV) andc(3770) states.

Another possible exception concerns ther̂(1405), JP

512 state, which was observed but not reconfirmed. In fa
this state is omitted from the summary table, even if repor
in @2#. If such a state did exist, it would be out of the sche
presented above.

On the other hand, forK mesons the situation is ex
tremely regular. The first three states follow this patte
Then the somewhat doubtfulK(1650) of positive parity is
followed by theK* (1680) of negative parity. This last entr
is not shown in Table I for lack of space.
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As can be seen in Table I, data are scarce forD mesons.
In any case, the known states follow the regular pattern
we have included them in our analysis. For the first entry
line 6 of Table I, the state labeledDs* , quantum numbers
have not yet been measured. The assignmentJP512 for this
state appears to be consistent with the general pattern. H
we have included it in the first column.

Finally, for the charmonium and bottomium systems, b
yond the tabulated states, a series of unconfirmedP
52 states have been reported [c(3770), c(4040),
c(4160), and c(4415) for charmonium andY~4s!,
TABLE I. Spectrum of spin-one states.

J51 states
State P State P State P State P

v(782) 2 h1(1170) 1 v(1420),v(1600) 2 ? 1

r(770) 2 b1(1235) 1 r(1450) 2 ? 1

K* (892) 2 K1(1270) 1 K* (1410) 2 K1(1650) 1

f(1020) 2 h1(1382) 1 f(1680) 2 ? 1

D* 2 D1(2420) 1 ? 2 ? 1

Ds* 2 D1s(2536) 1 ? 2 ? 1

J/c(1s) 2 xc1(1p) 1 c(2s), c(3770) 2 ? 1

Y(1s) 2 xb1(1p) 1 Y(2s) 2 xb1(2p) 1
3-4
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FIG. 3. Left: energy splitting~in GeV! between theJP512 and JP511 states of various mesons~in Table I! as a function ofm1

1m2. Right: their energy squared gap~in GeV2). The curves are ford̄a(0)5a I(0)2ā(0)50.6 ~down! and d̄a(0)51.1 ~up!.
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Y(10860), andY(11020) for bottomium#. Apart from these
possible exceptions, the alternating behavior between no
and abnormal sets of Regge trajectories seem to be
firmed.

In Fig. 3 the energy splitting and the energy squared
between spin-one states from columns I and II of Table I
plotted as a function ofm11m2. No input from theoretical
models is available since only normal states were consid
there.

As a general behavior, in Fig. 3 energy splitting seems
be almost constant around 0.4 GeV for all existing meso
while energy squared increases. The distance between
normal and the successive abnormal trajectory is defi
through the energy squared gap for a fixedJ:

@ĒJ#
22@EJ

I #25
1

a8
@a I~0!2ā~0!#. ~5!

The energy splitting is given by

D̄EJ[ĒJ2EJ
I 5

1

Aa8
$AJ2ā~0!2AJ2a I~0!%, ~6!
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where the overbar refers to the abnormal and the indexI to
the leading trajectory. From Fig. 3 we find thatd̄a(0)
[a I(0)2ā(0) depends weakly uponm11m2 and this de-
pendence has been ignored. A conservative estimate for
parameter is given by

0.6,d̄a~0![a I~0!2ā~0!,1.1. ~7!

For a8 anda I(0) we use our analytic results given in Eq
~3! and ~4! to obtain the continuous curves shown in Fig.
We repeat the same analysis for the distance between
leading and the second trajectory, using both the experim
tal data ~columns I and III from Table I! and theoretical
estimates from models discussed before. In Fig. 4 we plot
energy squared gap and in Fig. 5 the energy gap between
leading and the second trajectory, as a function ofm11m2.
From these curves we deduce

da~0![a I~0!2a II ~0!'1.321.6. ~8!

These data, even though not very precise, seem to indi
3-5
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FIG. 4. Energy squared gap~in GeV2) between theJ51 states of the leading and second trajectory as a function ofm11m2. The curves
are forda(0)5a I(0)2a II (0)51.3 ~down! andda(0)51.6 ~up!.
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that the separations between the leading normal and the
cessive abnormal and between the abnormal and the se
trajectories are not equal.

IV. LEADING TRAJECTORIES FOR HEAVY MESONS

In Sec. III we derived how Regge parameters functiona
depend onm11m2. As a function of the sum of the constitu
ent quark masses and the rest mass of the correspon
bound state, the leading trajectory is found to be

J~m11m2 ,M2!50.572m11m2 GeV

1
0.9 GeV22

110.2S m11m2

GeV D 3/2M2. ~9!

For m11m2'10 GeV the slope of the corresponding traje
tory ~describing bottomium! is close to zero.

The effectivem11m2 parameter for any meson is derive
by inserting into Eq.~9! the experimental value for the mas
of the lowest energy,J51 state. The precision of this analy
sis is estimated to be of the order of 10%. At the pres
level, Eq.~9! cannot be used to ‘‘deduce’’ the quark mass
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About the Ds and Bs mesons, the lowest energyJ51
state has not yet been detected@2#. As possible candidates w
chooseDs* 52112.460.7 MeV ~the same choice has bee
made in Sec. III! and Bs* 55416.363.3 MeV. These states
are used here to derive the slope and intercept parameter
Ds andBs systems.

This technique has been used to calculate rest mass s
tra. The ‘‘mass formula,’’ as well as results forD and B
mesons, charmonium, and bottomium spectra, is presente
another paper@11#. In Table II, the slope and intercept pa
rameters have been calculated for all the heavy mesonic
tor, except for theBc system, whose ground state has not y
been detected@9#, and toponium and top mesons~see@11# for
a detailed discussion about mesons composed of the
quark and their Regge trajectories!.

About the slope parameter, we find very good agreem
with the independent calculation in@1#, which gives 1/a8
52.48 GeV2 for charmonium and 1/a856.21 GeV2 for
bottomium.

In Fig. 6 our leading trajectories for all existing flavo
are plotted to show the intersection region. Trajectories
top mesons and the toponium can be found in@12#. About
the light sector, which has not been analyzed in this wo
3-6
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FIG. 5. Energy splitting~in GeV! between theJ51 states of the leading and second trajectories as a function ofm11m2. The two curves
are forda(0)5a I(0)2a II (0)51.3 ~down! andda(0)51.6 ~up!.
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only one trajectory is drawn for all isospins and the cor
sponding parameters are calculated form11m250.

V. PREDICTIONS FOR THE SPACELIKE REGION

Up to now our analysis has been concerned with phys
states lying on the trajectories. Of course, Regge theory
lows for applications in the spacelike region through pred
tions for hadronic scattering processes since its asymp

TABLE II. Our results for the slope and intercept parameters
heavy mesons.

Meson a I(0) a8 (GeV22)

D 21.35 0.59
Ds 21.51 0.56
charmonium 22.83 0.40
B 25.45 0.23
Bs 25.55 0.22
bottomium 29.67 0.12
01600
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behavior in energy is related to the exchanged Regge tra
tory. Exchanges of light trajectories for exclusive proces
have been quite successful in the past. For the heavy se
only inclusive data are available for charm production. W
employ the analytic continuation of theD Regge trajectory
to compute the inclusive production ofD mesons and theLc
baryon through the di-triple Regge formalism. These res
are compared with available experimental data.

Such an application to the spacelike region is a co
pletely independent check for our constructed Regge tra
tories since other data and a different part of the phase s
are now involved. Similar data are not available for theB
system; thus only theoretical predictions are given.

A. Suppression factor for heavy flavor production

For an inclusive reactiona1b→c1X, Regge theory pre-
dictions are given in the tri-Regge asymptotic limit@13#,
where t5(pa2pc)

2 is kept fixed; both the c.m. energiess
5(pa1pb)2 andMX

25(pa1pb2pc)
2 are large, butMX

2/s is
small. For an inclusive process the differential cross sec
is given by@14#

f

3-7
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FIG. 6. Leading Regge trajectories as derived by our model~see Table II! in a comparative plot.
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dMX
2 dt

'
g0~ t !

s S MX
2

s D 122a~ t !

, ~10!

wherea(t) is the Regge trajectory for the exchanged p
ticle. Momentarily neglecting thet dependence, we have

ds

dMX
2/s

'S s

MX
2 D 2n

, n5122a~0!, ~11!

showing the energy suppression factor in the differen
cross section for inclusive heavy flavor production. T
powern is related toa(0); hence it linearly increases wit
the sum of the quark masses constituting the meson. T
according to Eq.~4!, the suppression factor becomes larg
as one goes from theD meson to bottomium. Predictions fo
all heavy flavor sectors are gived in Table III.

B. Inclusive charm production

The Fermilab experiment E769@15# has detected charge
and neutralD mesons through 250 GeVp2N interactions,
using targets of Be, Al, Cu, and W. There the different
cross section for charm meson production is analyzed u
the Feynman-x (xF) and transverse momentum (pT

2) vari-
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ables. The following fit has been proposed in the factoriz
form for the range 0.1,xF,0.7 (0,pT

2,4 GeV2) ,

d2s

dxFdpT
2

'~12xF!ne2bpT
2
. ~12!

The same interaction was investigated at CERN in two d
ferent experiments~NA27 @16# and NA32@17#! using differ-
ent targets, beam energy, and ranges for thexF andpT

2 vari-
ables. Particulars for all three experiments are shown

TABLE III. The powern controlling the suppression term,~11!
appearing in the differential cross section for heavy flavor prod
tion.

Meson n

D 3.7
Ds 4.0
charmonium 6.7
B 12
Bs 12
bottomium 20
3-8
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TABLE IV. Values of n andb for all three experiments.

Expt. E769 NA32 NA27

pbeam (GeV) 250 230 360
target Be, Al, Cu, W Cu H

xF fit range 0.1–0.7 0.0–0.8 0.0–0.9
n 3.960.3 3.7460.2360.37 3.860.63

pT
2 fit range (GeV2) 0–4 0–10 0–4.5

b(GeV22) 1.0360.06 0.8360.0360.02 1.1860.18
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Table IV below, along with the best values forn andb. As
we can see, all three independent measurements give p
cally the same result for both parameters.

A similar value forn (n53.6920.71
10.74) is obtained in@18#

for the charmed baryonLc
1 production from 230 GeVp2Cu

andK2Cu interactions.
In both p2N→DX and p2N→LcX, a D trajectory is

exchanged; Fig. 7 represents this exchange for thepN
→DX reaction.

In order to test our predictions from Table III, we defin
the ratio between theoretical and experimental cross sec
as

R~MX
2 ,t !5

@d2s/dMX
2dt# theor

@d2s/dMX
2dt#expt

, ~13!

where the numerator is given in Eq.~10!. For the denomina-
tor, Eq. ~12! must be tranformed from the (xF ,pT

2) into the
(MX

2 ,t) variables and calculated in the tri-Regge limit. T
transformation along with some other kinematic details
given in the Appendix, where we also show thatMX

2/s
'0.320.6 ~or, equivalently,xF'0.420.7) is the reliable re-
gion for testing our predictions.

Thus, in the triple-Regge limit, for a fixedt value, the
ratio R is given by

FIG. 7. A D mesonic trajectory is exchanged in thep2N
→DX inclusive reaction.
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S 12
MX

2

s D 122a~0!

S 12
MX

2

s D n

3
g0~ t !

12
MX

2

s

S MX
2

s D 22a8~0!t

ebmD
2

1b~ t2mD
2

!~12MX
2 /s!

, ~14!

where we have neglected thet/s contribution from Eq.~A3!,
as explained in the Appendix;a(0) refers to theD trajec-
tory. For smallt, the first factor is dominant. For Table II
we find that our result for the powern is equal to 3.7, in
good agreement with the experimental value from all th
experiments. To show that the second factor in Eq.~14! does
not disturb significantly the previous analysis, in Fig. 8 w
plot R/g0(t) for small and fixedt values. As expected, no
large variations are found.

VI. POSSIBLE DYNAMICS FOR THE
PHENOMENOLOGICAL SLOPE BEHAVIOR

From our analysis it appears that the slope parameter
pends on the constituent quark masses through a 3/2 po
law. In the following we present some simple consideratio
that may lead to such a behavior.

It has already been shown@19,20# that in a nonrelativistic
approximation for the potential

V~r !5arp, ~15!

p52/3 generates linear Regge trajectories. In such a mo
the total energy is simply given by the centrifugal term an
confinement one, which are assumed to depend on the
of the constituent masses (m̃5m11m2) through an arbitrary
function a5a(m̃),

E~r ;p!5
J2

2Lr 2
1

L~Lr !p

p
a. ~16!
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FIG. 8. R/g0(t) function for fixed and smallt values. Then andb parameters are from the E769 experiment.
r
i.e
r
to
iu

o

m
th

eric
the
ly,
the

he
we

ique

ion
as-
ns
to
vor.
am-
ntil
ses
s not

ur
es-
L is a mass parameter and we require the centrifugal term
be m̃ independent in order to preserve a regular behavio
the limit where the sum of the constituent masses vanish,
the light mesonic sector. In such a model, a quasilineap
52/3 potential gives the phenomenological linear trajec
ries, when calculating the squared energy at the equilibr
point r 0,

r 05
1

LS J2

a D 3/8

. ~17!

Through a simple calculation, one can derive for the slope
the trajectory

a8~m̃!5
1

2L2

1

a3/2
. ~18!

In order to obtain our phenomenological result~3!, a(m̃)
must be proportional tom̃, suggesting that a linear mass ter
is required in the confinement potential in order to obtain
3/2 power in the Regge slope.
01600
to
in
.,

-
m

f

e

VII. CONCLUSIONS

In the present work, we have approached the gen
problem of hadron dynamics through considerations of
Regge trajectories for mesons of all flavors. Previous
Regge phenomenology has been succesfully applied in
light sector for both spacelike and timelike regions. T
analysis of the Regge parameters for various flavors that
have performed does appear to justify the Regge techn
as a powerful one.

As has been shown in Sec. V, heavy flavor product
from inclusive scattering is strongly suppressed with incre
ing energy. We succesfully checked our model predictio
with available experimental data. Work is still in progress
investigate further how the bound states depend on fla
An important task is to determine the relevant mass par
eter describing the internal dynamics of the mesons. U
now, our choice of the sum of the constituent quark mas
has been succesful. The phenomenological analysis doe
show whether another combination ofm1 ,m2 may also be
relevant; yet, to this purpose, indirect applications of o
results can be critically considered. Another interesting qu
3-10
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FIG. 9. t(xF) function for fixedpT
2 values. Data are from the E769 experiment.
e.
om
p

th

n

n-
les
tion is how to generate the observed mass dependenc
plausible choice, which reproduced the observed phen
enology, has been discussed in Sec. VI, where a mass de
dence was included in the confinement term.
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APPENDIX KINEMATICS OF INCLUSIVE REACTIONS

For the inclusive reactiona1b→c1X, the momentum
variables for thea,b,c particles are defined as

pa5~Ea ,0,0,p!, pb5~Eb ,0,0,2p!, pc5~E,pW T ,pz!.

The Feynman-x variable isxF'2pz /As.
In the larges kinematic limit ~wherema and mb can be

set to zero andmc
2/s neglected!, the transformations betwee

the (xF ,pT
2) and (t,MX

2) variables are

xF~ t,MX
2 !512

MX
2

s
1

2t

s
, ~A1!
01600
A
-

en-

e

pT
2~ t,MX

2 !52~ t2mc
2!S 12

MX
2

s
1

t

sD .

Through the calculation of the Jacobian factor, the differe
tial cross sections in terms of two sets of kinematic variab
are related as

d2s

dxFdpT
2

5S 12
MX

2

s D d2s

dtdMX
2

. ~A2!

Using Eqs.~A1! and ~A2! ~where nowa5p2, b5N, and
c5D), the differential cross section,~12! for the p2N
→DX scattering in the (MX

2 ,t) variables is found to be

F d2s

dMX
2 dt

G
expt

5

12
Mx

2

s

s S Mx
2

s
2

2t

s D n

3eb[mD
2

1~ t2mD
2

!~12Mx
2/s1t/s!] . ~A3!

Equation~A3! depends on the variablet and in the following
3-11
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we investigate whether thet/s contribution can be neglected
in the tri-Regge limit. Formp5mN50, t is given by

t~xF ,pT
2!5mD

2 1xF

s

2S 12A11
4

s

mD
2 1pT

2

xF
2 D . ~A4!

In Fig. 9, we see thatt runs from small to rather large value
in the experimentally explored region, even forpT

250. The
figure refers to experiment E769, but the same result app
for all three experiments. For the tri-Regge limit to be app
. D

n-

,

01600
es
-

cable,t has to be fixed andMX
2/s must be small. As a func-

tion of xF andpT
2 , MX

2/s is given by

MX
2

s
511

mD
2

s
2xFA11

4

s

mD
2 1pT

2

xF
2

'12xF ~A5!

so that the smallMX
2/s condition requires largexF . Return-

ing to the t variable, we see thatt is small at largexF and
hencet/s in Eq. ~A3! can be neglected. Even though data a
available up toxF

max50.720.9, they are rather imprecis
near the boundary; hence we limited our analysis to the
liable regionxF'0.420.7 (MX

2/s'0.320.6) for testing our
predictions.
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