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Complete order-a3 calculation of the cross section for polarized Compton scattering

Morris L. Swartz
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309

~Received 24 November 1997; published 28 May 1998!

The construction of a computer code to calculate the cross sections for the spin-polarized processese2g
→e2g,e2gg,e2e1e2 to ordera3 is described. The code calculates cross sections for circularly polarized
initial-state photons and arbitrarily polarized initial-state electrons. The application of the code to the SLD
Compton polarimeter indicates that the order-a3 corrections produce a fractional shift in the SLC polarization
scale of20.1% which is too small and of the wrong sign to account for the discrepancy in theZ-pole
asymmetries measured by the SLD Collaboration and the CERN LEP Collaborations.
@S0556-2821~98!03413-4#

PACS number~s!: 13.60.Fz, 12.20.Ds
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I. INTRODUCTION

For some years, polarized Compton scattering, the s
tering of circularly polarized photons by spin-polarized ele
trons, has been used to measure the degree of polarizati
one particle or the other. Circularly polarized gamma-r
photons from nuclear decays have been polarization a
lyzed by measuring the asymmetry in the rates of ba
scattering from magnetized iron foils~as the foil magnetiza-
tion is reversed!. Similarly, the polarization of electrons i
high-energy storage rings and accelerators has been d
mined from scattering asymmetries of the accelerated b
with beams of optical laser photons. Until quite recently,
such measurements have made use of tree-level~order-a2)
expressions for the polarized Compton scattering cross
tion.

Part of the reason for this has been the unavailability o
next-to-leading-order calculation that is packaged in an e
ily usable form. The first calculation of the order-a3 virtual
and real-soft-photon corrections to unpolarized Comp
scattering was published by Brown and Feynman in 19
@1#. This calculation was not confirmed until 1972 whe
Tsai, DeRaad, and Milton~TDM! published the same correc
tions for the polarized case@2#. The TDM calculation, by
itself, is sufficient to interpret the results of measureme
involving longitudinally polarized electrons for which th
presence of additional energetic photons in the final state
be excluded. This is often the case for measurement
gamma rays that have been scattered from magnetized
targets. However, accelerator-based polarimeters are o
designed to measure transverse electron polarization
generally cannot distinguish between single-photon
multiple-photon final states. These shortcomings were
dressed in 1987 by Go´ngora and Stuart~GS! who published
the matrix elements for the hard-photon corrections in
spinor-product form that is suitable for numerical evaluat
@3#. Their publication also includes spinor-product expre
sions for the matrix elements of six gauge-invariant tens
used by TDM to calculate their result. These expressi
permit the application of the TDM virtual corrections to th
case of general initial- and final-state electron spin dir
tions. Finally, in 1989, the complete set of virtual, so
photon, and hard-photon radiative corrections to polari
0556-2821/98/58~1!/014010~14!/$15.00 58 0140
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Compton scattering was calculated independently by V
man @4#. Veltman’s paper describes her calculation quali
tively and presents a result in numerical form for two sp
cific cases of an accelerator-based longitudinal polarime
Unfortunately, it does not include detailed expressions
the final result nor is the result checked against the TDM
GS calculations.

One of the specific cases discussed by Veltman, the c
of a 50 GeV longitudinally-polarized electron colliding wit
a 2.34 eV photon, is quite close to that of the SLAC Lar
Detector~SLD! Compton polarimeter~a 45.65 GeV longitu-
dinally polarized electron colliding with a 2.33 eV photon!.
This polarimeter is a key component in the measuremen
the left-rightZ-boson production asymmetryALR

0 which has
been performed over several years by the SLD Collabora
@5#. At the current time, the measured value ofALR

0 is ap-
proximately 8% larger than the value of the compara
quantity extracted from measurements of six differentZ-pole
asymmetries by the four CERNe1e2 collider LEP Collabo-
rations@6#. Since the SLD and LEP measurements differ
approximately three standard deviations, the discrepanc
more likely to be due to systematic effects than to statist
fluctuations. One possible systematic effect is the absenc
radiative corrections from the interpretation of the SLD p
larimeter data. Veltman’s calculation implies that radiati
corrections would shift the SLD polarization measureme
by 20.1% of themselves which is far too small and of t
wrong sign to account for the 8% discrepancy.

This paper describes a complete order-a3 calculation of
polarized Compton scattering. It was undertaken primarily
check the calculation of Veltman and to determine if rad
tive corrections to Compton scattering could be respons
for discrepancy between the LEP and SLD measurement
Z-pole asymmetries. A second goal was to develop a co
puter code which could be applied to a variety of present
future experimental situations. The main ingredients of t
code, the TDM and GS calculations, are sufficient for
present day experimental situations. However, it is likely t
a very high energy linear electron-positron collider will b
constructed somewhere in the world in the coming deca
Polarized beams are planned for all of the designs now un
discussion. All of these projects incorporate Compton sc
© 1998 The American Physical Society10-1
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MORRIS L. SWARTZ PHYSICAL REVIEW D 58 014010
tering polarimeters into the optical designs of their final
cusing systems. If these polarimeters use optical lasers
e2g center-of-mass energies will be above threshold for
production of final statee1e2 pairs. Since the processe2g
→e2e1e2 occurs at order-a3, it must also be included in
the computer code. A calculation of the matrix element
this process, based upon the techniques of Ref.@3#, is de-
scribed in Sec. II D.

The following sections of this paper describe the co
struction and operation of theFORTRAN codeCOMRAD which
calculates the order-a3 cross section for polarized Compto
scattering. Section II describes the ingredients of the ca
lations which the code is based. Section III describes
actual implementation of the various calculations and sev
cross checks that were performed. Section IV describes
application of the code to several cases of interest. And
nally, Sec. V summarizes the preceding sections.

II. INGREDIENTS

This section describes the ingredients used to const
the codeCOMRAD. The hard photon corrections, virtual ph
ton corrections, soft photon corrections, ande2e1e2 cross
sections are discussed in the following sections. Since
e2e1e2 cross section calculation makes use of the te
niques used to calculate the hard photon corrections, s
technical details are presented in Sec. II A that facilitate
description of the original work presented in Sec. II D.

A. Hard-photon corrections

The calculation of the cross section for the processe2g
→e2gg is based upon the matrix element calculation
Góngora and Stuart@3#. Their calculation is the first applica
tion of numerical spinor product techniques@7# to a case
involving massive spinors. These techniques allow one
express any amplitude as a function of the scalar produc
two massless spinorsu6(p) and their conjugatesū6(p). The
subscripts refer to positive and negative helicity states o
massless fermion of momentump. The only two non-
vanishing scalar products,

s1~p1 ,p2!5ū1~p1!u2~p2!52s1~p2 ,p1! ~1!

s2~p1 ,p2!5ū2~p1!u1~p2!52s1~p1 ,p2!* ,
~2!

are easy to evaluate numerically. Go´ngora and Stuart defin
the photon polarization vector in terms of these quantities
that it is free of axial-vector components and can be u
with massive currents:

e6
m ~q,q̂!56

1

A2s6~ q̂,q!
ū6~ q̂!gmu6~q!, ~3!

where the6 subscript refers to the helicity of initial-stat
photons~final-state photons have opposite helicities!, q is the
photon momentum, andq̂ is an arbitrary massless vecto
01401
-
he
e

r

-

u-
e
al
he
-

ct

e
-
e

e

f

to
of

a

o
d

Massive spinors of arbitrary spin direction are defined
terms of massless spinors as follows:

u~p,s!5
s1~p1 ,p2!

m
u1~p1!1u2~p2! ~4!

ū~p,s!52
s2~p1 ,p2!

m
ū1~p1!1ū2~p2! ~5!

wherem is the electron mass and the massless vectorsp1
andp2, are defined in terms of the momentum and spin v
tors, p ands, as follows:

p15
1

2
~p1ms! ~6!

p25
1

2
~p2ms!. ~7!

The actual calculation involves the evaluation of a sin
Feynman amplitudeDll8l9(q,q̂;q8,q̂8;q9,q̂9) for the pro-
cess e2(s)→e2(s8)g(l)g(l8)g(l9) ~shown in Fig. 1!
where:l, l8, andl9 label the helicities of the three photon
(1 or 2); and s and s8 are the spin-vectors of the initial
and final-state electrons, respectively. The matrix elem
Ml;l8l9(s,s8) for the process e2(s)g(l)
→e2(s8)g(l8)g(l9) can then be constructed from th
functionDll8l9 by reversing the momenta of single photo
and by interchanging the momenta and helicities of the
maining identical photons,

Ml;l8l9~s,s8!5Dll8l9~2q,q̂;q8,q̂8;q9,q̂9!

1Dll9l8~2q,q̂;q9,q̂9;q8,q̂8!

1Dl8ll9~q8,q̂8;2q,q̂;q9,q̂9!

1Dl9ll8~q9,q̂9;2q,q̂;q8,q̂8!

1Dl9l8l~q9,q̂9;q8,q̂8;2q,q̂!

1Dl8l9l~q8,q̂8;q9,q̂9;2q,q̂!, ~8!

FIG. 1. Amplitude for the processe2→e2ggg ~time flows left
to right!.
0-2
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COMPLETE ORDER-a3 CALCULATION OF THE CROSS . . . PHYSICAL REVIEW D 58 014010
where q, q8, and q9 are the momenta of the incident an
final-state photons, respectively. Note that each of the
terms in Eq.~8! corresponds to an ordinary Feynman d
gram.

Two technical issues are relevant to the present discus
and to the presentation of Sec. II D. The first issue conce
the choice of the arbitrary massless momenta:q̂, q̂8, andq̂9.
Góngora and Stuart point out that one can substantially s
plify some of the expressions by a judicious choice of th
auxiliary momenta. They present results for tw
equivalently-simple sets of momenta. This approach p
vides an important cross check~one must find identical re
sults for both sets of auxiliary momenta! and greatly facili-
tated the debugging of the GS manuscript and the comp
code. A number of typographical errors were discovered
Ref. @3# and are listed in Appendix A. One should note th
the first set of auxiliary momenta@used to calculate GS Eqs
~3.3.1!–~3.10.2!# always produces singularities when the in
tial state electron is longitudinally polarized whereas the s
ond set@used to calculate GS Eqs.~C.1.1!–~C.8.2!# never
develops singularities so long as both photons have non
energy.

The second issue concerns the evaluation of spinor
negative momenta. In order to preserve the following~very
useful! relationship,

1

2
~16g5!p”5u6~p!ū6~p!, ~9!

it is necessary to define negative momentum spinors in
following manner,

ū6~2p!5 i ū6~p!, u6~2p!5 iu6~p!. ~10!

This, in turn, implies that spinor products of negative arg
ments behave as follows:

s6~2q1 ,q2!5s6~q1 ,2q2!5 is6~q1 ,q2! ~11!

s6~2q1 ,2q2!52s6~q1 ,q2!, ~12!

and that external photon polarization vectors are invar
under the transformationq→2q @see Eq.~3!#,

em~2q,q̂!5em~q,q̂!. ~13!

The actual cross section for the processe2(s)g(l)
→e2gg is calculated in the center-of-mass~cm! frame from
the matrix element given in Eq.~8! using the following ex-
pression:

d5segg
~1!

dEe8dVe8dEg8dfg8
~s,l!5

1

64~2p!5Eg~Ee1Pe!

3 (
l8,l9,s8

uMl;l8l9~s,s8!u2,

~14!
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where: Ee and Pe are the energy and 3-momentum of th
incident electron,Eg is the energy of the incident photon,Ee8
and Ve8 are the energy and direction of the final state el
tron, Eg8 is then energy of one of the final state photons, a
fg8 is the azimuth of the final state photon with respect to
final-state electron direction@9#. Note that Eq.~14! includes
a factor of 1/2 to account for the identical photons in the fin
state.

B. Virtual corrections

The matrix element for the processe2(s)g(l)
→e2(s8)g(l8) is expressed by Tsai, DeRaad, and Milton
the following form @8#:

Ml;l8
~ j !

~s,s8!5
1

2m4(i 51

6

ū~p8,s8!el8~q8!

3Li•el~q!u~p,s!Mi
~ j ! ~15!

where j 50,1 labels the order of the matrix element and t
six gauge-invariant, singularity-free, kinematic-zero-fre
Dirac tensorsLi are defined by Bardeen and Tung@10#. The
authors calculate the six invariant matrix elementsMi

( j )

within the framework of Schwinger source theory to ordera
(Mi

(0)) and to order-a2 (Mi
(1)). They explicitly consider the

case that the initial- and final-state electrons are longitu
nally polarized and express the matrix element as a set o
helicity amplitudes@due to the charge-conjugation and tim
reversal symmetries, only six of the eight matrix eleme
defined in Eq.~15! are independent# which are linear combi-
nations of the six invariant matrix elements. The helic
amplitudes are then used to derive an order-a3 expression
for the unpolarized cross section which is found to ag
with the calculation of Brown and Feynman. This cro
check was found to be useful in locating three typograph
sign errors in the rendering of the helicity amplitudes~which,
given the complexity of the expressions, is a remarka
small number!. The errors are listed in Appendix A.

As was mentioned in the introduction, Go´ngora and Stuart
supply spinor-product expressions for the six tensors,

Tll8
i

~s,s8!5ū~p8,s8!el8~q8!

3Liel~q!u~p,s!, ~16!

which permits the application of the virtual corrections co
tained in the invariant matrix elementsMi

(1) to the case of
general initial-state and final-state electron spin directio
To make use of these, the system of six equations wh
define the helicity amplitudes was inverted to extract theMi .

The order-a2 and order-a3 cross sections for the proces
e2(s)g(l)→e2g are then calculated~in the cm frame! from
the order-a and order-a2 matrix elements as follows:
0-3
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MORRIS L. SWARTZ PHYSICAL REVIEW D 58 014010
d2seg
~0!

dVe8
~s,l!5

1

64p2@m212Eg~Ee1Pe!#

3 (
l8,s8

uMl;l8
~0!

~s,s8!u2 ~17!

d2seg
~1V!

dVe8
~s,l!5

1

64p2@m212Eg~Ee1Pe!#

3 (
l8,s8

2R@Ml;l8
~0!

~s,s8!Ml;l8
~1!* ~s,s8!#,

~18!

where the order-a3 cross section has been labeled asseg
(1V) to

explicitly indicate that Eq.~18! describes virtual correction
only.

C. Soft-photon corrections

The order-a3 cross section defined in Eq.~18! contains a
term that depends logarithmically upon a small, but nonze
fictitious photon mass (mg) used to regulate singularities i
the virtual corrections. This unphysical term is cancelled
a similar term which arises in the cross section fore2g
→e2gg for slightly massive photons. Brown and Feynm
discuss this point at some length in Ref.@1#. Since events
with additional photons of energy less than some small va
kg

min are experimentally indistinguishable from the two-bo
final state, they explicitly integrate the three-body cross s
tion over the extra photon momentaq9 in the regionmg

,Eg9,kg
min . The resulting soft-photon cross section is a

proximately equal to the product of a functionJ and the
order-a2 cross section. The order-a3 2-body cross section
can now be defined as a function ofkg

min ,

d2seg
~1!

dVe8
~s,l;kg

min!5
d2seg

~1V!

dVe8
~s,l;mg!

1E
mg

kg
min

d3q9
d5segg

~1!

dVe8d
3q9

~s,l!

.
d2seg

~1V!

dVe8
~s,l;mg!

1J~mg ,kg
min ,Ve8!

d2seg
~0!

dVe8
~s,l!,

~19!

whereseg
(1) is independent ofmg . One should note that al

though Eq.~19! is independent of reference frame, the act
integration @1,2# was performed in the rest frame of th
initial-state electron. The use of the resulting expression
J implies that the quantitykg

min is defined in that frame.
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D. The e2e1e2 final state

The cross section for the processe2(s)g(l)
→e2(s8)e1( s̄)e2(s9) is calculated using the massiv
spinor-product techniques given in Ref.@3#. Since the work
described there does not involve positrons, its authors did
define massive positron spinors. It is extremely straightf
ward to do this from Eqs.~5! and~7! by making the replace-
ment m→2m. This interchanges the massless moment
vectors,p1↔p2, and yields the following massive positro
spinors,

v~p,s!5
s1~p1 ,p2!

m
u1~p2!1u2~p1! ~20!

v̄~p,s!52
s2~p1 ,p2!

m
ū1~p2!1ū2~p1!.

~21!

These spinors have the correct normalization and orthogo
ity properties,

ū~p,s!u~p,s!52m, v̄~p,s!v~p,s!522m,

ū~p,s!v~p,s!5 v̄~p,s!u~p,s!50.

Similarly, the evaluation of a massive spinor with
negative momentum leads to the replacements$p1 ,p2%
→$2p2 ,2p1% and using Eq.~10! one finds the correct be
havior to within extra phases,

v~2p,s!5 iu~p,s!, v̄~2p,s!5 i ū~p,s!, ~22!

u~2p,s!5 iv~p,s!, ū~2p,s!5 i v̄~p,s!. ~23!

These extra phases do not occur in the case of external
tons @see Eq.~13!# and must be treated with some care. T
avoid disturbing the phase relationships between diagram
calculation must be formulated so that all diagrams cont
the same number of momentum-reversed massive spino

The actual calculation was carried out by calculati
spinor-product expressions for two Feynman amplitud
D1l and D2l , for the processg→e2e1e2e1 as shown in
Fig. 2. These expressions are listed in Appendix B. The m
trix element is the sum of the eight diagrams generated

FIG. 2. Two amplitudes for the processg→e2e1e2e1 ~time
flows left to right!.
0-4
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COMPLETE ORDER-a3 CALCULATION OF THE CROSS . . . PHYSICAL REVIEW D 58 014010
reversing one of the positron momenta and by interchang
final state electron momenta~according to Fermi-Dirac sta
tistics!,

Ml~s,s̄,s8,s9!5D1l~2p,s; p̄,s̄;p8,s8;p9,s9!

2D1l~2p,s; p̄,s̄;p9,s9;p8,s8!

2D1l~ p̄,s̄;2p,s;p8,s8;p9,s9!

1D1l~ p̄,s̄;2p,s;p9,s9;p8,s8!

1D2l~2p,s; p̄,s̄;p8,s8;p9,s9!

2D2l~2p,s; p̄,s̄;p9,s9;p8,s8!

2D2l~ p̄,s̄;2p,s;p8,s8;p9,s9!

1D2l~ p̄,s̄;2p,s;p9,s9;p8,s8!, ~24!

wherep ands are the momentum and spin of the initial-sta
electron,p̄ and s̄ are the momentum and spin of the fina
state positron,p8 ands8 are the momentum and spin of on
final-state electron, andp9 and s9 are the momentum an
spin of the other final-state electron. This particular form
lation does not benefit from algebraic simplifications due t
clever choice of the photon auxiliary momentumq̂. It is pos-
sible to reduce the total number of terms in the matrix e
ment from 112 to 96 by defining four amplitudes instead
two and by choosingq̂ appropriately. As formulated, th
choice ofq̂ is truly arbitrary.

The matrix element given in Eq.~24! is converted into a
cross section with an expression that is very similar to
~14!,

d5seee
~1!

dEe8dVe8dEe9dfe9
~s,l!5

1

64~2p!5Eg~Ee1Pe!

3 (
s̄,s8,s9

uMl~s,s̄,s8,s9!u2,

~25!

whereEe9 is the energy of the second electron andfe9 is the
azimuth of the second electron with respect to the first e
tron direction@9#.

III. IMPLEMENTATION

The FORTRAN code COMRAD consists of three weighte
Monte Carlo generators:COMTN2, COMEGG, and COMEEE.
These perform integrations of the cross sections for thee2g,
e2gg, and e2e1e2 final states, respectively. Operation
details are given in Appendix C.

A. Weighting scheme

Each of the generators produces events that consis
momentum four-vectors of the final-state state particles
01401
g

-
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the laboratory frame. Each event is also accompanied b
vector of four event weightsWj . The event weights are de
fined as follows:

W15
1

2r~n!~x!
Fdns~0!

dxn
~s,2 !1

dns~0!

dxn
~s,1 !G ~26!

W25
1

2r~n!~x!
Fdns~0!

dxn
~s,2 !2

dns~0!

dxn
~s,1 !G ~27!

W35
1

2r~n!~x!
Fdns~1!

dxn
~s,2 !1

dns~1!

dxn
~s,1 !G ~28!

W45
1

2r~n!~x!
Fdns~1!

dxn
~s,2 !2

dns~1!

dxn
~s,1 !G , ~29!

where n is the dimensionality of the integrated spacen
52 for thee2g final state, andn55 for the three-body final
states! andr (n) is the density of trials in that space.

The sums of the weights yield partly or fully integrate
cross sections. It is convenient to define the following no
tion for these sums,

su
~0!~x8!5(

i
W1

i ~30!

sp
~0!~s;x8!5(

i
W2

i ~31!

su
~1!~x8!5(

i
W3

i ~32!

sp
~1!~s;x8!5(

i
W4

i , ~33!

where the variablesx8 define the kinematical binning chose
for a particular problem. The sums of theW1 and W3
weights yield the order-a2 and order-a3 unpolarized cross
sections, respectively. The sums of theW2 andW4 weights
yield the order-a2 and order-a3 polarized cross sections an
depend upon the initial spin directions ~all cross sections are
given in millibarns!. It is also convenient to define notatio
for the fully corrected cross sections and for the asymme
functions,

su~x8!5su
~0!~x8!1su

~1!~x8! ~34!

sp~s;x8!5sp
~0!~s;x8!1sp

~1!~s;x8! ~35!

A~0!~s;x8!5
sp

~0!~s;x8!

su
~0!~x8!

~36!
0-5
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MORRIS L. SWARTZ PHYSICAL REVIEW D 58 014010
A~s;x8!5
sp~s;x8!

su~x8!
. ~37!

Note that the polarized cross sections are chosen to be
differences of the negative-helicity photon cross sections
the positive-helicity photon cross sections. In particle ph
ics terminology, these are called left-handed-helicity a
right-handed-helicity photons, respectively. One should n
that in optics terminology, a negative-helicity photon
called right-circularly polarized~RCP! and a positive-
helicity photon is called left-circularly polarized~LCP!.

The generation of multiple weights per event trial allow
the user to significantly improve the statistical power o
given set of Monte Carlo trials. The uncertainty on any fun
tion of the four quantitiess j5$su

(0) ,sp
(0) ,su

(1) ,sp
(1)% is al-

ways smaller when generated with correlated weights t
separate, uncorrelated calculations would yield. The cor
estimate of the statistical uncertainty on any such funct
requires that the user accumulate the full 434 error matrix
Ejk ,

Ejk5 (
i 51

ntrial

Wj
i Wk

i , ~38!

where the sum is over all event trials. This matrix must th
be propagated correctly to the final result. As an exam
consider the calculation of the uncertainty on the quant
DA, which is the difference of the full, order-a3-corrected
polarized asymmetry and the order-a2 asymmetry,

DA~s;x8!5A~s;x8!2A~0!~s;x8!

5
sp

~0!1sp
~1!

su
~0!1su

~1!
2

sp
~0!

su
~0!

. ~39!

The correct uncertainty on this quantity is given by the e
pression,

d~DA!5 (
j ,k51

4
]DA

]s j
Ejk

]DA

]sk
~40!

where j andk label the four cross sections.

B. Cross checks

The codeCOMRAD has been checked in a number of way
The order-a3 unpolarized cross sectionseg

(1) calculated from
the unpolarized initial state byCOMTN2 is numerically iden-
tical to the one calculated from the diagnostic express
given by TDM in Ref.@2# and to one given by Brown an
Feynman in Ref.@1#. It is verified that this cross section i
rigorously independent of the value chosen for the pho
massmg . It is also verified that the order-a3 polarized cross
section is invariant under helicity flips of both incident pa
ticles ~as required by parity invariance!.

The hard-photon cross section calculated byCOMEGG is
verified to be independent of the choice of photon auxilia
momenta. The polarized hard-photon cross section is fo
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to be invariant under helicity flips of both incident particle
The dependence of the cross sectionsseg

(1) andsegg
(1) on kg

min

is shown in part~a! of Fig. 3 for the case of a 50 GeV
electron colliding with a 2.34 GeV photon~one of the cases
considered by Veltman in Ref.@4#!. Note that the cross sec
tions vary by approximately 1.4 mb askg

min is varied from 30
eV to 10 KeV. The sum of the cross sections,su

(1) , is shown
in part ~b! of the figure and is constant at 0.002 mb lev
until kg

min reaches several percent of the maximum pho
energy and the two-body approximation for the soft-pho
cross section begins to fail. Even then, the 10 KeV po
differs by only 0.012 mb from the 30 eV point.

Thee2e1e2 cross section calculated byCOMEEEis found
to be independent of the choice of photon auxiliary mom
tum. The polarizede2e1e2 cross section is found to b
invariant under helicity-flips of both incident particles.

The sum of the virtual, soft-photon, and hard-photon cr
sections calculated byCOMRAD is compared with the numeri
cal result presented in Ref.@4# for the case of a 50 GeV
electron colliding with a 2.34 GeV photon. The ratio of th
unpolarized cross sectionssu

(1)/su
(0) is presented as a func

tion of the laboratory energy of the scattered electronElab8 in
part ~a! of Fig. 4. The COMRAD calculation predicts tha
su

(1)/su
(0) increases from20.14% near the kinematical edg

at 17.90 GeV to10.2% near the beam energy. The Veltm
calculation predicts that the ratio decreases from10.3% near
the edge to10.2% near the beam energy. The physica
correct behavior follows from a simple kinematical analys
In the center-of-mass frame, the emission of an additio
photon reduces the energy and momentum available to
scattered electron. Given the large mass of the electron,
fractional change in the momentumPe8 is larger than frac-

FIG. 3. The unpolarized virtual plus soft-photon cross sect
seg

(1) and hard-photon cross sectionsegg
(1) are shown in part~a! as

functions ofkg
min for the case of a 50 GeV electron colliding with

2.34 eV photon. The sum of these cross sectionssu
(1) is shown in

part ~b!.
0-6
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COMPLETE ORDER-a3 CALCULATION OF THE CROSS . . . PHYSICAL REVIEW D 58 014010
tional change in the energyEe8 . The laboratory energy of a
backscattered electron is given by the following expressi

Elab8 5g~Ee82Pe8!, ~41!

where g is the Lorentz factor for the highly boosted c
frame ~the velocity is assumed to be one!. It is straightfor-
ward to show that althoughEe8 andPe8 are decreased by th
emission of an additional photon, the differenceEe82Pe8 in-
creases. The laboratory energy of the backscattered ele
is thereforeincreasedby the emission of an additional pho
ton. It is clear that photon emission depopulates the Comp
kinematical edge region and thatsu

(1) should be negative
near the endpoint.

The order-a correction to the longitudinal polarizatio
asymmetry is shown in part~b! of Fig. 4. The quantity
DA(sz ;Elab8 ) @defined in Eq.~39!# predicted byCOMRAD is
compared with the similar quantity given in Ref.@4#. Good
agreement is observed.

IV. RESULTS

This section describes the application of theCOMRAD

code to several accelerator-based polarimetry cases. The
case~the SLD polarimeter! deals with the detection of th
scattered electrons to measure longitudinal polarization.
second case~the HERA polarimeters! involves the detection
of scattered photons to measure longitudinal and transv
electron polarization. The final case~a Linear Collider polar-
imeter! illustrates the detection of final state electrons wh
there is sufficient energy to produce thee2e1e2 final state.

FIG. 4. The ratiosu
(1)/su

(0) is shown in part~a! as a function of
the laboratory energy of the scattered electron for the case of
GeV electron colliding with a 2.34 eV photon. The difference in t
fully order-a3 corrected asymmetry and the order-a2 asymmetry is
shown as a function of the laboratory energy of the scattered e
tron in part~b!. TheCOMRAD calculation is shown as solid lines an
the calculation of Ref.@4# is shown as dashed lines.
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A. The SLD polarimeter

The SLD polarimeter@5# is located 33 m downstream o
the SLC interaction point~IP!. After the 45.65 GeV
longitudinally-polarized electron beam passes through the
and before it is deflected by dipole magnets, it collides w
a 2.33 eV circularly polarized photon beam produced b
pulsed frequency-doubled Nd:YAG laser. The scattered
unscattered components of the electron beam are sepa
by a dipole-quadrupole spectrometer. The scattered elect
are dispersed horizontally and exit the vacuum syst
through a thin window. A multichannel Cherenkov detec
observes the scattered electrons in the interval from 17
27 GeV/c.

The helicities of the electron and photon beams
changed on each beam pulse according to pseudo-ran
sequences. Each channel of the Cherenkov detector mea
the asymmetry in the signalsSj observed when the electro
and photon spins are parallel (uJZu53/2) and anti-parallel
(uJZu51/2),

Aj
C5

Sj~3/2!2Sj~1/2!

Sj~3/2!1Sj~1/2!
5Pe

zPgAj ~42!

wherej labels the channels of the detector,Pe
z is the electron

beam polarization,Pg is the photon polarization, andAj is
the analyzing power of thej th channel. The analyzing pow
ers are defined in terms of the Compton scattering cross
tion and the response function of each channelRj ,

Aj5

E dElab8 su~Elab8 !Rj~Elab8 !A~sz ;Elab8 !

E dElab8 su~Elab8 !Rj~Elab8 !

, ~43!

whereElab8 is the laboratory energy of the scattered electr
The unpolarized cross sectionsu(Elab8 ) and longitudinal po-
larization asymmetryA(sz ;Elab8 ) are shown as functions o
scattered electron energy in Fig. 5. The order-a2 quantities
are shown as dashed curves in parts~a! and~b! of the figure.
The fractional correction to the unpolarized cross sect
s (1)/s (0) is shown as the solid curve in part~a! of the figure.
It increases from20.2% near the endpoint at 17.36 GeV
10.2% at the beam energy. The correction to the asymm
function DA(sz ;Elab8 ) is shown as the solid curve in part~b!
of the figure. Near the endpoint,DA is almost exactly one
thousand times smaller than the order-a2 asymmetry. It be-
comes fractionally larger near the zero ofA(0) at 25.15 GeV.

The effects of the order-a3 corrections upon the analyzin
powers of the seven active channels of the Cherenkov de
tor are listed in Table I. The nominal acceptance in scatte
energy, the order-a2 analyzing powerAj

(0) , and the order-a3

fractional correction to the analyzing power are listed
each channel. The SLC beam polarization is determi
from the channels near the endpoint~5–7!. It is clear that
proper inclusion of the radiative corrections increases
analyzing powers by 0.1% of themselves. This decreases
beam polarization by the same fractional amount. Since

50

c-
0-7
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MORRIS L. SWARTZ PHYSICAL REVIEW D 58 014010
left-right asymmetry is the ratio of the measuredZ-event
asymmetryAZ and the beam polarization,

ALR5
AZ

Pe
z
, ~44!

the application of the order-a3 corrections increasesthe
measured value ofALR by 0.1% of itself. The corrections ar
much too small and have the wrong sign to account for
SLD or LEP discrepancy.

B. The HERA polarimeters

Thee6 ring of the DESYe6-p collider HERA is the first
e6 storage ring to operate routinely with polarized bea

FIG. 5. The order-a2 cross sectionsu
(0) and the ratiosu

(1)/su
(0)

are shown in part~a! as functions of the laboratory energy of th
scattered electron for the case of a 45.65 GeV electron collid
with a 2.33 eV photon. The order-a2 asymmetry function and the
difference in the fully order-a3 corrected asymmetry and the orde
a2 asymmetry are shown as functions of the laboratory energ
the scattered electron in part~b!.

TABLE I. The effect of order-a3 radiative corrections upon th
analyzing powers of the SLD Compton polarimeter.

Channel Ee acceptance A(0) (A2A(0))/A(0) ~%!

7 17.14–18.02 GeV 0.7133 0.096
6 18.02–19.00 GeV 0.6483 0.097
5 19.00–20.11 GeV 0.5520 0.103
4 20.11–21.38 GeV 0.4309 0.118
3 21.38–22.83 GeV 0.2851 0.153
2 22.83–24.53 GeV 0.1228 0.285
1 24.53–26.51 GeV 20.0396 20.673
01401
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and it is the first storage ring to operate with a longitudina
polarized beam@11#. The ring is instrumented with trans
verse and longitudinal Compton polarimeters.

1. The transverse polarimeter

The HERA transverse polarimeter@12# collides 2.41 eV
photons from a continuous-wave argon-ion laser with
27.5 GeV HERA positron beam. The scattered photons
separated from the electron beam by the dipole magnet
the accelerator lattice and are detected by a segme
tungsten-scintillator calorimeter located about 65 m from
e1-g collision point. The scattering rate is sufficiently sma
that the calorimeter measures the energy and vertical p
tion of individual photons.

When the positron beam is transversely polarized, the
ferential cross section depends upon the azimuthal direct
of the scattered particles. The average direction the scatt
photons changes when the laser helicity is reversed. The
larimeter measures the projected vertical directionuy and
energyklab8 of each scattered photon. The shift in the centro
of the uy distribution that occurs with helicity reversa
duy

meas(klab8 ) is proportional to the product of the photon p
larization and the vertical positron polarizationPe

y ,

duy
meas~klab8 !5^uy&22^uy&1

5Pe
y
•Pg•duy~klab8 !, ~45!

whereduy(klab8 ) is the shift for 100% positron and photo
polarizations. This quantity is given by the following expre
sion,

duy~klab8 !52
E dfg8sp~sy ;klab8 ,fg8 !sinug8sinfg8

su~klab8 !
, ~46!

where ug8 and fg8 are the polar angle and azimuth of th
scattered photon in the laboratory frame. Note thatug8 is a
constant for fixedklab8 .

The order-a3 corrections modify the functionduy(klab8 ).
The exact modification depends upon the details of how
polarimeter reacts to the two-photon final state. It is assum
that the segmented calorimeter of the HERA transverse
larimeter cannot distinguish between one-photon and t
photon final states. The energy measured by the calorim
for two-photon final states is then the sum of the individu
photon energies klab8 5klab8 (1)1klab8 (2). The measured
vertical angle is assumed to the energy-weighted mean
the individual photon angles, uy5@uy(1)klab8 (1)
1uy(2)klab8 (2)#/klab8 . The order-a2 function duy

(0)(klab8 ) is
plotted as function of laboratory photon energy in Fig. 6. T
maximum angular separation of 5.6mm occurs near 8 GeV
The fractional change caused by the order-a3 corrections
Dduy /duy

(0) is also shown as a function ofklab8 . Note that the
correction is typically10.08% near the maximum separatio
which would lower the measured transverse polarization
the same fractional amount.

g
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2. The longitudinal polarimeter

A longitudinal polarimeter at HERA has been built by th
HERMES Collaboration@13#. The 27.5 GeV HERA positron
beam is brought into collision with a 2.33 eV photon bea
produced by a pulsed frequency-doubled Nd:YAG laser. T
scattered photons are separated from the electron beam
the dipole magnets of the accelerator lattice and are dete
by an array of NaBi crystals. Since several thousand s
tered photons are produced on each pulse, it is not pos
to measure the cross section asymmetry as a function of
ton energy. Instead, the calorimeter measures the asymm
in deposited energyAE as the photon helicity is reversed,

AE5
E2

dep2E1
dep

E2
dep1E1

dep
5Pe

zPgAE , ~47!

whereE6
dep is the energy deposited by all accepted photo

in the crystal calorimeter. The analyzing powerAE is given
by the following expression,

AE5

E dklab8 klab8 R~klab8 !sp~sz ;klab8 !

E dklab8 klab8 R~klab8 !su~klab8 !

~48!

whereR(klab8 ) describes the response of the detector. For
estimate, it is assumed that the calorimeter has uniform
sponse in energy from the minimum accepted energy of
MeV ~lower energy photons miss the calorimeter! to the
maximum energy of 13.62 GeV. The order-a2 analyzing
power and the full order-a3 correction are

AE
~0!50.1838 ~49!

AE2AE
~0!

AE
~0!

510.20%. ~50!

FIG. 6. The order-a2 function duy
(0)(klab8 ) is plotted as the

dashed curve as a function of the laboratory energy of the scatt
photon for the case of a 27.5 GeV positron colliding with a 2.41
photon. The fractional difference in the fully order-a3 corrected
function and the order-a2 function is shown the solid curve.
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The fractional correction to the longitudinal polarizatio
scale is therefore20.20%.

C. A linear collider polarimeter

Longitudinally polarized beams are likely to be importa
features of a future Linear Collider. It is assumed that a
such machine will include SLC-like polarimetry which de
tects and momentum-analyzes scattered electrons. The u
larized cross sectionsu(Elab8 ) and longitudinal polarization
asymmetryA(sz ;Elab8 ) are shown as functions of scattere
electron energy in Fig. 7 for the case of a 500 GeV elect
beam colliding with a 2.33 eV photon beam. The order-a2

quantities are shown as dashed curves in parts~a! and~b! of
the figure. The cross section is largest near the backscatte
edge at 26.42 GeV. The longitudinal asymmetry function
0.9944 at the kinematic endpoint. It decreases rapidly w
increasing energy and passes through zero at 50.19 GeV.
fractional correction to the unpolarized cross sect
s (1)/s (0) is shown as the solid curve in part~a! of the figure.
It increases from21.6% near the endpoint to11.2% at the
beam energy. Superimposed upon this is the contribution
thee2e1e2 final state which is kinematically constrained
the region 34.36 GeV,Elab8 ,386.1 GeV. The effect of this
final state is to increase the correction to the 1.0–1.7 % le
in the kinematically allowed region. The correction to th
asymmetry functionDA(sz ;Elab8 ) is shown as the solid curve

ed

FIG. 7. The order-a2 cross sectionsu
(0) and the ratiosu

(1)/su
(0)

are shown in part~a! as functions of the laboratory energy of th
scattered electron for the case of a 500 GeV electron colliding w
a 2.33 eV photon. The order-a2 asymmetry function and the differ
ence in the fully order-a3 corrected asymmetry and the order-a2

asymmetry are shown as functions of the laboratory energy of
scattered electron in part~b!. The vertical dashed-dotted lines ind
cate the allowed kinematic region for electrons from thee2g
→e2e1e2 subprocess.
0-9
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MORRIS L. SWARTZ PHYSICAL REVIEW D 58 014010
in part ~b! of the figure. Near the endpoint,DA is 24
31024 and represents a negligible correction. Due to
influence of thee2e1e2 final state, it decreases to22.2
31023 near 49 GeV then begins to increase to15.3
31023 near 306 GeV where it is a 1% correction to t
asymmetry function.

V. SUMMARY

The construction of a computer code,COMRAD, to calcu-
late the cross sections for the spin-polarized processese2g
→e2g,e2gg,e2e1e2 to order-a3 has been described. Th
code is based upon the work of Tsai, DeRaad, and Milton@2#
for the virtual and soft-photon corrections. The hard-pho
photon corrections and the application of the virtual corr
tions to arbitrary electron spin direction are based upon
work of Góngora and Stuart@3#. The calculation of the cros
section for thee2e1e2 final state was performed by th
author. As implemented, the code calculates cross sec
for circularly-polarized initial-state photons and arbitrar
polarized initial-state electrons. Final-state polarization
formation is not presented to a user of the code but is pre
at the matrix element level. The modification of the code
extract this information would not be difficult.

The order-a3 corrections to the longitudinal polarizatio
asymmetry calculated byCOMRAD agree well with those of
Veltman@4#. However, the order-a3 corrections to the unpo
larized cross section calculated byCOMRAD do not agree
with those of Veltman.

The application of the code to the SLD Compton pol
imeter indicates that the order-a3 corrections produce a frac
tional shift in the SLC polarization scale of20.1%. This
shift is much too small and of the wrong sign to account
the discrepancy in theZ-pole asymmetries measured by t
SLD Collaboration and the LEP Collaborations.

The application of the code to the photon-based polar
eters at the HERA storage ring indicates that the ordera3

corrections also have small effect on the measurement
the HERA positron polarization. The effects on the tran
verse polarization measurements are typically less t
0.1%. The effect upon the calibration of the HERMES lo
gitudinal polarimeter is a somewhat larger 0.2%.

The application of the code to a polarimeter at a futu
Linear Collider indicates that the order-a3 corrections are
very small near the Compton edge but increase to the
level elsewhere. Thee2e1e2 final state contributes signifi
cantly to the net corrections.
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APPENDIX A: ERRATA

The following typographical errors were found in Re
@3#:
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~1! All of the spinor products of the formū6(q1)p”u7(q2)
given in Eqs.~3.3!–~3.10! and ~C.1!–~C.8! formally vanish
~they are the traces of an odd number of gamma matric!

and should be replaced byū6(q1)p”u6(q2) ~the helicities of
the ū spinors are correct in all cases and the helicities of
u-spinors are wrong in all cases!. The right-hand sides of the
spinor product definitions are nearly all correct@see items~4!
and ~5! below#.

~2! The sign of the second term in square brackets on
right-hand-side of Eq.~3.5.1! in the preprint is incorrect
[ 2s1(p2 ,q9)••• should be 1s1(p2 ,q9)•••]. Unfortu-
nately, a serious typesetting error in the published vers
significantly altered the equation. The correct equat
should read as follows:

D112~q,p2 ;q8,p2 ;q9,p1!

52
s1~p1 ,p2!s2~p1 ,q!

s1~p2 ,q!s1~p2 ,q8!s2~p1 ,q9!

3F s1~p18 ,q9!s2~p18 ,p28!

m2

3ū2~p1!p” bu2~p2!ū2~q8!p” au2~p2!

1s1~p2 ,q9!s2~p1 ,p28!ū2~q8!p” au2~p2!G .

~3! The sign of the fourth term in square brackets on
right-hand side of Eq.~3.6.1! is incorrect [2s1(p2 ,q8)•••
should be1s1(p2 ,q8)•••].

~4! The right-hand side of the first of Eqs.~3.6.2! is in-
correct. The quantitiesp1 and p2 should be replaced byp18
andp28 , respectively.

~5! The left-hand side of the second of Eqs.~3.7.2! is
incorrect. The quantityp18 should be replaced byp2. The
right-hand side is also incorrect. The sign of the seco
term should be flipped [2s2(q9,p28)••• should be
1s2(q9,p28)•••].

~6! The second factor in the second term in square bra
ets on the right-hand side of Eq.~3.8.1! should bes2(p1 ,q9)
instead ofs2(p18 ,q9).

~7! The fourth factor in the fourth term in square bracke
on the right-hand side of Eq.~C.7.1! should bes2(p28 ,q8)
instead ofs2(p28 ,q).

~8! The heading of Eqs.~4.10! which states that they de
fine quantities of the forme28 Lie1 is correct and all of the
left-hand sides which state the reverse helicity configurat
are wrong.

~9! The heading of Eqs.~4.11! which states that they de
fine quantities of the forme18 Lie2 is correct and all of the
left-hand sides which state the reverse helicity configurat
are wrong.

The following typographical errors were found in Re
@2#:

~1! The signs of two of the tree-level helicity amplitude
given in Eqs.~5! are incorrect. The signs of the amplitude
0-10
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f (2)(21;12) @the third amplitude# and f (2)(21;11)
@the fifth amplitude# should be reversed.

~2! The sign of the order-a2 amplitude f (4)(21;12)
defined in Eq.~8! should also be reversed.

APPENDIX B: THE MATRIX ELEMENT
FOR e2g˜e2e1e2

The matrix for the process e2(s)g(l)
→e2(s8)e1( s̄)e2(s9) is calculated from the two amplitude
for the processg(l)→e1(s)e2(s8)e1( s̄)e2(s9) shown in
Fig. 2. This formulation is chosen so that each term in E
~24! has exactly one negative momentum. The internal m
menta shown in the Fig. 2 are defined as

Q5p91 p̄ ~B1!
01401
.
-

pa52~p1Q!5p82q ~B2!

pb5q2p5p81Q. ~B3!

Using the techniques described in Ref.@3# and the Chish-
olm identity @7#,

gmū6~q1!gmu6~q2!52@u6~q2!ū6~q1!1u7~q1!ū7~q2!#,

~B4!

it is straightforward to evaluate the amplitudesD1l andD2l .
Unfortunately, the exact form for each of these functio
depends upon the initial-state photon helicityl. They are
listed below:
D11~p,s; p̄,s̄;p8,s8;p9,s9!5
2A2e3

22p8•qQ2s1~ q̂,q!
H s2~p28 ,q!s1~p1 ,p2!s1~ q̂,p̄1!s2~p29 ,p2!

1s1~ q̂,p18!s2~p18 ,p28!s2~q,p29!s1~ p̄1 ,p1!1s2~p28 ,q!s1~ p̄1 ,p1!@s1~ q̂,p18!s2~p18 ,p29!

1s1~ q̂,p28!s2~p28 ,p29!2s1~ q̂,q!s2~q,p29!#

1
s1~ q̂,p18!s2~p18 ,p28!s1~p1 ,p2!s2~p29 ,p2!

m2
@s2~q,p18!s1~p18 ,p̄1!1s2~q,p28!s1~p28 ,p̄1!#

1
s2~p19 ,p29!s1~ p̄2 ,p̄1!

m2 S s2~p28 ,q!s1~p1 ,p2!s1~ q̂,p19!s2~ p̄2 ,p2!

1s1~ q̂,p18!s2~p18 ,p28!s2~q,p̄2!s1~p19 ,p1!1s2~p28 ,q!s1~p19 ,p1!@s1~ q̂,p18!s2~p18 ,p̄2!

1s1~ q̂,p28!s2~p28 ,p̄2!2s1~ q̂,q!s2~q,p̄2!#

1
s1~ q̂,p18!s2~p18 ,p28!s1~p1 ,p2!s2~ p̄2 ,p2!

m2
@s2~q,p18!s1~p18 ,p19!1s2~q,p28!s1~p28 ,p19!# D J

~B5!

D12~p,s; p̄,s̄;p8,s8;p9,s9!5
2A2e3

22p8•qQ2s2~q,q̂!
H s2~p28 ,q̂!s1~p1 ,p2!s1~q,p̄1!s2~p29 ,p2!

1s1~q,p18!s2~p18 ,p28!s2~ q̂,p29!s1~ p̄1 ,p1!1s2~p28 ,q̂!s1~ p̄1 ,p1!@s1~q,p18!s2~p18 ,p29!

1s1~q,p28!s2~p28 ,p29!#1
s1~q,p18!s2~p18 ,p28!s1~p1 ,p2!s2~p29 ,p2!

m2

3@s2~ q̂,p18!s1~p18 ,p̄1!1s2~ q̂,p28!s1~p28 ,p̄1!2s2~ q̂,q!s1~q,p̄1!#

1
s2~p19 ,p29!s1~ p̄2 ,p̄1!

m2 S s2~p28 ,q̂!s1~p1 ,p2!s1~q,p19!s2~ p̄2 ,p2!
0-11
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1s1~q,p18!s2~p18 ,p28!s2~ q̂,p̄2!s1~p19 ,p1!1s2~p28 ,q̂!s1~p19 ,p1!@s1~q,p18!s2~p18 ,p̄2!

1s1~q,p28!s2~p28 ,p̄2!#1
s1~q,p18!s2~p18 ,p28!s1~p1 ,p2!s2~ p̄2 ,p2!

m2
@s2~ q̂,p18!s1~p18 ,p19!

1s2~ q̂,p28!s1~p28 ,p19!2s2~ q̂,q!s1~q,p19!# D J ~B6!

D21~p,s; p̄,s̄;p8,s8;p9,s9!5
2A2e3

22p•q Q2s1~ q̂,q!
H 2s2~p18 ,p28!s1~ q̂,p1!s1~p18 ,p̄1!s2~p29 ,q!

1s1~p1 ,p2!s2~q,p2!s2~p28 ,p29!s1~ p̄1 ,q̂!2s1~ q̂,p1!s2~p28 ,p29!@s1~ p̄1 ,p1!s2~p1 ,q!

1s1~ p̄1 ,p2!s2~p2 ,q!#2
s1~p18 ,p̄1!s2~p18 ,p28!s1~p1 ,p2!s2~q,p2!

m2
@s2~p29 ,q!s1~q,q̂!

2s2~p29 ,p1!s1~p1 ,q̂!2s2~p29 ,p2!s1~p2 ,q̂!#1
s2~p19 ,p29!s1~ p̄2 ,p̄1!

m2

3S 2s2~p18 ,p28!s1~ q̂,p1!s1~p18 ,p19!s2~ p̄2 ,q!1s1~p1 ,p2!s2~q,p2!s2~p28 ,p̄2!s1~p19 ,q̂!

2s2~p28 ,p̄2!s1~ q̂,p1!@s1~p19 ,p1!s2~p1 ,q!1s1~p19 ,p2!s2~p2 ,q!#

2
s1~p18 ,p19!s2~p18 ,p28!s1~p1 ,p2!s2~q,p2!

m2
@s2~ p̄2 ,q!s1~q,q̂!2s2~ p̄2 ,p1!s1~p1 ,q̂!

2s2~ p̄2 ,p2!s1~p2 ,q̂!# D J ~B7!

D22~p,s; p̄,s̄;p8,s8;p9,s9!5
2A2e3

22p•q Q2s2~q,q̂!
H 2s2~p18 ,p28!s1~q,p1!s1~p18 ,p̄1!s2~p29 ,q̂!

1s1~p1 ,p2!s2~ q̂,p2!s2~p28 ,p29!s1~ p̄1 ,q!1s1~ q̂,p1!s2~p28 ,p29!@s1~ p̄1 ,q!s2~q,q̂!

2s1~ p̄1 ,p1!s2~p1 ,q̂!2s1~ p̄1 ,p2!s2~p2 ,q̂!#

1
s1~p18 ,p̄1!s2~p18 ,p28!s1~p1 ,p2!s2~ q̂,p2!

m2
@s2~p29 ,p1!s1~p1 ,q!1s2~p29 ,p2!s1~p2 ,q!#

1
s2~p19 ,p29!s1~ p̄2 ,p̄1!

m2 S 2s2~p18 ,p28!s1~q,p1!s1~p18 ,p19!s2~ p̄2 ,q̂!

1s1~p1 ,p2!s2~ q̂,p2!s2~p28 ,p̄2!s1~p19 ,q!1s2~p28 ,p̄2!s1~q,p1!@s1~p19 ,q!s2~q,q̂!

2s1~p19 ,p1!s2~p1 ,q̂!2s1~p19 ,p2!s2~p2 ,q̂!#

1
s1~p18 ,p19!s2~p18 ,p28!s1~p1 ,p2!s2~ q̂,p2!

m2
@s2~ p̄2 ,p1!s1~p1 ,q!1s2~ p̄2 ,p2!s1~p2 ,q!# D J .

~B8!
014010-12
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APPENDIX C: OPERATIONAL DETAILS

The Fortran-codeCOMRAD @14# consists of a main pro
gramCOMRAD that controls the three weighted Monte Car
generators:COMTN2, COMEGG, and COMEEE. These perform
integrations of the cross sections for thee2g, e2gg, and
e2e1e2 final states, respectively. All three generators us
common set of conventions, input parameters, and a c
mon interface routine calledWGTHST. The routineWGTHST

permits the user to accumulate event weights in a man
that is appropriate to his/her needs. Note that all quanti
discussed in this section are assumed to be of typeREAL*8
unless otherwise specified.

1. The program COMRAD

The programCOMRAD initializes all quantities and se
quentially calls each of the event generators. Communica
with the generators occurs through the /CONTROL/ common
block which is specified withinCOMRAD. This common
block contains the variables: EB, EPHOT, XME, XMG
KGMIN, ALPHA, PI, ROOT2, BARN, SPIN~3!, LDIAG,
LBF, and NTRY.

The variables EB and EPHOT specify the energy a
laboratory frame to be used in the calculation. It is assum
that the incident electron is moving in the1z direction with
an energy EB GeV (EB>m). The incident photon is as
sumed to be moving in the2z direction with an energy
EPHOT GeV. The spin of the initial-state electron is spe
fied in its rest frame by the three-vector SPIN~3!. The maxi-
mum energy of additional soft photons and the minimu
energy of hard photons is also specified in the electron
frame (kg

min) by the variable KGMIN. The integer variabl
NTRY sets the number of trials for each of the event g
erators~COMTN2 andCOMEGGgenerate NTRY trials wherea
COMEEE produces smaller event weights and genera
NTRY/20 trials!. The logical flags LDIAG and LBF activate
the calculation of the Tsai-DeRaad-Milton and Brow
Feynman expressions for the corrections to the unpolar
cross section inCOMTN2 ~for diagnostic purposes!. The com-
mon block /CONTROL/ also contains several constants us
by the generators.

2. The generatorCOMTN2

The subroutineCOMTN2 simulates the two-bodye2g final
states. The calculation is carried out in the center-of-m
frame using Eq.~19! and Eqs.~26!–~29! to calculate the
event weightsW1-W4. The density functionr (2)(Ve8) is cho-
sen to be uniform in the polar variables cosue8 andfe8 ,

r~2!~Ve8!5
Ntrial

4p
, ~C1!

whereNtrial is the number of event trials.

3. The generatorCOMEGG

The subroutineCOMEGG simulates the three-bodye2gg
final states. The calculation is carried out in the center-
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mass frame using Eq.~14! and Eqs.~28! and~29! to calculate
the event weightsW3 and W4 (W1 and W2 are always re-
turned as 0!. The five quantitiesEe8 , cosue8 , fe8 , Eg8 , andfg8
are chosen according to the density functionr (5) as follows:

r~5!~Ee8 ,Ve8 ,Eg8fg8 !5
Ntrial

4p•2p

Ce

Ee
max1Eg

min2Ee8

3CgF 1

Eg8
1

1

Eg
max1Eg

min2Eg8
G ,

~C2!

where:Ntrial is the number of generated trials~some are later
discarded!; Ee

max and Eg
max are the maximum electron an

photon energies in the cm frame;Eg
min is the minimum pho-

ton energy in the cm frame; andCe andCg are normalization
constants given as follows:

Ce5
1

ln@~Ee
max1Eg

min2m!/Eg
min#

~C3!

Cg5
1

2ln@Eg
max/Eg

min#
. ~C4!

The minimum energy in the cm frame is related to the mi
mum photon energy in the initial-state electron rest frame
follows:

Eg
min5

m

Ecm
kg

min , ~C5!

where Ecm is the total center-of-mass energy. Note tha
photon emitted in the cm frame in the2z direction with
energyEg

min has an energykg
min in the electron rest frame. I

emitted in any other direction, it has a smaller energy in
electron rest frame.

After all five variables have been chosen, the electron
photon energies are checked for consistency with three-b
kinematics~the angleueg between the electron and photo
directions must satisfy the conditionucosuegu<1). If this con-
dition is not satisfied, the trial is discarded. If it is satisfie
the four-vectorsp8, q8, and q9 are generated. The photo
energies in the initial-state electron rest frame are then
culated and if either is found to be less thankg

min , the trial is
discarded. The kinematical boundary of the integration
therefore exactly the same as the one that defines the up
limit of the soft-photon integration~and the functionJ). The
integrated region is thus the complement of the soft-pho
region and the sum of the cross sections returned byCOMTN2

and COMEEG is independent ofkg
min . The event generation

procedure retains approximately 60% of the generated tr
over a wide range incident electron and photon energies
0-13



o

e
r

ro
in

st

ap-

e
is

tion
n-

er
be

e

MORRIS L. SWARTZ PHYSICAL REVIEW D 58 014010
4. The generatorCOMEEE

The subroutineCOMEEEsimulates the three-bodye2e1e2

final states. The calculation is carried out in the center-
mass frame using Eq.~25! and Eqs.~28! and~29! to calculate
the event weightsW3 and W4 (W1 and W2 are always re-
turned as 0!. The five quantitiesEe8 , cosue8 , fe8 , Ee9 , andfe9
are chosen according to the density functionr (5) as follows:

r~5!~Ee8 ,Ve8 ,Ee9 ,fe9!5
Ntrial

4p•2p•~Ee
max2m!2

, ~C6!

whereNtrial is the number of generated trials~some are later
discarded! andEe

max is the maximum electron energy in th
cm frame. Note that the use of uniform phase space wo
well near threshold~the polarimetry case! but is inadequate
at very high energies.

After all five variables have been chosen, the elect
energies are checked for consistency with three-body k
ty.
ed

01401
f-

ks

n
e-

matics~the angleue8e9 between the electron directions mu
satisfy the conditionucosue8e9u<1). If this condition is not
satisfied, the trial is discarded. This procedure retains
proximately 70% of the generated trials near thee2e1e2

threshold.

5. The interface routine WGTHST

The routineWGTHST allows the user to accumulate th
information needed for his/her purposes. The routine
called by the main program once before any event genera
to permit initialization. It is called by each of the event ge
erators~COMTN2, COMEGG, andCOMEEE! at the end of each
event trial. And finally, it is called by the main program aft
return from the last generator to permit the information to
output.

All communication with the routine occurs through th
argument list,
ber of

ions are
re
SUBROUTINEWGTHST~IFLAG,NEM,PP,NGAM,QP,NEP,PB,WGT!,

where IFLAG is an integer flag which indicates the initialization call~0!, an accumulation call~1!, or the output call~2!; NEM
is an integer which indicates the number of electrons in the final state~1 or 2!; PP~4,2! contains the four-vectors of the NEM
electrons in the laboratory frame; NGAM is an integer which indicates the number of photons in the final state~0-2!; QP~4,2!
contains the four-vectors of the NGAM photons in the laboratory frame; NEP is an integer which indicates the num
positrons in the final state~0 or 1!; PB~4! is the four-vector of the positron; and WGT~4! contains the four weightsW1-W4
defined in Eqs.~26!–~29!. Note that the event weights have been defined such that correctly normalized total cross sect
obtained by summing the weights exactly once per call toWGTHST. The calculation of final-state particle yields therefo
requires that the weights be accumulated each time the given type of particle is encountered.
,
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fication except that it performs COMPLEX*16 operation
which are implemented in many compilers. The code has b
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