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Neutrino interactions in hot and dense matter
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We study the charged and neutral current weak interaction rates relevant for the determination of neutrino
opacities in dense matter found in supernovae and neutron stars. We establish an efficient formalism for
calculating differential cross sections and mean free paths for interacting, asymmetric nuclear matter at arbi-
trary degeneracy. The formalism is valid for both charged and neutral current reactions. Strong interaction
corrections are incorporated through the in-medium single particle energies at the relevant density and tem-
perature. The effects of strong interactions on the weak interaction rates are investigated using both potential
and effective field-theoretical models of matter. We investigate the relative importance of charged and neutral
currents for different astrophysical situations, and also examine the influence of strangeness-bearing hyperons.
Our findings show that the mean free paths are significantly altered by the effects of strong interactions and the
multi-component nature of dense matter. The opacities are then discussed in the context of the evolution of the
core of a protoneutron star.@S0556-2821~98!02813-6#

PACS number~s!: 13.15.1g, 26.60.1c, 97.60.Jd
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I. INTRODUCTION

The transport of neutrinos is an essential aspect of si
lations of gravitational collapse, supernovae, protoneut
stars and binary mergers of compact objects. The neutr
of all flavors emitted from newly formed neutron stars
supernova explosions@1# are the only direct probe of th
mechanism of supernovae and the structure of protoneu
stars. The most important ingredient of neutrino transp
calculations in these simulations is the neutrino opacity
supra-nuclear density@2–8#. Yet, to date, calculations o
neutrino opacities in dense matter have received relativ
little attention compared to other physical inputs such as
equation of state~EOS!.

Both charged current absorption and neutral current s
tering reactions are important sources of opacity. Neu
current processes involve all flavors of neutrinos scatte
on baryons and leptons. While scattering from electron
important for energy and momentum transfer in the proc
of thermalizing neutrinos, for both energy and lepton num
transport, neutrino-baryon scattering and absorption are
dominant processes.

Earlier work on neutrino interactions in matter at sup
nuclear densities that have shaped our discussion in this
per are in Refs.@9–32#. Various approximations have almo
always been made in the calculations of neutrino cross
tions. These approximations concern the degrees of de
eracy or relativity, the composition, or the effects of t
baryon-baryon interactions. The cross section for neutri
nucleon interactions has only been calculated exactly
noninteracting gases by Schinder@26# and for neutrino-
electron scattering by Mezzacappa and Bruenn@3# . Other
workers have developed limiting expressions for nonintera
ing gases for the purely elastic case, the completely deg
erate case, or the completely nondegenerate case. In
most numerical simulations of supernovae, protoneutron
evolution, and binary neutron star coalescence, have
ployed limiting expressions, derived from those for nonint
acting nucleonic matter, in which interactions were includ
by simple scaling factors@2,4,7,8#. The results may be incon
0556-2821/98/58~1!/013009~27!/$15.00 58 0130
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sistent with the underlying nuclear matter EOS.
Only a few attempts exist@10,17,18,27,29# in which the

effects of strong interactions on neutrino opacities were c
sidered. But these studies were not performed for the in
mediate degeneracies that are often encountered in a
physical environments. In the case of neutral curr
opacities, the effects of stong interactions were investiga
for nuclear matter by Sawyer@10# and for degenerate neutro
matter by Iwamoto and Pethick@17#. Both of these efforts
treated nucleons in the nonrelativistic limit and predicted
creases in the mean free paths by factors of;223, for
densities in the range of 224 times the nuclear saturatio
density (n050.16 fm23). Subsequently, relativistic calcula
tions based on effective Lagrangian models for hot,
neutrino-poor neutron star matter were performed by Horo
itz and Wehrberger@27#. The neutral current differentia
cross sections were calculated using linear response th
and mean free paths were found to be factors of 1.522 times
that for noninteracting nucleons. In the case of charged c
rent interactions, the effects of interactions have been c
sidered by Sawyer@10# for nondegenerate matter and b
Goodwin and Pethick@18# for degenerate matter.

Schinder’s exact results for noninteracting nucleons
expressed in terms of a lengthy series of Fermi integrals.
have found, however, a simplification to Schinder’s resu
that not only expresses them in numerically simpler fash
as polylogarithmic functions, but are also easily generaliz
to the case of interacting matter. In contrast to previo
work, we calculate both neutral and charged current opac
including effects of interactions arising from the underlyin
EOS.

Another aspect of opacities which recent work has e
phasized concerns the importance of including the mu
component nature of dense matter on neutrino opacit
Prakashet al. @28# and Reddy and Prakash@29,33# have
identified neutrino-hyperon absorption and scattering re
tions as being important new sources of opacity. These
clude absorption involving theL andS2 hyperons and scat
tering involving theS2 hyperon. These could play importan
roles in calculations of the neutrino signature of an evolv
© 1998 The American Physical Society09-1
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protoneutron star with hyperons@8#.
In this paper, we perform neutrino opacity calculations

interacting matter of arbitrary degeneracy and compositio
supra-nuclear densities. Interactions between the leptons
negligible and will be ignored. Strong interactions betwe
the baryons, however, significantly alter the energy spe
from their noninteracting forms, especially at high dens
One of our objectives is to explore the extent to which int
actions among the baryons affect the neutrino cross sect
We will separately consider potential models that are inh
ently nonrelativistic and relativistic field-theoretical mode
Appendices A and B consider the formulation of these m
els in some detail. We also include effects due to the mu
component nature of interacting matter and the possible p
ence of strangeness in the form of hyperons. Where poss
we provide analytical expressions for both charged and n
tral current differential scattering cross sections for a giv
EOS at a fixed density, temperature and lepton concentra
for given incoming neutrino energy and scattering angle. T
most detailed transport codes@2#, which solve the full Bolt-
zmann transport equation, require differential cross secti
However, simpler transport methods@4–8# only need angle
and/or energy averaged opacities, which can be usually
pressed in the form of mean free paths. In this paper
facilitate comparisons between our results and those inv
ing various approximations, we present numerical results
mean free paths, leaving for subsequent publications deta
results for the general opacities. In particular, we pres
results for mean free paths for thermodynamic conditio
relevant to the evolution of protoneutron stars.

The paper is organized as follows. In Sec. II, we summ
rize the basic relations needed to calculate both absorp
and scattering opacities in hot and dense matter. We
consider in Sec. III the idealized situation in which the ba
ons are treated as nonrelativistic, the leptons are assum
be massless, and the baryon-baryon interactions are
glected. In this case, the baryon energy spectra has the
E5p2/2M . Our results lead naturally to previously obtain
limiting cases such as the degenerate, nondegenerate
elastic approximations. We will next consider, in Sec. IV, t
nonrelativistic Skyrme-like potential model@34#, in which
the spectrum is given byE5p2/2M* 1UNR , where UNR
denotes the density-dependent potential contribution andM*
is the Landau effective mass, which is also generally den
dependent. Next, in Sec. V, we will consider the effect
field-theoretical Walecka-type model@35# at the mean-field

level in which the spectrum isE5Ap21M*
2
1UR , where

M* , the Dirac effective mass, andUR , which accounts for
interactions of the fields, are both generally density dep
dent. The kinetic parts in both nonrelativistic and relativis
approaches contain the effects of interactions insofar as
depend on density-dependent effective masses; furthe
both cases, the momentum dependence of the kinetic en
is formally identical to their noninteracting counterparts. T
evaluation of the cross section is therefore similar to the c
of noninteracting baryons for these particular models. T
numerical results, however, are sensitive to the presenc
interactions. In Sec. VI, we show how additional baryon
components, such as hyperons, affect the neutrino opac
01300
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In Sec. VII, we compare our results with those of previo
workers. In Sec. VIII, we apply our results to the neutrin
opacities encountered in a particular astrophysical event:
of a deleptonizing and cooling protoneutron star. Finally,
summarize and provide an outlook in Sec. IX. Appendices
and B contain supporting material about the potential a
field-theoretical models of dense matter.

II. NEUTRINO CROSS SECTIONS

The total opacity of dense matter to neutrinos has con
butions from both neutral and charged weak currents. N
tral currents are involved in neutrino-baryon scattering wh
charged currents are involved in neutrino-baryon absorp
reactions. We have considered neutral currents in Ref.@33#,
in which convenient expressions for the differential and to
scattering cross sections were established. Here, we will c
centrate upon deriving similar relations for the charged c
rent absorption reactions. Further, the formalism develo
here may be easily generalized to include neutral curr
reactions so that the present work in effect extends and
places Ref.@33#.

The neutrino energies of interest to us are less than a
hundred MeV; we may thus write the relevant interacti
Lagrangian from Wienberg-Salam theory@36–38# in terms
of a current-current interaction

L int
cc 5

GFC

A2
l m j W

m for n l1B2→ l 1B4 ~1!

L int
nc 5

GF

A2
l m
n j Z

m for n l1B2→n l1B4 , ~2!

whereGF.1.436310249 erg cm23 is the Fermi weak cou-
pling constant and the Cabibbo factorC5cosuc for change
of strangenessDS50 andC5sinuc for DS51 . The lepton
and baryon weak charged currents are

l m5c̄ lgm~12g5!cn , j W
m 5c̄4gm~gV2gAg5!c2 . ~3!

Similarly, the baryon neutral currents are given by

l m
n 5c̄ngm~12g5!cn , j Z

m5
1

2
c̄4gm~cV2cAg5!c2 , ~4!

where 2 and 4 are the baryon initial state and final st
labels, respectively~these are identical for neutral curre
reactions!. Other particle labels and four-momentaPi are as
shown in Fig. 1~a! for the charged current reaction and Fi
1~b! for the neutral current reaction. The vector and axi
vector coupling constantsgV andgA are listed in Table I for
the various charged current reactions of interest. Simila
the couplingscV andcA for the neutral current reactions ar
listed in Table II. Generally, them and t neutrino charged
current reactions are kinematically suppressed;m andt neu-
trinos are thermally produced so that their energies are
order T!mm . On the other hand, neutral current reactio
are common to all neutrino species and the neutrino-bar
coupling is independent of neutrino flavor. Neutrino co
9-2
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NEUTRINO INTERACTIONS IN HOT AND DENSE MATTER PHYSICAL REVIEW D58 013009
pling to leptons in the same family is modified since t
scattering may proceed due to bothW andZ exchange; the
couplings shown in Tables I and II reflect this fact. Nume
cal values of the parameters that best fit data on cha

FIG. 1. Lowest order Feynman diagram forn l1B2→ l 1B4.
The symbolsBi and l denote baryons and leptons, respectively.Pi

are the particles’ four-momenta andqm5(q0 ,qW ) is the four-
momentum transfer. Figure~a! is the absorption reaction and Fig
~b! is the scattering reaction.

TABLE I. Charged current vector and axial couplings. Nume
cal values are quoted using D50.756 , F50.477, sin2uW50.23 and
sin2uc50.053~see Ref.@39#!. The couplings for the same reaction
involving antineutrinos are identical, andl stands fore-, m- or
t-type leptons. For corrections arising due to explicit SU~3! break-
ing terms, see Ref.@40#.

Reaction gV gA DS

n l1n→ l 21p 1 D1F51.23 0
n l1S2→ l 21L 0 A2/3D50.62 0
n l1S2→ l 21S0 A2 A2F50.67 0
n l1S0→ l 21S1 2A2 2A2F520.67 0
n l1L→ l 21S1 0 2A2/3D520.62 0
n l1L→ l 21p 2A3/2 2A3/2(F1D/3)50.89 1
n l1S0→ l 21p 1 A1/2D50.54 1
n l1S2→ l 21n 21 D2F50.28 1
ne1m2→nm1e2 1 1 0
01300
-
ed

current semi-leptonic decays of hyperons are@39#: D50.756,
F50.477, sin2uW50.23 and sinuc50.231. Note that the am
plitude for the strangeness changing charged current is
pressed by the factor sinuc . These couplings follow from
SU~3! flavor symmetry for the baryons and the quark mod
Corrections arising due to explicit SU~3! breaking terms
have been recently investigated@40# and in some cases ar
about 10–30 %.

The cross section per unit volume of matter~or equiva-
lently the inverse collision mean free path! may be derived
from Fermi’s golden rule and is given by

s~E1!

V
52E d3p2

~2p!3E d3p3

~2p!3E d3p4

~2p!3

3~2p!4d4~P11P22P32P4!Wf i

3 f 2~E2!„12 f 3~E3!…„12 f 4~E4!…, ~5!

wherePi5(Ei ,pW i) denotes the four-momentum of particlei
@particle labels are as shown in Fig. 1~a!# and the transition
rateWf i is

Wf i5
^uMu2&

24E1E2E3E4

. ~6!

Above, uMu2 is the squared matrix element and the symb
^•& denotes a sum over final spins and an average over
initial spins. A common expression for both scattering a
absorption may be written

TABLE II. Neutral current vector and axial couplings. Neutr
current couplings with baryons of all neutrino species, includ
antineutrinos, are identical, andl stands fore-, m-, or t-type
neutrinos. Neutrino interactions with leptons have the same ma
elements as those with antineutrinos of the same flavor. For cor
tions arising due to explicit SU~3! breaking terms, see Ref.@40#.

Reaction cV cA

ne1e2→ne1e2 114 sin2uW51.92 1
nm1m2→nm1m2 114sin2uW51.92 1
ne1m2→ne1m2 2114 sin2uW520.08 21
nm,t1e2→nm,t1e2 2114sin2uW520.08 21
n l1n→n l1n 21 2D2F521.23
n l1p→n l1p 124 sin2uW50.08 D1F51.23
n l1L→n l1L 21 2F2D/3520.73
n l1S2→n l1S2 2314 sin2uW522.08 D23F520.68
n l1S1→n l1S1 124 sin2uW50.08 D1F51.23
n l1S0→n l1S0 21 D2F50.28
n l1J2→n l1J2 2314 sin2uW522.08 D23F520.68
n l1J0→n l1J0 21 2D2F521.23
n l1S0→n l1L 0 2D/A350.87
9-3
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Wf i5GF
2F ~V1A!2~12v2 cosu12!~12v4 cosu34!

1~V2A!2~12v2 cosu23!~12v4 cosu14!

2~V 22A 2!
M2

E2E4
~12cosu13!G , ~7!

where the vector and axial couplingsV andA, in the case of
absorption, stand forCgV and CgA , respectively. For the
reactions of interest,gv and gA are listed in Table I. Simi-
larly, for the scattering reactions of interest,V andA stand
for cV/2 andcA/2, respectively, which are listed in Table I
The particle velocities are denoted byv i5pi /Ei , and the
angle between the momentum vectorspi

W and pj
W is denoted

by u i j . Further,M is the bare nucleon mass. The functio
f i(Ei) in Eq. ~5! denote the particle distribution function
which in thermal equilibrium are given by the Fermi-Dira
functions

f i~Ei !5F11expS Ei2m i

T D G21

, ~8!

whereEi are the single particle energies,m i are the corre-
sponding chemical potentials, andT is the temperature.

In general, the single particle energies and chemical
tentials depend on the ambient matter conditions, i.e.,
density and temperature, and also on the interactions am
the various particles. The various chemical potentials are
termined by the conditions of charge neutrality and, in all b
the most extremely dynamical situations, chemical equi
rium. In some astrophysical situations, such as in the
stages of core collapse and during the early stages of
evolution of a protoneutron star, neutrinos are trapped
dynamical times within the matter@41,42# and chemical
equilibrium is established among the baryons and leptons
this case, the chemical potentials satisfy the relation

mB2
2mB4

5me2mne
. ~9!

These situations are characterized by a trapped lepton
tion YL5Ye1Yne

, whereYe5(ne2ne1)/nB and Yne
5(nne

2nn̄e
)/nB are the net electron and neutrino fractions, resp

tively. The evolution of a protoneutron star begins from
neutrino-trapped situation withYL'0.4 to one in which the
net neutrino fraction vanishes and chemical equilibriu
without neutrinos is established. In this case, the chem
equilibrium is modified by settingmne

50. In all cases, the
condition of charge neutrality requires that

(
i

~nBi

~1 !1nl i
~1 !!5(

i
~nBi

~2 !1nl i
~2 !!, ~10!

where the superscript’s (6) on the number densitiesn sig-
nify positive or negative charge.

Although neutrino opacities are required for a wide ran
of densities, temperatures, and compositions, for the m
part we will display results for two limiting situations
namely beta equilibrium matter with eitherYL50.4 or Yn
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50. These are situations encountered in the evolution o
protoneutron star@43#, as discussed further in Sec. VII.

III. NONRELATIVISTIC NONINTERACTING BARYONS

For baryon densitiesnB<5n0, wheren050.16 fm23 is
the empirical nuclear equilibrium density, and in the abse
of interactions which could significantly alter their effectiv
masses, baryons may be considered as nonrelativistic.
expression forWf i in Eq. ~7! then simplifies considerably
since the baryon velocitiesv i!1. In this case, the term
involving the baryon velocities may be safely neglecte
However, the term involving the angle between the init
and final leptons remains. For reactions involving nucleo
this term gives a small contribution, since it is proportion
to V 22A 2. For simplicity, and to make an apposite com
parison with earlier results in which this term was also n
glected, we drop this term in this section, but will return to
more complete analysis in the succeeding sections.

Under these conditions, the transition rateWf i becomes a
constant,

Wf i5GF
2~V 213A 2!, ~11!

independent of the momenta of the participating particl
and the differential cross section is given by

1

V

d3s

d2VdE3

5
GF

2

2p
~V 213A 2!„12 f 3~E3!…S~q0 ,q!,

~12!

where the three-momentum transferqW 5p1
W2p3

W , so thatq
5uqW u, and the energy transferq05E12E3. The function
S(q0 ,q), the so-called dynamic form factor or structu
function, characterizes the isospin response of the~nonrela-
tivistic! system. It is simply the total phase space available
transfer energyq0 and momentumq to the baryons. We note
that the differential cross section is needed in multi-ene
group neutrino transport codes. However, more approxim
neutrino transport algorithms often only require the to
cross section as a function of the neutrino energy. The c
section per unit volume given in Eq.~5! then simplifies to

s~E1!

V
5GF

2~V 213A 2!E d3p3

~2p!3
„12 f 3~E3!…S~q0 ,q!,

~13!

S~q0 ,q!52E d3p2

~2p!3E d3p4

~2p!3
~2p!4d4~P11P22P32P4!

3 f 2~E2!„12 f 4~E4!…. ~14!

The total cross section given by Eq.~13! can be recast as
double integral in (q0 ,q) space using d3p3
52pq(E3 /E1)dq0dq. SinceE3 ranges between 0 and̀,
the limits ofq0 are2` andE1. The limits ofq are obtained
by inspecting the relationq25E1

21E3
222E1E3 cosu13 for

cosu13561. Thus,uq0u,q,2E12q0. One finds
9-4
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s~E1!

V
5

GF
2

4p2
~V 213A 2!E

2`

E1
dq0

E3

E1
@12 f 3~E3!#

3E
uq0u

2E12q0
dqqS~q0 ,q!. ~15!

This, of course, applies to both scattering and absorp
with appropriate changes of particle labels and coupling c
stants.

The integrals in Eq.~14! can be performed analyticall
and the result expressed in closed form for the noninterac
case and for certain models of interacting matter. The in
gral over the final state momentump4 in Eq. ~14! may be
performed by exploiting the momentum delta function to o
tain

S~q0 ,q!5
1

2p2E d3p2d~q01E22E4! f 2~E2!„12 f 4~E4!….

~16!

We note thatE45(pW 21qW )2/2M , and we ignore the differ-
ence betweenM2 and M4 as it is small compared to othe
energy scales at high density for noninteracting matter.
may rewrite the energy delta function in terms of the an
betweenpW 2 andqW :

d~q01E22E4!5
M

p2q
d~cosu2cosu0!Q~p2

22p2
2 !,

~17!

where

cosu05
M

p2qS q02
q2

2M D , p2
2 5

M2

q2 S q02
q2

2M D 2

~18!

andQ(x)51 for x>0 and zero otherwise. Substituting the
results in Eq.~16! and performing the angular integrals w
obtain

S~q0 ,q!5
M

pqEp2

`

dp2p2f 2~E2!„12 f 4~E4!…. ~19!

The remainingp2 integral is performed by using the relatio

E dx

11exp~x!

1

11exp~2x2z!

52
1

12exp~2z!
ln

11exp~x!

11exp~x1z!
. ~20!

Thus, the free gas isospin density response function is g
by
01300
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S~q0 ,q!5
M2T

pq F z

12exp~2z!S 11
j2

z D G , ~21!

where

z5
q01m̂

T
, m̂5m22m4 ,

j25 lnF 11exp„~e22m2!/T…

11exp„~e21q02m4!/T…G ,

e25
p2

2

2M
5

1

4

~q02q2/2M !2

q2/2M
. ~22!

This result generalizes a result obtained earlier for nonin
acting symmetric nuclear matter@44#, in which m̂50, to the
case of asymmetric nuclear matter for conditions of arbitr
degeneracy. This result, which we further generalize to
clude nuclear interactions in the next section, proves to
the key to being able to efficiently calculate opacities. The
results are easily specialized to the case of scattering by
ing that particle labels 2 and 4 are identical; thusm25m4.
The integrals in Eq.~15!, even with an analytical expressio
for S(q0 ,q), require numerical evaluation; closed form e
pressions for arbitrary degeneracy cannot be obtained. H
ever, in some limiting cases these integrals become ana
and correspond to results obtained earlier and which are
ten used in astrophysical simulations.

Highly degenerate baryons(m i /T@1). In this situation,
the participating particles all lie close to their respecti
Fermi surfaces. In this case, theq integration may be per-
formed trivially, since the factor (11j2 /z) may be replaced
by Q(m22e2) or, equivalently,Q„q2(pF2

2pF4
)…, where

Q(x)51 for x>0 and zero otherwise. The integration to b
performed is then

I q5E
uq0u

2E12q0
dqQ„q2~pF2

2pF4
!…

>E
um̂u

2E11m̂
dqQ„q2~pF2

2pF4
!…, ~23!

where in writing the rightmost relation, we have s
q052m̂, since the exponentials in theq0 integral are highly
peaked at this value at low temperature. Thus,
I q5H 2E1Q„m̂2~pF2
2pF4

!… for m̂.pF2
2pF4

~2E12m̂2pF2
1pF4

!Q~2E12m̂2pF2
1pF4

! for m̂<pF2
2pF4

.
~24!
9-5
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The upper limit on the remainingq0 integral can be replace
by 1` since the integrand vanishes exponentially for po
tive values ofq0 due to final state Pauli blocking of th
electron degeneracy. With this substitution, it is straighf
ward to perform theq0 integral by noting that

E
2`

1`

dz
z

12exp~2z!

1

11exp~z1h!
5

1

2F p21h2

11exp~h!G .
~25!

The final result for the cross section per unit volume in
degenerate approximation is given by

s~E1!

V
5

GF
2

4p3
~V 213A 2!M2T2J~E11m̂ !

3Fp21S E12m1

kT D 2G 1

11exp„~m12E1!/T…

with

J5Q~pF4
1pF3

2pF2
2pF1

!1
pF4

1pF3
2pF2

1pF1

2E1

3Q~pF1
2upF4

1pF3
2pF2

u!. ~26!

In the above expression all terms proportional toT/m i are
neglected as they are small. Further, if we were to ass
that the incoming neutrino energyE1 were equal to the neu
trino chemical potential, the factor (E11m̂) could be re-
placed byme . With this substitution, the above result coi
cides exactly with that derived earlier by Sawyer and S
@15#.

In the case of scattering, this expression simplifies to

s~E1!

V
5

GF
2

16p3
~cV

213cA
2 !M2T2E1Fp21S E12m1

kT D 2G
3

1

11exp„~m12E1!/T…
. ~27!

An analogous result was derived earlier by Iwamoto a
Pethick@17#.

Note that the energye2 arises due to the kinematica
condition that ensures three-momentum conservation.
e2@m2, in the degenerate limit, the phase space rapidly v
ishes. Thus, at low temperatures, this leads to the condi

q>upF2
2pF4

u, ~28!

which is the threshold condition for the so-called direct Ur
process@45#. Note that the maximum possible momentu
transer isq5E11pF3

. For a free gas in beta equilibrium
with zero neutrino chemical potential, the condition in E
~28! is usually not satisfied, since the neutron Fermi m
menta are usually much larger than those of protons
electrons. In contrast, in the case when neutrinos are trap
significantly larger proton fractions are favored in beta eq
librium condition. This enables the threshold condition to
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easily fulfilled. Similarly, strong interactions also tend to i
crease the proton fraction, which in some cases allows
~28! to be satisfied even in the vicinity of nuclear densiti
@45#. The factor 11j2 /z naturally accounts for the
threshold-like behavior with decreasing temperature.

Nondegenerate matter(m i /T!21). In the nondegener
ate limit, one has

zS 11
j2

z D5z1j2>expS m22e2

T D @12exp~2z!#

~29!

after expanding the logarithmic terms in Eq.~22! to leading
order. Thus, S(q0 ,q).(M2T/pq)exp„(m22e2)/T…. As-
suming further that the effects due to final state Pauli blo
ing may be neglected and the relevant energy transfe
small,q0!E1, one finds

s~E1!

V
5

GF
2~V 213A 2!M2T

4p3
expS m2

T D
3E

2`

E1
dq0E

0

2E1
dqexpS 2

e2

T D . ~30!

In this case, theq0 integration may be performed first. T
leading order inq andT/M the result isq(2pT/M )1/2. The
remainingq integration is elementary and we obtain

s~E1!

V
5

GF
2

p
~V 213A 2!E1

2n2 , ~31!

where n252(MT/2p)3/2exp(m2 /T) is the neutron numbe
density in the nondegenerate limit. In this limiting situatio
the total cross section is simply that on a single baryon tim
the baryon number density@9#.

The elastic approximation. We can also derive the resu
of the so-called elastic or iso-energetic approximation@2#, in
which it is assumed there is no energy transfer to the nu
ons. The effects of final state Pauli blocking and nucle
degeneracy are still fully included. In this case, the cro
section may be obtained by considering the response fu
tion for q0→0:

S~q0→0!52pd~E12E3!E d3p2

~2p!3

3 f 2~E2!„12 f 4~E2!…

52pd~q0!
n22n4

12exp„~m42m2!/T…
, ~32!

wheren2 andn4 are the number densities of species 2 and
respectively. In obtaining this result, the identity

f 2~E2!„12 f 4~E2!…5
f 2~E2!2 f 4~E2!

12exp„~m42m2!/T…
~33!

was used. One then finds
9-6
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s~E1!

V
5

GF
2

p
~V 213A 2!

n22n4

12exp„~m42m2!/T…

3E1
2
„12 f 3~E1!…. ~34!

To specialize this result to the case of scattering, we nee
take the limit (m22m4)→0:

s~E1!

V
5

GF
2

4p
~cV

213cA
2 !

]n2

]~m2 /T!
U

T

E1
2
„12 f 3~E1!….

~35!

We now present some results for noninteracting ma
containing nucleons, electrons, and trapped neutrinos fonB
and T chosen to lie in the range (0.2525)n0 and (5
260)MeV, respectively. For the beginning of the evoluti
of a nascent neutron star, it is appropriate to consider
neutrino trapped case in which the electron lepton fract
YL5Ye1Yne

is held fixed at 0.4. At later times the neutrin
chemical potential vanishes and the matter contains t
mally produced pairs; under these circumstances,Yne

and

mne
vanish andYL5Ye is determined by charge and chem

cal equilibrium.
Figure 2 shows the composition and the chemical pot

tials versus the density~in units of the nuclear equilibrium
density n0) for T55, 30, and 60 MeV for the neutrino
trapped case. The major effect of trapping is to keep
electron concentration high so that matter is more proton
in comparison to the case in which neutrinos do not carry
lepton number; thus the threshold conditon for the char
current rate is easily satisfied for all relevant densities

FIG. 2. Composition and chemical potentials for noninteract
matter in beta equilibrium atYL50.4 at different temperatures. To
panels: Individual concentrationsYi5ni /nB , where i 5n, p, e2

and ne . Bottom panels: The lepton chemical potentials andm
5mn2mp5me2mne

.
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temperatures of interest. There is little variation in the in
vidual concentrations with either density or temperature. T
individual chemical potentials andm̂5mn2mp increase sig-
nificantly with density, but are relatively insensitive to vari
tions in temperature as leptons are degenerate except a
lowest densities.

In the neutrino-trapped case, in which the neutrinos
degenerate, Pauli blocking ensures that the transport
cesses involve only neutrinos close to the Fermi surfa
Thus it is appropriate to calculate the neutrino mean f
path for a neutrino energy given byE15mne

. The neutrino

absorption mean free path,l5(s/V)21, is shown in Fig. 3,
as solid lines for temperaturesT55, 30, and 60 MeV as a
function of density. As expected, the mean free path
creases with increasing density sinceme increases with den-
sity. For comparison, we also show the results of the th
limiting expressions for the extremely degenerate@Eq. ~26!,
dashed curve#, nondegenerate@Eq. ~31!, dot-dashed curve#,
and elastic@Eq. ~34!, long dashed curve# approximations. It
is evident that, for the densities and temperatures of inte
to us, it is essential to include Pauli blocking of the final sta
electrons to obtain reliable results. This is chiefly due to
fact that electrons are degenerate. When all participating
ticles are extremely degenerate, Eq.~26! provides an excel-
lent approximation to the exact result. The failure of t
elastic approximation in this regime is related to the fact t
the favored energy transfer is not zero as is assumed,
q052m̂, which is generally large in magnitude. At hig
temperatures and relatively low density, in which the nuc
ons are not extremely degenerate, the cross section in

g
FIG. 3. Absorption mean free pathsl5s/V in noninteracting

matter in beta equilibrium at different temperatures. The neutr
energy is taken to be the Fermi energy (En5mn). The solid curves
show exact results from Eqs.~15! and ~21!, the dashed curves ar
from the degenerate approximation@Eq. ~26!#, the dot-dashed
curves are the nondegenerate results from Eq.~31!, and the long
dashed curves represent the elastic approximation from Eq.~34!.
9-7
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SANJAY REDDY, MADAPPA PRAKASH, AND JAMES M. LATTIMER PHYSICAL REVIEW D58 013009
~34!, based on the elastic approximation, reasonably re
duces the exact results. As expected, the nondegenerat
proximation is only realistic for extremely low densities.

Similarly, we have calculated the mean free path due
scattering reactions assumingE15mne

, and these are com

pared with the charged current results in Fig. 4 forT510
MeV as a function of density. The total scattering opac
which has contributions from neutrons~dashed curve!, pro-
tons ~dot-dashed curve!, and electrons~dot-long dashed
curve!, is shown as the long-dashed curve labelledlS . The
results for electron scattering are actually taken from
relativistic formulation presented in Sec. V; they cannot
evaluated from the nonrelativistic formulation in this secti
because the electrons are highly relativistic. In the ri
panel, the ratio of scattering mean free path to that of
absorption mean free path is plotted. The solid curve is
ratio of the total scattering mean free path to that of
absorption mean free path, the dashed curve is the rati
the mean free due to the reactionne1n→ne1n to that of
absorption.ne1n→e21p. Clearly, the scattering mean fre
path is dominated by neutrons since the electron and pr
fractions are small. However, the net electron-neutrino m
free path in the trapped regime is dominated by the abs
tion reaction, for two reasons. First, the charged current
trix element is four times larger and second, the rate is p
portional to me while the scattering rate is proportional
mne

.

In the neutrino-free case (Yne
50), neutrinos still exist,

but as pairs and do not carry net lepton number. Thus
reference to this phase as neutrino-free is somewhat misl

FIG. 4. Comparison between scattering and absorption reac
at T510 MeV for neutrino-trapped matter (YL50.4), assuming
En5mn . The neutrino energy was set equal to the local neutr
chemical potential. In the left panels the contributions to the n
trino mean free path due to individual reactions are shown. In
right panel, the solid curve is the ratio of the scattering to abso
tion mean free paths and the dashed curve is the neutron scatte
absorption ratio.
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ing. Figure 5 shows the composition and the chemical pot
tials. Compared to the neutrino-trapped case, Fig. 2, ma
contains a smaller proton fraction. Consequently, the diff
ence between the neutron Fermi momentum and proton~and
electron! Fermi momenta are large, making simultaneous
ergy and momentum conservation impossibile. Thus, at
temperatures for all densities shown, neutrino absorption
the reactionn1n→e21p is kinematically suppressed an
is unimportant; the dominant absorption rates are those
to the modified Urca reactionn1n1X→p1X1e2 where
X is a bystander particle. The modified Urca reaction, ho
ever, gives a small contribution to the total opacity wh
compared with the total scattering opacity and can be
glected. Although the direct reaction (n1n→e21p) is ki-
nematically forbidden at zero temperature, it exhibits
strong temperature dependence. We also note, as can be
in Fig. 5, that beta-equilibrium and charge neutrality favor
larger proton fraction at higher temperatures, which enhan
the importance of the direct process. In this sense, finite t
perature effects on the neutrino absorption reaction are s
lar to those encountered due to the presence of a finite
trino chemical potential. It increases both the neutrino ene
and the proton fraction so as to simultaneously fulfill m
mentum and energy conservation.

In Fig. 6, we plot the neutrino mean free path f
neutrino-free matter withYne

50. Because the neutrinos ar

thermal, we chooseE153T as the relevant energy for ca
culating the mean free path. At low temperatures, the n
trino absorption mean free paths are very large and incre
with density as matter becomes increasingly degenerate.
higher temperatures, this behavior is not seen and the la
neutrino energy and a higher proton fraction both ensure

ns

o
-
e
-

ng/

FIG. 5. Compositions and chemical potentials for noninteract
matter in beta equilibrium with no trapped neutrinos (Yn50) at
different temperatures. Top panels: Individual concentrationsYi

5ni /nB , where i 5n, p, and e2. Bottom panels: The electron
chemical potentialme5mn2mp .
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NEUTRINO INTERACTIONS IN HOT AND DENSE MATTER PHYSICAL REVIEW D58 013009
momentum and energy conservation for the direct reac
are easily satisfied. The extent to which the elastic and n
degenerate approximations reproduce the exact numerica
sults may be gauged from Fig. 6. Note that the degene
approximation is not an appropriate limit because when
theta functions in Eq.~26! are zero, the mean free paths a
infinite; thus the degenerate limit is not plotted in this ca

From Fig. 6 we see that the absorption rate shows a str
temperature dependence. In Fig. 7, we show the tempera
dependence of the absorption and scattering mean free p
at nuclear saturation density. The individual scattering c
tributions are shown in the left panel together with the to
scattering mean free path, which is shown as the long das
curve. For this density, the scattering opacity is domina
by neutron scattering. The right panels show the ratio of
total scattering mean free path to that of the absorption re
tion n1n→e21p. For low temperatures, where the abso
tion is kinematically suppressed, scattering dominates the
opacity. However, with increasing temperature, absorpt
increases and eventually dominates forT>10 MeV.

IV. NONRELATIVISTIC INTERACTING BARYONS

We turn now to the effects of strong interactions on t
charged and neutral current neutrino cross sections. To
gin, we will continue to use the nonrelativistic approximati
for baryons. Nonrelativistic potential model descriptions
dense matter are based on a two-body potential fitted
nucleon-nucleon scattering and a three-body term wh
form is suggested by theory and whose parameters are d
mined by the binding of few-body nuclei and the saturat
properties of nuclear matter~see for example, Ref.@46#!.

FIG. 6. Absorption mean free pathsl5s/V in noninteracting
matter in beta equilibrium with no trapped neutrinos at differe
temperatures. The neutrino energy is taken to beE153T. The left-
most panel clearly shows that at low temperatures the mean
path is very large since the reaction is kinematically supressed
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However, microscopic calculations of this type which e
compass asymmetric matter at an entropy/baryon in
range s5122 are not yet available. We therefore use
schematic potential model@47#, which is designed to repro
duce the results of more microscopic calculations of b
symmetric and neutron matter at zero temperature and w
can be extended to asymmetric matter at finite temperat
In addition to employing local contact interactions, mome
tum dependent interactions arising from finite range
change forces can also be considered in such an appro
The relevant details are given in Appendix A.

The calculation of the neutrino opacities is greatly simp
fied if the finite range interactions are approximated by
fective local interactions. A notable feature of this appro
mation is that the particle effective masses generally d
more rapidly with increasing density compared to the cas
which the full nonlocality is retained. In this case, one reta
only a quadratic momentum dependence in the single
ticle spectrum, so that it takes a form~cf. Appendix A!
closely resembling that of a free gas:

Ei~pi !5
pi

2

2Mi*
1Ui , i 5n,p. ~36!

Both the single particle potentialsUi and the~Landau! effec-
tive massesMi* are density dependent. Because the fu
tional dependence of the spectra on the momenta is iden
to that of the noninteracting case, the methods employe
the previous section are amenable to the incorporation of
effects of strong interactions. However, it is important no
to retain the distinction between the masses of the nucle
in particular the effective masses,M2* andM4* .

t

ee

FIG. 7. Temperature dependence of the neutrino mean free
at nuclear saturation density forYn50 and En53T. Left panel:
Individual contributions due to scattering and absorption reacti
to the mean free path; the long-dashed curve is the total scatte
opacity. Right panel: Ratio of the total scattering mean free pat
that of absorption.
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SANJAY REDDY, MADAPPA PRAKASH, AND JAMES M. LATTIMER PHYSICAL REVIEW D58 013009
The dynamic form factor in Eq.~14!, with the single par-
ticle spectrum in Eq.~36!, may be expressed in essentia
the same functional form as in Eq.~21!. The energy delta
function can be recast in terms of the angle betweenp2

W and
qW :

d~q01E22E4!5
M4*

p2q
d~cosu2cosu0!

3Q~E22e2!Q~e12E2!, ~37!

where

cosu05
M4*

p2qS c2
xp2

2

2M4*
D ,

p6
2 5

2q2

x2 F S 11
xM4* c

q2 D 6A11
2xM4* c

q2 G ,

E25
p2

2

2M2*
, e65

p6
2

2M2*
, ~38!

where the new variables appearing above are defined by
relations

x512
M4*

M2*
, c5q01U22U42

q2

2M4*
. ~39!

The factorU22U4 is the potential energy gained in conve
ing a particle of species ‘‘2’’ to a particle of species ‘‘4.
When the intial and final state baryon masses are differ
the p2 integration is restricted to the intervalp1

2 >p2
2>p2

2 .
Note also that the effective chemical potentialm22U2 re-
placesm2. With these changes, the response function inc
porates the effects of strong interactions at the mean fi
level. We can now generalize the definition ofj2 , which
appears in the noninteracting response function, withj6 :

j65 lnF 11exp„~e62m21U2!/T…

11exp„~e61q02m41U2!/T…G . ~40!

Collecting these modifications together, and using the r
tion in Eq. ~20!, we have

S~q0 ,q!5
M2* M4* T

pq

j22j1

12exp~2z!
. ~41!

For the charged current, modifications due to interactions
twofold. First, the difference in the neutron and proton sin
particle potentials appears in the response function and
in m̂. Second, the response depends upon the nucleon e
tive mass. Since bothUi andMi* are strongly density depen
dent, the opacities are significantly altered from those for
noninteracting case at high density.

Finally, note that we can make the nondegenerate, ela
and degenerate approximations in analogy to those found
the noninteracting case. The expression for the degene
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approximation is nearly indentical to that for the nonintera
ing case, because the conditione2>m22U2 is equivalent to
q>upF2

2pF4
u. We must only replaceM2 in Eq. ~26! by

M2* M4* . The expression for the nondegenerate approxim
tion is identical to that for the noninteracting case@Eq. ~31!#,
because for nondegenerate nucleons, the number dens
proportional to (M2* T)3/2exp„(m22U2)/T…. Finally, in the
elastic case, we need only replacem42m2 in Eq. ~34! with
m42m21U22U4.

For the neutral currents, since the initial and final st
particle labels are identical for both leptons and baryons,
have the simplifications

z5
q0

T
, m25m4 , e25

M2*

2q2S q02
q2

2M2*
D 2

, e15`.

~42!

Thus,j152z, and one finds a result formally similar to th
noninteracting expression:

S~q0 ,q!5
M2*

2T

pq F z

12exp~2z!S 11
j2

z D G . ~43!

Figure 8 shows the composition and the chemical pot
tials versus the density for charge-neutral matter contain
interacting nucleons, electrons, and trapped neutrinos in
equilibrium. While these results are qualitatively similar
the case of noninteracting nucleons, interactions lead
lower values ofYne

and mne
, and larger values ofm̂, espe-

cially at high densities. The influence of these changes on
neutrino mean free paths are depicted in Fig. 9, usingE1
5mne

as before for the trapped-neutrino case, and the

FIG. 8. Particle fractions~upper panels! and lepton chemical
potentials ~lower panels! in the nonrelativistic potential Skyrme
model for YL50.4 at various temperatures. Note that the pro
fraction is larger than in the noninteracting case.
9-10
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NEUTRINO INTERACTIONS IN HOT AND DENSE MATTER PHYSICAL REVIEW D58 013009
namic form factor Eq.~41!. Shown for comparison are th
three limiting behaviors for the degenerate, nondegene
and elastic approximations discussed in connection with
noninteracting case.

The counter-intuitive result, that the mean free paths
crease at high density, is chiefly due to the use of nonr
tivistic kinematics coupled with the behavior of the Land
effective mass of the nucleons, which are displayed in F
10. The cross section is proportional toM2* M4* , and the
dropping effective masses more than compensate for
higher neutrino chemical potential at high densities. Ho

FIG. 9. Neutrino absorption mean free path in neutrino-trap
matter withYL50.4. Results for the limiting cases discussed in
text are also shown, with the same notation as in Fig. 3.

FIG. 10. Neutron~solid curve! and proton~dashed curve! effec-
tive masses as a function of baryon density in the Skyrme mo
The curves shown are forT530 MeV.
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ever, the net effect of a decreasing cross section at h
density may be an anomalous result of using a nonrelativi
theory in a situation in which the nucleons are at least p
tially relativistic. This also explains why the elastic approx
mation, which is applicable in the case when the mass of
absorber is large, provides a much poorer representatio
the exact results than in the noninteracting situation. Rela
to this is the fact that the high density behavior of the no
relativistic Skyrme-like EOS becomes dominated by theu8/3

density-dependence in the energy density. This leads
eventual acausality, i.e., the speed of sound exceeds
speed of light. While it is possible to avoid this behavior
nonrelativistic potential model approaches by including m
general forms of momentum dependence~see for example,
Ref. @48#!, a nonrelativistic description of matter at very hig
densities is difficult to justify at a fundamental level. In a
dition, the calculation of the opacity is then greatly comp
cated by the fact that the energy spectrum no longer
sembles that of a free gas. In the next section, we cons
field-theoretical models with relativistic kinematics which d
not have the above problems.

In the neutrino-free case, interactions change the com
sition significantly. The proton fraction is larger when com
pared with the neutrino-free noninteracting case. Quant
tively, the proton fraction is sensitive to the densi
dependence of the symmetry energy, which for the Skyr
interaction we chose is nearly linearly increasing with de
sity. The composition and chemical potentials are shown
Fig. 11. We shall first focus on the charged current reacti
At zero temperature, the direct Urca reactionn1n→e21p
is kinematically possible for low energy neutrinos at a
above a threshold density when the proton fraction exce

d

l.

FIG. 11. Compositions~upper panels! and electron chemica
potentials~lower panels! for neutrino-free matter at various tem
peratures in the Skryme model. Note that the proton fraction
larger when compared with the noninteracting case and, at
densities, is quite sensitive to the temperature.
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SANJAY REDDY, MADAPPA PRAKASH, AND JAMES M. LATTIMER PHYSICAL REVIEW D58 013009
1/9 @45#. In the presence of muons, the proton fraction
threshold density is slightly larger. The threshold density
the model chosen here occurs atn51.5n0 ~for a free gas, by
comparison, the threshold density isn573n0).

In Fig. 12 the neutrino mean free paths are calculated
the neutrino-free case. At low temperature, the absorp
mean free path increases sharply below the threshold de
(1.5n0). The mean free paths show similar behavior to t
of the neutrino-trapped case shown in Fig. 9, although
general they are about 3 times smaller. This factor
largely be understood by examining the last three term
the noninteracting expression Eq.~26!. In the neutrino-
trapped case in whichE1'mn these terms yieldme(YL
50.4)p2/2. In the neutrino-free case in whichmn50 and
E153T, these terms yieldme(Yn50)(p219). The ratio of
these two cases is thus approximatelyme(YL50.4)/
4.5me(Yn50).0.3 using values forme from Figs. 8 and 11.

V. RELATIVISTIC INTERACTING BARYONS

At several times the nuclear equilibrium densityn0, the
Fermi momentum and effective nucleon mass are both
pected to be comparable. Thus, a relativistic description m
be more appropriate. Relativistic local quantum fie
theoretical models of finite nuclei and infinite nuclear mat
have had some success@35#, albeit with rather more sche
matic interactions and with less sophisticated approximati
than their nonrelativistic counterparts. Appendix B conta
a description of this approach in which the set of baryonB
has been augmented to include strangeness-bearing h
ons.

FIG. 12. Upper panel: Neutrino absorption mean free path
neutrino-free matter with the Skyrme model, assumingEn53T.
The exact and limiting cases discussed in the text are shown,
the same notation as in Fig. 3. ForT55 MeV, the elastic approxi-
mation is off-scale. Lower panel: Comparison of absorption a
scattering mean free paths for this case.
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The usual starting point for relativistic field theory calc
lations is the mean-field approximation. In this approxim
tion, the presence of baryons generates nonzero average
ues of the meson fields. Baryons move independently
these self-consistently generated mean fields. In a mode
baryons Yukawa coupled to vector (vm), isovector (bm) and
scalar (s) mesons, the latter simulating correlated pio
exchange, the single particle energies are

EB5Ap21MB*
21gvBv01grBt3Bb0[Ap21MB*

21U,
~44!

where MB* 5MB2gsBs are the Dirac effective masses,s,
v0, andb0 are the average values of the meson fields,gsB ,
gvB , and grB are the strong interaction couplings of th
different meson fields to baryons, andt3B is the third com-
ponent of isospin for the baryons. This equation defines
effective potentialU. For more details, see Appendix B.

We turn now to calculate the cross section for absorpt
of electron neutrinos in a multi-component system descri
by a Walecka-type effective field-theoretical model at t
mean field level. In this model, the nucleons become incre
ingly relativistic due to the rapidly dropping nucleon effe
tive masses. The nonrelativistic approximation for the h
ronic current discussed thus far cannot be justified, since
high density, terms of orderp/M* are of order unity and
must be retained. It is convenient to express the angles
pearing in Eq.~7! in terms of energy and momentum tran
fers (q0 ,q), and to define the response functions in terms
appropriate current-current correlation or polarization fun
tions @27#. To see how this is accomplished, we start with
general expression for the differential cross section@49,50#

1

V

d3s

d2V3dE3

52
GF

2

128p2

E3

E1
F12expS 2q02~m22m4!

T D G21

3„12 f 3~E3!…Im~LabPab
R !, ~45!

where the incoming neutrino energy isE1 and the outgoing
electron energy isE3. The factor @12exp„(2q02m2
1m4)/T…#21 arises due to the fluctuation-dissipation the
rem, since particles labeled ‘‘2’’ and ‘‘4’’ are in therma
equilibrium at temperatureT and in chemical equilibrium
with chemical potentialsm2 andm4, respectively. The final
state blocking of the outgoing lepton is accounted for by
Pauli blocking factor@12 f 3(E3)#. The lepton tensorLab is
given by

Lab58@2kakb1~k•q!gab2~kaqb1qakb!7 i eabmnkmqn#.
~46!

The target particle retarded polarization tensor is

ImPab
R 5tanhS q01~m22m4!

2T D ImPab , ~47!

wherePab is the time ordered or causal polarization and
given by

n

ith

d
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Pab52 i E d4p

~2p!4
Tr@T„G2~p!JaG4~p1q!Jb…#. ~48!

Above,km is the incoming neutrino four-momentum andqm
is the four-momentum transfer. In writting the lepton tens
we have neglected the electron mass term, since typical e
tron energies are of the order of a few hundred MeV. T
Greens’ functionsGi(p) ~the indexi labels particle species!
describe the propagation of baryons at finite density and t
perature. The current operatorJm is gm for the vector current
and gmg5 for the axial current. Given the structure of th
particle currents, we have

Pab5V 2Pab
V 1A 2Pab

A 22VAPab
VA . ~49!

For the vector polarization,$Ja ,Jb%::$ga ,gb%, for the axial
polarization,$Ja ,Jb%::$gag5 ,gbg5% and for the mixed part,
$Ja ,Jb%::$gag5 ,gb%. Using vector current conservation an
translational invariance,Pab

V may be written in terms of two
independent components. In a frame whereqm
5(q0 ,uqu,0,0), we have

PT5P22
V and PL52

qm
2

uqu2
P00

V .

The axial current-current correlation function can be writt
as a vector piece plus a correction term:

Pmn
A 5Pmn

V 1gmnPA. ~50!

The mixed, axial current-vector current correlation functi
is

Pmn
VA5 i em,n,a,0q

aPVA. ~51!

The above mean field or Hartree polarizations, which ch
acterize the medium response to the neutrino, have been
plicitly evaluated in previous work@51,52# for the case of
neutrino scattering. Since the structure of the charged cur
is similar to that of the neutral current, we may write

1

V

d3s

d2VdEn

52
GF

2

16p3

E3

E1
qm

2
„12 f 3~E3!…

3F12exp
2q02~m22m4!

T G21

3@AR11R21BR3#,

A5
4E1E31qm

2

2q2
, B5E11E3 .

~52!

From Eq.~52!, we see that the response of a relativistic s
tem to the charged or neutral current probe may be writte
terms of three response functionsR1 , R2, andR3. @In con-
trast, the response in a nonrelativistic system, Eq.~14!, is
characterized by a single isospin density response func
This is due to the fact that when the baryon velocityv i;1,
01300
,
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the angular terms in Eq.~7! cannot be dropped.# The various
response functions required have been studied in ea
works for neutral current reactions@27,33#. Their generaliza-
tion to the case of charged current reactions are

R15~V 21A 2!@ ImPL
R~q0 ,q!1ImPT

R~q0 ,q!# ~53!

R25~V 21A 2!ImPT
R~q0 ,q!2A 2ImPA

R~q0 ,q! ~54!

R352VAImPVA
R ~q0 ,q!. ~55!

These response functions have been written in terms of
imaginary part of the polarization functions, whose cau
components are given in Refs.@51,52# for symmetric nuclear
matter. We present extensions of these results to asymm
matter, and, in particular, to unlike particle-hole excitation
For space-like excitations,qm

2 <0, they are given by

ImPL~q0 ,qW !52pE d3p

~2p!3

Ep*
22upu2 cos2u

Ep* Ep1q*
Q ~56!

ImPT~q0 ,qW !5pE d3p

~2p!3

qm
2 /22upu2~12cos2u!

Ep* Ep1q*
Q

~57!

ImPA~q0 ,qW !52pE d3p

~2p!3

M2*
2

Ep* Ep1q*
Q ~58!

ImPVA~q0 ,qW !52pE d3p

~2p!3

qm
2 M2*

uq2uEp* Ep1q*
Q.

~59!

In the above,

Q5F~Ep* ,Ep1q* !@d„q02~Ep1q2Ep!…

1d„q02~Ep2Ep1q!…# ~60!

F~Ep* ,Ep1q* !5 f 2~Ep* !„12 f 4~Ep1q* !… ~61!

Ep* 5Aupu21M2*
2, Ep5Ep* 1U.

~62!

The particle distribution functionsf i(E) are given by the
Fermi-Dirac distribution functions

f i~Ep* !5
1

11exp„~Ep* 2n i !/kT…
, ~63!

wheren i is the effective chemical potential defined by

n i5m i2Ui5m i2~gvBi
v01t3Bi

grBi
b0!. ~64!

The single particle spectrum in Eq.~44! is discussed in Ap-
pendix B. The angular integrals are performed by exploit
the delta functions. The three dimensional integrals can
reduced to the following one dimensional integrals:
9-13



s

a

the

in
ful

ral

nit
sis-
n

cts
es

SANJAY REDDY, MADAPPA PRAKASH, AND JAMES M. LATTIMER PHYSICAL REVIEW D58 013009
ImPL~q0 ,q!5
qm

2

2puqu3
E

e2

`

dE@~E1q0/2!22uqu2/4#

3@F~E,E1q0!1F~E1q0,E!# ~65!

ImPT~q0 ,q!5
qm

2

4puqu3
E

e2

`

dE@~E* 1q0/2!2

1uqu2/41uqu2M2*
2
/qm

2 #

3@F~E,E1q0!1F~E1q0 ,E!# ~66!

ImPA~q0 ,q!5
M2*

2

2puqu Ee2

`

dE@F~E,E1q0!1F~E1q0 ,E!#

~67!

ImPVA~q0 ,q!5
qm

2

8puqu3Ee2

`

dE@2E1q0#

3@F~E,E1q0!1F~E1q0 ,E!#. ~68!

The lower cut-offe2 arises due to kinematical restriction
and is given by

e252b
q0̃

2
1

q

2Ab224
M2*

2

q22q̃0
2
, ~69!

where

q0̃5q01U22U4 , b511
M4*

2
2M2*

2

q22q̃0
2

. ~70!

It is convenient to reexpress the polarization functions
follows:

ImPL
R~q0 ,q!5

qm
2

2puqu3F I 21q0I 11
qm

2

4
I 0G ~71!

ImPT
R~q0 ,q!5

qm
2

4puqu3F I 21q0I 1

1S qm
2

4
1

q2

2
1M2*

2 q2

qm
2 D I 0G ~72!

ImPA
R~q0 ,q!5

M2*
2

2puqu
I 0 ~73!

ImPVA
R ~q0 ,q!5

qm
2

8puqu3
@q0I 012I 1#, ~74!

where we used the one-dimensional integrals
01300
s

I n5tanhS q01~m22m4!

2T D
3E

e2

`

dEEn@F~E,E1q0!1F~E1q0 ,E!#. ~75!

These integrals may be explicitly expressed in terms of
polylogarithmic functions

Lin~z!5E
0

zLin21~x!

x
dx, Li1~x!5 ln~12x! ~76!

which are defined to conform to the definitions of Lew
@53#. This polylogarithm representation is particularly use
and compact:

I 05TzS 11
j1

z D , ~77!

I 15T2zS m22U2

T
2

z

2
1

j2

z
1

e2j1

zT D , ~78!

I 25T3zS ~m22U2!2

T2
2z

m22U2

T
1

p2

3

1
z2

3
22

j3

z
12

e2j2

Tz
1

e2
2 j1

T2z
D , ~79!

wherez5„q01(m22m4)…/T and the factorsjn are given by

jn5Lin~2a1!2Lin~2a2!, ~80!

with

a15exp„~e22m21U2!/T…,

a25exp„~e21q02m41U2!/T…. ~81!

We note that the nonrelativistic structure function for neut
current scattering, Eq.~43! is, aside from the factor

M2*
2
T/pq, equal toI 0 sincej1[j2 .

The total cross section is the double integral in (q0 ,q)
space:

s~E1!

V
5

GF
2

2p2E1
2E

2`

E1
dq0

12 f 3~E3!

12exp
2q02~m22m4!

T

3E
uq0u

2E12q0
dqqqm

2 @AR11R21BR3#. ~82!

Equation~82! allows us to calculate the cross section per u
volume, or equivalently the inverse mean free path, con
tently with the relativistic field-theoretical model in the mea
field approximation. This naturally incorporates the effe
of strong interactions, Pauli blocking of final state particl
9-14
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and the contribution of relativistic terms to the baryon c
rents. In the case of neutral currents, some of the terms in
above are slightly simplified:

z5
q0

T
, m25m4 , e252

q0

2
1

q

2
A124~M2*

2/qm
2 !. ~83!

We note that other expressions for the cross sectio
based on a similar formalism, have been derived earlie
the literature@27,33#. However, negative values ofq0 were
not taken into account in Ref.@27# and the response func
tions used in Refs.@27,33# inadvertantly omitted the facto
@12exp(2z)# in the denominator of Eqs.~52!. While the
qualitative results in Refs.@27,33# remain unchanged, the
are quantitatively affected.

In Fig. 13, the individual particle fractions and the re
evant chemical potentials are shown for a lepton fract
YL50.4. As in the case of the potential model, interactio
in this model lead to larger proton fractions compared to
noninteracting case. These results are almost indistingu
able from those of the potential model. The absorption~up-
per panels! and scattering~lower panels! mean free paths
calculated using Eq.~82!, are shown in Fig. 14 for three
different temperatures,T55, 30, and 60 MeV, as a functio
of baryon density. At low temperatures, the neutrino me
free path has relatively little variation with density due to t
dropping baryon effective masses at high density. Never
less, the mean free paths eventually decrease with increa
density, unlike in the potential model. We attribute this to t
inclusion of relativistic kinematics.

The results for the neutrino-free case are shown in F
15 and 16. Qualitatively, the results have similar density a
temperature behavior as in both the neutrino-trapped c
and in the nonrelativistic case. The upper panels show

FIG. 13. Compositions~upper panels! and chemical potentials
~lower panels! in field-theoretical model for nucleonic matter i
beta equilibrium with fixed lepton numberYL50.4.
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absorption mean free paths and the lower panels show
scattering mean free path. The threshold density for
charged current reaction to be kinematically allowed at z
temperature in this model occurs at 1.7n0. This accounts for
the sudden increase in absorption mean free path below
density at low temperatures. At higher temperatures,
threshold-like behavior is much less pronounced. From
leftmost panels in Fig. 16, we see that even atT55 MeV,

FIG. 14. Absorption~upper panels! and scattering~lower pan-
els! mean free pathsl5s/V for neutrino energyEn5mne

in beta
equilibrium matter withYL50.4, for the field-theoretical model.

FIG. 15. Composition~upper panels! and chemical potentials
~lower panels! matter in beta equilibrium with no trapped neutrino
(Yn50) for the field-theoretical model.
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despite kinematical restrictions at low density the absorp
reaction always dominates over the scattering reaction.

VI. COMPARISON WITH OTHER WORKS

Calculations of protoneutron star evolution have been p
formed by several groups@4–8#. At supra-nuclear densities
these groups used for the most part neutrino cross sectio
originally described in Burrows and Lattimer@4#. Those
cross sections were generated by interpolation among li
ing formulas for degenerate and nondegenerate matter
neutrinos analogous to the limiting formulas given in Sec.
for noninteracting, nonrelativistic baryonic matter. A dire
comparision of those results with the results obtained h
for arbitrary degeneracy and including interactions is the
fore not straightforward. First, the limiting expressio
should include the effects of interactions. Second, the res
will be sensitive to the interpolation algorithm, especially t
interpolation parameter.

In addition, relativistic effects become increasingly im
portant with density in a field-theoretical description, sin
the nucleon effective mass decreases with increasing den
Quantitatively, the effects arising due to the relativistic stru
ture of the baryon currents is small and is typically of ord
En/M* . However, relativistic kinematics introduces impo
tant corrections~of orderpf /M* ) in the degenerate limit. To
facilitate an illustrative comparision of our results with oth
results often used in the literature, we study the neutr
mean free path in the trapped regime. In this case, the do
nant neutrino cross sections are those due to absorption~on
neutrons! and scattering off neutrons and protons. The app
priate limiting expressions for the absorption and scatter
cross sections for the degenerate case become

FIG. 16. Absorption~upper panels! and scattering~lower pan-
els! mean free pathsl5s/V for neutrino energyEn53T in matter
with no trapped neutrinos for the field-theoretical model.
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sD,n
A ~En!

V
5

GF
2

4p3
~gV

213gA
2 !EFn

* 2T2meFp21S En2mn

kT D 2G
3

1

11exp„~mn2En!/T…
, ~84!

sD,i
S ~En!

V
5

GF
2

16p3
~cV

213cA
2 !EFi

* 2T2EnFp21S En2mn

kT D 2G
3

1

11exp„~mn2En!/T…
, ~85!

whereEFi

2 5pFi
2 1Mi*

2 replacesMi
2 appearing in the formu-

las for nonrelativistic, noninteracting nucleons Eq.~26! ( i
5n,p). For scattering off neutrons and protons,cV and cA
are appropriately chosen. The nondegenerate cross sec
sND,n

A andsND,i
S are unchanged from Eq.~31!.

We compare the results for the total cross section
tained by interpolation as opposed to the exact integrati
(s rpl) for the case of neutrino-trapped matter withYL50.4.
For this exercise, we chose a field-theoretical model a
therefore used the limiting formulas for thesD’s andsND’s
just described. The total cross section is the sum of th
from absorption on neutrons and scattering off neutrons
protons. As an illustration, we first employ the particul
interpolation scheme of Keil and Janka@8#:

s15 (
i 5n,p

S sD,i
S Xi

11Xi
1sND,i

S 1

11Xi
D

1sD,n
A Xn

11Xn
1sND,n

A 1

11Xn
, ~86!

whereXi5max@0,h i # whereh i is the degeneracy paramete
For a relativistic model, the appropriate degeneracy par
eter ish i5(n i2Mi* )/T which can be seen by reference
Eq. ~63!. Figure 17~lower left panel! shows the ratio of our
exact integration compared withs1 as a function of density
and temperature and assumingEn5mn . This interpolation
gives reasonable cross sections in the nondegenerate
but is poor in the degenerate limit. This behavior is eas
understood by examining the ratiosND

A /sD
A , which for En

5mn is proportional tonEn
2/(EFn

* 2T2me). We can neglect the

relatively weak density dependence ofEFn
* , since the drop in

Mn* is compensated somewhat by the increase ofkFn
, and

note that in the neutrino-trapped case bothEn5mn and me

scale asn1/3. Thus,sND
A /sD

A;n4/3/T2;(EFn /T)25h2 where
EFn

is the nonrelativistic neutron Fermi energy. In the d

generate limit, therefore, thesND
A contribution can still domi-

nate that fromsD
A . This may also be inferred by comparin

with the ratios rpl /sND in the degenerate regions as show
in the upper left panel of Fig. 17, wheresND5sND

A 1sND
S .

These results suggest that a better interpolation formu
9-16
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s35 (
i 5n,p

S sD,i
S

Xi
3

11Xi
3

1sND,i
S 1

11Xi
3D

1sD,n
A

Xn
3

11Xn
3

1sND,n
A 1

11Xn
3

. ~87!

The ratio of the exact to these interpolated results are sh
Fig. 17. The interpolation now correctly goes to the requi
limits; for reference the exact result is compared direc
with the two limiting forms in the upper left~nondegenerate!
and upper right~degenerate! panels. Nevertheless, significa
errors for intermediate degeneracies still exist, which und
scores the importance of the relatively simple exact formu
we have found. There is no significant need to use inter
lations any longer.

VII. MULTI-COMPONENT ENVIRONMENT

Strangeness-bearing components can appear in dense
ter either in the form of hyperons, kaon condensate,
quarks. In this section, we investigate the effects of mu
components on the neutrino mean free paths by concen
ing on the possible presence of hyperons. We present
cific results for a relativistic field-theoretical model in whic
the baryons,B, interact via the exchange ofs, v, and r
mesons@35#. The relevant details are presented in Appen
B.

FIG. 17. Comparision with previous cross sections employed
protoneutron star calculations. The upper panels show comparis
with limiting forms valid for the nondegenerate~left! and degener-
ate ~right! matter. The lower panels show comparisions with int
polated cross sections; the interpolation scheme in Eq.~86! is
shown in the left panel and that in Eq.~87! is shown in the right
panel.
01300
n
d
y

r-
s

o-

at-
r
-
at-
e-

x

For a typical case, the particle fractions in matter conta
ing hyperons are shown in the upper panels of Fig. 18
different temperatures in the neutrino-trapped case,YL50.4.
The lower panels show the behavior of the relevant chem
potentials. Note that the neutrino chemical potential
creases rapidly with the onset of hyperons in matter~com-
pare with the results in Fig. 12! due to the increase in th
positive charge in the system. This is typical for matter
which strangeness, due to any source, appears. Co
quently, in matter with hyperons neutrino energies are so
what larger than those in nucleons-only matter.

The absorption mean free paths in matter containing
perons are shown in Fig. 19. The various reactions that c
tribute to the total absorption opacity are calculated us
Eq. ~82! by using the appropriate chemical potentials a
neutrino coupling constants. Strangeness-changing reac
are Cabibbo suppressed and hence their contribution to
total opacity is negligible. The relative importance of th
various reactions are shown in the upper panels. Pauli blo
ing and kinematic restrictions account for the threshold-l
structure seen at low temperatures, particularly for the re
tion ne1S2→L1e2. This is analogous to the thresho
behavior seen for the reactionne1n→e21p in hyperon-
free matter. The kinematical restrictions on reactions invo
ing baryons require that the initial and final state bary
Fermi momenta not be vastly different. When too large
difference exists, the phase space is highly suppressed
higher temperatures, these kinematical restrictions are
laxed. The higher neutrino energy and the lower degener
of the baryons account for the qualitative trends of the res
at the higher temperaturesT530 MeV andT560 MeV. The
solid lines in the lower panels show the net mean free p
from all contributions from absorption reactions. For com
parison, the net mean free path in a model without hyper

n
ns

-

FIG. 18. Compositions~upper panels! and chemical potentials
~lower panels! for neutrino-trapped matter (YL50.4) including hy-
perons in the field-theoretical model.m5mn2mp5me2mne

.
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is shown by the dashed curves. In general, the presenc
hyperons has the effect of decreasing the neutrino mean
path.

In Fig. 20, the scattering mean free paths are shown.
upper panels show the individual contributions to the to
scattering mean free path due to the various reaction
interest. In the lower panels, the net mean free paths in
peronic matter~solid curves! are compared with those i
nucleons-only matter~dashed curves!. The appearance of hy
perons again decreases the neutrino mean free path.
overall scattering mean free path is less than 50% larger
the absorption mean free path, so that scattering provide
important contribution.

In summary, the decrease in mean free paths in a m
component environment may be understood by noting t
~1! A larger neutrino chemical potential results in larger ne
trino energies,~2! hyperons decrease the degeneracy of ba
ons, and~3! hyperons provide additional channels of scatt
ing reactions to occur.

When neutrinos carry no net lepton number, they do
play a role in determining the composition of matter.
neutrino-free matter, the hyperons appear in larger num
and at threshold densities which are lower than in neutri
rich matter. In Fig. 21, particle fractions~upper panels! and
the electron chemical potentials~lower panels! in neutrino-
free matter with hyperons are shown. Since the neutrino
this case are thermal, we present results for absorption
scattering mean free paths calculated forEn53T.

In Fig. 22 are shown the relative contributions of t
dominant charged current reactions~upper panels! and the
total neutrino absorption mean free paths~lower panels!. At

FIG. 19. Absorption mean free pathsl5(s/V)21 for neutrino
energyEn5mne

in matter with fixed lepton number (YL50.4) in
the field-theoretical model. Upper panels show both the results
matter without hyperons~dashed curves! and with hyperons~solid
curves!. Lower panels show the relative contributions to the abso
tion mean free path for matter with hyperons.
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low temperatures, the reactions show the expected thresh
like behavior. The total absorption opacity due to all possi
reactions~solid curves! is shown in the lower panels. Fo
comparison, results in matter without hyperons is also sho
by the dashed curves. As in the neutrinos-trapped case

or

-

FIG. 20. Scattering mean free paths for neutrino energyEn

5mne
in matter with fixed lepton number (YL50.4) in the field-

theoretical model. Upper panels show the results for the total s
tering mean free path for matter without hyperons~dashed curves!
and with hyperons~solid curves!. Lower panels show the relative
contributions to the scattering mean free path for matter with
perons.

FIG. 21. Compositions~upper panels! and chemical potentials
~lower panels! for neutrino-free matter (Yn50) including hyperons
in the field-theoretical model.
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NEUTRINO INTERACTIONS IN HOT AND DENSE MATTER PHYSICAL REVIEW D58 013009
neutrino mean free paths are smaller in matter with hyp
ons, albeit by a smaller amount. Scattering off hypero
shown in Fig. 23, clearly leads to important modifications
the neutrino mean free path in the neutrino-free case.

VIII. NEUTRINO TRANSPORT IN AN EVOLVING
PROTONEUTRON STAR

A. Introduction

One of the most important applications of dense ma
opacity calculations is the environment of a newly form
neutron star. A protoneutron star is formed subsequent to
core bounce of a massive star in a gravitational collapse
pernova. Its early evolution has been investigated in R
@4–8#. Detailed studies of the dynamics of core collapse a
supernova indicate that within milliseconds of the sho
wave formation the formerly collapsing stellar core sett
into nearly hydrostatic equilibrium, with a relatively low en
tropy and large lepton content.

The entropy per baryon,s, is about one or less~measured
in units of Boltzmann’s constant!, which corresponds to a
temperature of about 10–20 MeV. The electron lepton fr
tion YL5Ye1Yne

at bounce in the interior is estimated to b

about 0.4. Thene’s formed and trapped in the core durin
collapse are degenerate with a chemical potential of ab
300 MeV. In addition, because nom or t leptons were
present when neutrino trapping occurred, the net number
eitherm or t leptons is zero: e.g.,Ynm

52Ym'0. Them and

nm chemical potentials in beta equilibrium are related
mm2mnm

5me2mne
, each side of which has a value of ord

FIG. 22. Absorption mean free pathsl5(s/V)21 for neutrino
energyEn53T in matter with no trapped neutrinos (Yn50) in the
field-theoretical model. Upper panels show both the results for m
ter without hyperons~dashed curves! and with hyperons~sold
curves!. Lower panels show the relative contributions to the abso
tion mean free path for matter with hyperons.
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100 MeV. Unlessmm.mmc2, however, the net number o
m ’s or nm’s present is zero.

The temperature and entropy increase beyond ab
0.5 M( from the center because of shock heating@4#. Dur-
ing the early deleptonization or neutrino loss phase, the s
lar interior gains entropy because of resistive neutrino dif
sion, and the regions near the protoneutron star surface
entropy because of neutrino losses. Eventually, this reve
the positive temperature and entropy gradients in the inter
On time scales of about 10–15 s, the center reaches a m
mum entropy of about 2 and a maximum temperature
40–60 MeV. This time coincides with the loss of virtually a
the net trapped neutrino fractionYne

in the interior, although
there are still considerable numbers of neutrino pairs of
flavors present in thermal equilibrium. This time, therefo
marks both the end of the deleptonization phase and the
set of the cooling phase of the protoneutron star.

The baryonic composition of dense matter is greatly
fected by the degree to which neutrinos are trapped. T
there exists an unambiguous compositional difference
tween the initial deleptonization~neutrino-trapped! and cool-
ing ~neutrino-free! phases@47#. This difference could be en
hanced if strangeness, in the form of hyperons, kaons
quark matter, is considered. Neutrino trapping delays the
pearance of the strange matter components to higher ba
densities. This implies that during the early deleptonizat
phase, matter may consist mostly of nonstrange baryons
cept possibly at the very center of the star. But the cool
phase may be characterized by the presence of a substa
amount of strange matter, due to both the decreasing thr
old density for their appearance and to the increasing cen

t-

-

FIG. 23. Scattering mean free path for neutrino energyEn

53T in matter with no trapped neutrinos (Yn50) in the field-
theoretical model. Upper panels show the results for the total s
tering mean free path for matter without hyperons~dashed curves!
and with hyperons~solid curves!. Lower panels show the relative
contributions to the scattering mean free path for matter with
perons.
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density of the star. It is therefore of considerable interes
examine the behavior of neutrino opacities in matter cha
terized by these different thermodynamic conditions.

B. Semi-analytic treatment of neutrino transport

The neutrino transport in the bulk of the interior may
treated in the diffusion approximation, since neutrinos
very nearly in thermal equilibrium due to the large wea
interaction rates and the typical mean free path is very sm
compared to the stellar radius until after about a min
when the mean neutrino energy becomes very small. In
diffusion approximation, neglecting the effects of gene
relativity, the rate of change of electron lepton number
related to the electron neutrino number gradient by

n
]YL

]t
5

1

r 2

]

]r F r 2E c

3S ln~En!
]nn~En!

]r

2ln̄~En!
]nn̄~En!

]r D GdEn , ~88!

wheren is the baryon number density,

nn~En!5
En

2

2p2~\c!3
f n~En!, nn̄~En!5

En
2

2p2~\c!3
f n̄~En!

~89!

are the electron neutrino and antineutrino number densi
respectively, at energyEn , f n5(11e(En2mn)/T)21 and f n̄

5(11e(En1mn)/T)21 are the neutrino and anti-neutrino di
tribution functions, andYL5Yn1Ye is the total number of
leptons per baryon. The net neutrino mean free path is du
both absorption and scattering:

ln
21~En!5

1

12 f n~En! (
i 5a,s

s i~En!

V
, ~90!

wheresa andss are the absorption and scattering cross s
tions, respectively, and the factor 12 f n(En) accounts for the
inverse process@17#. A similar relation exists for the an
tineutrino mean free path, but usesf n̄ and the appropriate
absorption and scattering cross sections (s̄a ,s̄s) for n̄es. Eq.
~88! can be rewritten in terms of the diffusion coefficients

Dn5E
0

`

dEn En
n ln~En! f n~En!„12 f n~En!… ~91!

and a similarly definedDn̄ as follows:

n
]YL

]t
5

c

6p2~\c!3

1

r 2

]

]r F r 2S ~D21D 2̄!
]~mn /T!

]r

2~D32D 3̄!
]~1/T!

]r D G . ~92!

The diffusion constants are related to the conventional R
seland mean free paths by
01300
o
c-

e
-
ll

e
e
l
s

s,

to

-

s-

ln5
Dn

E
0

`

dEn En
n f ~En!„12 f ~En!…

. ~93!

The diffusion constantsD2 , D3 , D 2̄ and D 3̄ only contain
contributions from electron-type neutrinos, since only the
are associated with changes in electron-neutrino number

During the deleptonization phase, the neutrinos are mo
degenerate. Thus, the diffusion of antineutrinos can be es
tially ignored and the neutrino properties are essentially o
a function ofmn . For nearly degenerate matter in beta eq
librium, one can show that

]YL

]Yn
.S ]YL

]Yn
D

o

mn,o

mn
~94!

where the subscripto indicates values at the beginning o
deleptonization. For example, formn,o;200 MeV,
(]YL /]Yn)o.3. It is instructive to explore the transport be
havior for various assumptions concerning the energy dep
dence of the mean free path. Supposing thatln(En)
5lo(n,T)(mn,o /En)m, one finds in the degenerate limit

Dn5loTmn,o
m mn

n2m , n>m. ~95!

Therefore, assuming that during the deleptonization ph
the remnant is nearly hydrostatic, Eq.~92! can be written in
terms of the neutrino chemical potential as

S ]YL

]Yn
D

o

3mn,o
12mmn

c

]mn

]t
5

1

r 2

]

]r F r 2lomn
22m ]mn

]r G . ~96!

Note that the terms involving the temperature gradient in
~92! vanish in the degenerate limit irrespective of the va
of m. The temperature now only enters throughlo(n,T).
Inasmuch as the temperature in the interior of the neut
star varies with time only by a factor of about two during t
deleptonization, whilemn varies by a much larger factor,
simple understanding of deleptonization can be obtained
treatinglo as a constant in both space and time.

As shown in Ref.@47#, approximate solutions of Eq.~96!
can be found by separating the time and radial depende
in mn :

mn5mn,of~ t !c~r !, ~97!

with f(0)51 and c(0)51. This separation is justifiable
since the remnant is essentially hydrostatic. The functio
forms off andc, and the eigenvalue of the solution, depe
upon the value ofm. In Ref. @47#, it was assumed thatm
52, in which casef decreases linearly with time:f51
2t/t. If, instead,m50, thenf varies like (11t/t)21. In
the case ofm51, f varies like exp2(t/t). In each case,t
is a deleptonization time and is proportional toR2/clo where
R is the stellar radius. In detail, one finds

t5S ]YL

]Yn
D

o

3R2

clo

~32m!2/~32m!

jn,1
2

, ~98!
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NEUTRINO INTERACTIONS IN HOT AND DENSE MATTER PHYSICAL REVIEW D58 013009
where jn,1 is the Lane-Emden radial eigenvalue for ind
n52/~32m! @54#. For the casesm50, 1 and 2, one finds
n52/3, 1, and 2, andjn,152.871,p, and 4.353, respectively
Below, we examine the behavior ofD2 with respect tomn ,
for fixed temperature, in the interior of a star at the onse
deleptonization, as it appears that the details of delepton
tion fundamentally depend upon this behavior.

As the net electron-neutrino fraction disappears, the nu
ber diffusion equation becomes irrelevant and one sho
consider the energy diffusion equation@47#

nT
]s

]t
5

1

r 2

]

]r F r 2E c

3(l
ln,l

]en,l~En!

]r
dEnG2nmn

]YL

]t
.

~99!

Here, s is the entropy per baryon anden,l5nn,lEn are the
energy densities, at energyEn , of neutrinos~or antineutri-
nos! of speciesl . Similarly, ln,l represents the net mean fre
path of each neutrino and antineutrino species. This equa
assumes the matter to be in beta equilibrium. The ene
densities and mean free paths, in contrast to the delepton
tion situation, contain important contributions from all thr
types of neutrinos. Thel ’s of electron-type neutrinos are du
to both absorption and scattering, but those of tau-type n
trons have only scattering contributions. Those pertaining
muon-type neutrinos, besides having scattering contr
tions, may also have absorption contributions if muons
present, which is generally the situation only whenYn

,0.02 above nuclear densities.
In the neutrino-free case, settingmn50 in Eq.~99! results

in

nT
]s

]t
5

c

6p~\c!3

1

r 2

]

]r F r 2(
l

D4,l

T2

]T

]r G . ~100!

As is the case with the mean free paths, the diffusion co
ficients D4,l have contributions from all three types of ne
trinos. Since the baryon matter, which dominates the spe
heat, remains fairly degenerate throughout the cooling ep
the entropy varies practically linearly with the temperatu
In the nondegenerate approximation for the baryons and
neutrinos, the relativistic cross sections are expected to
asEn

2n, so thatD4,l}T3/n. However, the baryons are dege
erate so we should expect the cross sections to be mod
by an extra degeneracy factor ofT/mn . Therefore, we can
anticipate that the diffusion constantsD4,l will behave as
T2mn /n. A separation of Eq.~100! into temporal and spatia
variations reveals that the temperature in the star is then
pected to be roughly linearly decreasing with time. The p
dicted temperature profile will depend somewhat upon
density profile of the star; assuming the density to be
proximately constant, one finds that the temperature profi
that of an n52 Lane-Emden polytrope. This is differen
from the predictions in Ref.@47#, which, however, did not
account for the degenerate nature of baryonic matter du
the cooling stage. However, numerical simulations ha
demonstrated the qualitative correctness of these remark
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C. Results

Figure 24 showsD2 plotted versus density for beta equ
librium matter withYL50.4 for temperatures between 5 an
30 MeV for the field-theoretical model adopted earlier. Bo
nucleons-only matter and matter in which hyperons are
sumed to appear are shown. One sees that both nucle
only matter and matter containing hyperons have relativ
small variations ofD2 with density at fixed temperature fo
n>1.5ns . In the limit of degenerate matter and neutrino
this results from the asymptotic behavior of the cross s
tions at the Fermi surface, which iss}T2memnmp in the
relativistic case.@In the nonrelativistic case, see Eqs.~26!
and ~27!.# Thus, D2 is expected to behave like
mn

2/(Tmemnmp) in this case, and this has relatively little de
sity dependence at high densities since the increase
memnmp is compensated by the increase inmn

2 . This implies
that the casem52 could approximate the deleptonizatio
stage of a protoneutron star, which implies thatmn should
decrease linearly with time. SinceD2 is roughly proportional
to 1/T, one has thatlo is roughly proportional to 1/T2. The
rising temperature during deleptonization will modify th
linear decrease ofmn . However, numerical simulations sho
that the linear behavior is approximately correct.

The effect of hyperons appearing during the deleptoni
tion phase at first does not appear to be appreciable, e
cially if hyperons appear only relatively late in the evolutio
In the presence of hyperons, the diffusion constantD2 de-
creases from its value for the nucleons-only case for a gi
temperature. However, the appearance of hyperons is acc
panied by a general temperature decrease because of th
dional degrees of freedom which increase the heat capa
of the system. This results in a very small net change
deleptonization times. More important effects from hypero

FIG. 24. Neutrino diffusion coefficientD2 defined in Eq.~91! in
matter with and without hyperons forYL50.4 in the field-
theoretical model. The left panel showsD2 as a function of baryon
density in matter containing only nucleons and leptons. The ratio
D2 in matter without hyperons toD2 in matter with hyperons is
shown in the right panel.
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can be expected at the late stages of deleptonization
during the cooling epoch following deleptonization. The t
tal D45( lD4,l is shown as a function of density for sever
values of the temperature between 5 and 30 MeV in Fig.
As suggested in the previous section, an overallT2 behavior
is observed. The large~factor of 2! decrease inD4 in
hyperon-bearing matter relative to nucleons-only matter fo
given T would, at first glance seems to imply longer diffu
sion and cooling times. However, the fact that the tempe
tures are smaller in the presence of hyperons somewhat c
pensates for this effect and preliminary calculations@55#
show that there is an overall increase in cooling times
models which contain hyperons. Thus, there are impor
feedbacks operating between the stellar structure, the E
and the opacities that may only be addressed in deta
simulations.

IX. SUMMARY AND OUTLOOK

In summary, we have calculated both charged and neu
current neutrino cross sections in dense matter at su
nuclear densities. We have identified new sources of neut
opacities involving strange particles and have computed t
weak interaction couplings. The weak interaction cross s
tions are greatly affected by the composition of matter wh
is chiefly determined by the strong interactions between
baryons. We have, therefore, performed baseline calculat
by considering the effects of strong interactions on the
medium single particle spectra, which also determine
composition through the EOS. The formalism we have
veloped allows us to calculate the cross sections efficie
for matter at arbitrary matter degeneracy. From our resu
various limiting forms used earlier in the literature are a
easily derived. This, in addition to providing valuable phy

FIG. 25. Neutrino diffusion coefficientD4 defined in Eq.~91! in
matter with and without hyperons forYn50 in the field-theoretical
model. The left panel showsD4 as a function of baryon density in
matter containing only nucleons and leptons. The ratio ofD4 in
matter without hyperons toD4 in matter with hyperons is shown in
the right panel.
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cal insights, allows us to assess the extent to which the v
ous approximations are valid in both free and interact
matter.

To explore the influence of baryonic interactions on t
neutrino cross sections, we have examined both nonrela
istic potential and relativistic field-theoretical models that a
commonly used in the calculation of the EOS. We sough
identify the common features shared by these models. At
mean-field level in both cases, a relatively simple struct
for the single particle spectrum leads to analytic expressi
for the response function, which in turn facilitates a fir
study of the role of strong interactions on the neutrino cr
sections at temperatures of relevance in astrophysical a
cations. Specifically, when the effects of momentum dep
dent potential interactions can be treated adequately in
effective mass approximation~i.e., only the quadratic term in
momentum is retained!, analytic expressions obtained fo
noninteracting matter are straighforwardly extended to
clude interactions. Effective field-theoretical models at t
mean-field level offer a similar opportunity since the sing
particle specturm is that of a free Dirac spectrum, but wit
density dependent effective mass. Note that in both ca
energy shifts in the spectrum arising through density dep
dent interactions are naturally included. Investigating the
fects of more complicated momentum dependent interact
will be necessarily more involved. We have also calcula
neutrino cross sections in matter containing hyperons
assessed their influence on the total opacities.

We have examined the role played by neutrino opaci
in determining the deleptonization and cooling times of
newly born neutron star as it evolves in time. We show
analytically how these times are related to the relevant
fusion constants and, thus, the opacities. Although the m
physical issues involved are clarified in such an approac
quantitative assesment must await calculations using a m
complete protoneutron star evolution code. The results
such a calculation will be reported elsewhere@55#.

Some important aspects of our work are:
~1! An exact and efficient calculation of the phase spa

valid for arbitrary degeneracy of asymmetric matter for bo
nonrelativistic and relativistic interacting baryons. The si
plicity of the resulting formulas may be especially useful
the calculation of electron scattering, for example.

~2! With the formalism presented here, it is no long
necessary or desirable to employ ‘‘generic’’~i.e., EOS inde-
pendent! neutrino opacities in astrophysical simulation
Rather, tables of opacities can be constructed directly fr
quantities already known from the EOS determination. F
example, the needed quantities are the chemical poten
effective masses and single particle potentials of the bar
components. The first of these are generally tabulated in
EOS itself. In the nonrelativistic formalism, the effectiv
masses and single particle potentials are simple function
the particle number densities and kinetic energy densities
the relativistic formalism, the effective masses and sin
particle potentials are straightforwardly related to the parti
number densities, internal energy and pressure by the m
mization conditions.

In the near future, we will prepare tables of both nonr
9-22
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NEUTRINO INTERACTIONS IN HOT AND DENSE MATTER PHYSICAL REVIEW D58 013009
ativistic potential and relativistic mean-field models of t
EOS combined with their opacities, and make these ge
ally available. Models including hyperons, kaon condensa
and/or quarks will be computed.

It is difficult to state categorically how the opacities r
ported here will affect the current generation of supernova
protoneutron star calculations. For example, although
seems clear that the addition of hyperons in matter will
crease mean free paths for a given density and tempera
the hyperon-bearing matter has a smaller temperature f
given entropy and density. Smaller temperatures tend to
crease the mean free paths, and this effect appears to
than cancel the original decrease. The feedback betw
opacities and EOS in a given astrophysical setting mus
calculated consistently.

It must be stressed that while we have included so
effects of strong interactions through density depend
single particle excitations, there remain important collect
effects from both density and spin/isospin dependent exc
tions @10,17,27# and from other density dependent i
medium correlations@56#. The magnitude of these effects h
so far only been assesed in some special cases such as
degenerate symmetric matter or pure degenerate neu
matter or neutrino-poor beta-equilibrated matter. Furth
more, coupling to theD(1230) isobar@57# and screening by
virtual particle-hole pairs created in the final state inter
tions @16# could reduce the effective matrix elements. T
net impact of such effects could be a reduction of some c
sections by as much as a factor of 2 at high densities. W
is in progress to calculate the role these effects on the n
trino cross sections at all temperatures of relevance and
all possible compositions, and will be reported subsequen
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APPENDIX A: POTENTIAL MODELS

Here, we outline a potential model for a system of ne
trons and protons at finite temperature. With suitable choi
of finite range interactions and parameters, this model rep
duces the results of the more microscopic calculations~for
more details, see, for example, Ref.@47#!. We begin with the
energy density

«5«n
~kin!1«p

~kin!1V~nn ,np ,T!, ~A1!

where nn(np) is the neutron~proton! density and the tota
density n5nn1np . The contributions arising from the ki
netic parts are

«n
~kin!1«p

~kin!52E d3k

~2p!3

\2k2

2m
~ f n1 f p!, ~A2!

where the factor 2 denotes the spin degeneracy andf i for i
5n,p are the usual Fermi-Dirac distribution functions andm
is the nucleon mass. It is common to employ local cont
interactions to model the nuclear potential. Such forces l
to power law density-dependent terms inV(n). Including the
effect of finite-range forces between nucleons, we para
etrize the potential contribution as
er,
ed as

fer-
V~nn ,np ,T!5An0F1

2
2

1

3S 1

2
1x0D ~122x!2Gu21Bn0F12

2

3S 1

2
1x3D ~122x!2Gus11

1
2

5
u (

i 51,2
H ~2Ci14Zi !2E d3k

~2p!3
g~k,L i !~ f n1 f p!1~Ci28Zi !2E d3k

~2p!3
g~k,L i !@ f n~12x!1 f px#J ,

~A3!

wherex5np /n andu5n/n0, with n0 denoting equilibrium nuclear matter density. The functiong(k,L i) is suitably chosen to
simulate finite range effects. The constantsA, B, s, C1, andC2, which enter in the description of symmetric nuclear matt
and the additional constantsx0 , x3 , Z1, andZ2, which determine the properties of asymmetric nuclear matter, are treat
parameters that are constrained by empirical knowledge.

The single particle spectrumei entering the Fermi-Dirac distribution functionsf i may be written as

ei~k!5
\2k2

2mi
1Ui~k;n,x,T!, ~A4!

where the single particle potentialUi(n,x,k;T), which is explicitly momentum dependent, is obtained by a functional dif
entiation of the potential energy density in Eq.~A3! with respect to the distribution functionsf i . Explicitly,
9-23
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Ui~n,x,k;T!5
1

5
uF (

i 51,2
$5Ci6~Ci28Zi !~122x!%Gg~k,L i !1AuF17

2

3S 1

2
1x0D ~122x!G

1BusF17
4

3

1

s11
~122x!2

2

3

~s21!

~s11!S 1

2
1x3D ~122x!2G

1
2

5

1

n0
(

i 51,2
H ~2Ci14Zi !2E d3k

~2p!3
g~k,L i ! f i~k!1~3Ci24Zi !2E d3k

~2p!3
g~k,L i ! f j~k!J , ~A5!

where the upper~lower! sign in 7 is for neutrons~protons! and iÞ j .
The Landau effective mass is defined through the relation

mi*

m
5 FkFi

mi

]ek

]k
U

kFi

G21

5F11
1

5
u (

i 51,2
$5Ci6~Ci28Zi !~122x!g8~k,L i !ukFi

%G21

, ~A6!
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where the prime denotes a derivative with respect to mom
tum. The finite range interactions may be approximated
effective local interactions by retaining only the quadra
momentum dependence: i.e.,g(k,L i)512(k/L i)

2. The en-
ergy density in Eq.~A3! and the single particle potential i
Eq. ~A5! then take the forms stemming from Skyrme’s e
fective interactions@34#. Combining the finite range qua
dratic momentum term with the free kinetic energy term,
single particle spectrum in Eq.~A4! may be written for
Skyrme-like interactions as

ei~k!5
\2k2

2mi*
1Ũ i~n,x;T!. ~A7!

This resembles the free particle spectrum, but with a den
dependent effective massmi* given by Eq. ~A6! with
g8(k,L i)ukFi

51/(Ri
2EF

(0)), where Ri5L i /(\kF
(0)) and EF

(0)

5(\kF
(0))2/(2m) is the Fermi energy of symmetric nucle

matter at the equilibrium density. Other forms ofg(k,L i),
with more than a quadratic momentum dependence, also
fer a viable description of the energy density and the sin
particle potential~see for example, Ref.@47#!, but do not lead
to a spectrum resembling the free particle spectrum in
~A7!. This simple form of the spectrum allows a direct eva
ation of the neutrino opacities including the effects of int
actions along the lines developed for noninteracting bary
in Sec. III. For more general momentum dependent inte
tions, the evaluation of the neutrino opacities requires m
complicated techniques which take into account the full m
mentum dependence in the four-momentum conserving d
functions.

The parametersA, B, s, C1, and C2, are determined
from constraints provided by the empirical properties
symmetric nuclear matter at the equilibrium densityn050.16
fm23. With appropriate choices of the parameters, it is p
sible to parametrically vary the nuclear incompressibilityK0
so that the dependence on the stiffness of the EOS ma
explored. In this work, we have chosenK05180 MeV for
which
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A5159.47, B52109.04, s50.844,

C15241.28 and C2523. ~A8!

Except for the dimensionlesss, all quantities above are in
MeV. The finite-range parametersL151.5pF

(0) and L2

53pF
(0) .

In the same vein, by suitably choosing the parametersx0 ,
x3 , Z1, andZ2, it is possible to obtain different forms for th
density dependence of the symmetry energyS(n) defined by
the relation

E~n,x!5«~n,x!/n5E~n,1/2!1S~n!~122x!21•••,
~A9!

whereE is the energy per particle, andx5np /n is the proton
fraction. Inasmuch as the density dependent terms assoc
with powers higher than (122x)2 are generally small, even
down tox50, S(n) adequately describes the properties
asymmetric matter. The need to explore different forms
S(n) stems from the uncertain behavior at high density a
has been amply detailed in earlier publications@45,48#. In
this work, we have chosen the potential part of the symme
energy to vary asu. For this case,

x0520.410, x3520.5, Z15211.56 MeV,

and Z2524.421 MeV. ~A10!

Since repulsive contributions that vary faster than linea
give rise to acausal behavior at high densities, care mus
taken to screen such repulsive interactions@48#. This may be
achieved by dividing the term proportional tous11 ~when
s.1) by the factor

11
2

3
B8F3

2
2S 1

2
1x3D ~122x!2Gus21, ~A11!

whereB8 is a small parameter introduced to maintain ca
sality. Note that the single particle potential in Eq.~A5! must
then be accordingly modified. The appropriate terms may
9-24
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obtained by using the relations (]/]nn)unp
5]/]n

2(x/n)]/]x for neutrons and (]/]np)unn
5]/]n1@(1

2x)/n#]/]x for protons.
For a fixed baryon densityn, proton fractionx, and tem-

peratureT, an iterative procedure may now be employed
calculate the density dependent single particle potentialsŨn

andŨp , and the chemical potentialsmn andmp . The calcu-
lational procedure is detailed in Ref.@47#. These quantities
in conjunction with the requirements of chemical equilibriu
in Eq. ~9! and charge neutrality in Eq.~10! determines the
composition of stellar matter at finite temperature. The sp
fication of the spectrum in Eq.~A7! then allows for a calcu-
lation of the neutrino opacities which are consistent with
underlying EOS.

APPENDIX B: EFFECTIVE FIELD-THEORETICAL
MODELS

In a Walecka-type relativistic field-theoretical model t
interactions between baryons are mediated by the exch
of s, v, andr mesons. The Lagrangian density is given
@35#

L5LH1Ll

5(
B

B̄~2 igm]m2gvBgmvm

2grBgmbm•t2MB1gsBs!B

2
1

4
WmnWmn1

1

2
mv

2 vmvm

2
1

4
BmnBmn1

1

2
mr

2bmbm1
1

2
]ms]ms2

1

2
ms

2s22U~s!

1(
l

l̄ ~2 igm]m2ml !l .

Here,B are the Dirac spinors for baryons andt is the isospin
operator. The sums include baryonsB5n, p, L, S, andJ,
and leptons,l 5e2 andm2. The field strength tensors for th
v and r mesons areWmn5]mvn2]nvm and Bmn5]mbn

2]nbm , respectively. The potentialU(s) represents the
self-interactions of the scalar field and is taken to be of
form

U~s!5
1

3
bMn~gsNs!31

1

4
c~gsNs!4. ~B1!

Electrons and muons are included in the model as nonin
acting particles, since their interactions give small contrib
tions compared to those of their free Fermi gas parts.

In the mean field approximation, the partition functio
~denoted byZH) for the hadronic degrees of freedom is giv
by
01300
i-

e

ge

e

r-
-

lnZH5bVF1

2
mv

2 v0
21

1

2
mr

2b0
22

1

2
ms

2s22U~s!G
12V(

B
E d3k

~2p!3
ln~11e2b~EB* 2nB!!, ~B2!

whereb5(kT)21 andV is the volume. The contribution o
antibaryons is not significant for the thermodynamics of
terest here, and is therefore not included in Eq.~B2!. Here,
the effective baryon massesMB* 5MB2gsBs and EB*
5Ak21MB*

2. The chemical potentials are given by

mB5nB1gvBv01grBt3Bb0 , ~B3!

wheret3B is the third component of isospin for the baryo
Note that particles witht3B50, such as theL andS0, do not
couple to ther. The effective chemical potentialnB sets the
scale of the temperature dependence of the thermodynam
functions.

Using ZH , the thermodynamic quantities can be obtain
in the standard way. The pressure isPH5TV21lnZH , and the
number density for speciesB and the energy density«H are
given by

nB52E d3k

~2p!3
~eb~EB* 2nB!11!21,

«H5
1

2
ms

2s21U~s!1
1

2
mv

2 v0
21

1

2
mr

2b0
2

12(
B

E d3k

~2p!3
EB* ~eb~EB* 2nB!11!21. ~B4!

The entropy density is then given bysH5b(«H1PH
2(BmBnB).

The meson fields are obtained by extremization of
partition function, which yields the equations

mv
2 v05(

B
gvBnB ; mr

2b05(
B

grBt3BnB ,

ms
2s52

dU~s!

ds
1(

B
gsB

32E d3k

~2p!3

MB*

EB*
~eb~EB* 2nB!11!21. ~B5!

The total partition functionZtotal5ZHZL , whereZL is the
standard noninteracting partition function of the leptons.

The additional conditions needed to obtain a solution
provided by the charge neutrality requirement, and, wh
neutrinos are not trapped, the set of equilibrium chemi
potential relations required by the general condition

m i5bimn2qim l , ~B6!

where bi is the baryon number of particlei and qi is its
charge. For example, whenl 5e2, this implies the equalities
9-25
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mL5mS05mJ05mn , mS25mJ25mn1me ,

mp5mS15mn2me . ~B7!

In the case that the neutrinos are trapped, Eq.~B6! is re-
placed by

m i5bimn2qi~m l2mn l
!. ~B8!

The new equalities are then obtained by the replacem
me→me2mne

in Eq. ~B7!. The introduction of additiona
variables, the neutrino chemical potentials, requires a
tional constraints, which we supply by fixing the lepton fra
tions, YLl , appropriate for conditions prevailing in the ev
lution of the protoneutron star.

In the nucleon sector, the constantsgsN , gvN , grN , b,
andc are determined by reproducing the nuclear matter e
librium densityn050.16 fm23, and the binding energy pe
nucleon~;16 MeV!, the symmetry energy~;30–35 MeV!,
the compression modulus~200 MeV <K0<300 MeV!, and
the nucleon Dirac effective massM* 5(0.6–0.7)3939 MeV
at n0. Numerical values of the coupling constants so cho
are:

gsN /ms53.434 fm, gvN /mv52.674 fm,

grN /mr52.1 fm,

b50.00295, and c520.00107. ~B9!

These couplings yield a symmetry energy of 32.5 MeV
compression modulus of 300 MeV, andM* /M50.7. This
particular choice of model parameters are from Glendenn
f
u

01300
nt

i-
-
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n
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g

and Moszkowski@58# ~GM1!. The prevalent uncertainty in
the nuclear matter compression modulus and the effec
massM* does not allow for a unique choice of these co
pling constants. The high density behavior of the EOS
sensitive to the strength of the meson coupling consta
employed. Lacking definitive experimental and theoreti
constraints, this choice of parameters may be conside
typical.

The hyperon coupling constants may be determined
reproducing the binding energy of theL hyperon in nuclear
matter @58#. Parametrizing the hyperon-meson couplings
terms of nucleon-meson couplings through

xsH5gsH /gsN , xvH5gvH /gvN , xrH5grH /grN ,
~B10!

the L binding energy at nuclear density is given by

~B/A!L52285xvLgvNv02xsLgsNs0 , ~B11!

in units of MeV. Thus, a particular choice ofxsL determines
xvL uniquely. To keep the number of parameters small,
coupling constant ratios for all the different hyperons a
assumed to be the same. That is

xs5xsL5xsS5xsJ50.6, ~B12!

and similarly for thev

xv5xvL5xvS5xvJ50.653. ~B13!

The r-coupling is of less consequence and is taken to be
similar order, i.e.xr5xs .
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