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Comparing and contrasting the nµ˜nt and nµ˜ns solutions to the atmospheric neutrino
problem with SuperKamiokande data
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The nm→nt and nm→ns solutions to the atmospheric neutrino problem are compared with SuperKamio-
kande data. The differences between these solutions due to matter effects in the Earth are calculated for the
ratio of m-like to e-like events and for up-down flux asymmetries. These quantities are chosen because they are
relatively insensitive to theoretical uncertainties in the overall neutrino flux normalization and detection cross
sections and efficiencies. Ax2 analysis using these quantities is performed yielding 3s ranges which are
approximately given by~0.725–1.0, 431024–231022 eV2) and ~0.74–1.0, 131023–231022 eV2) for
(sin22u,Dm2) for the nm→nt and nm→ns solutions, respectively. Values ofDm2 smaller than about
231023 eV2 are disfavored for thenm→ns solution, suggesting that future long baseline experiments should
see a positive signal if this scenario is the correct one.@S0556-2821~98!00913-8#

PACS number~s!: 14.60.St, 12.20.Fv, 14.60.Pq
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Atmospheric neutrino data provide important evidence
the existence of neutrino oscillations@1,2#. Atmospheric neu-
trinos are produced primarily from the decays of mesons
muons which result from interactions between the prim
cosmic ray flux and air molecules in the Earth’s upper atm

sphere. The neutrino flux consists mostly ofne , n̄e , nm and

n̄m , with the muon flavor flux expected to be roughly twic
as large as the electron flavor flux. When these neutri
interact with matter via the charged current they produce
corresponding charged leptons or antileptons. Atmosph
neutrino experiments measure the corresponding event r
Historically, the atmospheric neutrino anomaly has been
fined to be the discrepancy between measured values o
ratio of m-like to e-like events (;1.2) to the predicted ratio
of about 2. The SuperKamiokande experiment has rece
produced relatively high statistics data that considera
strengthens the case for an atmospheric neutrino anom
@2#. In particular, the new data provide strong evidence for
anomalous zenith-angle dependence for multi-GeVm-like
events. Furthermore, the pattern of this dependence is
sistent with a neutrino oscillation explanation.

Generically, the atmospheric neutrino anomaly points
its solution towards large anglenm→ne @3#, nm→nt @4# or
nm→ns @5# oscillations, wherens denotes a sterile neutrin
@6#. However,nm→ne is now disfavored~though not com-
pletely ruled out! by results from the CHOOZ reactor-base
n̄e disappearance experiment@7#. We therefore focus on the
nm→nt andnm→ns possibilities in this paper. A major goa
of future atmospheric neutrino research should be to
criminate between these rival solutions. To this end, the p
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pose of this paper is to compare and contrast these two m
favored oscillation modes with the latest SuperKamiokan
data. Surprisingly, to our knowledge this has never be
done before even for Kamiokande data~or earlier data!.

Though in many respects similar, thenm→nt and nm
→ns cases are distinguishable, becausent interacts via the
neutral current with ordinary matter whereasns , by defini-
tion, does not. Neutral current interactions with the Ea
affect the evolution of thenm1ns system because of th
matter effect@8#. The evolution of thenm1nt system is, by
contrast, identical to what it would be in vacuum. A maj
goal of this paper is to study the magnitude of the ma
effect. We will show that it is quite important for multi-GeV
events ifDm2,1022 eV2 and for sub-GeV events ifDm2

,1023 eV2. We will also perform ax2 analysis of the two
cases with respect to the SuperKamiokande data. It is in
esting to note that other ways of discriminating betweennt
and ns have been suggested in the literature. Reference@9#
discusses how the sensitivity of SuperKamiokande to neu
current interactions can be used, while Ref.@10# discusses
the importance of the matter effect for high energy neutrin
that produce upward-going muons. Intriguingly, th
MACRO experiment@11# sees dips in the upward-goin
muon flux at zenith angles that are qualitatively consist
with expectations from Ref.@10#. The two cases may also b
distinguished in the future using long baseline experime
either through the sensitivity of the detector to neutral c
rents, or, for higher energy experiments, by searching fornt
appearance.

In the water-Cerenkov SuperKamiokande experime
neutrinos are detected via the charged leptonsa (a5e or m)
produced from neutrino scattering off nucleons in the wa
molecules:naN→aX, where the identity ofX will be dis-
cussed below. The total numberN(a) of charged leptons of
type a produced in either of the two scenarios considered
given by
© 1998 The American Physical Society06-1
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N~a!5nTE
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dEE
qmin

qmax
dqE

21
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d cosc

3E
21

11

d cosj
1

2pE0

2p

df

3
d2Fa~E,j!

dE dcosj

d2sa~E,q,cosc!

dq dcosc

3P~na→na ;E,j!. ~1!

Here d2Fa /dEdcosj is the differential flux of atmospheric
neutrinos of typena of energyE at zenith anglej. The term
nT is the effective number of target nucleons. The funct
d2sa /dqdcosc is the differential cross section fornaN
→aX scattering, whereq is the energy of the charged lepto
andc is the scattering angle relative to the velocity vector
the incidentna ~the azimuthal angle having been integrat
over!. The functionP(na→na ;E,j) is the survival probabil-
ity for a na with energy E after travelling a distanceL
5A(R1h)22R2sin2j2Rcosj, whereR is the radius of the
Earth andh;15 km is the mean altitude at which atm
spheric neutrinos are produced. Finally note thatf is the
azimuthal angle relative to the incident neutrino directi
~see Fig. 1 for an illustration of all the relevant angles!. The
integration overf is only non-trivial when calculating zenith
angle binned data. In order to calculate the number ofa-like
events for certain energy ranges and within certain ze
angle bins, the integration ranges in Eq.~1! must be trun-
cated accordingly, with the direction of the charged lep
then obtained from

cosQ5cosj cosc1sinjcosf sinc, ~2!

whereQ is the zenith angle of the charged lepton.
Since not all charged current events are used in the

perKamiokande analysis, Eq.~1! must be modified to incor-
porate the so-called detection efficiency function. This fu
tion is defined by

FIG. 1. The parametrization of angles in the interactionnaN
→aX.
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detection efficiency

[
Number of 1 ring charged current events

Total number of charged current events
.

~3!

For our sub-GeV analysis we use the approximation of o
including quasi-elastic scattering. In this approximation t
detection efficiency function is set to 1 because quasi-ela
scattering always lead to 1 ring events. In the multi-G
analysis, we use a detection efficiency function obtain
from the SuperKamiokande Collaboration.

The survival probabilityP(na→na ;E,j) is obtained by
solving the Schro¨dinger equation for neutrino evolution in
cluding matter effects. It is given by

i
d

dxF nm~x!

nt,s~x!
G5F Dm2

2E
sin2u

Dm2

2E
sinu cosu

Dm2

2E
sinu cosu

Dm2

2E
cos2u1At,s~x!

G
3F nm~x!

nt,s~x!
G , ~4!

where x is the distance travelled,Dm2 the difference in
squared masses,u the vacuum mixing angle andnm,t,s(x)
the wave functions of the neutrinos. The quantitiesAt,s(x)
are the effective potential differences generated through
matter effect:

At~x!50 ~5!

and, for electrically neutral terrestrial matter@12#,

As~x!5
A2

2
GFNn~x!5

A2

2
GF~Yn /mn!r~x!, ~6!

whereGF is the Fermi constant,Nn(x) is the number density
of neutrons along the path of the neutrino,Yn.0.52 is the
average number of neutrons per nucleon,mn is the nucleon
mass andr(x) is the mass density. Our numerical calcul
tions use the density profile of the Earth given in Ref.@13#.
The nm survival probability is given bynm(L)* nm(L). For
antineutrinos the sign ofAs is reversed.

The differential flux of atmospheric neutrino
d2Fa /dEdcosj without geomagnetic effects is given i
@16#, but we have used the differential flux which includ
geomagnetic effects@17#. ~For other atmospheric neutrin
flux calculations, see Ref.@18#.!

SuperKamiokande separates its data into a sub-G
sample and a multi-GeV sample. For sub-GeV even
charged leptons are dominantly produced via quasi-ela
scattering:naN→aN8, whereN and N8 are nucleons. The
stateX @see Eq.~1!# is therefore identified withN8 for these
events. We use the cross section given in Ref.@14#. The
struck nucleonN is either a proton in hydrogen, or a boun
nucleon in oxygen. In the case of hydrogen, the 2-body
ture of quasi-elastic scattering leads to a relation betweeE,
6-2
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FIG. 2. The sub-GeVR as a function ofDm2 for various values of sin22u. The usual SuperKamiokande momentum cuts have b
employed. The solid~dashed! lines pertain to thenm→nt (nm→ns) scenario. Going from the top to the bottom curves, sin22u takes the
values 0.7, 0.8, 0.9 and 1. Note the significance of the matter effect forDm2,1023 eV2. The dashed-dotted lines denote the prelimina
SuperKamiokande result within a61s band after 414 live days of running.
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q and c from relativistic energy-momentum conservatio
One of the integrations in Eq.~1! is therefore redundant fo
scattering off hydrogen. For scattering off a nucleon with
an oxygen nucleus, Fermi motion and Pauli blocking effe
are incorporated via the prescription in Ref.@14#. In this
case, there is no relation betweenE, q andc because of the
nuclear effects. For multi-GeV events we use the inclus
cross section fornaN→aX given in Ref.@15#. Although this
cross section is not completely satisfactory for calculat
absolute event rates because it does not incorporate lowQ2

effects such asD resonance production, it is a good enou
approximation for calculating ratios of event rates such
up-down asymmetries@19# and N(m)/N(e) because these
quantities are relatively insensitive to details. Indeed
main advantage in using event rate ratios is that they
relatively insensitive to uncertainties in the cross secti
and the neutrino fluxes. In this way 20–30 % uncertaintie
overall flux normalizations and similar uncertainties in t
cross sections@20# are avoided in favor of quantities wit
systematic uncertainties of only a few percent.

We will now define the event rate ratios used in the ana
sis. We first define the traditional quantityR, where

R[
~Nm /Ne!uosc

~Nm /Ne!uno-osc
. ~7!

The quantitiesNe,m are the numbers ofe-like and m-like
events, as per Eq.~1!. The numerator denotes numbers o
tained from Eq.~1!, while the denominator the numbers e
01300
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pected with oscillations switched off. A class of up-dow
flux asymmetries fora-like events is defined by

Ya
h[

~Na
2h/Na

1h!uosc

~Na
2h/Na

1h!uno-osc

. ~8!

HereNa
2h denotes the number ofa-like events produced in

the detector with zenith angle cosQ,2h, while Na
1h de-

notes the analogous quantity for cosQ.h, whereh is de-
fined to be positive. SuperKamiokande divides the (21,
11) interval in cosQ into five equal bins. The central bin
straddles both the upper and lower hemispheres, and is
not useful for up-down asymmetry analyses. We theref
chooseh50.2 in order to utilize all the data in the other fou
bins. Sincene’s do not oscillate in the two scenariosnm
→nt,s which we consider, up-down asymmetries fore-like
events,Ye

0.2, are predicted to equal 1. Note that systema
uncertainties for up-down asymmetries are smaller than
R, because the latter depends on the relative flux ofnm to ne .

In the context of thenm→nt,s scenarios considered her
R measures the disappearance ofnm’s and n̄m’s relative to
ne’s and n̄e’s and to no-oscillation expectations. The u
down asymmetries probe the zenith angle dependences o
neutrino fluxes relative to no-oscillation expectations. Bo
classes of quantities provide pertinent information about
pattern of the putativenm oscillations while being insensitive
to the systematic uncertainties discussed above.

Additional important information about the oscillatio
pattern is supplied by the energy dependences ofR and the
6-3
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FIG. 3. The multi-GeVR as a
function of Dm2. Notation as for
Fig. 2. Note the significance of the
matter effect forDm2,1022 eV2.
h
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Y’s. For this reason we calculate separateR’s andY’s for the
SuperKamiokande sub-GeV and multi-GeV samples. T
sub-GeV sample is defined by the momentum cuts
,pe /GeV,1.33 and 0.2,pm /GeV,1.5 for e-like and
m-like events, respectively. We also consider an alterna
low-energy cut which has a lower limit of 0.5 GeV. Th
alternative cut enhances the effect of oscillations because
correlation of the produced charged leptons with the incid
neutrinos is stronger for higher energies.

Our results for theR’s andY’s are displayed in Figs. 2–6
@21# together with the preliminary SuperKamiokande resu
@2#:
01300
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R~sub-GeV!50.6160.0360.05,

R~multi-GeV!50.6760.0660.08,
~9!

Ym
0.2~sub-GeV!50.7860.06,

Ym
0.2~multi-GeV!50.4960.06.

The preliminary experimental results we use correspond
414 live days of running. Note that experimental results
the alternative sub-GeV sample withpe,m.0.5 GeV are not
-
.

f

FIG. 4. The up-downm-type
asymmetryYm

0.2 as a function of
Dm2 for the sub-GeV sample with
the usual SuperKamiokande mo
mentum cuts. Notation as for Fig
2, except that in theY.1 region
the order of the sin22u values is
reversed. Note the significance o
the matter effect forDm2,1023

eV2.
6-4
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FIG. 5. The up-downm-type
asymmetryYm

0.2 as a function of
Dm2 for the sub-GeV sample with
the alternative lower limit pm

.0.5 GeV. Notation as for Fig. 2
except that in theY.1 region the
order of the sin22u values is re-
versed. Note the significance o
the matter effect forDm2,1023

eV2.
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at present available. For completeness we mention that
preliminary SuperKamiokande results for thee-like up-down
asymmetries are

Ye
0.2~sub-GeV!51.1360.08,

~10!

Ye
0.2~multi-GeV!50.8360.13.

Finally note that only statistical errors are given for the u
down asymmetries since they should be much larger t
possible systematic errors.

These results have several significant features:~i! For the
sub-GeV cases, the matter effects become noticeable at a
Dm251023 eV2 and are really very significant atDm2
01300
he

-
n

out

51024 eV2. ~ii ! The matter effects cut in at the higher valu
of aboutDm251022 eV2 for the multi-GeV cases.~iii ! The
up-down muon asymmetries plateau between about 1023 and
1022 eV2, with the sub-GeV plateau occurring for slightl
lower values ofDm2 compared to the multi-GeV case. Fo
this range ofDm2, downward travelling neutrinos do no
have time to oscillate, whereas upward travelling neutrin
experience averaged oscillations. The plateau phenome
provides a characteristic prediction for up-down asymmet
that is reasonably insensitive toDm2, while remaining sen-
sitive to the mixing angle. Note also that the multi-GeVR
flattens out in thisDm2 range, for exactly the same reaso
with the corresponding plateau for the sub-GeVR at lower
-
.
r

FIG. 6. The up-downm-type
asymmetryYm

0.2 as a function of
Dm2 for the multi-GeV sample.
Both fully-contained and
partially-contained events are in
cluded. Notation as for Fig. 2
Note the significance of the matte
effect for Dm2,1022 eV2.
6-5
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Dm2’s ~except that the matter effect destroys the plateau
the nm2ns scenario!. ~iv! Both the sub- and multi-GeVY’s
fit the SuperKamiokande data well forDm2 in the range
1023–1022 eV2. The R values also fit the data well in thi
range, but with a preference for higherDm2 values. ~v!
While a fairly large range of mixing angle values is cons
tent with both of theR measurements and the sub-GeVY
datum, the multi-GeVY result tends to favor maximal mix
ing. The multi-GeVR measurement also tends to favor
large mixing angle.~vi! A comparison of Figs. 4 and 5 show
that the alternative low-energy cut increases both the
down asymmetry effect and the matter effect.

We now perform ax2 fit to these data in order to quantif
the significance of the various competing influences d
cussed above. We define thex2 function as

x25(
E

F S RSK2Rth

dRSK D 2

1S Ym
SK2Ym

th

dYm
SK D 2

1S Ye
SK2Ye

th

dYe
SK D 2G ,

~11!

where the sum is over the sub-GeV and multi-GeV cases
measured SuperKamiokande values and errors are den
by the superscript ‘‘SK’’ and the theoretical predictions f
the quantities are labelled by ‘‘th.’’ Theh50.2 choice is
understood for the up-down asymmetries. We include b
the e-like and them-like up-down asymmetries in the fit
There are 6 pieces of data inx2 and 2 adjustable parameter
Dm2 and sin22u, leaving 4 degrees of freedom.

The statistical procedure we employ is approximate in
sense that ratios of Gaussian-distributed quantities are
approximately Gaussian themselves@22#. The validity of us-
ing ratios increases as the fractional errors decrease. S
SuperKamiokande is a high statistics experiment, our pro
dure is accurate within a sufficiently small region around
best fit point provided this point gives a good fit~we estimate
that it is approximately valid within the 3s region around the
best fit!.

An alternativex2 analysis can be performed by using a
solute event rates rather than ratios. However in that case
numerical validity of the results is limited by the correctne
of the cross sections used. These analyses typically inco
rate a 20–30 % uncertainty in the event rates due to un
tain fluxes by introducing theoretical errors in addition
measurement errors. Unfortunately, existing analyses do
address the issue of uncertain cross sections. Our ana
avoids this problem, and is therefore complementary to
absolute event rate type of analysis. Our work also exte
other recent fits@2,23# by considering thenm→ns case.

The results of thex2 fits are displayed in Figs. 7–12
Figure 7 shows the allowed region of (sin22u,Dm2) at various
confidence levels for thenm→nt scenario. Maximal mixing
provides the best fit, andDm2 values in the 1023 to 1022

eV2 range are favored. Note that the confidence levels
defined in the usual way by

x25xmin
2 1Dx2 ~12!

whereDx252.3,4.6,6.2,11.8 for the 1s, 90% C.L., 2s and
3s allowed region respectively. Ourxmin

2 for nm→nt oscil-
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lations isxmin
2 54.5 for 4 degrees of freedom. This is quite

good fit to the data~allowed at the 35% level!.
In Fig. 8 we show the allowed region considering just t

asymmetries instead of using both the asymmetries and thR
ratios. This is of interest because systematic uncertainties
Y’s are smaller than those forR’s. Note that in this case
there are 4 data points and 2 free parameters which giv
degrees of freedom.

According to Fig. 9,x2 does not experience a deep min
mum at the best fit point with respect toDm2. This reflects
the plateau phenomenon discussed earlier, and shows
this type of atmospheric neutrino analysis will not be able
pinpoint Dm2 very precisely. Note that the minimum be
comes shallower when theR’s are excluded from the fit. This
is because the plateau inR is not as pronounced as that inY.

FIG. 7. The allowed region in the (sin22u, Dm2) plane for the
nm→nt scenario.

FIG. 8. As for Fig. 7 but withR data excluded from the fit.
6-6
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Figures 10–12 show the corresponding results for
nm→ns scenario. Smaller values ofDm2 are disfavored in
this case because the matter effect moves bothR andY away
from the measured values. However, an order of magnit
spread inDm2 is nonetheless permitted at the 3s level. It is
interesting to note that present data tend to predict a pos
signal for future long baseline experiments for thenm→ns

FIG. 10. The allowed region in the (sin22u, Dm2) plane for the
nm→ns scenario.

FIG. 9. x2 as a function ofDm2 along the sin22u51 line for the
nm→nt scenario. Note the shallow minimum. Note also that
minimum becomes shallower still ifR is excluded from the fit. The
insensitivity to Dm2 corresponds to the plateau features in Fi
2–6 ~see text!.
01300
e

e

ve

scenario, whereas thenm→nt scenario permitsDm2 values
that are too small to be probed in this manner. The value
xmin

2 for the nm→ns scenario isxmin
2 55.1 for 4 degrees of

freedom. This is similar tonm2nt case and also represen
quite a good fit~which is allowed at 28%).

In conclusion, we have demonstrated that matter effect
the Earth have a significant role to play in comparing a
contrasting thenm→nt and nm→ns solutions to the atmo-
spheric neutrino anomaly with SuperKamiokande data. T
matter effects increase both the ratio ofm-like to e-like
events, andm-type up-down asymmetries, for thenm→ns

case relative to thenm→nt case for sufficiently small value

FIG. 12. As for Fig. 9 but for thenm→ns scenario.

.

FIG. 11. As for Fig. 10 but withR data excluded from the fit.
6-7
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of Dm2 (,1022 and ,1023 eV2 for the multi-GeV
and sub-GeV samples, respectively!. Smaller Dm2 values
(&231023 eV2) are disfavored for thenm→ns scenario,
with interesting implications for future long baseline expe
ments.

Note added in proof.With reference to the comment
made at the end of the third paragraph of the present pa
see Refs.@24,25#, for careful and quantitative analyses of th
implications of upward through-going muon data for thenm
.
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